
 

 
 

GABRIEL CAPELINI MAGALHÃES 
 
 
 
 
 
 
 
 
 
 
 
 
 

TOPOLOGICAL ASPECTS AND GENERALIZED 

SYMMETRIES IN QUANTUM FIELD THEORY 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Londrina 
2026 



 

GABRIEL CAPELINI MAGALHÃES 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

TOPOLOGICAL ASPECTS AND GENERALIZED 

SYMMETRIES IN QUANTUM FIELD THEORY 

 

 

Dissertação apresentada ao Programa de Pós-
Graduação em Física da Universidade Estadual 
de Londrina para obtenção do título de Mestre 
em Física. 
 
Orientador: Prof. Dr. Carlos André Hernaski. 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Londrina 
2026  



Ficha de identificação da obra elaborada pelo autor, através do Programa de Geração
Automática do Sistema de Bibliotecas da UEL

M188t Magalhães, Gabriel Capelini.

Topological Aspects and Generalized Symmetries in Quantum Field Theory /
Gabriel Capelini Magalhães. - Londrina, 2026.
104 f. : il.

Orientador: Carlos André Hernaski.
Dissertação (Mestrado em Física) - Universidade Estadual de Londrina, Centro

de Ciências Exatas, Programa de Pós-Graduação em Física, 2026.
Inclui bibliografia.

1. Teoria Quântica de Campos - Tese. 2. Simetrias Generalizadas - Tese. 3.
Topologia - Tese. I. Hernaski, Carlos André. II. Universidade Estadual de
Londrina. Centro de Ciências Exatas. Programa de Pós-Graduação em Física. III.
Título.

CDU 53

Powered by TCPDF (www.tcpdf.org)



 

GABRIEL CAPELINI MAGALHÃES 
 

 

 

TOPOLOGICAL ASPECTS AND GENERALIZED 

SYMMETRIES IN QUANTUM FIELD THEORY 

 
 
 
 

Dissertação apresentada ao Programa de Pós-
Graduação em Física da Universidade Estadual 
de Londrina para obtenção do título de Mestre 
em Física. 

 
 
 
 

BANCA EXAMINADORA 
 
 
 

______________________________________ 
Orientador: Prof. Dr. Carlos André Hernaski 
Universidade Estadual de Londrina - UEL 

 
 

____________________________________ 
Prof. Dr. Pedro Rogério Sergi Gomes 

Universidade Estadual de Londrina - UEL 
 
 

____________________________________ 
Prof. Dr. Lucas Tavares Cardoso 

Universidade Federal de Santa Maria - UFSM 
 
 
 
 
 
 
 
 
 
 

Londrina, 24 de fevereiro de 2026.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Este trabalho é dedicado ao meu primo 

Filipe Matheus Magalhães, que se foi, mas 

deixou como herança o seu amor por 

lecionar e pelas ciências exatas. R.I.P. 

.



 

AGRADECIMENTOS 

 

Gostaria de agradecer aos meus pais, Lázaro e Divina, por sempre 

terem acreditado em mim por fazer o possível e o impossível para que eu realizasse a pós-

graduação. Agradeço também ao meu irmão Emmanuel por todo apoio durante esse 

período. 

Agradeço ao meu orientador Carlos Hernaski, que esteve sempre disponível 

para me ajudar na realização deste trabalho, e aos professores Pedro Gomes e Paula 

Bienzobas por se disponibilizarem para me ajudar com dúvidas tanto sobre este trabalho 

quanto sobre disciplinas que cursei com os mesmos, que foram fundamentais para minha 

formação como cientista. 

Agradeço aos meus amigos Gustavo Yoshitome, João Lucas Arguello, 

Giovanna Pimenta e Bruno Araujo pelas discussões científicas que foram fundamentais 

para entender pontos importantes neste trabalho e também pelas sessões de café que 

tivemos. Agradeço também aos meus amigos Luiz Felipe Demétrio, Gustavo Barreto e 

Orion Villanueva pelos bons momentos que passamos juntos em eventos científicos. 

Aos meus demais amigos que não foram citados aqui, meu sincero agrade- 

cimento pois vocês com certeza me ajudaram a passar por esse período. 

Por fim, agradeço a CAPES pelo apoio financeiro durante todo o período 

de realização deste trabalho e ao programa de pós-graduação em Física da Universidade 

Estadual de Londrina pela concessão do espaço físico. 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

"I’m scared to get close  

I hate being alone 

I long for that feeling 

 to not feel at all  

the higher I get 

 the lower I’ll sink 

I can’t drown my demons  

they know how to swim." 

 

— Can You Feel My Heart,  

Bring Me the Horizon 



 

RESUMO 
 
 

MAGALHÃES, G. C. Aspectos topológicos e simetrias generalizadas em Teoria Quântica de 
Campos. 2026. 104 f. Dissertação (Mestrado em Física) - Centro de Ciências Exatas, 
Universidade Estadual de Londrina, Londrina, 2026 

 
 

Neste trabalho, discutimos algumas teorias de campos topológicas, isto é, teorias de campos 
em que os graus de liberdade dependem exclusivamente da topologia da variedade na qual 
a teoria está definida. Apresentamos as teorias mais comuns que em que essa ideia emerge, 
sendo elas a teoria de Chern-Simons e a teoria BF. Dentro dessas teorias, estudamos seu 
espectro de energia e como a degenerescência depende da topologia. Por fim, introduzimos 
o simetrias de higher-forms e discutimos como essas simetrias se manifestam nas teorias 
mencionadas. 
 
Palavras-chave: teoria de campos topológica; teorias de calibre; simetrias generalizadas. 
 



 

ABSTRACT 
 
 

MAGALHÃES, G. C. Topological aspects and generalized symmetries in Quantum Field 
Theory. 2026. 104 f. Master’s Thesis (Master in Physical Science) - Centro de Ciências 
Exatas, Universidade Estadual de Londrina, Londrina, 2026. 

 
 

In this work, we discuss some topological field thories, that is, field theories whose degrees 
of freedom depend exclusively on the topology of the manifold in which the theory is 
defined. We present the most common theories in which these ideas naturally emerge, 
namely Chern-Simons theory and BF theory. Within these theories, we study its energy 
spectrum and how the degeneracy depends totally on the topology, Moreover, we introduce 
the concept of higher-form symmetries and discuss how these symmetries manifest in the 
mentioned theories. 
 
Key-words: topological field theories; gauge theories; generalized symmetries. 
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INTRODUCTION

There is a class of field theories whose defining feature is their dependence

on the topology of the underlying spacetime manifold. In such theories, certain degrees of

freedom may change when the topology of the manifold on which the theory is defined is

modified. These theories are known as topological field theories. This class of field theories

plays a central role in the study of topological phase transitions.

Topological phase transitions are phase transitions that are sensitive

to changes in topology rather than to local order parameters. The first experimental

realization of such a transition was observed in the Quantum Hall Effect [1]. Initially,

these transitions did not seem to fit within the Landau paradigm, since the different

phases are not characterized by the spontaneous breaking of an ordinary global symmetry.

Nevertheless, more recent developments have shown that these phase transitions can be

understood in terms of the spontaneous breaking of generalized symmetries, which extend

the conventional notion of symmetry [2–7].

Generalized symmetries form a broad class that includes higher-form

symmetries, whose charged operators are extended objects of higher dimension; non-

invertible symmetries, which do not admit an inverse; and subsystem symmetries, which

are realized only on lower-dimensional subsets of the system.

In this work, we introduce the notion of topological field theories by

studying Chern–Simons theory, which provides an effective field-theoretic description of

the quantum Hall effect, and BF theory, which serves as an example of a discrete gauge

theory. We then explore higher-form symmetries, how they arise in these theories, and

how they allow us to extract important physical information within a unified framework.

Before addressing these topics, we first develop the necessary theoretical

background. In Chapter 1, we introduce gauge fields and gauge invariance, and generalize

these ideas to non-Abelian SU(N) symmetry groups, leading to Yang–Mills theory. In

Chapter 2, we reinterpret these concepts using the language of fiber bundles. Chapter 3 is

devoted to spontaneous symmetry breaking and its consequences, including the emergence

of massless Goldstone bosons and the Higgs mechanism. In Chapter 4, we study topological

field theories and apply the tools developed in the previous chapters to Chern–Simons

theory. Finally, in Chapter 5, we introduce higher-form symmetries, analyze their realization

in the theories discussed earlier, and investigate phenomena such as their spontaneous

breaking and their role in the description of discrete gauge theories.
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1 GAUGE THEORY

Gauge theory is a fundamental concept in the study of field theory. It

relies on the simple idea of performing transformations that act independently at each point

in spacetime. It is understood as a redundancy in our theory. However, it is a necessary

redundancy, since all fundamental interactions in the Standard Model are described by

gauge fields.

In this chapter, we begin by reviewing the Euler–Lagrange equations and

Noether’s theorem, as these will be used to derive several results. We then study the

simplest theory that can be coupled to a gauge field: a complex scalar field possessing a

U(1) gauge symmetry. We will clarify the difference between a physical symmetry and a

gauge symmetry and examine their geometric meaning. Finally, we generalize the idea to

more general groups.

1.1 Euler-Lagrange equations and Noether theorem

In this section, we derive the Euler–Lagrange equations and Noether’s

theorem, as they will be needed in the following discussion. This is a standard presentation

and can be found in several quantum field theory textbooks. Here, we follow the discussion

in [8–10].

The Lagrangian is a well-known function from classical mechanics cons-

tructed from the symmetries of spacetime. It is related to a functional called the action,

given by

S =
∫
dt L(x, ẋ), (1.1)

which satisfies the principle that it must be stationary, that is,

δS = 0. (1.2)

In the case of fields, the action, in order to maintain its functional form, is written as

S =
∫
d4x L(ϕ, ∂µϕ), (1.3)

where

L =
∫
d3x L(ϕ, ∂µϕ), (1.4)

is the Lagrangian and L is known as the Lagrangian density, which now depends on the

field ϕ.

Varying the field,

ϕ(x) → ϕ′(x) = ϕ(x) + δϕ(x), (1.5)
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we obtain from (1.2),

δS =
∫
d4x

ï
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

ò
= 0. (1.6)

Integrating by parts,

δS =
∫
d4x

ßï
∂L
∂ϕ

− ∂µ

Å
∂L

∂(∂µϕ)

ãò
δϕ+ ∂µ

ï
∂L

∂(∂µϕ)
δϕ

ò™
= 0. (1.7)

The last term is what we call a boundary term because, by Stokes’ theorem, this integral

depends only on spatial and temporal infinity. We will generally assume that it vanishes1.

Therefore, for arbitrary variations δϕ, in order to satisfy (1.7), we must

have
∂L
∂ϕ

− ∂µ

Å
∂L

∂(∂µϕ)

ã
= 0. (1.8)

These are the Euler–Lagrange equations for fields. Note that here we considered a scalar

field, but for more general fields the structure of the equation remains the same, differing

only in the presence of free indices.

For the Klein–Gordon Lagrangian,

L =
1

2
(∂µϕ)(∂µϕ) − 1

2
m2ϕ2, (1.9)

using (1.8) we obtain

(∂µ∂
µ +m2)ϕ = 0. (1.10)

This is the Klein–Gordon equation, which describes the dynamics of a scalar field.

Suppose now that under some transformation of the fields ϕ → ϕ+ δϕ,

the Lagrangian changes at most by a total derivative ∂µK
µ, for some vector field Kµ.

Hence,

δL =
∂L
∂ϕa

δϕa +
∂L

∂(∂µϕa)
δ(∂µϕa) = ∂µK

µ. (1.11)

The index a appears because the field may possess internal structure (this

will become clear in the next section). Integrating by parts2,

∂µK
µ = ∂µ

Å
∂L

∂(∂µϕa)
δϕa

ã
+

ï
∂L
∂ϕa

− ∂µ

Å
∂L

∂(∂µϕa)

ãò
δϕa. (1.12)

The last term on the right-hand side is precisely the Euler–Lagrange

equation. Thus, if the equations of motion are satisfied, we obtain

∂µ

Å
∂L

∂(∂µϕa)
δϕa −Kµ

ã
= 0. (1.13)

1 There are situations in which boundary terms do not vanish and are physically relevant, but we will
not discuss them here.

2 Recall that these expressions are inside the action functional.



15

We conclude that there exists a conserved current,

jµ ≡ ∂L
∂(∂µϕa)

δϕa −Kµ. (1.14)

Integrating (1.13) over a 3-volume V ,

∫
V
d3x∂µj

µ =
∫

V
d3x ∂tj

0 +
∫

V
d3x ∂ij

i = 0. (1.15)

The second term vanishes by Stokes’ theorem in the limit V → ∞, assuming there is no

flux at infinity. We then conclude that there exists a conserved charge

d

dt
Q = 0, (1.16)

where

Q =
∫

V
d3x j0. (1.17)

This is known as Noether’s theorem, which states that for every continuous symmetry

there exists an associated conserved charge. The expansion in infinitesimal variations is

what restricts the theorem to continuous symmetries.

The unitary operator implementing this symmetry is defined as

U ≡ exp
(
iα

∫
V
d3x j0

)
, (1.18)

where α is a real parameter.

1.2 Gauge Transformations

Suppose now we have a complex scalar field with two real components,

ϕ =
1√
2

(ϕ1 + iϕ2), (1.19)

ϕ∗ =
1√
2

(ϕ1 − iϕ2). (1.20)

For the action to remain real, we have

L = ∂µϕ∂
µϕ∗ −m2ϕ∗ϕ. (1.21)

Regarding ϕ and ϕ∗ as independent, then

(□ +m2)ϕ = 0, (1.22)

(□ +m2)ϕ∗ = 0. (1.23)

Note that this Lagrangian is invariant under the transformations

ϕ → e−iΛϕ, ϕ∗ → eiΛϕ, (1.24)
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this is called a global transformation on the field ϕ as it acts the same way in every point

of spacetime. Infinitesimally

ϕ′(x) = (1 − iΛ)ϕ ⇒ ϕ(x′) − ϕ(x) = −iΛϕ
δϕ = −iΛϕ.

(1.25)

And for ϕ∗,

δϕ∗ = iΛϕ∗, (1.26)

where Λ is a real constant. Moreover, deriving both variations above, we obtain

δ(∂µϕ) = −iΛ∂µϕ, δ(∂µϕ
∗) = iΛ∂µϕ

∗. (1.27)

This symmetry does not add a boundary term ∂µK
µ. Hence the conserved current will be

jµ =
∂L

∂(∂µϕa)
δϕa =

∂L
∂(∂µϕ)

(−iϕ) +
∂L

∂(∂µϕ∗)
(iϕ∗). (1.28)

Note that now we have an internal structure, that is why we summed over the indices “a”

before. Using the (1.21), we get

jµ = i(ϕ∗∂µϕ− ϕ∂µϕ∗). (1.29)

This current is indeed conserved

∂µj
µ = i(∂µϕ

∗∂µϕ+ ϕ∗
□ϕ− ∂µϕ∂

µϕ∗ − ϕ□ϕ∗) = i(ϕ∗
□ϕ− ϕ□ϕ∗)

= i(−ϕ∗m2ϕ+ ϕm2ϕ∗) = 0.
(1.30)

The conserved charge then is

Q =
∫
d3x j0 =

∫
d3x i(ϕ∗ϕ̇− ϕϕ̇∗), (1.31)

where the dot means time derivatives. Let us get a geometric form for this transformation

(1.24). Substituting (1.19) in (1.21) we have

L = ∂µ

Å
ϕ1 + iϕ2√

2

ã
∂µ

Å
ϕ1 − iϕ2√

2

ã
− m2

2
(ϕ2

1 + ϕ2
2)

=

ñ
1√
2
∂µϕ1 +

i√
2∂µϕ2

ôñ
1√
2
∂µϕ1 +

−i√
2∂µϕ2

ô
− m2

2
(ϕ2

1 + ϕ2
2)

=
1

2

[
∂µϕ1∂

µϕ1 + ∂µϕ2∂
µϕ2 −m2(ϕ2

1 + ϕ2
2)
]
.

(1.32)

Applying the transformation

ϕ′
1 + iϕ′

2 = e−iΛ(ϕ1 + iϕ2), (1.33)

ϕ′
1 − iϕ′

2 = eiΛ(ϕ1 − iϕ2). (1.34)
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Summing both

2ϕ′
1 = e−iΛ(ϕ1 + iϕ2) + eiΛ(ϕ1 − iϕ2)

= ϕ1 cos Λ − iϕ1 sin Λ + iϕ2 cos Λ + ϕ2 sin Λ + ϕ1 cos Λ + iϕ1 sin Λ − iϕ2 cos Λ

+ ϕ2 sin Λ,

(1.35)

which leads to

ϕ′
1 = ϕ1 cos Λ + ϕ2 sin Λ. (1.36)

Doing the same for ϕ′
2, we obtain

ϕ′
2 = −ϕ1 sin Λ + ϕ2 cos Λ. (1.37)

Therefore, this transformation is a rotation in the internal space of the field, as shown in

Fig.(1.1). Rotations in the plane are usually described by the SO(2) group, but since there

is an isomorphism between SO(2) and U(1), we can use the latter as well.

1

2

φ

φ′

Λ

Figura 1.1 Ű Global transformation as a rotation in the 1-2 plane. Adapted from [8].

So far, we have been working with what we refer to as a global transforma-

tion. This is because the parameter Λ is a constant, meaning we apply this transformation

uniformly across all points in the field simultaneously. But what happens if we make this

parameter local? That is, what if Λ = Λ(x). What we have now what we call a gauge

transformation. For the field, it remains the same as before

δϕ = −iΛ(x)ϕ. (1.38)

But the derivative changes

∂µϕ
′ = ∂µϕ− iΛ(x)(∂µϕ) − i(∂µΛ(x))ϕ, (1.39)

and consequently its variation,

δ(∂µϕ) = −iΛ(∂µϕ) − i(∂µΛ)ϕ. (1.40)

Similarly,

δϕ∗ = iΛϕ∗, (1.41)

δ(∂µϕ
∗) = iΛ(∂µϕ

∗) + i(∂µΛ)ϕ∗. (1.42)
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Therefore, the derivative no longer transforms covariantly, i.e., in the same way as ϕ. This

implies directly a change in the Lagrangian, as can be seen when computing

δL = δ(∂µ∂
µϕ∗) −m2δ(ϕ∗ϕ) = ∂µϕδ(∂µϕδ(∂

µϕ∗) + δ(∂µϕ)∂µϕ∗

−m2(δϕ∗ϕ+ ϕ∗δϕ)

= ∂µϕ(iΛ(∂µϕ∗) + i(∂µΛ)ϕ∗) + (−iΛ(∂µϕ) − i(∂µΛ)ϕ)∂µϕ∗

−m2(iΛϕ∗ϕ− iΛϕ∗ϕ)

= (∂µΛ)(iϕ∗∂µϕ− iϕ∂µϕ∗) = (∂µΛ)jµ.

(1.43)

Thus, the Lagrangian is not invariant under gauge transformations! This is problematic,

because, taking Maxwell theory as an example, it is known that the photon has only two

degrees of freedom, but it is described by a 4-vector Aµ. The way to get out of this problem

is to use the gauge freedom of the theory to eliminate two degrees of freedom from Aµ.

Therefore we want that our Lagrangians to be gauge invariant.

In order to be gauge invariant, we state that the gauge field Aµ couples

directly with the conserved current, that is,

L1 = −iejµAµ, (1.44)

where e is a coupling constant that adjusts the units such that eAµ have dimension of ∂µ.

We demand that Aµ transforms under a gauge transformation as

Aµ → Aµ +
1

e
∂µΛ. (1.45)

Hence

δL1 = ie(δjµAµ + jµδAµ) = −e
Å
δjµAµ +

1

e
jµ∂µΛ

ã
, (1.46)

with

δjµ = i(δϕ∗)∂µϕ+ iϕ∗δ(∂µϕ) − i(δϕ)∂µϕ∗ − iϕδ(∂µϕ∗) = −Λϕ∗(∂µ)ϕ+ ϕ∗Λ(∂µϕ)

+ ϕ(∂µΛ)ϕ∗ − Λϕ(∂µϕ∗) − ϕΛ(∂µϕ∗) + ϕ(∂µΛϕ∗) = 2ϕ∗ϕ(∂µϕ),
(1.47)

so that

δL + δL1 = i∂µΛ(ϕ∗∂µϕ− ϕ∂µϕ∗) − 2eϕ∗ϕ(∂µΛ)Aµ − jµ(∂µΛ)

= −2eAµϕ
∗ϕ(∂µΛ).

(1.48)

We add another term to compensate for this latter,

L2 = e2AµA
µϕ∗ϕ, (1.49)

whose variation is,

δL2 = e2 [2Aµ(δAµ)ϕ∗ϕ+ AµA
µ(ϕ∗(δϕ) + (δϕ∗)ϕ)]

= e2

ï
2Aµϕ

∗ϕ

Å
1

e
∂µΛ

ã
+ AµA

µϕ∗(−iΛϕ) + AµA
µ(iΛϕ∗)ϕ

ò

= 2eAµϕ
∗ϕ(∂µΛ).

(1.50)
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Now, we finally have

δL + δL1 + δL2 = 0. (1.51)

Therefore, upon adding the field Aµ, the Lagrangian becomes gauge invariant. But now

this field dynamics must be taken into account, so we add a gauge invariant term that

contains derivatives of this field. The simplest term is

L3 = −1

4
(∂µAν − ∂νAµ)(∂µAν − ∂νAµ) = −1

4
F µνFµν . (1.52)

The total Lagrangian then becomes

L = (∂µϕ+ ieAµϕ)(∂µϕ∗ − ieAµϕ∗) −m2ϕ∗ϕ− 1

4
F µνFµν . (1.53)

If we now compare (1.53) with (1.21) we note that the derivative is replaced by the

additional term containing the field Aµ. We define then the covariant derivative as

Dµ ≡ ∂µ + ieAµ. (1.54)

This name is given because now it transforms covariantly under gauge transformations

δ(Dµϕ) = δ(∂µϕ) + ie(δAµ)ϕ+ ieAµ(δϕ) = −iΛ(∂µϕ) − i(∂µ)Λϕ+ i(∂µΛ)ϕ+ eΛϕAµ

= −iΛ(∂µϕ+ ieAµϕ) = −iΛDµϕ.

(1.55)

Now let us understand the meaning of the coupling constant e. For Maxwell theory, we

have that

∂µ = (∂t,∇), Aµ = (ϕ,−A). (1.56)

The spatial part of the derivative transforms as

∇ → ∇ − ieA. (1.57)

Quantum mechanically, on the coordinate basis, we have

p̂ = −i∇, (1.58)

so that

p̂ → p̂ − eA. (1.59)

This is precisely the momentum that appears in the kinetic term of the Hamiltonian of a

particle in an electromagnetic field. Therefore, e can be recognized as the electric charge

of the field ϕ. If we now identify the covariant derivative for ϕ∗ as

Dµϕ
∗ = (∂µ − ieAµ)ϕ∗, (1.60)

we then conclude that ϕ∗ describes a field with charge −e.
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Indeed, since the dynamics of Aµ have to be taken into account, varying

the Lagrangian with respect to it leads to Maxwell equations

∂νF
µν = −ie(ϕ∗∂µϕ− ϕ∂µϕ∗) + 2e2Aµ♣ϕ♣2

= −ie(ϕ∗Dµϕ− ϕDµϕ∗) = −eJ µ,
(1.61)

where

J µ = i(ϕ∗Dµϕ− ϕDµϕ∗), (1.62)

is the covariant current. Note that due to the anti-symmetric nature of Fµν ,

∂µJ µ = 0. (1.63)

There are two interesting remarks to be made. First, some books such

as [8] call the global transformation a gauge transformation of the first kind and the local

a gauge transformation of the second kind. We no longer use those terms because these

tranformations have different natures. The global transformation is actually a physical

symmetry of the theory, in the sense that it has a conserved charge associated to it and

takes one state into another. The gauge transformation is not a physical symmetry but

rather a redundancy in the theory. It is like a “coordinate change”.

Second, the coupling between the conserved current and the gauge field

is no coincidence and is quite general. When we take Λ = Λ(x), the variation of the

Lagrangian must involve the extra terms that will appear and will be given by

δL0 = (∂µΛ)jµ + O(Λ2), (1.64)

where L0 is the variation which do not include any derivatives of Λ and jµ are just some

coefficients. Thus if the equations of motion are satisfied, we must have

∫
d4x(∂µΛµ) = 0. (1.65)

Integrating by parts we get

∂µj
µ = 0. (1.66)

Thus we obtain a conserved current jµ. This is just another way to derive Noether’s

theorem. If we demmand that the Lagrangian is invariant without using the equations of

motion, it is necessary to add a field Aµ that transforms as δAµ = ∂µΛ, so that

δL = δL0 − δAµj
µ = (∂µΛ)jµ − (∂µΛ)jµ = 0. (1.67)

The extra terms that appear in (1.64) will depend specifically on the Lagrangian that we

are working but will always vanish.
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1.3 The Yang-Mills Theory

The generalization for the gauge invariance of the electrodynamics was

first proposed by Chen Ning Yang and Robert Mills [11], to provide an explanation to

the isospin conservation. It turns out that this theory called Yang-Mills theory would be

generalized to other groups of symmetry SU(N) and would be essential in the development

of particle physics as we know today.

1.3.1 The SU(2) symmetry group

The case that we have treated above is built up on the U(1) symmetry

group. An obvious generalization would be to consider the SU(2) symmetry group.

Consider the rotations (1.36) e (1.37). If now we extend this to 3 dimensi-

ons, obviously, it will be a rotation about an axis that we might call 3 (refer to Fig.(1.2)).

The field ϕ should have 3 components as well, i.e., φ = φ(ϕ1, ϕ2, ϕ3). An infinitesimal

rotation by an angle Λ in this 3-dimensional plane in the internal space is given by

1

2

3

φ

φ′

Λ

Figura 1.2 Ű Rotation by an angle Λ3. Adapted from [8]

δφ = −Λ × φ. (1.68)

Now we follow the same recipe as we did for the scalar field. Make Λ = Λ(x), then

δφ = −Λ(x) × φ, (1.69)

and also,

∂µφ′ = ∂µφ − ∂µΛ × φ − Λ × ∂µφ. (1.70)

It again does not transform covariantly. To correct this, we introduce a covariant derivative

given by

Dµφ′ = ∂µφ′ + gWµ × φ, (1.71)

where this form is justified because we want something similar to Eq.(1.54). Note that

here the field Wµ plays the role of the field Aµ in the U(1) case, but with the difference
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that it is a vector in the internal space, in contrast with Aµ that was a scalar. Also, g

plays the role of e. From now on, we drop this vector notation since it is explicit that

those fields are all vectors in the internal space unless is said the contrary.

Since Dµ is a vector, it should transform as

δ(Dµϕ) = −Λ(x) × (Dµϕ). (1.72)

To fulfill this requirement, the change in the gauge field Wµ should be similar to that of

Aµ, then it is reasonable to write

δWµ = −Λ ×Wµ +
1

g
∂µΛ. (1.73)

Then

δ(Dµϕ) = δ(∂µϕ) + g(δWµ × ϕ+Wµ × δϕ)

= −Λ × ∂µϕ− ∂µΛ × ϕ+ g

Å
(−Λ ×Wµ) +

1

g
∂µΛ

ã
× ϕ− gWµ × (Λ × ϕ).

(1.74)

Using the vector identity

(A×B)×C+(B×C)×A+(C×A)×B = 0 ⇒ (A×B)×C+B×(A×C) = A×(B×C),

(1.75)

we identify

δ(Dµϕ) = −Λ × ∂µϕ− g((Λ ×Wµ) × ϕ+Wµ × (Λ × ϕ))

= −Λ × ∂µϕ− gΛ × (Wµ × ϕ) = −Λ × (∂µϕ− gWµ × ϕ)

= −Λ × Dµϕ,

(1.76)

as required.

Now we define a field analog to Fµν , we will call it Wµν . It is a vector in

the internal space, the same way as Wµ, so it should transforms as

δWµν = −Λ ×Wµν . (1.77)

But if we define it analogously to Fµν , i.e.,

Wµν = ∂µWν − ∂νWµ, (1.78)

it will not work because

δ(Wµν) = ∂µ

Å
−Λ ×Wν +

1

g
∂νΛ

ã
− ∂ν

Å
−Λ ×Wµ +

1

g
∂µΛ

ã

= Λ × (∂νWµ − ∂µWν) − (∂µΛ ×Wν − ∂νΛ ×Wµ).

(1.79)

The last term is unwanted. But noting that

δ(gWµ ×Wν) = g[(δWµ) ×Wν +Wµ × (δWν)]

= g

ï
(−Λ ×Wµ) ×Wν +

1

g
∂µΛ ×Wν −Wµ × (Λ ×Wν) +

1

g
Wµ × ∂νΛ

ò
.

(1.80)
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Using again Eq.(1.75),

δ(gWµ ×Wν) = −gΛ × (Wµ ×Wν) + ∂µΛ ×Wν +Wµ × ∂νΛ

= −gΛ × (Wµ ×Wν) + ∂µΛ ×Wν − ∂νΛ ×Wµ.
(1.81)

The last term is equal to the negative of the last term in Eq.(1.79). Hence, if we define

Wµν = ∂µWν − ∂νWµ + gWµ ×Wν , (1.82)

it cancels out perfectly the unwanted term and then

δ(Wµν) = −Λ ×Wµν . (1.83)

We note that the difference in the definition for Wµν is due to the non-abelian nature of

the group. The Lagrangian then will be given by

L =
1

2
(Dµϕ)(Dµϕ) − m2

2
ϕ · ϕ− 1

4
Wµν ·W µν . (1.84)

Using the Euler-Lagrange equations

∂L
∂Wµ

= ∂ν

ï
∂L

∂(∂νWµ)

ò
, (1.85)

we can obtain the equations of motion

g[(∂µϕ) × ϕ− g(Wµ × ϕ) × ϕ] = ∂νWµν + gW ν ×Wµν . (1.86)

Or, in terms of the covariant derivative

DνWµν = g(Dµϕ) × ϕ ≡ gjµ, (1.87)

where jµ is also a vector on the internal space. This is analogous to the inhomogeneous

Maxwell Equations (1.61). But note that there exists an interesting difference about this

equation.

In the Maxwell equations, in the absence of matter jµ, the equations of

motion becomes

∂µFµν = 0, (1.88)

wich means that there is no source for the electromagnetic field. Whereas in this case, in

the absence of matter

DνWµν = 0 ⇒ ∂νWµν = −gWµ ×Wν , (1.89)

which shows that a non-abelian gauge field is a source for itself.

Moreover, there is another interesting aspect. The Bianchi Identity

∂λFµν + ∂µFνλ + ∂νFλµ = 0, (1.90)
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leads us to the homogeneous Maxwell equations,

∇ · B = 0,
∂B

∂t
+ ∇ × B = 0. (1.91)

The analogous for the field Wµν would be

DλWµν + DµWνλ + DνWλµ = 0. (1.92)

But since the above is not written in terms of ordinary derivatives but in terms of covariant

derivatives, then we have that

∇ · B ̸= 0, (1.93)

in other words, non-abelian groups offer the possibility of magnetic monopoles.

1.3.2 Geometric idea of gauge transformations

We now present the geometric interpretation of what is happening in the

internal space of the fields.

Recall the SU(2) case. An infinitesimal rotation in the internal space is

given by

ϕ′ = ϕ− Λ × ϕ. (1.94)

Since it is infinitesimal, Λ is a small parameter and can be thought of as Λ → Λ
N

, where

N ≫ Λ. To obtain a finite rotation, we must perform N successive rotations. Hence,

writing in index notation,

ϕ′
i =

Å
δli − ϵijk

Λj

N
δlk

ãN

ϕl. (1.95)

In the limit N → ∞, we obtain

ϕ′
i = exp(−ϵijkΛjδlk)ϕl. (1.96)

Defining the components of the generators of the group (Gi)jk as

(Gi)jk = iϵijk, (1.97)

where this notation denotes the jk element of the matrix Gi, we obtain

ϕ′
i = exp(i(Gi)jlΛj)ϕl. (1.98)

Returning to vector notation,

ϕ′ = exp(−iG · Λ)ϕ. (1.99)

The generators G are explicitly given by

G1 =

Ö
0 0 0

0 0 −i
0 i 0

è

, G2 =

Ö
0 0 i

0 0 0

−i 0 0

è

, G3 =

Ö
0 −i 0

i 0 0

0 0 0

è

. (1.100)
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The objects G are, in fact, rather abstract. What we are doing when writing the matrices

G is constructing what is called a representation of the group SU(2). The generators obey

the algebra

[Gi, Gj] = iϵijkGk = fijkGk, (1.101)

where fijk are called the structure constants of the group. The generators also satisfy the

Jacobi identity,

[[Mi,Mj],Mk] + [[Mj,Mk],Mi] + [[Mk,Mi],Mj] = 0, (1.102)

which implies, for the structure constants,

fijmfmkl + fjkmfmil + fkimfmjl = 0. (1.103)

The components of the matrices (1.100) can be written as

(Gi)jk = fijk, (1.104)

which is known as the adjoint representation.

Following this idea, the generalization to an N -component vector is

straightforward and is given by

ψ′ = exp(iGaΛa(x))ψ(x) = S(x)ψ(x), (1.105)

where we now assume that Λ may depend on position and a = 1, 2, 3.

We are now able to understand the geometrical meaning of the objects

that arise in Yang–Mills theory. Taking the derivative of Eq. (1.105),

∂µψ
′ = S(∂µψ) + (∂µS)ψ. (1.106)

As we have seen before, this expression fails to transform covariantly. This occurs because

we are performing different rotations of the vectors in the internal space at different

spacetime points. Therefore, when we take the derivative, we are comparing vectors that

belong to different coordinate systems (see Fig. (1.3)).

To make ∂µψ
′ covariant, we must compare ψ(x) with what it would be

if transported to a point x + dx while keeping the axes fixed. This procedure is known

as parallel transport, as illustrated in Fig. (1.4). The resulting vector will be of the form

ψ(x) + δψ.

It is reasonable to assume that the change in the vector, δψ, is proportional

to the displacement dxµ and to the generators Ga, which specify the representation in

which we are working. Moreover, there must be an object responsible for transporting the

vector ψ; let us denote it by Aµ. Then the change in ψ can be written as

δψ = igGaAa
µdx

µψ. (1.107)
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x

y

z

ψ(x)

x x′

y′

z′

x+ dx

ψ(x) + dψ(x)

dx

Figura 1.3 Ű Comparation of two vectors in the internal space. Adapted from [8]

x

y

z

ψ(x)

x

x′

y′

z′

x+ dx

ψ(x) + dψ(x)

dx

Figura 1.4 Ű The correct form to compare two vectors in the internal space. Adapted
from [8].

We now have two fields: ψ(x)+dψ and ψ(x)+δψ. The covariant derivative

evaluates the difference between these two quantities. Hence,

Dψ = ψ + dψ − ψ − δψ = dψ − igGaAa
µdx

µψ, (1.108)

and dividing by dxµ,
Dψ

dxµ
≡ Dµψ = ∂µψ − igGaAa

µψ, (1.109)

which is the covariant derivative for an arbitrary group and field.

Let us verify that this general expression reproduces the previous cases.

For the U(1) case, taking G = −1 and g = e,

Dµ = ∂µ − ieAµ. (1.110)

The choice G = −1 is consistent because the group elements are simply ordinary numbers.

For SU(2),

(Ga)mn = −iϵamn, (1.111)
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∆xµ

δxµ

A B

CD

Figura 1.5 Ű Closed loop to parallel transport the vector ψ. Adapted from [8].

which yields

Dµϕm = ∂µϕm + gϵamnA
a
µϕn = ∂µϕ+ gAµ × ϕ, (1.112)

in agreement with Eq. (1.71).

It is convenient to write

Aµ = GaAa
µ, (1.113)

which makes clear that Aµ is a linear combination of the generators of the group. We say

that it is an algebra-valued vector. This vector field is called a gauge field or a Yang–Mills

gauge potential.

Since Dµ transforms covariantly,

D′
µψ

′ = S(Dµψ). (1.114)

Proceeding as before, we obtain

A′
µ = SAµS

−1 − i

g
(∂µS)S−1. (1.115)

This is the gauge transformation of the gauge field. Note that the second term makes Aµ

transform inhomogeneously. This raises the question of whether the gauge potential can

be transformed to zero at every point. If that were possible, the gauge field would have no

physical meaning. We can check this by parallel transporting the vector Aµ around a closed

loop, like Fig.(1.5). If the final vector is equal to the initial vector, then we successfully

found a coordinate system in which the gauge potential goes to zero.

Let’s call the initial vector at the point A, ψA,0. So, for the path A → B

ψB = ψA,0(x
µ + ∆xµ) = ψA,0(x

µ + DµψA,0(x
µ)∆xµ +

1

2
DµDνψA,0(x

µ)∆xµ∆xν . (1.116)
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Now, for the path B → C

ψC = ψB(∆xµ + δxµ) = ψB + DµψBδxµ+
1

2
DµDνψBδx

µδxν

=

Å
1 + δxµDµ +

1

2
δxµδxνDµDν

ãï
ψA,0 + DµψA,0∆x

µ +
1

2
DµDνψA,0∆x

µ∆xν

ò

=

Å
1 + (δxµ + ∆xµ)Dµ +

1

2
(δx µδxν + 2δxµ∆xν + δxµδxν)DµDν

ã
ψA,0.

(1.117)

Then the path C → D,

ψD =

Å
1 + δxµDµ +

1

2
δxµδxνDµDν + (δxµ∆xν − ∆xµδxν)DµDµDν

ã
ψA,0. (1.118)

Now back to A, we call this vector ψA,1 and

ψA,1 = (1 + δxµ∆xν [Dµ,Dν ])ψA,0, (1.119)

where [Dµ,Dν ] is the commutator of the covariant derivatives. Explicitly

[Dµ,Dν ] = [∂µ − igAµ, ∂ν − igAν ] = −ig(∂µAν − ∂νAµ − ig[Aµ, Aν ]). (1.120)

Defining the Yang-Mills Field Strenght Fµν as

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ], (1.121)

we have

[Dµ,Dν ] = −igFµν . (1.122)

We understand the product δxµ∆xν as the area Sµν of the rectangle. Then

ψA,1 = (1 − igSµνFµν)ψA,0,

∆ψ = −igSµνFµνψA,0

(1.123)

That shows that the vector ψA,0 changes when transported around a closed loop. Hence,

the effect of the gauge field is to rotate the vector around a closed loop in the internal

space. Using the definition of the field strength and the transformation for the gauge field,

it can be shown that Fµν transforms covariantly

F ′
µν = SFµνS

−1, (1.124)

then, if the field strength is non-zero in one coordinate system, it is nonzero in any other

coordinate system.

Similar to what we did for the gauge field, let us show that this definition

for the field strength reproduces what we had before.

For the U(1) case, since the generators are just ordinary numbers (recall

that G = −1), what rests is the commutator of two real-valued fields, which commute3.

Then

Fµν = ∂µAν − ∂νAµ. (1.125)
3 Another way to think is recall that the U(1) group is abelian, so its elements commute.
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For the SU(2) case, we have

Fµν = ∂µAν − ∂νAµ − ig[GbAb
µ, G

cAc
ν ],

= ∂µAν − ∂νAµ − igAb
µA

c
ν [Gb, Gc],

= ∂µAν − ∂νAµ + gAb
µA

c
νϵ

abcGa,

= ∂µAν − ∂νAµ + g(Aµ × Aν)aGa,

= ∂µAν − ∂νAµ + gAµ × Aν ,

(1.126)

which is what we indeed derived before.

To close this section, let us compare these results with other theories that

have a lot of similarities: General Relativity.

While in gauge theory we’ve been discussing gauge transformations,

General Relativity concerns itself with something different: coordinate transformations.

In General Relativity, we work with curved spacetime, which changes how we compare

two vectors. We need an object called a connection to compare vectors in different vector

spaces.

This concept parallels what we discussed earlier, where our vectors lie not

in spacetime but in the internal space of the field. In this context, the object acting as our

“connection” is the gauge potential Aµ, whereas in General Relativity, it is the Levi-Civita

connection Γµ
νρ.

Both transform inhomogeneously. The connection arises due to the cur-

vature of spacetime. This raises the question of whether we can switch to a coordinate

system where there is no curvature, meaning the connection vanishes.

In gauge theory, we found that the vector changes when parallel trans-

ported around a closed loop. The same applies to General Relativity, where the change

in the vector will be proportional to a tensor Rα
βγδ, known as the Riemann Curvature

Tensor, which measures the curvature of spacetime. Our field strength Fµν is analogous to

the curvature tensor. Therefore, in a sense, we can think of working in a curved internal

space while spacetime remains flat.

These concepts will become clear when we introduce the idea of Fi-

ber Bundles in Chapter 2, where we will revisit this topic from a completely different

perspective.

1.3.3 Generalization for SU(N)

The discussion above is quite general, but let us organize these ideas. The

cases treated were for the symmetry groups U(1) and SU(2), respectively. The ideas we

present now are valid for SU(N).

The generators of the groups satisfy the commutator

[Ga, Gb] = ifabcGc, (1.127)
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where the i is just to ensure that these generators are hermitian and the coefficients fabc

are the structure constants, with a, b, c = 1, 2, ..., dim G. We may normalize our Lie algebra

by imposing

Tr GaGb =
1

2
δab. (1.128)

Just as before, we write the gauge fields Aµ as

Aµ = Aa
µG

a, (1.129)

that emphasizes that Aµ as a Lie algebra valued vector. To clarify what that means, one

can think about Aµ as a N × N hermitian matrix. In this notation, the form for the

covariant derivative remains the same for any group

Dµ = ∂µ − i

e
Aµ. (1.130)

so as the field strength. which will be given by

Fµν = ∂µAν − ∂νAµ − ie[Aµ, Aν ], (1.131)

where e is the coupling constant. Finally, the action that leads to Yang-Mills equations is

SY M = −1

2

∫
d4x tr F µνFµν . (1.132)

Extremizing it with respect to the field Aµ leads to

DµF
µν = 0, (1.133)

which is the non-abelian analog to Maxwell equations.
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2 FIBER BUNDLES

The formalism of fiber bundles is deeply connected with the Yang-Mills

theory. As we have seen, Yang-Mills Theory started with a generalization of the gauge

invariance of electrodynamics, which has the U(1) symmetry group, to higher-symmetry

groups. It was noted afterward that the mathematical structure behind Yang-Mills was

the formalism of fiber bundles. It is crucial to understand this formalism so we might be

able to understand the topological structure of several physical objects that will appear

later. Here we follow the discussion of [12,13].

2.1 Introduction

We denote a fiber bundle by (E, π,X, F,G), where

• E is a topological space called the total space;

• X is a topological space called the base space;

• π is a map called the projection, defined by π : E → X;

• F is a topological space called the standard Ąber. It is homeomorphic to every

fiber of the total space, π−1(x) = Fx, with x ∈ X. The Fx are called the fibers;

• G is a group called the structure group.

We also require an open covering of the base space ¶Uα♢ and a homeo-

morphism ϕα defined by

ϕα : π−1(Uα) → Uα × F, (2.1)

such that

π ◦ ϕ−1
α (x, f) = x, x ∈ Uα and f ∈ F. (2.2)

This homeomorphism ϕα is called a local trivialization. The bundle structure is repre-

sented below.
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F
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Uα × F

π
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x
Uα

X

π−1(Uα)

E

F = π−1(x)

F = π−1(y)

φα

φ−1

α

Figura 2.1 Ű The fiber bundle setup. Adapted from [12].

Let us now understand why the structure group is necessary in this

description. Consider two sets of local coordinates (Uα, ϕα) and (Uβ, ϕβ) with Uα ∩Uβ ̸= ∅.

Define the map gαβ by

gαβ ≡ ϕα ◦ ϕ−1
β . (2.3)

This map acts as

gαβ : (Uα ∩ Uβ) × F → (Uα ∩ Uβ) × F. (2.4)

Keeping the point x ∈ Uα ∩ Uβ fixed, we obtain

gαβ : F → F. (2.5)

Therefore, the action of this map is to move from one point in the fiber to another;

this is why these maps are called transition functions. Hence, two points f and f ′

corresponding to the local trivializations (Uα, ϕα) and (Uβ, ϕβ), respectively, are related by

f ′ = gαβf. (2.6)

Thus, the transition functions tell us how to “glue” one fiber to another over the overlap.

These functions satisfy the following properties:

gαα(x) = 1, x ∈ Uα; (2.7)

g−1
αβ (x) = gβα(x), x ∈ Uα ∩ Uβ; (2.8)

gαγ(x)gγβ(x) = gαβ(x), x ∈ Uα ∩ Uβ ∩ Uγ. (2.9)
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Figura 2.2 Ű The transition functions. Adapted from [12]

Proposition 2.1 The transition functions are not unique!

This can be seen by considering two different fiber bundles, E and E ′. Suppose they have

the same base space, fiber, and structure group. Let (Uα, ϕα) and (Uα, φα) be their local

trivializations, respectively. We define the map

hα ≡ ϕα ◦ φ−1
α , (2.10)

which is a homeomorphism belonging to the structure group. The transition functions of

the two bundles are related by

g′
αβ(x) = h−1

α (x)gαβ(x)hβ(x), x ∈ Uα ∩ Uβ. (2.11)

Indeed,

h−1
α gαβhβ = φα ◦ ϕ−1

α ◦ ϕα ◦ ϕ−1
β ◦ ϕβ ◦ φ−1

β = φα ◦ φ−1
β = g′

αβ. (2.12)

We then say that if two bundles differ only by a choice of local coordinates, they are

equivalent.

DeĄnition 2.1 Let σ be a map

σ : X → E, (2.13)

such that

π ◦ σ(x) = x, ∀x ∈ X.

We call this map a section.

Note that the projection π does not have an inverse, since it maps an

entire fiber to a single point. Although we have used the notation π−1, this simply denotes

the preimage under π. The section plays the role of a right inverse: given a point in the

base space, it selects a point in the corresponding fiber.

We now define some special types of bundles. The section is represented

diagrammatically below.
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Figura 2.3 Ű Representation of a section. Adapted from [12]

• Trivial bundle: A bundle is called trivial if its transition functions are the identity,

that is,

gαβ = 1. (2.14)

In this case, the bundle is simply the direct product of the base space with the fiber,

E = X × F. (2.15)

• Vector bundle: A bundle whose fiber F is a vector space. It carries a representation

R of the structure group G on the vector space F . A particular case is a line bundle,

whose fiber F is a one-dimensional vector space.

• Tangent bundle: A particular type of vector bundle whose fiber at each point is

the tangent space of the manifold.

• Cotangent bundle: The dual vector space of the tangent space. This is where

one-forms are defined.

• Principal bundle: A bundle whose fiber is the structure group itself. We denote it

by P (X,G). There is an important theorem concerning principal bundles, which we

state below without proof but illustrate with an example.

• Associated bundle: A vector bundle is said to be associated with a principal bundle

if its transition functions are obtained via a representation R of the structure group

acting on the fiber. In other words, we take an element of the principal bundle and

represent it in the vector bundle through R.

Theorem 2.1 The principal bundle P (X,G) and its corresponding bundle (E, π,X, F,G)

are trivial if P (X,G) admits a global section.

An example of this theorem is the Möbius strip. Choosing the structure

group to be equal to the fiber, i.e., F = G = ¶1, g♢, where g represents a twist, we obtain

a double cover of the base space X. Choosing a local coordinate system θ ∈ [0, 2π], we find

that the section satisfies σ(θ) ̸= σ(θ + 2π). Therefore, we cannot define a global section.
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Figura 2.4 Ű Double cover of the base space. Adapted from [12].

According to the theorem, the Möbius strip and its corresponding principal bundle are

nontrivial, which is indeed the case.

Note that although the principal bundle may have no global section, an

associated bundle (E, π,X, F,G) might still admit one. Furthermore, several bundles with

different fibers but a common base space, structure group, and transition functions share

the same principal bundle.

Finally, one may ask what minimal structure is required to reconstruct

a bundle. We now show that it is possible to construct a bundle starting from the base

space, the fiber, and the transition functions. Start with the disjoint union

Ẽ =
⋃
α

Uα × F. (2.16)

We say that two points (x, f) and (x′, f ′), with x ∈ Uα and f ∈ F , are equivalent if

x = x′, f ′ = gαβ(x)f. (2.17)

We denote this equivalence relation by ∼. The fiber bundle is then defined as

E = Ẽ/ ∼, (2.18)

with projection

π :E → X

[(x, f)] 7→ x,
(2.19)

where [(x, f)] denotes the equivalence class of (x, f). The local trivialization is defined by

ϕ−1
α :Uα × F → π−1(Uα)

(x, f) 7→ [(x, f)].
(2.20)
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Figura 2.5 Ű Reconstruction of the Möbius strip. Adapted from [12]

Thus,

π ◦ ϕ−1
α (x, f) = x. (2.21)

As an example, let us reconstruct the Möbius strip.

As an example, let us reconstruct the Möbius strip. In this case, the base

space is S1, the fiber is a line segment, and the structure group contains two elements

G = ¶1, g♢, where g represents a twist. We define two open subsets U1 and U2 of S1 such

that U1 ∩ U2 = I1 ∪ I2. Explicitly, the transition functions are

g11 = g22 = 1,

g12 =




1, if x ∈ I1,

g, if x ∈ I2,

g21 = g−1
12 .

(2.22)

In the region I1, there is only one point (x, f), whereas in the region I2 there are two points,

¶(x, f), (x, gf)♢. However, the equivalence relation identifies these two points. When we

glue them together according to this identification, we obtain the twist characteristic of

the Möbius strip.

2.2 Connection

2.2.1 Abstract deĄnition

We are interested in comparing different points in the fiber. We have

tangent vectors at our disposal. However, as the name suggests, these vectors are tangent
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to points in the bundle. What we seek instead is a vector that points away from a fiber,

more specifically in the direction of another fiber. This can be achieved using what we call

a connection.

DeĄnition 2.2 A connection is a decomposition of the tangent space TuP , where u is a

point in the principal bundle P (X,G). It satisfies

i) TuP = VuP ⊕HuP,

ii) R∗gHuP = HugP.
(2.23)

The sets VuP and HuP are called the vertical subspace and horizontal

subspace, respectively. We will define formally these spaces below. Rg denotes the map

implementing the right action of the symmetry group G on the principal bundle P .

Therefore, we use the induced map (push-forward) R∗
1.

Note that “vertical” and “horizontal” are merely names, since we do not

assume a metric structure that would allow us to define orthogonality between these

subspaces.

Condition i) states that any vector X ∈ TuP can be decomposed as

X = XV + XH , where XV ∈ VuP and XH ∈ HuP . Condition ii) states that once a

horizontal vector is parallel transported, all other horizontal vectors in the same fiber are

transported accordingly.

To define tangent vectors in the principal bundle, take a point u ∈ P (X,G)

and use the right-translation exponential map

Rexp(tA)u = u exp(tA) = σ(t, u), (2.24)

which defines a flow, where A ∈ g and g is the Lie algebra of G. The vectors belonging to

VuP are generated by such elements A. They are denoted by XA and defined as

XAf(u) ≡ d

dt

∣∣∣
t=0
f(u exp(tA)), (2.25)

where f : P → R is a smooth function. These vectors preserve the Lie algebra structure:

[XA, XB] = X[A,B]. (2.26)

The vertical space can also be characterized by the fact that motion along

a fiber does not change the corresponding point in the base space:

VuP ≡ ¶X ∈ TuP ♣ π∗X = 0♢., (2.27)

where π∗ is the push-forward associated with the projection π.

1 For a more detailed discussion on Lie algebras and other aspects of differential geometry, see [13].
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Figura 2.6 Ű Decomposition of the tangent space into the vertical and horizontal subspace.
Adapted from [12].

DeĄnition 2.3 (Horizontal Lift) We say that X̃ is a horizontal lift of X if

i) π∗X̃ = X,

ii) X̃V = 0.
(2.28)

DeĄnition 2.4 Let γ : [0, 1] → M be a curve. A curve γ̃ : [0, 1] → P is a horizontal lift

of γ if

i) π ◦ γ̃ = γ,

ii) the tangent vectors to γ̃ belong to Hγ̃(t)P.
(2.29)

Theorem 2.2 Let γ : [0, 1] → M be a curve and u ∈ π−1(γ(0)). Then there exists a

unique horizontal lift γ̃ : [0, 1] → P such that γ̃(0) = u.

This means that the parallel transport of a fiber point along the curve

γ(t) is given by the horizontal lift γ̃(t). Note that if a base curve γ : [0, 1] → M is closed,

its horizontal lift need not be closed. For example, γ̃(1) = γ̃(0)h with h ∈ G. This follows

from the concept of holonomy, which is related to loss of geometrical data when parallel

transporting some vector around a closed loop. The set of such elements ¶h♢ is what we

call the holonomy.

2.2.2 Connection one-form

We now define an object that will help us connect with physics later on

and that implies Definition 2.2.

DeĄnition 2.5 The connection one-form ω is a Lie algebra valued one-form, that

is, ω ∈ T ∗P ⊗ g, defined as a projection of the tangent space onto the vertical subspace,
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satisfying

i) ω(XA) = A, A ∈ g,

ii) R∗
gω = Adg−1ω,

(2.30)

where R∗ is the induced map pull back and Adg−1 is defined as the adjoint map given by

Adg : g → g,

A 7→ gAg−1, g ∈ G,A ∈ g.
(2.31)

For some vector X ∈ TuP we have

R∗
gωug(X) = ωug(Rg∗X) = g−1ωu(X)g. (2.32)

From i), we can define the horizontal subspace as the kernel of ω2 as

HuP ≡ ¶X ∈ TuP ♣ ω(X) = 0♢. (2.33)

This again leads to the splitting

TuP = VuP ⊕HuP.

Condition ii) implies condition ii) of Definition 2.2, as we show below.

We start by defining HuP as in Eq.(2.33). Let Xu ∈ TuP , then (Rg)∗Xu ∈
TugP . We have

(Rg)∗ωu(X) = ωu(Rg∗X) = g−1ωu(X)g. (2.34)

2 Again, the horizontal and vertical vectors are just names and do not have a notion of orthogonality.
The way we are defining them is to characterize which vector belongs to which set.
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If Xu ∈ HuP , then ωu(X) = 0, and therefore ωu(Rg∗X) = 0. Hence Rg∗Xu ∈ HugP. Since

(Rg)∗ is an invertible map, any vector Y ∈ HugP can be written as Y = Rg∗Xu for some

Xu ∈ HuP. This proves that HugP = Rg∗HuP for every element of G.

Until now, everything seems too abstract. But now we can finally unders-

tand the bridge between this formalism and physics.

Proposition 2.2 Locally, the connection 1-form ω represents the Yang–Mills gauge po-

tential A.

Let Uα be an open covering of M . We have the section defined above,

given by

σα : Uα → π−1(Uα).

This induces the pullback map

σ∗
α : T ∗P → T ∗Uα. (2.35)

We then define the gauge potential A as

A ≡ σ∗
αω. (2.36)

On the other hand, we have the following theorem.

Theorem 2.3 Let Aα be a Lie algebra valued 1-form defined on a patch Uα and σα : Uα →
π−1(Uα) a section. There exists exactly one connection 1-form ω on π−1(Uα) such that

Aα = σ∗
αω, given by

ω
∣∣
Uα

= g−1
α π∗Aαgα + g−1

α dpgα, (2.37)

where dp is the exterior derivative on the bundle and gα is a coordinate in the fiber given

by the local trivialization,

ϕα : π−1(Uα) → Uα × F,

u 7→ (p, gα).
(2.38)

Thus,

ϕα(u) = (p, gα), with u = σα(p)gα. (2.39)

Proof. a) First, let us show that (2.37) reproduces (2.36). Take a tangent vector X ∈ TpM

and lift it to the bundle as σ∗αX ∈ Tσα(p)P. Note that π∗◦σ∗α = 1TpM because π(σα(p)) = p.

Also, it follows from Eq.(2.39) that gα = e over σα. Then

σ∗
αω(X) = ω(σ∗αX) = e−1π∗Aα(σ∗αX)e+e−1dpe(σ∗αX) = Aα(π∗σ∗αX) = Aα(X). (2.40)

b) We now demonstrate that (2.37) satisfies the properties of a connection.
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For axiom i): taking a vector field XA ∈ VuP , then π∗XA = 0. Hence

ω(XA) = g−1
α π∗Aα(π∗XA)gα + g−1

α dpgα(XA)

= g−1
α (u)

d

dt

∣∣∣∣
t=0

gα(u exp(tA))

= g−1
α (u)gα(u)

d

dt

∣∣∣∣
t=0

exp(tA) = A.

(2.41)

For axiom ii): take a tangent vector X ∈ TuP and a group element h ∈ G.

Recalling that gα(uh) = gα(u)h, we have

R∗
hω(X) = h−1g−1

α (u)π∗Aα(X)gα(u)h+ h−1g−1
α (u)dpgα(u)(X)h

= h−1ω(X)h = Adh−1ω(X).
(2.42)

Since the form ω is defined globally, we have

ω
∣∣
Uα

= ω
∣∣
Uβ
, Uα ∩ Uβ ̸= ∅. (2.43)

Using Eq.(2.37) we obtain

g−1
α π∗Aαgα + g−1

α dpgα = g−1
β π∗Aβgβ + g−1

β dpgβ. (2.44)

In the overlap, the fiber coordinates are related by gβ = hβαgα. Then

g−1
α π∗Aαgα + g−1

α dpgα = h−1
βαg

−1
α π∗Aβhβαgα + h−1

βαg
−1
α dp(hβαgα)

= h−1
βαg

−1
α π∗Aβhβαgα + h−1

βαdphβα + g−1
α dpgα.

(2.45)

Hence

g−1
α π∗Aαgα = h−1

βαg
−1
α π∗Aβhβαgα + h−1

βαdphβα. (2.46)

Acting with gα on the left and then with g−1
α on the right, we obtain

π∗Aα = hβαπ
∗Aβh

−1
βα + h−1

βαdphβα. (2.47)

But this is what happens to the potential when pulled back. Its transformation on the

base space is given by

Aα = hβαAβh
−1
βα + h−1

βαdhβα. (2.48)

This is what we previously called the gauge transformation of the potential. We will

see later that this reproduces exactly the transformations we have seen before.

2.2.3 Curvature

To finish our discussion, we now introduce the notion of curvature in the

fibers. To do so, we first introduce the concept of a covariant derivative.
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Consider a p-form ω on a principal bundle P (M,G) with values in a

vector space

ω : T ∗P ⊗ ...⊗ T ∗P︸ ︷︷ ︸
p-times

→ V. (2.49)

This form can be written as

ω = ωa ⊗ ea ∈ Λp(P ) ⊗ V, (2.50)

with a sum implicit in the index a, where a = 1, 2, 3..., k, the ¶eα♢ form a set of basis

vectors for the space V , and k is its dimension.

Let X1, ..., Xp+1 be a set of tangent vectors on the bundle P, then the

exterior covariant derivative of a p-form ω is defined by

Dω(X1, ..., Xp+1) = dpω(XH
1 , ..., X

H
p+1). (2.51)

From this, we define the curvature to be the covariant derivative of the connection 1-form,

i.e.,

Ω ≡ Dω ∈ Λ2(P ) ⊗ g. (2.52)

It is easy to show that

R∗
gΩ = Adg−1Ω = g−1Ωg, g ∈ G. (2.53)

Theorem 2.4 Ω and ω satisfy the Cartan structure equation.

Ω(X, Y ) = dpω(X, Y ) + [ω(X), ω(Y )], (2.54)

for X, Y ∈ TuP, where [ω(X), ω(Y )] is the Lie bracket between the elements ω(X) and

ω(Y ). In terms of 2-forms we have

Ω = dpω + ω2, (2.55)

with

ω2 = ωω =
1

2
[ω, ω]. (2.56)

Proof. Let us consider three cases.

First case: X, Y ∈ HuP . Then, by the definition of the horizontal space,

ω(X) = ω(Y ) = 0. Hence

Ω(X, Y ) = Dω(X, Y ) = dpω(XH , Y H) = dpω(X, Y ). (2.57)

Second case: X ∈ HuP, Y ∈ VuP. This implies that

Ω(X, Y ) = dpω(XH , Y H) = (dpω)µν(XH)µ(Y H)ν = 0, (2.58)

because Y H = 0. Recalling the relation

dpω(X, Y ) = Xω(Y ) − Y ω(X) − ω([X, Y ]) = Xω(Y ) − ω([X, Y ]). (2.59)
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Since Y ∈ VuP we can write Y = XV for some V ∈ g. Then ω(XV ) = V , with V constant.

Since X acts as a derivative, Xω(Y ) = 0. The second term vanishes because [X, Y ] ∈ HuP .

This can be seen by noting that the Lie derivative is defined as

[Y,X] = LXY = lim
t=0

1

t
[Rg−1(t)∗X −X]. (2.60)

Since X ∈ HuP , then Rg−1(t)∗X ∈ HuP as well. Therefore dpω(X, Y ) = 0.

Third case: X, Y ∈ VuP . We have (for the same reason as in Eq.(2.58))

that Ω(X, Y ) = 0. Hence

dpω(X, Y ) = Xω(Y ) − Y ω(X) − ω([X, Y ]) = −ω([X, Y ]). (2.61)

Since both X and Y belong to the vertical space, their commutator will

also be a vector field that belongs to it. Then we can write [X, Y ] = XA, for some A ∈ g.

On the other hand, we can write the X and Y fields as X = XB and Y = XC for B,C ∈ g.

Then

XA = [XB, XC ]. (2.62)

Consider the commutator

[ω(X), ω(Y )] = [ω(XB), ω(XC)] = [B,C]. (2.63)

Since these fields belong to g, the Lie algebra structure is preserved, that is,

[XB, XC ] = X[B,C]. (2.64)

This implies that

[ω(X), ω(Y )] = ω([X, Y ]). (2.65)

Therefore

dpω(X, Y ) + [ω(X), ω(Y )] = 0. (2.66)

Which is in accordance with what was expected. These three cases prove that, indeed, Ω

can be written as in Eq.(2.54).

Proposition 2.3 The curvature 2-form Ω is locally the Yang-Mills field strength, given by

F = σ∗Ω ∈ Λ2(P ) ⊗ g, (2.67)

where σ∗ is the pull-back induced by the section, just as for the gauge potential.

Note that, using Eq.(2.55)

F = σ∗Ω = σ∗(dpω) + σ∗(ωω)

= dσ∗ω + σ∗ωσ∗ω = dA+ A2.
(2.68)
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In components, F = 1
2
Fµνdx

µ ∧ dxν and A = Aµdx
µ. Then

1

2
Fµνdx

µ ∧ dxν = ∂µAνdx
µ ∧ dxν +

1

2
[Aµ, Aν ]dxµ ∧ dxν

1

2
Fµνdx

µ ∧ dxν =
1

2
(∂µAν − ∂νAµ)dxµ ∧ dxν +

1

2
[Aµ, Aν ]dxµ ∧ dxν ,

(2.69)

which leads to

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ]. (2.70)

This is the Yang-Mills field strength as we have seen before.

Last, we show its transformation. Consider the overlap Uα ∩ Uβ ̸= ∅. We

note that

Fβ = dAβ + A2
β. (2.71)

Using the transformation

Aβ = h−1
αβAαhαβ, (2.72)

we obtain

Fβ = dAβ + A2
β = d(h−1

αβAαhαβ) + (h−1
αβAαhαβ)2

= dh−1
αβAαhαβ + h−1

αβdAαhαβ + dh−1
αβdhαβ + h−1

αβA
2
αhαβ + h−1

αβdhαβh
−1
αβdhαβ

+ h−1
αβdhαβh

−1
αβAαhαβ.

(2.73)

Since hαβh
−1
αβ = 1 ⇒ dh−1

αβhαβ + h−1
αβdhαβ = 0 ⇒ dh−1

αβhαβ = −h−1
αβdhαβ. Then

Fβ = h−1
αβdAαhαβ + h−1

αβA
2
αhαβ = h−1

αβ(dAα + A2
α)hαβ = h−1

αβFαhαβ. (2.74)

This is the gauge transformation for the Yang-Mills field strength.

2.2.4 Bridging Yang-Mills Theory and Fiber Bundles

Now that we understand Yang-Mills theory and the formalism of fiber

bundles, we can describe the bridge between these two subjects.

We have already seen that the Yang-Mills potential is locally the pull-back

of the connection 1-form defined globally over the principal bundle, and that the Yang-Mills

field strength is locally the pull-back of the curvature 2-form, also defined globally over

the principal bundle.

The map used to perform the pull-back is the section σ. This is what

we previously understood as the field in Yang-Mills theory. Therefore, the internal space

of the field is the principal bundle. When we were performing the parallel transport of

vectors in the field’s internal space, we were in fact parallel transporting vectors on the

principal bundle.

The definition of the exterior covariant derivative is consistent with our

previous notion of the covariant derivative because, at that stage, it was a derivative



45

acting on objects defined in the internal space of the field. Now we know that the internal

space of the field is the principal bundle. Thus, it makes sense to define it as above. It is a

derivative that acts on the principal bundle over horizontal vectors, which are precisely

the ones being parallel transported.

Also, we now see from a different perspective why we call the gauge

potential Lie-algebra valued. We have seen before that it is an object that can be written

as a linear combination of the Lie group generators. Now we see that it is a direct product

of the space of p-forms with the set of left-invariant vector fields.

2.3 Physics in terms of Ąber bundles

To make things clearer and to understand where the physics we are used

to appears in this formalism, we will discuss two examples: Maxwell theory and the

magnetic monopole.

2.3.1 Maxwell Theory

The fiber bundle structure of Maxwell theory is quite simple and does

not have many interesting aspects, but it provides valuable insight.

We start by writing the Maxwell equations in terms of differential forms.

We know that in covariant form they are given by

∂µ ⋆ F
µν = 0 (homogeneous), (2.75)

∂µF
µν = jν (inhomogeneous), (2.76)

where ⋆ denotes the Hodge star operator. We can relate these components to a 2-form by

F =
1

2
Fµνdx

µ ∧ dxν , (2.77)

⋆F =
1

2
⋆ Fµνdx

µ ∧ dxν . (2.78)

In matrix form,

F µν =

à
0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0

í

, (2.79)

and

⋆F µν =

à
0 −B1 −B2 −B3

B1 0 −E3 E2

B2 E3 0 −E1

B3 −E2 E1 0

í

. (2.80)
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Hence we can write the 2-form F as

F = Eidx
0 ∧ dxi − 1

2
Biϵijkdx

j ∧ dxk. (2.81)

Acting with the exterior derivative, we obtain

dF =
1

2
(∂kEi − ∂iEk − ∂tBjϵjik)dx0 ∧ dxi ∧ dxk − ∂iBidx

1 ∧ dx2 ∧ dx3, (2.82)

where we have used dxi∧dxj ∧dxk = ϵijkdx1∧dx2∧dx3 and ϵijkϵ
ljk = 2δl

i. The homogeneous

Maxwell equations are given by

ϵjlm∂lEm + ∂tBj = 0 (2.83)

∂iBi = 0. (2.84)

Multiplying by ϵjik and using again the contraction of the Levi-Civita symbol, we obtain

∂kEi − ∂iEk − ∂tBjϵjik = 0. (2.85)

Thus the homogeneous Maxwell equations in terms of differential forms are precisely

dF = 0. (2.86)

For the inhomogeneous equations, we start by writing

⋆F = −Bidx
0 ∧ dxi − 1

2
Eiϵijkdx

j ∧ dxk. (2.87)

Taking the exterior derivative,

d ⋆ F =
1

2
(∂iBk − ∂kBi − ∂tEjϵijk)dx0 ∧ dxi ∧ dxk − ∂iEidx

1 ∧ dx2 ∧ dx3. (2.88)

The inhomogeneous equations can be written as

∂iBk − ∂kBi − ∂tEjϵijk = jjϵjik (2.89)

∂iEi = ρ. (2.90)

Defining the current 1-form,

j = jµdx
µ = j0dx

0 − jidx
i, (2.91)

and taking its dual,

⋆j = j0 ⋆ dx
0 − ji ⋆ dx

i = ρdx1 ∧ dx2 ∧ dx3 − 1

2
jjϵjikdx

0 ∧ dxi ∧ dxk, (2.92)

where j0 ≡ ρ, we find

d ⋆ F = − ⋆ j. (2.93)
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Thus the four Maxwell equations in terms of differential forms become

dF = 0 (homogeneous), (2.94)

d ⋆ F = − ⋆ j (inhomogeneous). (2.95)

Note that since F is closed, we have

F = dA, (2.96)

because d2 = 0. For the same reason, A is defined up to the derivative of a 0-form,

A′ = A+ dΛ, (2.97)

which is the gauge transformation. From this we can write down the action for Maxwell

theory in terms of differential forms. Since we are integrating over spacetime, the action

must be given in terms of 4-forms. There are two 4-forms compatible with the symmetries

of the theory that reproduce the action with which we are already familiar, namely

A ∧ ⋆j = Aµj
µdx0 ∧ dx1 ∧ dx2 ∧ dx3, (2.98)

and

F ∧ ⋆F =
1

2
FµνF

µνdx0 ∧ dx1 ∧ dx2 ∧ dx3. (2.99)

The oriented volume element is dx0 ∧ dx1 ∧ dx2 ∧ dx3 = d4x, then

S[A] =
∫
d4x

Å
−1

4
FµνF

µν − Aµj
µ

ã
=

∫ Å
−1

2
F ∧ ⋆F − A ∧ ⋆j

ã
. (2.100)

Note that under a gauge transformation the action becomes

S[A+ dΛ] − S[A] = −
∫
dΛ ∧ ⋆j =

∫
Λ ∧ d ⋆ j = 0, (2.101)

where we have used Stokes’ theorem and discarded the boundary term. This corresponds

to current conservation,

d ⋆ j = 0. (2.102)

Therefore, to construct the fiber bundle, we take the structure group to be the U(1) gauge

group, the base space to be the 4-dimensional Minkowski spacetime, and the fiber to be

the set of all possible U(1) group elements. The principal bundle is a trivial bundle given

by P = R
4 ×U(1) because the base space is contractible. The connection is the gauge field

A, the curvature is the field strength F with the factor i from the Lie algebra multiplying

it, and the transition functions are given by

hαβ :Uα ∩ Uβ → U(1)

hαβ(x) = eiΛ(x), x ∈ Uα ∩ Uβ.
(2.103)

The compatibility condition (2.48) gives the gauge transformation

A′(x) = A(x) + idΛ(x), (2.104)

which is Eq.(2.97) but with the factor of i from the Lie algebra.
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2.3.2 The Dirac Monopole

The Dirac monopole is far more interesting than usual Maxwell theory

because it has a non-trivial fiber bundle structure. This was proposed by Paul Dirac in

1931 [14].

We start with a magnetic monopole with magnetic charge g localized at

the origin, given by

ρm(x) = 4πgδ3(x), (2.105)

with the corresponding magnetic field

B(x) = g
r̂

r2
, r̂ =

r

♣r♣ . (2.106)

Note that a possible potential that reproduces this field is

A+ = g

Å
1 − cos θ

r sin θ

ã
ϕ̂. (2.107)

However, Eq.(2.107) is not defined for θ = π. We can circumvent this problem by using

the potential

A− = g

Å−1 − cos θ

r sin θ

ã
ϕ̂. (2.108)

But now this potential has a singularity at θ = 0.

In general, it is not possible to write a potential B = ∇ × A without

singularities in A; let us check this. Suppose that we can write B = ∇ × A without

singularities. Then, using Stokes’ theorem and considering that S2 is the boundary of

some manifold Σ,
∫

S2

da · B =
∫

Σ
d3x ∇ · B =

∫
Σ
d3x ρ(x) = 4πg. (2.109)

However, using Stokes’ theorem in the “opposite” way,
∫

S2

da · B =
∫

S2

da · (∇ × A) =
∫

∂S2

dx · A = 0. (2.110)

The integral vanishes because S2 has no boundary. This gives a contradiction. Therefore,

we could not have used Stokes’ theorem in the first place, which means that our potential

must indeed have a singularity. Then which potential should we use? The answer is: both.

Because of the two singularities, we need one potential that avoids θ = 0 and another that

avoids θ = π. These two regions can be seen in Fig.(2.8). Therefore, we define

A+ = g

Å
1 − cos θ

r sin θ

ã
ϕ̂, for θ < π − ϵ : U+, (2.111)

A− = g

Å−1 − cos θ

r sin θ

ã
ϕ̂, for θ > ϵ : U−. (2.112)

In the intersection region, it is reasonable to expect that these potentials are related by a

gauge transformation,

A− = A+ + ∇Λ. (2.113)
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Figura 2.8 Ű Region for the definition of the potentials. Adapted from [12]

Recalling the expression for ∇Λ in polar coordinates, for θ ̸= 0, π, we have

Aφ−
= Aφ+

+
1

r sin θ

∂Λ

∂φ
. (2.114)

It is easy to solve this equation, and we find that this gauge transformation exists and is

given by

Λ = −2gφ. (2.115)

We now move on to a quantum mechanical approach to this problem, which leads to a

very interesting result.

Start with the Schrödinger equation for a particle with charge e in the

presence of a magnetic field B,
ï

1

2m

(
p − e

c
A
)2

+ eϕ

ò
ψ = iℏ

∂ψ

∂t
, (2.116)

where we have inserted the appropriate units again. This equation is invariant under the

following transformations,

A′ = A + ∇Λ, (2.117)

ϕ′ = ϕ− 1

c

∂Λ

∂t
, (2.118)

ψ′ = exp
[
i
e

ℏc
Λ
]
ψ. (2.119)

Just as the potentials are connected by a gauge transformation, the wavefunctions are as

well,

ψ− = exp

ï
−i2eg

ℏc
φ

ò
ψ+. (2.120)

The wavefunctions must be single-valued in order for the probability not to be ambiguous.

This means

φ = 0 ⇒ ψ+ = ψ−, (2.121)

φ = 2π ⇒ ψ− = exp

ï
−i2eg

ℏc
2π

ò
ψ+ ≡ ψ+, (2.122)
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which implies

eg = ±ℏc

2
n, n = 0, 1, .... (2.123)

Thus the product of the electric charge and the magnetic charge must be quantized. We are

now able to understand what is happening mathematically in the structure of spacetime.

First, recall the expression for the gradient in polar coordinates,

∇ = r̂
∂

∂r
+ ϕ̂

1

r sin θ

∂

∂φ
+ θ̂

1

r

∂

∂θ
. (2.124)

We want to write it in the cotangent basis, that is,

d = dr
∂

∂r
+ dφ

∂

∂φ
+ dθ

∂

∂θ
. (2.125)

If we compare the basis terms, we obtain

r̂ ⇔ dr, (2.126)

ϕ̂ ⇔ r sin θdφ, (2.127)

θ̂ ⇔ rdθ. (2.128)

Note that this is not an equality since it compares a one-form with a vector. There are

some subtleties involved, but we will not delve into them here. With this, we can write

(2.111) as

A± = g

Å±1 − cos θ

r sin θ

ã
r sin θdφ = g(±1 − cos θ)dφ. (2.129)

Again, the 1-forms A+ and A− are linked by a gauge transformation (in natural units),

A+ = A− + dΛ = A− + 2gdφ = A− + ndφ. (2.130)

Taking the exterior derivative,

dA+ = dxµ∂A+

∂xµ
=

Å
dr

∂

∂r
+ dφ

∂

∂φ
+ dθ

∂

∂θ

ã
A+ = dθ

∂A+

∂θ
= g sin θdθ ∧ dφ

=
n

2
sin θdθ ∧ dφ.

(2.131)

The same holds for A−,

dA− =
n

2
sin θdθ ∧ dφ. (2.132)

Despite the two potentials giving the same field strength, it is important to note that




F = dA+ in the region U+,

F = dA− in the region U−.
(2.133)

Thus, in the case of the Dirac monopole, it is impossible to define an exact 2-form globally,

since we need at least two potentials to avoid the singularity.
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Figura 2.9 Ű Bundle structure for the Dirac monopole. Adapted from [12]

We now proceed to the fiber bundle structure of the Dirac monopole.

The base space we are working on is R
3\¶0♢. This space is homotopic to the sphere,

i.e., R3\¶0♢ ∼ S2. We use the U(1) group as the structure group and the fiber as all

possible elements of U(1), so it is a principal bundle P (S2, U(1)). Since the fibers are

rather abstract, we use the wavefunction ψ(x) as a representation of the associated vector

bundle, which is a line bundle. Our bundle will be covered by the sets H+ and H−, defined

as

H+ ≡ ¶(r, θ, φ)♣ 0 < r < +∞, 0 < φ ≤ 2π, 0 < θ ≤ π♢, (2.134)

H− ≡ ¶(r, θ, φ)♣ 0 < r < −∞, 0 < φ ≤ 2π, 0 < θ ≤ −π♢, (2.135)

these sets are represented in Fig.(2.9). Locally, the bundle has the coordinates (θ, φ, eiα+) ∈
H+ × U(1) and (θ, φ, eiα−) ∈ H− × U(1), with 0 ≤ θ < π, 0 ≤ φ < 2π.

The transition functions are defined in the overlap H+ ∩ H− and link

both the charts and the wavefunctions,

eiα+ = h∓e
iα− , (2.136)

ψ+(x) = h∓ψ−(x). (2.137)

They are constructed in such a way that they glue all the fibers together when completing

a full turn around the equator. Hence, one choice that satisfies this condition is

h∓ = einφ. (2.138)

In natural units, this corresponds again to the Dirac quantization condition. The connection

is constructed using the gauge potentials,

A± = iA±, (2.139)

which include the correct factor of i from the Lie algebra. From (2.48),

A+ = h−1
∓ A−h∓ + h−1

∓ dh∓ = A− + indφ, (2.140)
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which corresponds to (2.130). The curvature tensor is

F = iF, (2.141)

or

F = dA±. (2.142)

From this construction, we note again that each A is defined only in a given region (the

northern hemisphere of S2 and the southern hemisphere). We therefore conclude from the

bundle structure that this curvature 2-form is not globally exact, but only locally exact.
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3 SPONTANEOUS SYMMETRY BREAKING, GOLDSTONE

THEOREM AND THE HIGGS MECHANISM

3.1 Spontaneous Symmetry Breaking

From Noether’s theorem, we conclude that symmetries play an extremely

important role in physical theories. But one question that may arise is: what if there are

some circumstances in which some symmetries of our theory no longer prevail? This is

when the phenomenon of spontaneous symmetry breaking (SSB) arises. It consists of some

symmetries of the theory not being realized in a different state. It might seem at first

glance a very simple feature, but as we will see, it has enormous consequences. Here we

follow the discussion of [8–10].

3.1.1 Spontaneous breaking of a global U(1) symmetry

We start with the simplest Lagrangian where this phenomenon manifests,

the interacting ϕ4 theory,

L = (∂µϕ)(∂µϕ)∗ −m2♣ϕ♣2 − λ♣ϕ♣4. (3.1)

The potential is

V (ϕ) = m2♣ϕ♣2 + λ♣ϕ♣4. (3.2)

Its minima occur at

∂V

∂♣ϕ♣ = 2m2♣ϕ♣ + 4λ♣ϕ♣3 = 0,

2♣ϕ♣
(
m2 + 2λ♣ϕ♣2

)
= 0.

(3.3)

With solutions

♣ϕ♣ = 0, (3.4)

♣ϕ♣2 = −m2

2λ
. (3.5)

For m2 > 0, ♣ϕ♣ = 0 is a minimum point. Since we are solving for the modulus of the field,

the complex solutions are not physical. For m2 < 0 we must analyze further. Taking the

second derivative
∂2V

∂ϕ2
= 2m2 + 12λ♣ϕ♣2. (3.6)

Substituting the solution for ♣ϕ♣2 into (3.6) leads to −4m2, which is positive. This shows

that both are minimum points. For a constant field ϕ = v that satisfies the equations of

motion, the classical expectation value of this field must be equal to v everywhere in space.
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The quantum expectation value is connected to the classical one by taking the limit ℏ → 0

in the path integral1,

lim
ℏ→0

⟨0♣ϕ♣0⟩ = lim
ℏ→0

∫
Dϕ e

iS
ℏ ϕ = v. (3.7)

In terms of the vacuum expectation value (VEV), it is easy to understand why we say that

some symmetry is broken. This Lagrangian has a discrete Z2 symmetry ϕ → −ϕ. Since we

have

v = ±
Å−m2

2λ

ã1/2

, (3.8)

there must exist two different states that lead to these solutions. Let us call them ♣0+⟩
and ♣0−⟩ with

⟨+0♣ϕ♣0+⟩ =

Å−m2

2λ

ã1/2

, (3.9)

⟨−0♣ϕ♣0−⟩ = −
Å−m2

2λ

ã1/2

. (3.10)

Therefore, the symmetry must take one vacuum into the other. But first, one of them must

be chosen. Once we choose a vacuum, we may expand the field around it, for instance,

choosing (3.9),

ϕ =

Å−m2

2λ

ã1/2

+ ϕ̃. (3.11)

If we substitute this field into the Lagrangian, we get

L = ∂µϕ̃∂
µϕ̃∗ +

m4

2λ
−m2

Å−m2

2λ

ã1/2

ϕ̃−m2

Å−m2

2λ

ã
ϕ̃∗ −m2♣ϕ̃♣2 + quartic terms. (3.12)

This Lagrangian is no longer invariant under ϕ̃ → −ϕ̃. Thus we note that the symmetry

has been broken. In other words, when we have a non-trivial VEV for the field, we say that

the field condenses and the vacuum does not share the same symmetries as the Lagrangian.

Therefore the symmetry is said to be spontaneously broken.

There is a very interesting aspect involving the presence of spontaneous

symmetry breaking. Another internal symmetry that this Lagrangian has is a continuous

global U(1) symmetry ϕ → eiΛϕ. Note that this symmetry is also spontaneously broken

because the Lagrangian (3.12) is not invariant under it.

It is convenient to reparametrize the complex field ϕ(x) in terms of two

real fields ρ(x) and θ(x)

ϕ(x) = (ρ(x) + v)eiθ(x), (3.13)

where we choose the vacuum2

⟨ρ⟩ = 0, ⟨θ⟩ = 0. (3.14)

1 There are higher order corrections, but for our analysis this is sufficient.
2 In this chapter, every expectation value will be assumed to be calculated in the vacuum unless stated

otherwise.
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We now substitute this field into the Lagrangian,

L = ∂µρ(x)∂µρ(x) + (ρ+ v)2(∂µθ)(∂
µθ) −m2(ρ(x) + v)(ρ(x) + v)

− λ[(ρ(x) + v)(ρ(x) + v)]2

= ∂µρ∂
µρ+ (ρ+ v)2(∂µθ)(∂

µθ) −m2ρ2 − 2m2vρ−m2v2

− λ(ρ4 + 4vρ3 + 6v2ρ2 + 4v3ρ+ v4).

(3.15)

Using (3.8) we obtain

L = ∂µρ(x)∂µρ(x) + (ρ+ v)2(∂µθ)(∂
µθ) + λρ4 + 4vλρ3 + 4λv2ρ2 − λv4. (3.16)

Thus we see that the mass term for the θ(x) field has vanished from the Lagrangian and

only the field ρ(x) is left with a mass

m2
ρ = 4λv2. (3.17)

The massless field θ(x) is called a Goldstone boson and it is the result of the spontaneous

breaking of the continuous U(1) symmetry.

To visualize this, we recall that the field can be written as ϕ = ϕ1 + iϕ2.

We can see from Fig.(3.1) that the minimum of the potential lies along ♣ϕ♣ = v and the

other possible vacua are connected by a rotation.

ϕ2

ϕ1

V

Figura 3.1 Ű Mexican hat potential. The minima are at ♣ϕ♣ = v. The other minima are
connected by a rotation. Adapted from [8].

This is precisely the rotation in the internal space that we have seen in

Chapter 1. This is further evidence of why the massless particle results from the breaking

of the U(1) symmetry. With this we can enunciate the Goldstone theorem.

Theorem 3.1 (Goldstone Theorem) To each broken continuous global symmetry, there

exists a massless field associated with it.
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The Goldstone theorem will be proved in the next section for the general case, but before

we do that, it is interesting to analyze the case of a higher symmetry group such as SO(3),

where we can understand how many Goldstone bosons will appear in our theory.

Consider the SO(3) group. As we have seen before, the field has an

internal structure so we can interpret ϕi as a vector in the internal space. The Lagrangian

is given by

L = ∂µϕi∂
µϕi − m2

2
(ϕiϕi) − λ(ϕiϕi)

2, i = 1, 2, 3. (3.18)

This has a similar structure to the Lagrangian for the complex scalar field; thus the minima

are situated at ⟨ϕ⟩ = v for m2 < 0, where

⟨ϕ⟩ = ⟨(ϕ2
1 + ϕ2

2 + ϕ2
3)

1/2⟩ =

Å
−m2

4λ

ã1/2

≡ v. (3.19)

We again have a degeneracy and must choose one vacuum. The one that we choose is

⟨φ⟩ = vê3. (3.20)

Note that this choice is not invariant under the whole group SO(3) but is invariant under

a subgroup of SO(3) given by the rotations around the ê3 direction only. Nevertheless,

V (ϕ) remains invariant under SO(3).

Just as before, we may expand the field around the VEV. In this case,

we will expand around ϕ3, since this is the vacuum that we have chosen. Hence

ϕ3 = χ+ v. (3.21)

We now plug this into the Lagrangian. For simplicity we can just evaluate the potential

terms, since the kinetic term does not give any mass terms, and we can neglect the other

terms that are not quadratic in the fields since those also do not give mass terms. Then

V =
m2

2
(ϕ2

1 + ϕ2
2 + (χ+ v)2) + λ(ϕ2

1 + ϕ2
2 + (χ+ v)2)2

=
m2

2
(ϕ2

1 + ϕ2
2 + χ2) + λ(6v2χ2 + 2ϕ2

1 + 2ϕ2
2) + linear + cubic + quartic terms.

(3.22)

Then, using (3.19) we find

V = 8v2λχ2 + linear + cubic + quartic terms. (3.23)

The field χ has a mass m2
χ = 8v2λ and the mass terms for the two fields ϕ1 and ϕ2

have disappeared. Thus there are 2 Goldstone bosons associated with the O(3) broken

symmetry.

This simple example lets us build the insight that the number of Goldstone

bosons is related to the dimension of the symmetry group. Note that in this case, there is

a subgroup of O(3) that leaves our vacuum choice invariant. It is the group of rotations
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around the 3-direction. This is the SO(2) group, which has one generator. Thus, the

number of Goldstone bosons is given by the dimension of the group SO(3)/SO(2). This

can be seen in a more general way by considering the potential and expanding it about its

minimum

V (ϕ) = V (ϕ0) +
1

2

Å
∂2V

∂ϕi∂ϕj

ã ∣∣∣∣∣
ϕ=ϕ0

χiχj + O(χ3), (3.24)

with χ(x) = ϕ(x) − ⟨ϕ(x)⟩ and ϕ0 being the point where V has a minimum. Then we know

that

Mij ≡
Å

∂2V

∂ϕi∂ϕj

ã ∣∣∣∣∣
ϕ=ϕ0

≥ 0, (3.25)

since Mij is a mass matrix. Since V (ϕ) is invariant under transformations of the group G,

this induces the expansion of the potential,

V (ϕ0) = V (U(g)ϕ0) +
1

2

Å
∂2V

∂ϕi∂ϕj

ã ∣∣∣∣∣
ϕ=ϕ0

δϕiδϕj + O(δϕ3), (3.26)

where δϕ is the transformation of the field under the symmetry. Then, for the invariance

of the potential under G to hold, we must have

Mijδϕiδϕj = 0. (3.27)

We have two possible cases.

If U(g) is a symmetry of the vacuum, then

U(g)⟨ϕ⟩ = ⟨ϕ⟩ ⇒ δϕ = 0, (3.28)

and g ∈ H. If U(g) is not a symmetry of the vacuum, then

U(g)⟨ϕ⟩ ≠ ⟨ϕ⟩ ⇒ δϕ ̸= 0, (3.29)

and g ∈ G. Therefore, in this latter case, for (3.27) to hold we must have

Å
∂2V

∂ϕi∂ϕj

ã ∣∣∣∣∣
ϕ=ϕ0

= 0. (3.30)

This shows that indeed there are massless particles arising from the fact that there is

some symmetry group that maintains the vacuum invariant, and the number of massive

particles is the dimension of the group H. The number of massless particles will then be

given by the total number of particles minus those that do have mass. This is precisely

the dimension of the coset G/H. Note that we must write it in terms of a coset since the

elements of G that are not elements of H do not form a group, as the identity is in H.
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3.2 Goldstone Theorem

To prove the Goldstone theorem in a more general way, we must unders-

tand how SSB works in terms of the states.

Recall that the symmetry operator is defined as

U = eiαQ. (3.31)

If the vacuum is invariant under the symmetry,

U ♣0⟩ = ♣0⟩ ⇒ Q♣0⟩ = 0. (3.32)

But if the symmetry is spontaneously broken,

U ♣0⟩ = ♣0⟩′ ⇒ Q♣0⟩ ≠ 0. (3.33)

Note that since U is a symmetry of the Hamiltonian, [U,H] = 0. This shows that there

exist different states with the same energy. This is just what we have seen before, where

the different degenerate states are linked by the symmetry transformation.

It is convenient to determine whether a symmetry is broken or not. To do

that, we define a parameter called the order parameter, which computes precisely this. By

construction, the order parameter is an operator that has zero expectation value in the

symmetric state and a non-zero expectation value in the symmetry-broken phase. That is,

⟨ψ♣O(x)♣ψ⟩





= 0, symmetric state,

̸= 0, symmetry-broken phase.
(3.34)

The operator O(x) is defined as

O(x) ≡ [Q, ϕ′(x)], (3.35)

with ϕ′(x) an arbitrary field called the interpolating field. It is possible to find ϕ′(x) such

that

[Q, ϕ′(x)] = ϕ(x). (3.36)

There is also a definition equivalent to Eq.(3.34) that states that if the symmetry is broken,

then

lim
♣x−y♣→∞

⟨O(x)O(y)⟩ = ⟨O(x)⟩⟨O(y)⟩ ≠ 0. (3.37)

Then, by our definition, SSB happens when the field ϕ(x) has a non-vanishing VEV. Using

(3.36) we have

⟨0♣[Q, ϕ′(x)]♣0⟩ ≠ 0,

⟨0♣Qϕ′(x) − ϕ′(x)Q♣0⟩ ≠ 0.
(3.38)
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This shows that, indeed, Q♣0⟩ = 0 cannot hold in the case of SSB. Introducing a complete

set of eigenstates of the Hamiltonian ♣n,k⟩ labeled by their energy En and momentum k,

respectively,

⟨0♣[Q, ϕ′]♣0⟩ =
∑

n

∫ d3k

(2π)3
[⟨0♣Q♣n,k⟩⟨n,k♣ϕ′♣0⟩ − c.c.] , (3.39)

where c.c. stands for the complex conjugate. Using

Q =
∫

Ω
d3x j0(x, t) (3.40)

with Ω a finite volume, we have

⟨0♣[Q, ϕ′]♣0⟩ =
∑

n

∫
Ω
d3x

∫ d3k

(2π)3
[⟨0♣e−i(Ht−p·x)j0(0, 0)ei(Ht−p·x)♣n,k⟩

× ⟨n,k♣ϕ′♣0⟩ − c.c.],

(3.41)

where we have used

j0(x, t) = U(x, t)j0(0, 0)U †(x, t). (3.42)

Assuming that the vacuum is translationally invariant and applying the exponential

operators to its eigenstates,

⟨0♣[Q, ϕ′]♣0⟩ =
∑

n

∫
Ω
d3x

∫ d3k

(2π)3
[⟨0♣j0(0, 0)♣n,k⟩⟨n,k♣ϕ′♣0⟩ei(Ent−k·x) − c.c.]. (3.43)

Using ∫
Ω
d3x eik·x = (2π)3δ3(k), (3.44)

we obtain

⟨0♣[Q, ϕ′]♣0⟩ =
∑

n

∫
d3k δ3(k)[eiEnt⟨0♣j0(0, 0)♣n,k⟩⟨n,k♣ϕ′♣0⟩ − c.c.]. (3.45)

Therefore, these matrix elements must be non-zero. Both contain information about the

Goldstone boson, but since j0 is related to the symmetry that was spontaneously broken,

it is reasonable to associate this with the Goldstone boson. Thus we understand that the

conserved current creates a particle with momentum k from the vacuum. This result was

obtained using specifically j0, but in general we have

Goldstone boson ∼ ⟨0♣jµ♣n,k⟩. (3.46)

To see that these excitations are massless, we recall that Q is time independent. If ϕ is

also time independent, taking the time derivative of (3.45) leads to

∂t(⟨0♣[Q, ϕ′]♣0⟩) =
∑

n

∫
d3k iδ3(k)En(eiEnt⟨0♣j0(0, 0)♣n,k⟩⟨n,k♣ϕ′♣0⟩ − c.c.) = 0. (3.47)

This shows that as k → 0 we must have En → 0, which implies that these excitations are

massless.

As a final comment, note that we have called these excitations Goldstone

bosons, but how do we know that they are indeed bosons? The answer is that they arise

from the SSB of a bosonic symmetry. There exists the possibility of having Goldstone

fermions as well. This is related to the SSB of fermionic symmetries, which are generated

by Grassmann variables, but we will not discuss this here.
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3.3 The Higgs Mechanism

We can now turn to the SSB of gauge symmetries. As we have said before,

this terminology is not completely well defined since gauge transformations are not physical

symmetries. Nonetheless, we will see that the result of this SSB gives a very interesting

outcome. We will start with the U(1) symmetry group to gain insight into how things are

done, and then we will move to the SO(3) symmetry group, which will help us generalize

the idea.

3.3.1 Symmetry breaking of U(1) gauge symmetry

Consider the U(1) gauge transformation

ϕ(x) → eiΛ(x)ϕ. (3.48)

For the Lagrangian to remain invariant we must introduce the covariant derivative,

L = (∂µ + ieAµ)ϕ(∂µ − ieAµ)ϕ∗ −m2ϕϕ∗ − λ(ϕϕ∗)2 − 1

4
FµνF

µν . (3.49)

For m2 < 0 the VEV is

♣ϕ♣ =

Å
−m2

2λ

ã1/2

= v. (3.50)

Thus, we can again expand the field and reparametrize it around its vacuum,

ϕ(x) = v +
ϕ1(x) + iϕ2(x)√

2
= v +

ϕ1√
2

+ i
ϕ2√

2
, (3.51)

and substitute back into L. Again, we only want to evaluate the mass terms, that is, the

terms quadratic in the fields. We need the terms

ϕϕ∗ =

Å
v +

ϕ1√
2

ã2

+
ϕ2

2

2
=

1

2
ϕ2

1 +
1

2
ϕ2

2 +
√

2vϕ1 + v2 (3.52)

(ϕϕ∗)2 =
Ä
v2 +

√
2vϕ1

ä2
+ (v2 +

√
2vϕ1)(ϕ

2
1 + ϕ2

2) (3.53)

= 3v2ϕ2
1 + v2ϕ2

2. (3.54)

We may now substitute these terms into the Lagrangian. As we did before, we will evaluate

only the terms that are at most quadratic in the fields, since we are interested in the

masses,

L =
1

4
∂µ(ϕ1 + iϕ2)∂

µ(ϕ1 − iϕ2) − ie

2
√

2
(∂µϕ1 + i∂µϕ2)A

µ

Å
v +

ϕ1 − iϕ2√
2

ã

+
ie

2
√

2
Aµ

Å
v +

ϕ1 + iϕ2√
2

ã
(∂µϕ1 − i∂µϕ2) + e2AµA

µ♣ϕ♣2 −m2♣ϕ♣2 − λ♣ϕ♣4

− 1

4
FµνF

µν

=
1

4
(∂µϕ1)

2 +
1

4
(∂µϕ2)

2 −
√

2evAµ∂
µϕ2 + e2v2AµA

µ − 2λv2ϕ2
1 − 1

4
FµνF

µν

+ non-quadratic terms.

(3.55)
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We have collected all the quadratic terms, but there is one that is somewhat confusing. It is

the mixing between the gauge field and the ϕ2 component. To gain a better understanding

of this term, recall that for infinitesimal transformations ϕ → eiΛ(x)ϕ,

ϕ′(x) = ϕ(x) + iΛϕ(x).

In terms of the components,

v +
1√
2

(ϕ′
1 + iϕ′

2) = v +
1√
2

(ϕ1 + iϕ2) + iΛv +
iΛ√

2
(ϕ1 + iϕ2).

Note that the expectation value of the field does not change. Thus, the components

transform as

ϕ′
1 = ϕ1 − Λϕ2, (3.56)

ϕ′
2 = ϕ2 + Λϕ1 +

√
2Λv. (3.57)

The components transform inhomogeneously. This shows that we can choose a gauge such

that ϕ2 = 0. Doing that we obtain

L =
1

4
(∂µϕ1)

2 + e2v2AµA
µ − 2λv2ϕ2

1 − 1

4
(Fµν)2 + non-quadratic terms. (3.58)

We now observe two interesting things. The first is that the scalar field ϕ2 has completely

vanished. This is different from the previous case, in which only the mass term for ϕ2

vanished; here the field itself disappears. The second is that the gauge field has now

acquired a mass; it is as if the photon has become massive.

The interpretation is that one component of the scalar field combines

with the longitudinal part of the gauge field to produce a new massive degree of freedom.

This is known as the Higgs mechanism. The counting of the degrees of freedom proceeds

as follows

• Symmetry breaking of global U(1) symmetry

2 massive scalar fields → 1 massive scalar field + 1 massless scalar field.

• Symmetry breaking of U(1) gauge symmetry

2 massive scalar fields + 1 massless gauge field → 1 massive scalar field + 1 massive

gauge field.

Note that the number of degrees of freedom before and after the symmetry breaking

matches. In the case of the global symmetry we have already checked this. In the case of

the gauge symmetry, before the symmetry breaking we had 2 degrees of freedom from the

scalar field and 2 degrees of freedom from the massless gauge field. After the symmetry

breaking we obtain 1 degree of freedom from the scalar field and 3 degrees of freedom

from the massive gauge field.

Let us now study this within another symmetry group that will help us

generalize the idea.
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3.3.2 Symmetry breaking of SO(3) gauge symmetry

Consider the Lagrangian (3.18) but in the presence of a gauge field,

L =
1

2
(Dµϕi)(D

µϕi) − m2

2
ϕiϕi − λ(ϕiϕi)

2 − 1

4
(F i

µν)2, (3.59)

with

Dµϕi = ∂µϕi + gϵijkA
j
µϕk, (3.60)

F i
µν = ∂µA

i
ν − ∂νA

j
µ + gϵijkAj

µA
k
ν . (3.61)

The minimum of the potential is at

v =

Å
−m2

4λ

ã1/2

,

and we choose

⟨φ⟩ = vê3. (3.62)

The physical fields are then ϕ1, ϕ2 and χ = ϕ3 − v. In terms of these fields, the Lagrangian

becomes

L =
1

2
[(∂µϕ1)

2 + (∂µϕ2)
2 + (∂µχ)2] + gvAµ

2∂µϕ1 − gvAµ
1∂µϕ2 +

g2v2

2
[(Aµ

1)2 + (Aµ
2)2]

− 4v2λχ2 − 1

4
(F i

µν)2 + non-quadratic terms.

(3.63)

We encounter the same problem here as before. We can perform a gauge transformation to

set ϕ1 = ϕ2 = 0. We will then see that the remaining terms correspond to the mass terms

that can already be identified in this Lagrangian. Therefore, we again obtain the Higgs

mechanism, but in this case the field χ has acquired a mass m2
χ = 4v2λ and the components

1 and 2 of the gauge field have acquired masses m2
A1

= m2
A2

= gv2

2
. Summarizing

• Symmetry breaking of global SO(3) symmetry

3 massive scalar fields → 1 massive scalar field + 2 massless scalar fields.

• Symmetry breaking of SO(3) gauge symmetry

3 massive scalar fields + 3 massless gauge fields → 1 massive scalar field + 2 massive

gauge fields + 1 massless gauge field.

The degrees of freedom are preserved as well. Before the symmetry breaking of the SO(3)

gauge symmetry we had 3 degrees of freedom from the scalar field and 6 degrees of freedom

from the gauge fields (2 for each component). After the symmetry breaking, we have 1

degree of freedom from the scalar, 6 degrees of freedom from the massive gauge fields (3

for each component), and 2 degrees of freedom from the massless component of the gauge

field.

This allows us to conclude, based on our previous discussion in terms of

groups, that the number of degrees of freedom for an arbitrary group is given by
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• Number of massless gauge fields: dim(H),

• Number of massive gauge fields: dim(G/H),

• Total number of gauge fields: dim(G).
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4 TOPOLOGICAL FIELD THEORIES

There is a class of field theories whose degrees of freedom do not depend

on the metric of the spacetime but rather on the topology. These are called topological

field theories (TFT’s). TFT’s are essential to describe topological phase transitions and

are a cutting-edge field of study.

In this chapter, we will start by studying one of the simplest, but richest,

theory with topological degrees of freedom. This is called Chern-Simons theory. Chern

Simons theory is of great importance because it is the Effective Field Theory (EFT) for

the Quantum Hall Effect (QHE). We will then proceed to the BF theory, which similar to

Chern-Simons, but with an increased number of degrees of freedom.

4.1 Quantum Hall Effect

The Quantum Hall Effect (QHE) is a remarkable physical phenomenon

that arises under extreme conditions, namely low temperatures and strong magnetic fields,

where the Hall conductance becomes quantized. The QHE’s deep connection to topology

is revealed through its effective field theory description, which is a gauge theory in (2+1)

dimensions called the Chern-Simons Theory, which, as we will see, depends only on the

underlying topology of the theory. The Chern-Simons theory is the first theory that we will

study that has topological degrees of freedom. In this section, we give a brief overview of the

QHE to motivate some physical arguments that we will use when discussing Chern-Simons

theory. For a more detailed description, see [15].

4.1.1 Classical Hall Effect

The Hall Effect consists of a plane with a current I (let us suppose that

it lies in the x-direction), and a magnetic field B applied in the z-direction. The magnetic

field bends the current towards the y-direction, which produces a potential difference VH ,

where H stands for Hall. The scheme can be seen in the figure below

Figura 4.1 Ű Scheme for the Quantum Hall Effect. Taken from [15].
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The electrons move in this plane in circular motion due to the magnetic

field B with a frequency,

ωc =
eB

m
. (4.1)

This is called the cyclotron frequency.

4.1.1.1 Drude Model

We can describe this effect classically using what we call the Drude Model.

Suppose we add an electric field E which will be responsible for accelerating the electrons

in the absence of the magnetic field. We may consider the collisions that the electrons have

within the material with whatever may impede their motion. This was a first attempt to

describe a conductor as if it were composed of billiard balls. The equation of motion of

this system is given by Newton’s second law

m
dv

dt
= −eE − ev × B − mv

τ
, (4.2)

where τ is the average time between collisions of the particles. We want the stationary

solutions, that is,
dv

dt
= 0.

So we must solve the equation

eE + ev × B +
mv

τ
= 0. (4.3)

Recalling that the current density is related to the velocity through the equation,

J = −nev. (4.4)

In matrix notation (
1 ωcτ

−ωcτ 1

)
J =

e2nτ

m
E. (4.5)

If we invert this relation,

J = σE. (4.6)

This is Ohm’s Law, which states how the current behaves in the presence of an electric

field. We define

σ =

(
σxx σxy

σyx σyy

)
, (4.7)

as the conductivity tensor. This is something new that appears only in the presence of a

magnetic field. Just as in the scalar case, the resistivity is the inverse of the conductivity;

therefore

ρ = σ−1. (4.8)
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More explicitly,

ρ =
1

σDC

(
1 ωcτ

−ωcτ 1

)
. (4.9)

The off-diagonal terms are responsible for the Hall effect. It can be shown that

ρxx =
m

ne2τ
, ρxy =

B

ne
, (4.10)

which, graphically, is represented as

Figura 4.2 Ű Expected resistivities for the classical Hall effect. Taken from [15].

4.1.2 Integer Quantum Hall Effect

The Quantum Hall Effect (QHE) was first discovered experimentally in

1980 [1]. It consists of the same setup, but now in a regime where the magnetic field B

is strong and the temperature is low. The graph found for the resistivities was the one

shown below.

Figura 4.3 Ű Resistivities for the integer quantum Hall effect. Taken from [15].

This is completely different from what we expected classically. The plate-

aus (that is, the regions in which the graph is flat) represent the transverse resistivity ρxy

and the spikes correspond to the longitudinal resistivity ρxx. This is interesting because

the resistivity over the plateaus has the values

ρxy =
2π

e2

1

ν
, ν ∈ Z, (4.11)
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where the integer ν is called the filling fraction. The center of these plateaus occurs when

the magnetic field assumes the values

B =
2πn

νe
=
n

ν
Φ0. (4.12)

In contrast, the values of ρxx are zero most of the time, except when ρxy changes its value.

Then it exhibits spikes.

What is fascinating about this effect is that a macroscopic quantity is

quantized, rather than a microscopic one. Another interesting aspect is that, in components,

the conductivity is

σxx =
ρxx

ρ2
xx + ρ2

xy

, σxy =
−ρxy

ρ2
xx + ρ2

xy

. (4.13)

If ρxy = 0 we have

σxx =
1

ρxx

. (4.14)

This is a result that we are already familiar with, but in the case ρxx = 0 with ρxy ≠ 0 we

have

σxx = 0. (4.15)

At first sight, this case suggests that our system is simultaneously a perfect conductor and

a perfect insulator. But these are just names. What these expressions are really telling us

is that, for σxx = 0, no current is flowing in the longitudinal direction (as in an insulator),

and ρxx = 0 tells us that no energy is being dissipated (as in a conductor).

It is common to work with the QHE in terms of the conductivity,

σxy =
e2

2π
ν. (4.16)

4.1.3 Fractional Quantum Hall Effect

The fractional QHE is even more exciting. The setup is the same as in

the integer QHE, but we now consider interactions between the electrons in the plane.

What was found experimentally for the resistivities was

Figura 4.4 Ű Resistivities for the fractional quantum Hall effect. Taken from [15].
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This shows that, in this case, the filling fractions may also assume fracti-

onal values. This is the reason for the name. We will dive deeper into the fractional QHE

later when discussing its effective field theory.

4.2 Chern-Simons Theory

One way we can describe the Quantum Hall Effect and obtain the results

we have discussed is by relying on Chern-Simons Theory. Chern-Simons theory is a gauge

theory that is only well defined in odd dimensions. In our case, we will study it in D = 31.

It works this way because the new term that we add to the action, the

Chern-Simons term, is

SCS =
k

4π

∫
d3x ϵµνρAµ∂νAρ. (4.17)

Note that indeed this theory does not work in 3+1 dimensions because of the Levi-Civita

symbol: the indices do not match. The constant k is called the level of the Chern-Simons

term.

At first glance, the Chern-Simons action does not seem gauge invariant

because it depends explicitly on the field Aµ. But under a gauge transformation,

SCS → SCS +
k

4π

∫
d3x ∂µ(ωϵµνρ∂νAρ).

Thus, it changes by a total derivative. For some topologies, we can simply discard this

term. But in general, the boundary will have physical contributions. The Chern-Simons

equations of motion are given by

Fµν = 0. (4.18)

This shows that this theory has trivial dynamics. This happens because the Chern-Simons

term is a purely topological term, in the sense that it does not depend on the spacetime

metric. This can be seen explicitly if we write the action in terms of differential forms,

SCS =
∫
A ∧ dA. (4.19)

and compare it with the Maxwell action,

SM = − 1

4e2

∫
F ∧ ⋆F. (4.20)

To take the Hodge dual ⋆F we need to use a metric, which contains information about

the geometry of the space. But the Chern-Simons term, in contrast, does not involve any

dual. Therefore, it depends only on the topology of the manifold.

In (2+1) dimensions, parity is defined as

x0 → x0, x1 → −x1, x2 → x2,

1 From now on, our convention is that D denotes the spacetime dimension and d denotes only the spatial
dimension.
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because if we were to define it just as in 4 dimensions, that is, x → −x, since the matrix

is 3-dimensional, it would have unit determinant and therefore correspond to a rotation.

Therefore, we need to define it this way. Note that the axis chosen to be reflected is

completely arbitrary, and it would work equally well if we chose x2 to be reflected. Under

these transformations, the gauge field transforms as

A0 → A0, A1 → −A1, A2 → A2.

The integration measure
∫
d3x is invariant under parity because even if x1 → −x1, the

integration limits also change. But the integrand is not invariant, that is,

ϵµνρAµ∂νAρ → −ϵµνρAµ∂νAρ.

Thus, the Chern-Simons term can only arise in theories that break parity.

We know that the conserved current couples to the gauge field as

S =
∫
d3x JµAµ.

This shows that
δS

δAµ

= Jµ.

This implies

Ji = − k

2π
ϵijEj. (4.21)

From (4.6),

J = σE.

Hence,

σxy =
k

2π
.

This coincides with the Hall conductivity if we identify

k = e2ν. (4.22)

But there is nothing that tells us that ν should be quantized. We will see how this works

shortly.

4.2.1 Topological mass generation

Before we talk about the quantization of the Chern-Simons level, let us

study the effect of adding a Chern-Simons term to other gauge theories. Consider the

Maxwell-Chern-Simons Lagrangian

LMCS = − 1

4e2
FµνF

µν +
k

4π
ϵµνρAµ∂νAρ. (4.23)
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The equations of motion are

∂µF
µν +

ke2

4π
ϵναβFαβ = 0. (4.24)

Introducing the dual field F̃ µ,

F̃ µ =
1

2
ϵµνρFνρ ⇒ F̃µ =

1

2
ϵµαβF

αβ, (4.25)

we can invert this relation by multiplying both sides by a Levi-Civita tensor, which gives

F σρ = ϵµσρF̃µ. (4.26)

Then we obtain

ϵαµν∂µF̃α +
ke2

2π
F̃ ν = 0.

This can be re-written as Ç
∂µ∂

µ +

Å
ke

2π

ã2
å
F̃ σ = 0. (4.27)

This is the equation of motion for a field with mass m = ke
4π

.

Another way to see this is through the propagator. Recall from the LSZ

reduction formula that, in order to compute the S-matrix elements, we need to evaluate

the following expression:

⟨p1 . . . pn♣S♣q1 . . . qn⟩ =
n∏

r=1

lim
p2

r→m2
r

(p2
r −m2

r)Jir
(pr)

m∏
s=1

lim
p2

s→m2
s

(q2
s −m2

s)Jis
(ps)

×Gi1...jm
(p1, . . . , pn,−q1, . . . ,−qm),

(4.28)

where Gi1...jm
(p1, . . . , pn, q1, . . . , qm) is the propagator. Since propagators are often of the

form 1
p2−m2 , the poles are interpreted as the masses of the field.

Rewriting the Lagrangian as

LMCS = Aµ

ï
1

2e2
gµν

□ − k

4π
ϵµρν∂ρ − 1

2e2

Å
1

ξ
− 1

ã
∂µ∂ν

ò
Av,

with a gauge-fixing term − 1
2ξe2 (∂µA

µ)2, we identify the term between brackets as the

inverse of the propagator,

(∆−1)µν =
1

2e2
gµν

□ − k

4π
ϵµρν∂ρ − 1

2e2

Å
1

ξ
− 1

ã
∂µ∂ν . (4.29)

In momentum space this is written as

(∆−1(p))µν =
1

2
gµνp2 +

ik

4π
ϵµνρpρ +

1

2

Å
1 − 1

ξ

ã
pµpν . (4.30)

To compute the propagator, we first introduce the following operators:

ωµν ≡ pµpν

p2
, Sµν ≡ iϵµνρpρ, θ

µν = gµν − ωµν . (4.31)
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These form a closed algebra:

ω2 = 0, ω · θ = 0, θ2 = 0, ω · S = 0, S2 = −p2 · θ, θ · S = S. (4.32)

The propagator in this basis should have the form

∆µν(p) = Aωµν +Bθµν + CSµν , (4.33)

with A,B,C complex numbers. Thus, we need to solve the equation

∆µα(∆αν)−1 = δ ν
µ , (4.34)

for A,B and C. The propagator is then given by

∆µν =

Ç
p2gµν − pµpν − ike2

2π
ϵµνρp

ρ

p2(p2 − (ke2

2π
)2)

+ ξ
pµpν

p4

å
. (4.35)

Thus, we again obtain that the mass of the gauge field is
(

ke
2π

)2
. Note that it seems that we

also have a pole at p2 = 0, but that pole is actually “fake”. This can be seen from Eq.(4.28).

The conserved currents can be written in a basis that depends on the momentum p and

the polarization vectors ϵ. Therefore, products of the form J∆J either vanish or cancel

the p2 in the denominator. The only case where this does not follow straightforwardly is

the term with the Levi-Civita symbol. In this case, the conservation law pµj
µ = 0 imposes

a constraint on the components, which cancel each other.

This shows that the coupling with the Chern-Simons term works as a

kind of “Higgs mechanism”, giving a mass to the gauge field. We call this a “topological

mass” due to the nature of the Chern-Simons theory.

We may also include the Higgs mechanism. This is described by the

Maxwell-Chern-Simons-Higgs Lagrangian

LMCSH = −1

4
FµνF

µν +
k

4π
ϵµνρAµ∂νAρ + (Dµϕ)∗Dµϕ− V (♣ϕ♣), (4.36)

where V (♣ϕ♣) is a symmetry-breaking potential with a non-trivial minimum ⟨ϕ⟩ = v. As

we did in Chapter 3, we may parametrize the field as ϕ = ρeiφ, leading to

LMCSH = −1

4
FµνF

µν +
k

4π
ϵµνρAµ∂νAρ + ∂µρ∂

µρ+ ρ2(eAµ + ∂µφ)2 − V (ρ). (4.37)

Expanding the field around the minimum as ρ = ρ̃+ v, we obtain

L = −1

4
FµνF

µν +
k

4π
ϵµνρAµ∂νAρ + ∂µρ̃∂

µρ̃+ v2(eAµ + ∂µφ)2 − V (♣ϕ♣)

+ cubic terms + quartic terms.
(4.38)

To compute the propagator for Aµ, we only need the quadratic terms involving Aµ. We

can choose a gauge-fixing term that eliminates the field φ,

Aµ → −Aµ +
1

e2
∂µφ. (4.39)
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If we use the same algorithm that we used for the Maxwell-Chern-Simons Lagrangian, the

propagator for the gauge field will be

∆µν =
e2(p2 −m2

H)

(p2 −m2
+)(p2 −m2

−)

ï
gµν − pµpν

(p2 − ξm2
H)

− i

2π

ke2ϵµνρp
ρ

(p2 −m2
H)

ò

+ e2ξ
pµpν(p2 − (ke2

2π
)2 −m2

H)

(p2 −m2
+)(p2 −m2

−)(p2 − ξm2
H)
,

(4.40)

where m2
H = 2e2v2 is the Higgs mass, i.e., the mass generated by the Higgs mechanism,

and

m2
± = m2

H +
(ke2)2

8π2
± ke2

4π

 Å
ke2

2π

ã2

+ 4m2
H , (4.41)

are the topological masses of the gauge field.

Thus, we have the following situation. In the unbroken vacuum, the

complex scalar field has two massive degrees of freedom and the gauge field has one

massive degree of freedom arising from the Chern-Simons term. In the broken vacuum,

one component of the scalar field combines with the longitudinal degree of freedom of the

gauge field, resulting in one massive degree of freedom for the scalar field and two massive

degrees of freedom for the gauge field.

Therefore, the photon acquires a topological mass due to the Chern-

Simons term and a Higgs mass due to the Higgs mechanism. Note that we can also work

with a Chern-Simons-Higgs Lagrangian if we take the limit

e2 → ∞, k = fixed. (4.42)

In this case, the Lagrangian becomes

LCSH =
k

4π
ϵµνρAµ∂vAρ + (Dµϕ)∗Dµϕ− V (♣ϕ♣). (4.43)

To compute the degrees of freedom, we can take this limit in the Maxwell-Chern-Simons-

Higgs propagator, leading to

∆µν =
1

p2 −
Ä

4πv2

k

ä2

ï
4πv2

k
gµν − pµpν

2v2
+
i

k
ϵµνρp

ρ

ò
, (4.44)

where we identify a mass pole at p2 =
Ä

4πv2

k

ä2
.

Thus, in the unbroken vacuum the gauge field is non-propagating and

the scalar field has two massive degrees of freedom. In the broken vacuum, one of the

components of the scalar field combines with the longitudinal component of the gauge

field, giving it a mass 4πv2

k
. Note that we can rewrite m± as

m± =
ke2

4π

Ç 
1 +

32π2v2

(ke2)2
± 1

å
. (4.45)
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Taking the limit e2 → ∞,

m± ∼ ke2

4π

Å
1 +

16π2v2

(ke2)2
± 1

ã
=
ke2

4π
+

4v2

kπ
± ke2

4π
. (4.46)

Thus, we have m+ → ∞ and m− → 2v2/2, highlighting that the gauge field indeed has

only one massive degree of freedom.

4.2.2 Quantization of the Chern-Simons Level

We have seen above that the Chern-Simons theory describes the correct

expression for the Hall conductivity, but there was nothing telling us that the filling factor

ν should be quantized. We now proceed to show this.

The quantization of the Chern-Simons level is not easy to perform given

the fact that the Chern-Simons theory is a constrained theory and therefore should be

quantized using Dirac brackets [16]. Nonetheless, we can obtain the results for the QHE

without having to enter this heavy mathematical formalism. In order to do this, we must

first perform a very common technique in field theory called a Wick rotation, which enables

us to connect statistical mechanics with the path integral formalism.

For simplicity, we will do this for a system consisting of a single particle

in a potential V (q). The partition function for this system is

Z[β] = Tr e−βH , (4.47)

where β = 1/T and H is the Hamiltonian. Recall from the path integral formalism that a

probability amplitude is given by2

⟨qf ♣e−iHt♣qi⟩ =
∫ q(t)=qf

q(0)=qi

Dq eiS. (4.48)

We note that these two objects have a similar form. To get rid of the factor of i, we can

change the variable t to

τ = it, (4.49)

which is what we call a Wick rotation. Hence, the action of the particle changes as

S =
∫ −iτ

0

dt

dτ ′
dτ ′ L(q̇, q) = −i

∫ −iτ

0
dτ ′

ñ
−m

2

Å
dq

dτ

ã2

− V (q)

ô
≡ −SE, (4.50)

where SE is called the Euclidean action. We will use this notation only in this section to

make the distinction clear, but in what follows we will no longer use it. It can be seen that

the Euclidean action is being used when there are no factors of i accompanying the action.

2 For the reader who is unfamiliar with the path integral formalism, a nice discussion can be found
in [13].



74

Now, to obtain the β factor we want, we can say that the particle

propagates during a Euclidean time τ = β. Then the amplitude becomes

⟨qf ♣e−Hβ♣qi⟩ =
∫ q(β)=qf

q(0)=qi

Dq e−SE .

To obtain the trace, we must recall that the trace is a sum over the same states. In this

amplitude, we have different states ♣qi⟩ and ♣qf⟩. Therefore, we must demand that the

particle return to its initial position. We do this by making the time periodic,

τ ∼ τ + β.

Therefore, the partition function becomes

Z[β] =
∫

Dq e−S, (4.51)

where we have dropped the SE notation. Note that this mapping implies that our time,

the Euclidean time, has become an S1. This must be taken into account in our further

calculations. We can now proceed to the quantization.

For simplicity, consider our space to be an S2. Therefore, our spacetime

is the manifold M = S1 × S2. There is another simplification in our calculations. Suppose

we have a magnetic monopole at the origin with flux
∫

S2

da · B = g, (4.52)

where g is quantized via the Dirac condition from Chapter 2,

eg = 2πn, n ∈ Z. (4.53)

This may seem biased, since magnetic monopoles do not exist (yet). However, what we are

assuming is that this condition should hold even in the presence of monopoles. A different

and more mathematical approach, using wavefunctionals, can be found in [17–19].

The Dirac condition in terms of the field strength (considering g = 1) is

∫
S2

F12 =
2π

e
. (4.54)

The gauge transformation is, as usual,

Aµ → Aµ + ∂µΛ.

Because of the periodicity of our time, we can choose a gauge parameter that is periodic

in time as well,

Λ =
2πτ

eβ
. (4.55)

In this way, the gauge transformation for A0 is given by

A′
0 = A0 +

2π

eβ
. (4.56)
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These are called large gauge transformations and are related to gauge transformations

that are periodic and have a non-trivial winding number. As we have seen, under gauge

transformations the action changes as

SCS → SCS +
k

4π

∫
d3x ∂µ(ωϵµνρ∂νAρ)

= SCS +
2πk

e2
,

(4.57)

which highlights the fact that the action is not invariant under large gauge transformations.

However, in QFT the partition function is a more fundamental object than the action.

Therefore, it is not a problem that the action changes under large gauge transformations,

as long as the partition function does not change. From (4.51) we have

Z[Aµ] = eiS[Aµ]. (4.58)

Thus, we see that it is invariant if
k

e2
∈ Z. (4.59)

But from Eq. (4.22),

k = e2ν.

Therefore, ν is indeed an integer. Hence, we have successfully shown that the Chern-Simons

level is quantized and that it describes the correct conductivities of the integer QHE. We

now proceed to describe the fractional QHE.

4.2.3 Effective Ąeld theory for the fractional QHE

The fractional quantum Hall effect can be described using Chern-Simons

theory as well. The novelty is that we now take into account the interaction between the

electrons.

We start by introducing an emergent U(1) gauge field aµ, associated with

the collective motion of the underlying electrons. This is different from the gauge field Aµ

from Maxwell theory. The simplest term that we can add to the action involving this field

is the Chern-Simons term,

SCS =
k

4π

∫
d3x ϵµνρaµ∂νaρ. (4.60)

Despite the fact that the field aµ is not the Maxwell field, it follows the same properties

that we have seen before. It has its own dynamics given by

S[aµ] = −1

4

∫
d3x fµνf

µν , (4.61)

and it works as a topological mass generator as well.

The states that describe the fractional QHE are the Laughlin states [20].

We will now write down an action that is able to describe those states and therefore
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reproduce the expected values for the Hall conductivity. First, we need a coupling between

the fields Aµ and aµ. In general, the coupling involving gauge fields is through a conserved

current. Luckily, we have a perfectly conserved current to couple with. It is

jµ =
1

2π
ϵµνρ∂νaρ, (4.62)

where its conservation results from the contraction of the two derivatives with the Levi-

Civita symbol. We can interpret this as if the magnetic flux of aµ is the electric charge

that couples to Aµ. This magnetic flux also follows the Dirac quantization condition

1

2π

∫
S2

f12 =
ℏ

e
. (4.63)

The normalization ensures that the minimum allowed charge is
∫
J0 = e, as it should be.

The effective action is then

Seff [A; a] =
∫
d3x

1

2π
ϵµνρAµ∂νaρ − m

4π
ϵµνρaµ∂νaρ + ... . (4.64)

The first term is the coupling and the second is the Chern-Simons term for aµ. We have

used m instead of k because it is a different term (although it has the same functional

form) from the Chern-Simons term for the integer QHE. The other terms that may arise

vanish at large distances and therefore we do not need them for our conclusions. There

could also be a Chern-Simons term for the Aµ field, but this is just the term we had in

the integer QHE and we would simply obtain again the conclusion that the level k should

be quantized. For the same reasons that k is quantized, m is also quantized. Computing

the equation of motion for aµ, we have

fµν =
1

m
Fµν . (4.65)

This has the solution

aµ =
1

m
Aµ. (4.66)

Substituting back into the action,

Seff [A] =
∫
d3x

1

4πm
ϵµνρAµ∂νAρ. (4.67)

This term is again a Chern-Simons term but with level 1/m. Thus, following the same

procedure, we obtain the Hall conductivity to be

σxy =
e2

2π

1

m
. (4.68)

This shows that indeed the Hall conductivity in the fractional QHE may assume fractional

values as well, with the filling factor being ν = 1/m. There are some subtleties in this

derivation because the effective action has some issues when integrating over an S2.

Moreover, the fields are constrained by the Dirac quantization condition, and the equation

of motion is not satisfied when both fields have a single unit of flux. However, these

subtleties lie in the manifold structure of our space and are related to the choice of charts,

something that we will not explore further.
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4.2.4 Charged excitations

In Chern-Simons theory we may have two types of charged excitations: the

quasi-holes and the quasi-particles. In what follows, we will derive a remarkable property

of these excitations, which is verified in the QHE. We will not make any distinction in this

section, and every excitation will be called a quasi-particle.

Take the Chern-Simons action and add a term for the current of the

quasi-particles j̃µ,

S[a;A] =
∫
d3x

1

2π
ϵµνρAµ∂νaρ − k

4π
ϵµνρaµ∂νaρ + aµj̃

µ + . . . . (4.69)

Since Aµ is a background field, we can set it to zero. The equations of motion are then

given by
1

2π
fµν =

1

k
ϵµνρj̃

ρ. (4.70)

The simplest charge we can consider is a static charge at the origin. It has the components

j̃1 = j̃2 = 0, j̃0 = eδ2(x). (4.71)

The choice of the charge of these particles is due to Dirac quantization. Therefore, the

equations of motion become
1

2π
f12 =

e

k
δ2(x). (4.72)

This shows that the role of the Chern-Simons term is to attach a magnetic flux e/k to

each particle of charge e.

From Eq. (4.62), we note that the charge of these particles is given by

the zeroth component. Thus,

j0 =
1

2π
ϵij∂iaj =

1

2π
f12 =

e

k
δ2(x). (4.73)

This shows that the electron charge in Chern-Simons theory is fractional. Therefore, the

charged excitations in Chern-Simons theory carry a fraction of the electron charge, with

a magnetic flux attached to them. Below, we show schematically the quasi-particles in

Chern-Simons theory.
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Figura 4.5 Ű Quasi-particles in Chern-Simons theory. Taken from [17].

Consider now a more general current,

j0(x, t) = e
N∑

a=1

δ2(x − xa(t)), j(x, t) = e
N∑

a=1

ẋa(t)δ2(x − xa(t)). (4.74)

Imposing ∂iai = 0, we conclude that

ai = ϵijk∂jχk. (4.75)

Solving the two-dimensional Green’s function in the gauge a0 = 0, we find

ai(x, t) =
e

k

N∑
a=1

ϵij xj − xj
a

♣x − xa(t)♣2 . (4.76)

Using the identity

∂iarg(x) = −ϵij
xj

♣x♣2 , arg(x) = − arctan
(y
x

)
, (4.77)

we obtain

ai(x) =
e

k

∑
a

∂i arg(x − xa). (4.78)

One might think that this field is a pure gauge and that we could transform it to zero by

choosing

a′
i = ai + ∂iΛ, Λ = − e

k

∑
a

arg(x − xa). (4.79)

However, under gauge transformations the wavefunction of the electrons changes as

ψ → eieΛψ = exp

Å
−e2

k

∑
a

arg(x − xa)

ã
ψ. (4.80)

Thus, we see that this wavefunction is not single-valued and therefore the phase cannot be

ignored.
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In fact, it is this non-trivial residual phase that gives a very interesting

aspect of this theory. Consider moving a particle around another. Since these particles

have magnetic flux attached to them, upon returning to the same point they acquire an

Aharonov-Bohm phase exp (ie
∮

C A · dx). Hence

exp

Ç
iℏ

k

N∑
a=1

∮
∂i arg(x − xa)dxi

å
= e

2πi
k . (4.81)

Exchanging two particles is equivalent to performing half of a full rotation followed by

a translation. This gives the phase e
πi
k . Therefore, we conclude that the exchange phase

is fractional. Braiding is a way of measuring the statistics of two particles. Since this

phase is neither an integer multiple of 2π (which would correspond to bosons) nor a

half-integer multiple (which would correspond to fermions), we call these particles with

unusual statistics anyons.

4.3 BF Theory

4.3.1 BF theory from Higgs model

We now proceed to show how to obtain BF theory starting from the usual

Abelian Higgs model discussed previously. The Lagrangian is

L = ♣(∂µ + iNAµ)ϕ♣2 − V (♣ϕ♣) − 1

4
F 2

µν −NAµj
µ, (4.82)

where the field ϕ has charge N . In the Higgs phase we obtain

L = v2(∂µφ+NAµ)2 − 1

4
F 2

µν −NAµj
µ. (4.83)

One might think of integrating out the field φ to obtain an effective Lagrangian, but we

cannot perform a straightforward integration since ϕ admits vortex solutions. This implies

that φ has non-trivial winding. First, we need to split the phase φ as

φ = φ̃+ η, (4.84)

where φ̃ carries information about the winding and the vortex positions, and η is a smooth

function. We then introduce the dual field ξµ with the Lagrangian

L = − 1

2v2
ξ2

µ + ξµ(∂µφ−NAµ) − 1

4
F 2

µν −NAµj
µ. (4.85)

Note that computing the equations of motion for ξµ and substituting back into this

Lagrangian leads us back to (4.83). Now we use (4.84),

L = − 1

2v2
ξ2

µ + ξµ(∂µφ̃+ ∂µη −NAµ) − 1

4
F 2

µν −NAµj
µ. (4.86)
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When we integrate over η using a Gaussian integral, we obtain the constraint ∂µξ
µ = 0.

We may then write

ξµ =
iN

2π
ϵµνρ∂νbρ, (4.87)

for some vector field bρ. The factor iN/2π will be explained below. Then we get

L = − 1

2v2
ϵµνρϵµαβ∂νbρ∂αbβ +

iN

2π
ϵµνρ∂

νbρ(∂µφ̃−NAµ) − 1

4
F 2

µν −NAµj
µ

=
1

2v2
(f b

µν)2 +
iN

2π
ϵµνρ∂

νbρ(∂µφ̃−NAµ) − 1

4
F 2

µν −NAµj
µ,

(4.88)

where f b
µν = ∂µbν − ∂νbµ. Integrating the term ϵµνρ∂

νbρ∂µφ̃ by parts, we obtain

L =
1

2v2
(f b

µν)2 − iN

2π
ϵµνρb

ρ∂ν∂µφ̃− iN2

2π
ϵµνρ∂

νbρAµ − 1

4
F 2

µν −NAµj
µ. (4.89)

It may appear that the second term is identically zero, but this is not true. The derivatives

do not commute due to the non-trivial winding of φ̃. Note that the quantity that couples

to b0 is N
2π
ϵij∂i∂jφ̃ = N

2π
∇ × (∇φ̃). Integrating this over a region that contains the vortex

leads to
N

2π

∫
d2x ∇ × (∇φ̃) =

N

2π

∮
dx · ∇φ̃

︸ ︷︷ ︸
2π

= N. (4.90)

This implies that this term is the density of vortices, that is, the zeroth component of

some vortex current j̃µ,

j̃µ =
N

2π
ϵµνρ∂ν∂ρφ̃, (4.91)

where the factor N
2π

ensures that we obtain the total charge when integrating over all space.

We thus end up with the Lagrangian

L =
1

2v2
(f b

µν)2 − j̃µb
µ − iN2

2π
ϵµνρ∂

νbρAµ − 1

4
F 2

µν −NAµj
µ. (4.92)

From (4.83), note that if we perform the gauge transformation

Aµ → Aµ − 1

N
∂µη, (4.93)

then at low energies, when v2 → ∞, we have

Aµ → − 1

N
aµ, (4.94)

where aµ = ∂µφ̃. Hence, we obtain the BF Lagrangian

L =
1

2v2
(f b

µν)2 − 1

4
(fa

µν)2 − bµj̃µ + aµj
µ +

iN

2π
ϵµνρ∂

νbρaµ. (4.95)
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5 HIGHER-FORM SYMMETRIES

Higher-form symmetries generalize the conventional global symmetries

by acting on extended operators, such as line or surface operators, rather than local,

point-like ones. These ideas were considered first in [3], but the foundational work was [2].

These symmetries are characterized by topological symmetry operators, and their action

is defined via the linking between the manifold supporting the symmetry operator and

the manifold supporting the charged operator. A key consequence is that the associated

conserved currents become higher-degree differential forms, in contrast to the standard

1-form currents of ordinary symmetries.

To build intuition, we will first revisit the topological interpretation of

ordinary symmetry operators before extending these ideas to the higher-form case. Here

we follow the discussion of [5, 21–23].

5.1 0-form symmetries

We have seen in Chapter 1 that another way to derive Noether’s theorem

is to make the parameter of the transformation, say α, local. That is,

α → α(x).

This leads to

δS = −
∫
d4x α(x)∂µj

µ. (5.1)

Since α is arbitrary, if the equations of motion are satisfied, we have

∂µj
µ = 0. (5.2)

where jµ is precisely the conserved current. Note that the conserved current can be seen

as a 1-form, and it originates from the symmetry parameter α, which can be seen as a

0-form. Therefore, we now call the “ordinary” symmetries 0-form symmetries, because the

parameter of the transformation is a closed 0-form.

In terms of differential forms, the conservation law is written, as we have

seen in Chapter 2,

d ⋆ j = 0, (5.3)

where j is the current 1-form and ⋆ : Λp → ΛD−p is the Hodge star map that takes a

p-form and associates it with a (D − p)-form. The conserved charge is analogous to the

one we have seen in Chapter 1,

Q ≡
∫
dD−1x j0. (5.4)
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In terms of differential forms, we write it as

Q =
∫

ΣD−1

⋆j, (5.5)

where ΣD−1 is a (D − 1)-dimensional manifold. Note that now the manifold on which the

charge is defined is not necessarily a spatial manifold. We then say that these charges are

integrated over a codimension-1 manifold, which is a submanifold of the D-dimensional

manifold. To understand how these operators act on the fields, we will make use of the

Ward identity1,

∂µ⟨jµ(x)ϕ(y)⟩ = −iδ(D)(x− y)⟨δϕ(y)⟩. (5.6)

Integrating over a D-dimensional manifold Ω with boundary ΣD−1, the left-hand side

becomes ∫
Ω
d⟨⋆jϕ(y)⟩ =

∫
ΣD−1

⟨⋆jϕ(y)⟩ = ⟨Q(ΣD−1)ϕ(y)⟩, (5.7)

where we have used Stokes’ theorem. For the right-hand side, we have

−i
∫

Ω
dDx δ(D)(x− y)⟨δϕ(y)⟩, (5.8)

where we identify
∫

Ω
dDx δ(D)(x− y) =





1, y ∈ Ω

0, y ̸∈ Ω
(5.9)

as the linking between the point y and the manifold Ω. Thus, we define
∫

Ω
dDx δ(D)(x− y) ≡ Link(ΣD−1, y). (5.10)

Hence,

⟨Q(ΣD−1)ϕ(y)⟩ = −iLink(ΣD−1, y)⟨δϕ(y)⟩. (5.11)

This expression tells us that the charge acts on the local field, and it only has a non-

vanishing action if the point where the local operator is defined lies within the manifold

on which the charge is defined. We can see that the link is invariant under a deformation

of the manifold of the type Ω′ = Ω + Ω0, with ∂Ω′ = Σ′, ∂Ω = Σ, and y ̸∈ Ω0. Then

⟨Q(Σ + ∂Ω0)ϕ(y)⟩ =
∫

Ω∪Ω0

⟨d ⋆ jϕ(y)⟩ =
∫

Ω
⟨d ⋆ jϕ(y)⟩ +

∫
Ω0

⟨d ⋆ jϕ(y)⟩. (5.12)

Since y ̸∈ Ω0, we have Link(Σ0, y) = 0, and therefore

⟨Q(Σ + ∂Ω0)ϕ(y)⟩ =
∫

Ω
⟨d ⋆ jϕ(y)⟩ = ⟨Q(Σ)ϕ(y)⟩. (5.13)

Thus, the computed charge is invariant. That is the reason why we call these operators

topological. The unitary operator is defined by taking the exponential of the conserved

charge,

Ug(ΣD−1) = exp(iαaQa) = exp
(
iα

∫
⋆j
)
, (5.14)

1 A derivation of the Ward identity can be found in [5, 9].
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where g ∈ G is an element of some group G and αa are the parameters of the transformation.

In the case G = U(1), we have g = eiα. We then say that this is a topological codimension-1

operator.

In terms of the unitary operator, the action on local operators is given by

⟨Ug(ΣD−1)O(x)⟩ = ⟨O′(x)⟩. (5.15)

From now on, we will use O(x) to generalize the expressions to any local operator (not

necessarily fields). These expressions are evaluated inside correlators as a consequence of

the Ward identity, but we can understand this in another way as well. Since the manifold

on which the topological operators are defined need not be a spatial manifold, it does not

make sense to compare two different operators at different times, since these belong to

different Hilbert spaces. However, inside correlation functions these operations are well

defined. To understand pictorially the action of topological operators, consider the figure

below.

Let U(SD−1) be an operator defined on a (D−1)-sphere. As we have seen,

these operators act on local operators O(x) and transform them into another operator

O′(x) as shown in the figure

Figura 5.1 Ű The link of the (D−1)-sphere and the local operator O(x). Taken from [21].

The operator U(SD−1) has a non-trivial link with O(x). Note that it is

impossible to remove the operator O(x) from the manifold SD−1 without tearing it apart.

Once we do this, we compute the action of the symmetry operator on O. Now U(SD−1) is

topologically equivalent to a point; thus, we can deform it again and we are left only with

the operator O′(x).

5.1.1 0-form Groups

We define the 0-form group G(0) to be the group composed of the elements

g that parametrize the operator Ug.

The composition of two topological operators is given by the composition

law of the group,

⟨Ug(ΣD−1)Ug′(ΣD−1)⟩ = ⟨Ugg′(ΣD−1)⟩. (5.16)
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Thus, inserting the composition of topological operators into correlation functions is

equivalent to inserting a single topological operator with the composed group element.

This is called the fusion rule,

Ug ⊗ Ug′ = Ugg′ . (5.17)

Therefore, the local operators transform under representations of the 0-form group R(g),

⟨Ug(ΣD−1)O(x)⟩ = R(g)⟨O(x)⟩. (5.18)

From now on, we will drop the correlation function notation, but it is implicitly understood

unless stated otherwise.

5.2 p-form Symmetries

p-form symmetries are straightforward generalizations of 0-form symme-

tries. The parameter of the transformation is a p-form, and the associated currents are

(p+ 1)-forms. Therefore, the symmetry operators associated with these symmetries are

codimension-(p+ 1) operators.

To see why it must be a codimension-(p + 1) operator, we go back to

Eq. (5.1). For a D-dimensional spacetime, and in the language of differential forms, this

equation becomes

δS =
∫
⋆j ∧ dα. (5.19)

Now α is a p-form; consequently, dα is a (p+ 1)-form. In order to match the dimension of

spacetime, ⋆j must be a (D − p− 1)-form. This implies that the conserved charge is

Q =
∫

ΣD−p−1

⋆j, (5.20)

and the unitary operator is defined as before,

Ug(ΣD−p−1) = exp

Å
iα

∫
ΣD−p−1

⋆j

ã
, (5.21)

which is now understood as a codimension-(p+1) operator. There is one subtlety regarding

the parameter α. One may question why the parameter α that parametrizes the unitary

operator is a number—should it not be a p-form? The answer is that these are the

components of the p-form. Therefore, for each component we have a different unitary

operator. This expression is simply written in a concise and general manner.2

The group of p-form symmetries G(p) consists of the elements that para-

metrize the operator Ug(ΣD−p−1). Just as before, the composition of these operators is

given by

Ug(ΣD−p−1)Ug′(ΣD−p−1) = Ugg′(ΣD−p−1). (5.22)

2 I thank Gustavo Yoshitome for clarifying this point to me.
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Ug

Ug′

Ug′

Ug

Figura 5.2 Ű The operators Ug and Ug′ defined on spacetime may have their ordering
interchanged without one crossing the other.

Moreover, the p-form symmetry group is abelian for p ≥ 1. This follows because we can

deform one operator around another without ever crossing them, as shown in Fig. (5.2).

We must now determine which objects are charged under these symmetries, that is, which

objects the p-form operators act on.

5.2.1 Action of p-form symmetries

The 0-form symmetries act on local operators, which are supported on

0-dimensional regions. We then say that local operators are charged under the 0-form

symmetry. We now wish to understand which objects are charged under p-form symmetries.

It is straightforward to note that for p ≥ 1, a p-form symmetry never acts on a local

operator because we can always deform the symmetry operator in such a way that it does

not link with the point. Therefore, a p-form symmetry acts on objects that have dimension

q ≥ p.

Case q = p

We define an operator Ug(ΣD−p−1) on a (D− p− 1)-dimensional manifold

that links with an operator O(Mp) defined on a p-dimensional manifold. We then deform

Ug(ΣD−p−1) across O(Mp), leaving behind a phase ϕ(g) such that

ϕ(g) ∈ C
×, C

× ≡ C\¶0♢.

The action of the operator Ug(ΣD−p−1) on O(Mp) is represented below.
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O(Mp)

Ug(ΣD−p−1)

O(Mp)

φ(g)

Ug(ΣD−p−1)

O(Mp)

φ(g)

(a) (b) (c)

Figura 5.3 Ű Link between extended operators. In (a) the topological operator
Ug(ΣD−p−1) and the extended operator O(Mp) have a non-trivial link.
In (b), Ug(ΣD−p−1) is deformed and passes through O(Mp), leaving behind
a phase ϕ(g). In (c), Ug(ΣD−p−1) and O(Mp) no longer have a link; then
Ug(ΣD−p−1) is deformed to a point.

The action of the topological extended operators is given in terms of the Ward identity,

Ug(ΣD−p−1)O(Mp) = eiqλLink(Σ,M)O(Mp)Ug(Σ′
D−p−1), (5.23)

where Σ′
D−p−1 is a manifold homotopic to ΣD−p−1 that does not link with Mp. The

composition law of the group induces a composition of the functions ϕ(g),

ϕ(g)ϕ(g′) = ϕ(gg′). (5.24)

Therefore, the functions ϕ(g) form a one-dimensional representation of the p-form group

G(p). Since G(p) is an abelian group, Schur’s lemma tells us that every irreducible repre-

sentation of this group is one-dimensional. Hence, the functions ϕ(g) are precisely the

irreducible representations of the group G(p). Therefore, the operators O(Mp) transform

under the fundamental representations of the p-form group, which shows that the objects

charged under p-form symmetries are extended operators supported on p-dimensional

manifolds. The case q > p is beyond the scope of this work. A discussion of this subject

can be found in references such as [4, 24].

5.2.1.1 Higher-form symmetries in D-dimensional U(1) gauge theory

Let A be a 1-form U(1) gauge field with

F = dA, (5.25)

where F is a 2-form. In D = 4 this is precisely Maxwell theory. From (5.25) we have

dF = d ⋆ (⋆F ) = 0. (5.26)

Therefore, the Noether current is the (D − 2)-form (up to normalizations)

Jm =
1

2π
⋆ F. (5.27)
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The conserved charge is

Qm =
1

2π

∫
Σ2

⋆(⋆F ) =
1

2π

∫
Σ2

F, (5.28)

and the unitary operator is

Um
g (Σ2) = exp

Å
iαm

2π

∫
Σ2

F

ã
. (5.29)

The index m stands for magnetic symmetry. Below we explain the reason for this name.

For p ≥ 1-forms, we integrate the charge over a (D − p− 1)-dimensional manifold. Since

this manifold is 2-dimensional, D− p− 1 = 2 ⇒ p = D− 3. Thus, the magnetic symmetry

is a (D − 3)-form symmetry.

The other conservation law follows from the vacuum Maxwell equations,

d ⋆ F = 0, (5.30)

which implies that in this case the conserved current is the (D − 2)-form,

Je =
1

e2
⋆ F. (5.31)

The conserved charge is

Qe =
1

e2

∫
ΣD−2

⋆F, (5.32)

and the unitary operator is

U e
g (ΣD−2) = exp

Å
iαe

e2

∫
ΣD−2

⋆F

ã
. (5.33)

This is the electric symmetry. In this case, D − p − 1 = D − 2 ⇒ p = 1. Therefore, the

electric symmetry is a 1-form symmetry, independent of the dimension.

Hence, this U(1) gauge theory has two higher-form symmetries: an electric

1-form symmetry and a magnetic (D − 3)-form symmetry. We represent the symmetry

group as

U(1)1
e × U(1)D−3

m . (5.34)

For the case D = 4, the charged objects under the electric 1-form symmetry are the Wilson

lines Wqe
(L),

Wqe
(L) ≡ exp

(
iqe

∫
L
A
)
, (5.35)

where qe is the charge of the Wilson line. The Wilson line is interpreted as the worldline

of a probe particle with electric charge qe.

Written explicitly in components,

Wqe
(L) = exp

(
iqe

∮
dxµAµ

)
= exp

(
iqe

∮
dx0A0 + iqe

∮
dxiAi

)
. (5.36)

Note that if we perform a large gauge transformation in A0,

A0 → A0 + ∂0Λ, Λ =
2π

L0

x0, (5.37)
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we see that, for the zeroth component of the Wilson line,

exp
(
iqe

∮
dx0A0

)
exp

Å
iqe

∮
dx0 2π

L0

ã
= exp

(
iqe

∮
dx0A0

)
exp(2πiqe). (5.38)

Hence, in order for the Wilson line to be gauge invariant, we must have qe ∈ Z.

From the Maxwell action, one can compute the canonical momentum

associated with the dynamical gauge field. It is precisely Je. This implies that the action

of the electric 1-form symmetry on the gauge field is a shift by a flat connection,

A → A+ αe. (5.39)

Consequently, its action on the Wilson lines is

U e
g (ΣD−2)Wqe

(L) = eiqeαeWqe
(L)U e

g (Σ′
D−2), (5.40)

where Σ′
D−2 is homotopic to ΣD−2 and does not link with L.

The magnetic (D − 3)-form symmetry acts on ’t Hooft lines, which are

interpreted as the worldlines of probe particles with magnetic charge qm. To write explicitly

the ’t Hooft line, we introduce the dual field Â following from Eq. (5.30),

⋆F = dÂ. (5.41)

Thus, we define the ’t Hooft line as

T (L) ≡ exp
(
iqm

∫
L
Â
)
. (5.42)

Analogously to the electric 1-form symmetry, the magnetic (D − 3)-form symmetry acts

by shifting the dual field Â by flat connections,

Â → Â+ αm. (5.43)

Consequently, the action on ’t Hooft lines gives

Um
g (Σ2)T (L) = eiqmαmT (L)Um

g (Σ′
2), (5.44)

where Σ′
2 is homotopic to Σ2 and does not link with L.

5.2.1.2 Higher-form symmetries in Chern-Simons theory

In Chapter 3 we introduced Chern-Simons theory, but we did not discuss

one of its most important features, namely its degeneracy. We now demonstrate this by

analyzing the higher-form symmetries of the theory.

Consider the Chern-Simons action,

SCS =
∫
d3x

k

4π
ϵµνρaµ∂νaρ.
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We can extract the commutation relations from it. Choosing the gauge a0 = 0, we obtain

SCS =
∫
d3x

k

4π
ϵijaiȧj. (5.45)

The canonical momenta are

Πj =
∂L
∂ȧj

=
k

4π
ϵijai. (5.46)

Imposing the commutation relation

[ai(x),Πj(y)] = iδijδ(x− y), (5.47)

we obtain ï
ai(x),

k

4π
ϵkjak(y)

ò
= iδijδ(x− y). (5.48)

Multiplying by ϵjm on both sides,

[ai(x), am(y)] =
4πi

k
ϵimδ(x− y). (5.49)

In particular,

[a1(x), a2(y)] =
4πi

k
δ(x− y). (5.50)

Thus, the components of the gauge field do not commute with each other. We construct

the Wilson lines of the theory,

W 1(C1) ≡ exp

Å
iq

∮
C1

dx1a1

ã
, (5.51)

W 2(C2) ≡ exp

Å
iq

∮
C2

dx2a2

ã
, (5.52)

and compute W 1W 2. Using the Baker–Campbell–Hausdorff formula,

W 1W 2 = exp

Å
i

∮
C1

dx a1 + i
∮

C2

dy a2 +
1

2

∮
dx dy [a1, a2]

ã
= W 2W 1 exp

Å
2πi

k

∮
dx dy δ2(x− y)

ã
,

(5.53)

where we have taken q = 1 for simplicity. Therefore,

W 1W 2 = e− 2πi
k W 2W 1. (5.54)

We may also compute the conserved quantities. Writing the Chern-Simons action in terms

of differential forms,

SCS =
∫ k

4π
a ∧ da, (5.55)

we see from the equations of motion for a that

da = 0. (5.56)

This is precisely the conservation law for a 1-form symmetry. The conserved charge is then

Q(C) = q
∮

C
a, (5.57)



90

for some curve C and parameter q. The unitary operator is

W (C) = exp
(
iq

∮
C
a
)
. (5.58)

It is now clear that this is a Wilson line in Chern-Simons theory and that q is its charge.

Using the same method as for Wilson lines in Maxwell theory, one can show that q ∈ Z.

We may label the Wilson lines by an integer representing their charge, e.g., Wn(C).

From (5.54) we see that Wilson lines act on other Wilson lines. However,

from (5.58) we also see that Wilson lines are symmetry operators. Thus, in Chern-Simons

theory, Wilson lines are both the charged objects and the symmetry operators. Since these

are symmetries,

[H,W ] = 0. (5.59)

Therefore, the energy eigenstates are also eigenstates of W 1 and W 2, but they cannot be

simultaneous eigenstates of both, since W 1 and W 2 do not commute. This reveals that

the theory has a degeneracy. To determine the order of the degeneracy, apply an energy

eigenstate ♣n⟩ to (5.54),

W 1W 2♣n⟩ = e− 2πi
k W 2W 1♣n⟩ = ω1e

− 2πi
k W 2♣n⟩, (5.60)

where ω1 is the eigenvalue of W 1. Now apply W 2 k times in this equation. Using the

commutation relation to reorder the operators, each reordering produces a phase e− 2πi
k ,

yielding

W 1(W 2)k♣n⟩ = ω1(W
2)k♣n⟩. (5.61)

This shows that after k applications, (W 2)k♣n⟩ is again an eigenstate of W 1 with the same

eigenvalue, and therefore the degeneracy is of order k.

More generally, applying W 1 n times and W 2 m times, we obtain

(W 1)n(W 2)m = e− 2πi
k

nm(W 2)m(W 1)n, m, n ∈ Z. (5.62)

Thus, (W 1)k or (W 2)k behave as the identity. It might then appear that the lines with

charges n and n+ k can be identified. However, this identification is not straightforward.

To see this, consider the link between two Wilson lines, where one line extends to infinity

and the other is closed around the first line, as represented in Fig. (5.4),

We can interpret these lines as the worldlines of particles with statistics

ν and spin s = ν/2. The statistics is determined from the phase e±iνπ that the particles

acquire upon exchange. This is equivalent to performing a half-rotation and then translating

the particle. From (5.54),

Wn(C)Wn(C ′) = e− 2πin2

k Wn(C ′)Wn(C). (5.63)

This shows that

ν =
n2

k
mod 2 ⇒ s =

n2

2k
mod 1. (5.64)
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Figura 5.4 Ű Link between two Wilson lines. Taken from [5].

For a line with charge n+ k, the statistics becomes

ν =
(n+ k)2

k
=
n2

k
+ 2n+ k. (5.65)

This leads to two conclusions:

• For even k: writing k = 2m, m ∈ Z, and since ν is defined mod 2, ν(n) and ν(n+k)

are identified. Therefore, there are k independent lines.

• For odd k: writing k = 2m+ 1, m ∈ Z, we find that ν(n) and ν(n+ k) differ mod

1. To identify the lines consistently, we must take k → 2k. Therefore, there are 2k

independent lines.

5.2.2 Spontaneous symmetry breaking of higher-form symme-

tries

At the end of the day, we are working with symmetries. Therefore, we

can use the framework we are familiar with and apply it to higher-form symmetries as well.

One interesting feature that symmetries exhibit, and which we have shown in Chapter 3,

is that they can be spontaneously broken.

Recall our definition of SSB. To determine whether or not a symmetry

is spontaneously broken, we evaluate the expectation value of an operator O(x) that is

charged under the symmetry. We then concluded that

⟨O(x)⟩





= 0, symmetric phase,

̸= 0, symmetry broken phase.
(5.66)

For p-form symmetries, this behavior can be translated as follows. The

charged operators are p-dimensional operators. In general, the expectation value of such

operators can be written as

⟨O(Σp)⟩ ∼ e−f(Σp), (5.67)
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where f(Σp) is an arbitrary function. Define the function Vol(Σp). Note that this function

does not compute the volume enclosed by Σp, but rather the appropriate p-dimensional

measure. For example, for p = 1, the “volume” is the perimeter of the curve Σp. Therefore,

we may reproduce the behavior of Eq. (5.66) as

lim
Vol(Σp)→∞

Å
f(Σp)

Vol(Σp)

ã
=





∞, symmetric phase,

finite, symmetry broken phase.
(5.68)

Note that in the finite case, we can always add a counterterm and define a renormalized

operator,

Ô(Σp) ≡ exp

Å
−c

∮
Σp

dV

ã
O(Σp), (5.69)

such that

⟨Ô⟩ ≠ 0. (5.70)

Therefore, the vacuum is charged under the generalized symmetry. In the infinite case,

there is no way to overcome this behavior by adding a local counterterm, and the vacuum

is not charged under the generalized symmetry. These ideas are rather abstract, but we

will now present an example using objects with which we are familiar.

5.2.2.1 Spontaneous symmetry breaking in Maxwell theory

As we have seen, the charged operators in Maxwell theory are the Wilson

and ’t Hooft lines. The Wilson loop is known to have an expectation value that typically

depends on geometrical properties, such as the area enclosed by the curve C on which it

is defined or the perimeter of the curve,

⟨W (C)⟩ ∼ e−Area(C), (5.71)

⟨W (C)⟩ ∼ e−Perimeter(C). (5.72)

The area grows faster than the perimeter of the curve,

lim
Perimeter(C)→∞

Å
Area(C)

Perimeter(C)

ã
→ ∞, (5.73)

lim
Perimeter(C)→∞

Å
Perimeter(C)

Perimeter(C)

ã
→ finite. (5.74)

In this case, Vol(Σp) corresponds to the perimeter of the curve C. Essentially, what we

have is that

e−Area(C) → 0, (5.75)

e−Perimeter(C) ̸= 0. (5.76)

For the case of Maxwell theory, the expectation value of the Wilson loop decays with a scale

invariant dependence on the parameters of the loop, since Maxwell is a conformal-invariant

theory. Its decay is given by

⟨W (C)⟩ ∼ e−α T
R

−β R
T , (5.77)
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where α, β are dimensionless quantities and T and R are the sides of the loop (considering

is as a rectangle for simplicity). Even thought this does not have the same behavior as are

or perimeter, is decays slower than the perimeter law. So essentially it does not goes to

zero as well.

Therefore, the Wilson loop is a suitable choice for an order parameter for

SSB in Maxwell theory. We now proceed to analyze this for a 1-form symmetry and show

a very interesting result.

We have shown that a Goldstone boson can be understood from the

amplitude

⟨n,k♣jµν ♣0⟩, (5.78)

where n is some quantum number (in our derivation it was the energy) and k is its

momentum. We will compute this amplitude by considering the one-photon state ♣λ,k⟩
with polarization λ and momentum k. The one-photon state is given by the action of the

photon creation operator on the vacuum,

♣λ,k⟩ = A†
λ(k)♣0⟩. (5.79)

When quantizing Maxwell theory, we note that the Lorentz gauge condition ∂µA
µ does not

hold as an operator equation, since this would lead to contradictions in the commutation

relations. We must impose it as an equality acting on physical states, that is,

∂µA
µ♣phys⟩ = 0. (5.80)

This implies that there are degrees of freedom that are not physical. These discussions are

brief here, but they are standard and can be found in many QFT textbooks.

Suppose that only λ = 1, 2 are physical polarizations. The gauge field can

be written as

Aµ(x) =
1

(2π)3/2

∫ d3p

2♣p♣
2∑

λ=1

eµ
λ(p)(Aλ(p)e−ipx + A†

λ(p)eipx). (5.81)

The commutation relations are
î
Aλ(p), A†

λ′(p′)
ó

= 2♣p♣δλ,λ′δ3(p − p′). (5.82)

Now we compute

⟨0♣Fµν ♣λ,p⟩ = ⟨0♣(∂µAν − ∂νAµ)A†
λ(p)♣0⟩. (5.83)

One of the terms is

∂µAν =
i

(2π)3/2

∫ d3p

2♣p♣
2∑

λ=1

pµϵ
λ

ν (A†
λ(p)eipx − Aλ(p)e−ipx). (5.84)

Thus,

⟨0♣∂µAνA
†
λ♣0⟩ =

i

(2π)3/2

Æ
0

∣∣∣∣∣
∫ d3p′

2♣p′♣
2∑

λ′=1

p′
µϵ

λ′

ν (A†
λ′(p′)eip′x − Aλ′(p′)e−ip′x)A†

λ(p)

∣∣∣∣∣ 0
∏
.

(5.85)
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Using the commutation relations, we obtain

⟨0♣∂µAνA
†
λ♣0⟩ =

i

(2π)3/2
⟨0♣

∫ d3p′

2♣p′♣
2∑

λ′=1

p′
µϵ

λ′

ν A†
λ′(p′)A†

λ(p)eip′x♣0⟩

− i

(2π)3/2
e−ipxϵ λ

ν pµ,

(5.86)

where the first term vanishes because the creation operators act on the vacuum to their

left. The other term gives the same contribution with the indices exchanged. Thus

⟨0♣Fµν ♣λ,p⟩ =
i

(2π)3/2
e−ipx(ϵ λ

µ pν − ϵ λ
ν pµ). (5.87)

This shows that the photon is the Goldstone boson arising from the spontaneous symmetry

breaking of a 1-form symmetry in Maxwell theory.

There are natural questions to ask. Which symmetry is being broken

here? Since Maxwell theory possesses two 1-form symmetries, do we obtain two Goldstone

bosons?

Although the charges are globally independent, if we inspect locally, that

is, the charge densities, F and ⋆F are related by a Levi-Civita. Thus, these symmetries

are not locally independent. This shows that in fact there is only one Goldstone boson

arising from the spontaneous symmetry breaking in Maxwell theory.

Note that if we add electric matter, Eq.(5.30) is no longer a symmetry.

Nevertheless, a Goldstone boson (the Photon) still arises due to Eq.(5.26). Conversely,

if we add magnetic matter, Eq.(5.26) ceases to be a symmetry, while Eq.(5.30) remains

intact. Therefore, unless both symmetries are explicitly broken, the Photon always appears

as a Goldstone boson.

5.3 Discrete Gauge Theory

Discrete gauge transformations belong to discrete groups, rather than

continuous ones. This can be better understood in terms of higher-form symmetries. Before

explaining how this works, we need to introduce two concepts: the Pontryagin dual and

the screening of operators.

5.3.1 Pontryagin Dual

For some p-form symmetry group G(p), we may define the homomorphisms

ϕ : G(p) → U(1). (5.88)

These maps form a group with composition given by

ϕ(g)ϕ′(g) = (ϕϕ′)(g) ∈ U(1). (5.89)
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We denote this group by

Ĝ(p) = ¶all homomorphisms G(p) → U(1)♢. (5.90)

Let us illustrate this idea with two examples.

Example: G(p) = U(1)

Define the homomorphism as

ϕ(g) = gq = eiαq, α ∈ [0, 2π), q ∈ Z. (5.91)

Let

ϕ1(g) = g, (5.92)

ϕ2(g) = g2, (5.93)

ϕ3(g) = g3. (5.94)

The composition gives

ϕ1(g)ϕ2(g) = ϕ3(g). (5.95)

This is the composition rule of the Z group. Therefore, the Pontryagin dual of U(1) is

Ĝ(p) = Z. (5.96)

Example: G(p) = ZN

In this case, g = e
2πiα

N . Defining the homomorphism as

ϕ = gq = e
2πiαq

N , (5.97)

take N = 3 and let

ϕ1(g) = g, (5.98)

ϕ2(g) = g2. (5.99)

The composition gives

ϕ1(g)ϕ2(g) = ϕ1(g). (5.100)

This is the composition rule of ZN . Therefore,

Ĝ(p) = ZN . (5.101)

That is, the Pontryagin dual of ZN is the group itself.
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Double Pontryagin Duality

Since

ϕ : G(p) → U(1), (5.102)

we can define

φ : Ĝ(p) → U(1). (5.103)

Note that ϕ(g) ∈ U(1) and φ(ϕ(g)) ∈ U(1). Then,

““G(p) = G(p). (5.104)

5.3.2 Screening

DeĄnition 5.1 A p ≥ 1-dimensional operator Op can be screened into another operator

O′
p if there exists a (p− 1)-dimensional operator Op−1 that can be inserted between Op and

O′
p.

Figura 5.5 Ű Screening of operators. Taken from [21].

If Op can be screened to the identity, we say that it is completely screened.

Screening implies equal charges. Note that if two operators Op and

O′
p are screened, we can deform the symmetry operator, say Ug(SD−p−1), to measure the

charge of either Op or O′
p. Since this deformation does not cross the regions where the

operators are defined, the measured charges must be equal. The figure below represents

this idea.

Figura 5.6 Ű Link with two screened operators. Taken from [21].

If two operators carry different charges, they cannot be screened into one another.
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As we have shown, the charges are given by phases. Each phase corresponds

to a different charge, that is,

Q : G(p) → U(1). (5.105)

Therefore, the charge operators are elements of Ĝ(p). Thus, we may define an equivalence

class of operators with the equivalence relation ∼, characterized by whether these operators

can be screened into one another,

O′
p ∼ Op.

We define the set Dp, where each element of this set is an equivalence class of screened

operators. Therefore, there must exist p-form symmetries that distinguish different elements

of Dp. The elements of Dp are precisely the different charges that an operator may have.

Then,

Ĝ(p) = Dp,

which implies

G(p) = “Dp.

Hence,

Q(Op) = [Op] ∈ Dp. (5.106)

Example: Maxwell Theory in the Presence of Matter Fields

We have seen that in Maxwell theory we have a 1-form symmetry and a

(D − 3)-form symmetry3. In order to have these symmetries, we evaluated the theory in

the vacuum, that is,

d ⋆ F = 0.

One may ask: what happens if we add matter? We can understand the behavior using the

concept of screening.

In the vacuum case, the symmetry group is U(1)e×U(1)m. The Pontryagin

dual is

Ĝ(1) = Z,

Ĝ(D−3) = Z.

Therefore,

D1 = Z,

DD−3 = Z.

Suppose now that we add a matter field ϕ(x) with charge N ∈ Z. We can use the operator

ϕ(x) to screen the Wilson lines.

3 Actually, Maxwell theory is specifically in D = 4, in which case we have two 1-form symmetries. For
simplicity, however, we keep this notation.
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Figura 5.7 Ű Non-genuine operator. Taken from [21].

We then say that ϕ(x) is a non-genuine operator.

DeĄnition 5.2 (Non-genuine operator) A non-genuine q-dimensional operator is an

operator that is attached to a collection of p > q-dimensional operators.

We must introduce these non-genuine operators because ϕ(x) and Wq(L)

are not gauge invariant, since

ϕ(x) → eiqΛ(x)ϕ(x), (5.107)

and

Wq(L) = exp
(

2πiq
∫

L
A
)

→ exp

Å
2πiq

∫
L
A− dΛ

2π

ã
= Wq exp

(
−iq

∫
∂L

Λ
)
. (5.108)

Assuming that ∂L = x,

W ′
q(L) = e−iqΛ(x)Wq(L). (5.109)

Therefore, the product ϕ(x)Wq(L) is gauge invariant. With this, we can screen several

Wilson lines by adding powers of ϕ.

q, p, r ∈ Z
φ φ

Wq Wp Wr

Figura 5.8 Ű Screening of multiple Wilson lines using powers of ϕ.

Thus, the group of all unscreened operators is given by the total number

of Wilson lines modulo the number of screened Wilson lines,

D1 =
Z

NZ
≡ ZN . (5.110)

Note that NZ counts the number of screened Wilson lines because, since they have the

same charge, the charges add up N times. Taking the Pontryagin dual,

“D1 = ẐN = ZN = G(1). (5.111)

We conclude that adding a matter field with charge N reduces the gauge group from U(1)

to ZN . The term “break” is not quite correct, since gauge symmetries are not physical

symmetries. The appropriate term found in the literature is that the symmetry group is

Higgsed down to ZN . Note that this does not occur for the (D − 3)-form symmetry, since

this symmetry is associated with a codimension-2 operator that does not have a trivial

linking with the Wilson line.
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5.3.2.1 BF Theory revisited

We studied in Chapter 4 the BF theory in 2+1 dimensions. We began

by adding a matter field with charge N and then, upon condensation and taking the

low-energy limit, we obtained

SBF =
∫ iN

2π
b ∧ da− a ∧ j − b ∧ j̃ − 1

4
(fa)2 − 1

4
(f b)2. (5.112)

Considering the pure BF theory,

SBF =
iN

2π

∫
b ∧ da, (5.113)

the equation of motion for b leads to

da = 0 ⇒ d ⋆ (⋆a) = 0. (5.114)

Then, the conserved charge is

Q =
∫

C
a, (5.115)

where C is a curve. If instead we write

SBF = −iN

2π

∫
a ∧ db, (5.116)

and compute the equation of motion for a, we obtain

db = 0, (5.117)

with the conserved current given by

Q =
∫

C′

b, (5.118)

where C ′ is also a curve. The unitary operators (with unit charge) are

WA(C) = ei
∫

a, (5.119)

WB(C ′) = ei
∫

b. (5.120)

Therefore, the conserved quantities of the 2+1 BF theory are the Wilson lines for the a

and b fields. Note that this theory, like Chern–Simons theory, is purely topological, i.e., it

does not involve the metric. Now, the idea is the same as in the Chern–Simons case. From

the action we can compute the canonical momenta (using the gauge a0 = b0 = 0),

Πb
1 = Πb

2 = 0,

Πa
1 =

∂L
∂ȧ1

= −iN

2π
b2,

Πa
2 =

∂L
∂ȧ2

=
iN

2π
b1.

(5.121)
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The commutation relations

[
ai(x),Πa

j (y)
]

= iδijδ(x− y), (5.122)

lead to

[a1(x), b2(y)] = −2π

N
δ(x− y), (5.123)

[a2(x), b1(y)] =
2π

N
δ(x− y), (5.124)

[a1(x),Πa
2(y)] = [a2(x),Πa

1(y)] = 0. (5.125)

This implies that

W a
1W

b
2 = e− 2πi

N W b
2W

a
1 . (5.126)

On the other hand, since WA and WB are symmetries, they commute with the Hamiltonian.

Therefore, we reach the same conclusion as in the Chern–Simons case: the energy eigenstates

are degenerate. It appears that the degeneracy is of order N , but we have only considered

the commutator (5.123). We must also consider the commutator (5.124),

W a
2W

b
1 = e− 2πi

N W b
1W

a
2 . (5.127)

Hence, we obtain an N -fold degeneracy from Eq. (5.126) and another N -fold degeneracy

from Eq. (5.127), leading to an N2-fold degeneracy.

Recalling how we arrived at BF theory, we had to introduce a scalar field

of charge N . As shown in the previous section, this reduces the symmetry group from

U(1) to ZN . This implies that the gauge field a has discrete gauge transformations. But

what about the field b?

Note that if we start from the BF theory

L =
iN

2π
ϵµνρ∂

µbνaρ (5.128)

and add an auxiliary field â that enforces the constraint f = da,

L =
iN

2π
ϵµνρ∂

µbνaρ +
i

2π
∂µâνf

µν , (5.129)

we can rewrite the Lagrangian as

L = −iN

4π
ϵµνρb

µf νρ − 1

4
(fµν)2 +

i

2π
∂µâνf

µν . (5.130)

We then integrate out fµν , which leads to

L =
iN

2π
(∂µâν −Nϵµνρb

ρ)2. (5.131)

This Lagrangian has the same form as the Lagrangian (4.83). Hence, by analogy, we can

interpret the dual field â as a matter field that is charged under b. Therefore, BF theory

provides an example of a discrete gauge theory.
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FINAL REMARKS

In this work, we have studied two examples of topological field theories:

Chern–Simons theory and BF theory. In the case of Chern–Simons theory, we showed that

the Chern–Simons term acts as a topological mass–generation mechanism when coupled to

a gauge theory, giving mass to the gauge field without the need for a conventional Higgs

field. Moreover, Chern–Simons theory correctly reproduces the Hall conductivities for both

the integer and fractional quantum Hall effects, as well as the existence of quasiparticles

with exotic statistics, known as anyons. For these reasons, Chern–Simons theory is regarded

as the effective field theory describing the quantum Hall effect. We also showed that BF

theory can be obtained as the low-energy effective theory of the Abelian Higgs model.

We further demonstrated that higher-form symmetries constitute a natural

generalization of ordinary symmetries, in which the charged objects are extended operators

rather than point-like ones. We analyzed how these symmetries arise in Maxwell theory

and obtained the remarkable result that the photon can be interpreted as a Goldstone

boson associated with the spontaneous breaking of a higher-form symmetry. Within this

framework, we investigated additional aspects of Chern–Simons and BF theories, such as

their ground-state degeneracy. We explicitly constructed the symmetry operators in these

theories and showed that they do not commute with each other, leading to a degeneracy

of order k for Chern–Simons theory and of order N2 for BF theory. Furthermore, by

employing the language of higher-form symmetries, we showed that BF theory describes

a discrete gauge theory: introducing a matter field of charge N reduces the gauge group

from U(1) to ZN .

Several topics were left beyond the scope of this work, notably the K-

matrix formalism, which provides a systematic generalization of Chern–Simons theory

to multiple gauge fields. From this perspective, BF theory can be viewed as a particular

example of a Chern–Simons theory with two gauge fields. The K-matrix formalism offers a

powerful tool to analyze the spectrum and topological properties of more general theories

and will play an important role in future investigations.

The next steps of this research include developing a deeper understanding

of discrete gauge theories formulated intrinsically, rather than as low-energy limits of

continuous gauge theories. In addition, we aim to study the gauging of discrete global

symmetries in a systematic way, as well as the relationship between level-4k and level-k

Chern–Simons theories, which are connected through the gauging of a discrete global

1-form symmetry [27].
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