Universidade
Estadual de LondRrina

GABRIEL CAPELINI MAGALHAES

TOPOLOGICAL ASPECTS AND GENERALIZED
SYMMETRIES IN QUANTUM FIELD THEORY

Londrina
2026



GABRIEL CAPELINI MAGALHAES

TOPOLOGICAL ASPECTS AND GENERALIZED
SYMMETRIES IN QUANTUM FIELD THEORY

Dissertacdo apresentada ao Programa de Pos-
Graduacao em Fisica da Universidade Estadual
de Londrina para obten¢ao do titulo de Mestre
em Fisica.

Orientador: Prof. Dr. Carlos André Hernaski.

Londrina
2026



Ficha de identificagao da obra elaborada pelo autor, através do Programa de Geragéo

Automética do Sistema de Bibliotecas da UEL

M188t

Magalhaes, Gabriel Capelini.
Topological Aspects and Generalized Symmetries in Quantum Field Theory /
Gabriel Capelini Magalh&es. - Londrina, 2026.
104 1. :il.

Orientador: Carlos André Hernaski.

Dissertagao (Mestrado em Fisica) - Universidade Estadual de Londrina, Centro
de Ciéncias Exatas, Programa de Pés-Graduacéo em Fisica, 2026.

Inclui bibliografia.

1. Teoria Quantica de Campos - Tese. 2. Simetrias Generalizadas - Tese. 3.
Topologia - Tese. |. Hernaski, Carlos André. Il. Universidade Estadual de
Londrina. Centro de Ciéncias Exatas. Programa de P6s-Graduagao em Fisica. Ill.
Titulo.

CDU 53




GABRIEL CAPELINI MAGALHAES

TOPOLOGICAL ASPECTS AND GENERALIZED
SYMMETRIES IN QUANTUM FIELD THEORY

Dissertagao apresentada ao Programa de Pos-
Graduagao em Fisica da Universidade Estadual
de Londrina para obtengao do titulo de Mestre
em Fisica.

BANCA EXAMINADORA

Orientador: Prof. Dr. Carlos André Hernaski
Universidade Estadual de Londrina - UEL

Prof. Dr. Pedro Rogério Sergi Gomes
Universidade Estadual de Londrina - UEL

Prof. Dr. Lucas Tavares Cardoso
Universidade Federal de Santa Maria - UFSM

Londrina, 24 de fevereiro de 2026.



Este trabalho ¢ dedicado ao meu primo
Filipe Matheus Magalhdes, que se foi, mas
deixou como heranga o seu amor por

lecionar e pelas ciéncias exatas. R.I.P.



AGRADECIMENTOS

Gostaria de agradecer aos meus pais, Lazaro e Divina, por sempre
terem acreditado em mim por fazer o possivel e o impossivel para que eu realizasse a pos-
graduagdo. Agradeco também ao meu irmdo Emmanuel por todo apoio durante esse
periodo.

Agradego ao meu orientador Carlos Hernaski, que esteve sempre disponivel
para me ajudar na realizagdo deste trabalho, e aos professores Pedro Gomes e Paula
Bienzobas por se disponibilizarem para me ajudar com duavidas tanto sobre este trabalho
quanto sobre disciplinas que cursei com os mesmos, que foram fundamentais para minha
formacao como cientista.

Agradeco aos meus amigos Gustavo Yoshitome, Jodo Lucas Arguello,
Giovanna Pimenta e Bruno Araujo pelas discussdes cientificas que foram fundamentais
para entender pontos importantes neste trabalho e também pelas sessdes de café que
tivemos. Agradego também aos meus amigos Luiz Felipe Demétrio, Gustavo Barreto e
Orion Villanueva pelos bons momentos que passamos juntos em eventos cientificos.

Aos meus demais amigos que nao foram citados aqui, meu sincero agrade-
cimento pois vocé€s com certeza me ajudaram a passar por esse periodo.

Por fim, agradeco a CAPES pelo apoio financeiro durante todo o periodo
de realizacao deste trabalho e ao programa de pds-graduacao em Fisica da Universidade

Estadual de Londrina pela concessao do espago fisico.



"I'm scared to get close
I hate being alone

I long for that feeling

to not feel at all

the higher I get

the lower I'll sink

I can’t drown my demons

they know how to swim."

— Can You Feel My Heart,
Bring Me the Horizon



RESUMO

MAGALHAES, G. C. Aspectos topologicos e simetrias generalizadas em Teoria Quantica de
Campos. 2026. 104 f. Dissertagdo (Mestrado em Fisica) - Centro de Ciéncias Exatas,
Universidade Estadual de Londrina, Londrina, 2026

Neste trabalho, discutimos algumas teorias de campos topolégicas, isto ¢, teorias de campos
em que os graus de liberdade dependem exclusivamente da topologia da variedade na qual
a teoria estd definida. Apresentamos as teorias mais comuns que em que essa ideia emerge,
sendo elas a teoria de Chern-Simons e a teoria BF. Dentro dessas teorias, estudamos seu
espectro de energia e como a degenerescéncia depende da topologia. Por fim, introduzimos
o simetrias de higher-forms e discutimos como essas simetrias se manifestam nas teorias
mencionadas.

Palavras-chave: teoria de campos topologica; teorias de calibre; simetrias generalizadas.



ABSTRACT

MAGALHAES, G. C. Topological aspects and generalized symmetries in Quantum Field
Theory. 2026. 104 f. Master’s Thesis (Master in Physical Science) - Centro de Ciéncias
Exatas, Universidade Estadual de Londrina, Londrina, 2026.

In this work, we discuss some topological field thories, that is, field theories whose degrees
of freedom depend exclusively on the topology of the manifold in which the theory is
defined. We present the most common theories in which these ideas naturally emerge,
namely Chern-Simons theory and BF theory. Within these theories, we study its energy
spectrum and how the degeneracy depends totally on the topology, Moreover, we introduce
the concept of higher-form symmetries and discuss how these symmetries manifest in the
mentioned theories.

Key-words: topological field theories; gauge theories; generalized symmetries.
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INTRODUCTION

There is a class of field theories whose defining feature is their dependence
on the topology of the underlying spacetime manifold. In such theories, certain degrees of
freedom may change when the topology of the manifold on which the theory is defined is
modified. These theories are known as topological field theories. This class of field theories
plays a central role in the study of topological phase transitions.

Topological phase transitions are phase transitions that are sensitive
to changes in topology rather than to local order parameters. The first experimental
realization of such a transition was observed in the Quantum Hall Effect [1]. Initially,
these transitions did not seem to fit within the Landau paradigm, since the different
phases are not characterized by the spontaneous breaking of an ordinary global symmetry.
Nevertheless, more recent developments have shown that these phase transitions can be
understood in terms of the spontaneous breaking of generalized symmetries, which extend
the conventional notion of symmetry [2-7].

Generalized symmetries form a broad class that includes higher-form
symmetries, whose charged operators are extended objects of higher dimension; non-
invertible symmetries, which do not admit an inverse; and subsystem symmetries, which
are realized only on lower-dimensional subsets of the system.

In this work, we introduce the notion of topological field theories by
studying Chern—Simons theory, which provides an effective field-theoretic description of
the quantum Hall effect, and BF theory, which serves as an example of a discrete gauge
theory. We then explore higher-form symmetries, how they arise in these theories, and
how they allow us to extract important physical information within a unified framework.

Before addressing these topics, we first develop the necessary theoretical
background. In Chapter 1, we introduce gauge fields and gauge invariance, and generalize
these ideas to non-Abelian SU(N) symmetry groups, leading to Yang—Mills theory. In
Chapter 2, we reinterpret these concepts using the language of fiber bundles. Chapter 3 is
devoted to spontaneous symmetry breaking and its consequences, including the emergence
of massless Goldstone bosons and the Higgs mechanism. In Chapter 4, we study topological
field theories and apply the tools developed in the previous chapters to Chern—Simons
theory. Finally, in Chapter 5, we introduce higher-form symmetries, analyze their realization
in the theories discussed earlier, and investigate phenomena such as their spontaneous

breaking and their role in the description of discrete gauge theories.
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1 GAUGE THEORY

Gauge theory is a fundamental concept in the study of field theory. It
relies on the simple idea of performing transformations that act independently at each point
in spacetime. It is understood as a redundancy in our theory. However, it is a necessary
redundancy, since all fundamental interactions in the Standard Model are described by
gauge fields.

In this chapter, we begin by reviewing the Euler-Lagrange equations and
Noether’s theorem, as these will be used to derive several results. We then study the
simplest theory that can be coupled to a gauge field: a complex scalar field possessing a
U(1) gauge symmetry. We will clarify the difference between a physical symmetry and a
gauge symmetry and examine their geometric meaning. Finally, we generalize the idea to

more general groups.

1.1 Euler-Lagrange equations and Noether theorem

In this section, we derive the Euler-Lagrange equations and Noether’s
theorem, as they will be needed in the following discussion. This is a standard presentation
and can be found in several quantum field theory textbooks. Here, we follow the discussion
in [8-10].

The Lagrangian is a well-known function from classical mechanics cons-
tructed from the symmetries of spacetime. It is related to a functional called the action,
given by

S:/ﬁL@@L (1.1)

which satisfies the principle that it must be stationary, that is,
0S5 =0. (1.2)
In the case of fields, the action, in order to maintain its functional form, is written as

5:/&xa¢@@, (1.3)
where
L:/fxq¢@@, (1.4)

is the Lagrangian and £ is known as the Lagrangian density, which now depends on the
field ¢.

Varying the field,

o(x) = ¢'(z) = o(x) + 0o (x), (1.5)
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we obtain from (1.2),

5S = / dz Bgéqb + ag‘%a(w)} —0. (1.6)
Integrating by parts,
5= fae {20, (G wor0 2w} <0 un

The last term is what we call a boundary term because, by Stokes’ theorem, this integral
depends only on spatial and temporal infinity. We will generally assume that it vanishes.

Therefore, for arbitrary variations d¢, in order to satisfy (1.7), we must

Lo, () o 18)

These are the Euler-Lagrange equations for fields. Note that here we considered a scalar

have

field, but for more general fields the structure of the equation remains the same, differing
only in the presence of free indices.

For the Klein-Gordon Lagrangian,

L= 3 (0,6)(0"6) ~ 3’6", (1.9

using (1.8) we obtain
(0,0" +m*)¢p = 0. (1.10)

This is the Klein—-Gordon equation, which describes the dynamics of a scalar field.
Suppose now that under some transformation of the fields ¢ — ¢ + do,
the Lagrangian changes at most by a total derivative d,K*, for some vector field K*.

Hence,

oL oL
(5[, = %5¢a + mé(aﬂ%) = @J(“. (111)

The index a appears because the field may possess internal structure (this

will become clear in the next section). Integrating by parts?,

e, (2 )+ [0 (G2 Vs

The last term on the right-hand side is precisely the Euler—Lagrange

equation. Thus, if the equations of motion are satisfied, we obtain

oL
d, (5% —K") =0 (1.13)
9(0uta)
There are situations in which boundary terms do not vanish and are physically relevant, but we will
not discuss them here.
Recall that these expressions are inside the action functional.

1

2



15

We conclude that there exists a conserved current,

oL
= 0p, — K. 1.14
Integrating (1.13) over a 3-volume V/,
/ &Pz, :/ &z 8tj0+/ &P 8,5 = 0. (1.15)
v v v

The second term vanishes by Stokes’ theorem in the limit V' — co, assuming there is no

flux at infinity. We then conclude that there exists a conserved charge

d
-Q=0, (1.16)

where
Qz/ &’z j°. (1.17)
v
This is known as Noether’s theorem, which states that for every continuous symmetry
there exists an associated conserved charge. The expansion in infinitesimal variations is

what restricts the theorem to continuous symmetries.

The unitary operator implementing this symmetry is defined as

U = exp (m/vd?’:c jo) , (1.18)

where « is a real parameter.

1.2 Gauge Transformations

Suppose now we have a complex scalar field with two real components,

¢ = —=(d1 + i), (1.19)

2

Sl

Q" = 12(¢1 — ig). (1.20)

Sl

For the action to remain real, we have
L = 0,p0"¢* — m*¢*¢. (1.21)
Regarding ¢ and ¢* as independent, then

(O +m?)p =0, (1.22)
(O+m?)¢* = 0. (1.23)

Note that this Lagrangian is invariant under the transformations

b — e g, o — o, (1.24)
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this is called a global transformation on the field ¢ as it acts the same way in every point

of spacetime. Infinitesimally

¢'(z) = (1 —iA)¢ = ¢(a') — ¢(x) = —iA¢

(1.25)
0p = —i\o.
And for ¢*,
09" = iAg", (1.26)
where A is a real constant. Moreover, deriving both variations above, we obtain
3(0,0) = —iND,p, 0(0,0") = 1ND,@". (1.27)

This symmetry does not add a boundary term 9, /K*. Hence the conserved current will be

w_ 0L 0L oL
7= 500" = 300,0) T T (8,07

Note that now we have an internal structure, that is why we summed over the indices “a
before. Using the (1.21), we get

(ig"). (1.28)

gt =i(¢" 0" — 0" p"). (1.29)
This current is indeed conserved

i = 1(0,9"0"¢ + ¢'0¢ — 9,00"¢" — ¢l1¢") = i(¢"U¢ — ¢[1¢")

(1.30)
— i(—¢"m’é + m?¢") = 0
The conserved charge then is
Q= [dz )= [ dai(6’d— o) (1.81)

where the dot means time derivatives. Let us get a geometric form for this transformation
(1.24). Substituting (1.19) in (1.21) we have

(
iy (¢1+2¢2> (¢1\;§i¢2) _T;ﬂ(¢%+¢g)

- @) 032

m*
2

1 —1
[2% * ﬂw] [ﬂa‘”” ' ﬂw]
; [0,010" b1 + 00"y — m*(¢7 + ¢3)] -

Applying the transformation

¢ +idh = e M1 + i), (1.33)
¢y —igh = " py —ichy). (1.34)
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Summing both
207 = e M1 +ida) + (1 — iho)
= ¢y cos A — iy sin A + iy cos A + dasin A + @1 cos A + iy sin A — igp cos A (1.35)
+ ¢2 sin A,

which leads to
@) = ¢1cos A+ ggsin A. (1.36)

Doing the same for ¢5, we obtain
¢y = —@1sin A + ¢y cos A. (1.37)

Therefore, this transformation is a rotation in the internal space of the field, as shown in
Fig.(1.1). Rotations in the plane are usually described by the SO(2) group, but since there

is an isomorphism between SO(2) and U(1), we can use the latter as well.

[0}

> 1

Figura 1.1 — Global transformation as a rotation in the 1-2 plane. Adapted from [8].

So far, we have been working with what we refer to as a global transforma-
tion. This is because the parameter A is a constant, meaning we apply this transformation
uniformly across all points in the field simultaneously. But what happens if we make this
parameter local? That is, what if A = A(z). What we have now what we call a gauge

transformation. For the field, it remains the same as before

56 = —iM(2)6. (1.38)
But the derivative changes
Ot = 0, — iN(2)(0,9) — (0, (2)) 0, (1.39)
and consequently its variation,
5(0,8) = —iM(D,0) — i(0,0)0. (1.40)
Similarly,
5" = iA*, (1.41)

5(8,67) = iM(9,6") + i(8, M) (1.42)
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Therefore, the derivative no longer transforms covariantly, i.e., in the same way as ¢. This

implies directly a change in the Lagrangian, as can be seen when computing
0L = 0(0,0"9") — m*6(¢"d) = 0,00(9u8(0"¢") + 6(0u)0"¢"

—m*(0¢" ¢ + ¢"0¢)

= up(iN0"9") +i(9"N)¢") + (—iA(Dug) — i(8,N)9)0" " (1.43)

—m?*(iAg" ¢ — iNg" )

= (0,A)(i9"0"p — ig0"¢") = (0, M) )"
Thus, the Lagrangian is not invariant under gauge transformations! This is problematic,
because, taking Maxwell theory as an example, it is known that the photon has only two
degrees of freedom, but it is described by a 4-vector A,,. The way to get out of this problem
is to use the gauge freedom of the theory to eliminate two degrees of freedom from A,,.
Therefore we want that our Lagrangians to be gauge invariant.

In order to be gauge invariant, we state that the gauge field A, couples

directly with the conserved current, that is,
Ly = —iej"'A,, (1.44)

where e is a coupling constant that adjusts the units such that eA, have dimension of J,,.

We demand that A, transforms under a gauge transformation as

A, — A+ i@MA. (1.45)
Hence 1
0Ly =ie(dj"A, + j'0A,) = —e (5]’“14# + 6]’“@/\) , (1.46)
with
ojt =1i(09")0" ¢ +1i¢*0(0"P) — i(09)0" " — 190 (0" ¢") = —A¢"(0")¢ + ¢"A(0"¢) (1.47)
+ 0(0"N) 9" — Ap(9"97) — A (0"¢") + ¢(9"A¢") = 2079(9" ),
so that
0L+ 0Ly = i0,A(¢"0"p — pO"' ") — 2™ p(O"N) A, — j*(0,A) (1.48)
= —2eA, 0" ¢(0"A). '
We add another term to compensate for this latter,
Ly =c*A A $* o, (1.49)
whose variation is,
0Ly = € [2A,(6A") 9" + A, A*(¢"(39) + (697)9)]
= e’ [QAM¢*¢ (i@“A) + A AT (—iAg) + A AY (iNG") (1.50)

= 2eA,0"(0"A).



19

Now, we finally have
0L+ 0Ly + 0Ly =0. (1.51)

Therefore, upon adding the field A,, the Lagrangian becomes gauge invariant. But now
this field dynamics must be taken into account, so we add a gauge invariant term that

contains derivatives of this field. The simplest term is

1 1
L3 = —1(8*‘14” — 0"A")(0,A, — 0,A,) = _ZFMVF,LLI/’ (1.52)
The total Lagrangian then becomes
1
L= (0,6 +ieA,)(0'¢* —icAld*) —m>¢*¢p — ZFWFW' (1.53)

If we now compare (1.53) with (1.21) we note that the derivative is replaced by the

additional term containing the field A,. We define then the covariant derivative as
D, =0, +iecA,. (1.54)
This name is given because now it transforms covariantly under gauge transformations

5<Du¢) = (5(3,&5) + ie(éAu)Cb + ieAu@@ = _iA(aﬂ(b) - i(a”)Ad) + i<a“A)¢ * eA(éAM
= —iMNOu¢ +ieAu¢) = —iADyo.
(1.55)

Now let us understand the meaning of the coupling constant e. For Maxwell theory, we
have that
aﬂ - (at7 V)7 A,u = (¢7 _A) (156)

The spatial part of the derivative transforms as
V = V —ieA. (1.57)
Quantum mechanically, on the coordinate basis, we have
p=—iV, (1.58)

so that
p— p—cA. (1.59)

This is precisely the momentum that appears in the kinetic term of the Hamiltonian of a
particle in an electromagnetic field. Therefore, e can be recognized as the electric charge

of the field ¢. If we now identify the covariant derivative for ¢* as
D™ = (O — 1€Au)9", (1.60)

we then conclude that ¢* describes a field with charge —e.
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Indeed, since the dynamics of A, have to be taken into account, varying

the Lagrangian with respect to it leads to Maxwell equations

O, FM = —ie(¢*0"p — ¢p0"¢*) + 2e2 AH|¢|?

(1.61)
= —ie(¢" D) — D px) = —eJ",
where
J" =i(¢"D"¢ — ¢D*¢7), (1.62)
is the covariant current. Note that due to the anti-symmetric nature of F,,,
0,J" = 0. (1.63)

There are two interesting remarks to be made. First, some books such
as [8] call the global transformation a gauge transformation of the first kind and the local
a gauge transformation of the second kind. We no longer use those terms because these
tranformations have different natures. The global transformation is actually a physical
symmetry of the theory, in the sense that it has a conserved charge associated to it and
takes one state into another. The gauge transformation is not a physical symmetry but
rather a redundancy in the theory. It is like a “coordinate change”.

Second, the coupling between the conserved current and the gauge field
is no coincidence and is quite general. When we take A = A(z), the variation of the

Lagrangian must involve the extra terms that will appear and will be given by
5L0 = (9,0)]" + O(A?), (1.64)

where Lg is the variation which do not include any derivatives of A and j* are just some

coefficients. Thus if the equations of motion are satisfied, we must have
/#umwﬁzo (1.65)

Integrating by parts we get
o' = 0. (1.66)

Thus we obtain a conserved current j#. This is just another way to derive Noether’s
theorem. If we demmand that the Lagrangian is invariant without using the equations of

motion, it is necessary to add a field A, that transforms as dA4, = 9, A, so that
0L =6Ly—0A,3" = (0,A) 5" — (0,A)5" = 0. (1.67)

The extra terms that appear in (1.64) will depend specifically on the Lagrangian that we

are working but will always vanish.
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1.3 The Yang-Mills Theory

The generalization for the gauge invariance of the electrodynamics was
first proposed by Chen Ning Yang and Robert Mills [11], to provide an explanation to
the isospin conservation. It turns out that this theory called Yang-Mills theory would be
generalized to other groups of symmetry SU(N) and would be essential in the development

of particle physics as we know today.

1.3.1 The SU(2) symmetry group

The case that we have treated above is built up on the U(1) symmetry
group. An obvious generalization would be to consider the SU(2) symmetry group.

Consider the rotations (1.36) e (1.37). If now we extend this to 3 dimensi-
ons, obviously, it will be a rotation about an axis that we might call 3 (refer to Fig.(1.2)).
The field ¢ should have 3 components as well, i.e., ¢ = @d(p1, Po, ¢3). An infinitesimal

rotation by an angle A in this 3-dimensional plane in the internal space is given by

¢’

Figura 1.2 — Rotation by an angle A3. Adapted from [§]

5 = —A x ¢. (1.68)
Now we follow the same recipe as we did for the scalar field. Make A = A(z), then
0p =—A(z) x ¢, (1.69)
and also,
0,¢" =0, — A X ¢p— A X0, (1.70)
It again does not transform covariantly. To correct this, we introduce a covariant derivative
given by
Du¢, = 6u¢/ + gWu X ¢7 (1'71)
where this form is justified because we want something similar to Eq.(1.54). Note that
here the field W), plays the role of the field A, in the U(1) case, but with the difference
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that it is a vector in the internal space, in contrast with A, that was a scalar. Also, g
plays the role of e. From now on, we drop this vector notation since it is explicit that
those fields are all vectors in the internal space unless is said the contrary.

Since D,, is a vector, it should transform as
5(D,6) = —A(x) x (Do) (1.72)
To fulfill this requirement, the change in the gauge field W, should be similar to that of
A, then it is reasonable to write
W, =—-AxW,+ ;8#/\. (1.73)

Then

6(Du¢) = 5((9#925) + 9(5Wu X ¢+ W, % &b)
1 (1.74)
=—-Ax0d,0—0,A X% qﬁ—i—g((—Ax WM)+98HA) X ¢ —gW, x (A x¢).

Using the vector identity

(AXxB)XxC+(BXxC)xA+(CxA)xB=0= (AxB)xC+Bx(AxC)=Ax(BxC),
(1.75)
we identify

§(Dug) = A x 90— g(A X W,) X o4+ W, x (A x ¢))
=—-AX0p—gAx (W, x¢)=—Ax (0,0 —gW, X ¢) (1.76)
=—-AxD,o,

as required.
Now we define a field analog to F),,, we will call it W,,,. It is a vector in

the internal space, the same way as W, so it should transforms as
Wy = —=AxW,,. (1.77)
But if we define it analogously to F),,, i.e.,
Wy =0,W, —0o,W,, (1.78)

it will not work because

(W) =0, <—A x W, + 1&,/\) -0, (—A x W, + 1(9#/\)
g g (1.79)
=Ax (0,W,—0,W,) — (0,A x W, —0,A x W,).
The last term is unwanted. But noting that
S(gW, x W) = g[(6W,) x W, + W, x (6W,)]
1 1
:g[(—AxWM) xWV%—;@quW,,—WHx (A><W,,)+gWM><@VA} )

(1.80)
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Using again Eq.(1.75),

gW, x W,) = —gA x (W, xW,) +,Ax W, +W, x9,A (1.81)
=—gAx (W, xW,)+,Ax W, —0,A xW,.
The last term is equal to the negative of the last term in Eq.(1.79). Hence, if we define
Wy =0W, —0,W, 4+ gW, x W,, (1.82)
it cancels out perfectly the unwanted term and then

(W) = —A x W, (1.83)

We note that the difference in the definition for W, is due to the non-abelian nature of

the group. The Lagrangian then will be given by
1 2 1
L =5(Duo)(D"9) ~ %¢ O = Wi - WP (1.84)

Using the Euler-Lagrange equations

aav% o, {3(;’%)} | (1.85)

we can obtain the equations of motion
9l(0,9) x ¢ — g(Wy x @) X ¢] = "Wy + gW" X Wy (1.86)

Or, in terms of the covariant derivative
D'Wow = 9(Du) X ¢ = giu, (1.87)

where j, is also a vector on the internal space. This is analogous to the inhomogeneous
Maxwell Equations (1.61). But note that there exists an interesting difference about this
equation.

In the Maxwell equations, in the absence of matter j,, the equations of

motion becomes

O F,, =0, (1.88)

wich means that there is no source for the electromagnetic field. Whereas in this case, in

the absence of matter
D'W,, = 0= 0"W,, = —gW, x W, (1.89)

which shows that a non-abelian gauge field is a source for itself.

Moreover, there is another interesting aspect. The Bianchi Identity

8/\F:uzl + auFu)\ + auF)\,u = 07 (190)
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leads us to the homogeneous Maxwell equations,

B
V-B=0, aatJerB:O. (1.91)

The analogous for the field W, would be
D\W,, +D,W,\+ D, Wy, =0. (1.92)

But since the above is not written in terms of ordinary derivatives but in terms of covariant
derivatives, then we have that

V.-B 40, (1.93)

in other words, non-abelian groups offer the possibility of magnetic monopoles.

1.3.2 Geometric idea of gauge transformations

We now present the geometric interpretation of what is happening in the
internal space of the fields.
Recall the SU(2) case. An infinitesimal rotation in the internal space is
given by
¢ =¢—Axo. (1.94)
Since it is infinitesimal, A is a small parameter and can be thought of as A — %, where
N > A. To obtain a finite rotation, we must perform N successive rotations. Hence,

writing in index notation,
Ay Y
o = ((511- — €ijk]\;51k> Pr. (1.95)
In the limit N — oo, we obtain
&, = exp(—eijr ;o) . (1.96)
Defining the components of the generators of the group (G;);i as
(Gz)]k = iqjk, (197)

where this notation denotes the jk element of the matrix G;, we obtain

¢; = exp(i(Gi) ;) - (1.98)

Returning to vector notation,
¢ = exp(—iG - N)o. (1.99)

The generators G are explicitly given by

0 0 0 0 i 0 —i 0
Gi=(00 —i|, Go=l 0 00, Gs=[i 0 0 (1.100)
04 0 —i 0 0 0 0 0
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The objects G are, in fact, rather abstract. What we are doing when writing the matrices
G is constructing what is called a representation of the group SU(2). The generators obey
the algebra

|Gy, G| = i€, Gy = fijiGr, (1.101)

where f;;, are called the structure constants of the group. The generators also satisfy the

Jacobi identity,
(M3, My}, Mie] + [[M;, M, Mi] + [[My, Mi], Mj] = 0, (1.102)
which implies, for the structure constants,

fijmfmkl + fjkmfmil + fkimfmjl = 0. (1103)

The components of the matrices (1.100) can be written as
(Gi)jk = fijk, (1.104)

which is known as the adjoint representation.
Following this idea, the generalization to an N-component vector is

straightforward and is given by

U = exp(iG*A*(x))(x) = S(z)¢(x), (1.105)

where we now assume that A may depend on position and a = 1, 2, 3.
We are now able to understand the geometrical meaning of the objects
that arise in Yang—Mills theory. Taking the derivative of Eq. (1.105),

O = S(D,0) + (9,5)0. (1.106)

As we have seen before, this expression fails to transform covariantly. This occurs because
we are performing different rotations of the vectors in the internal space at different
spacetime points. Therefore, when we take the derivative, we are comparing vectors that
belong to different coordinate systems (see Fig. (1.3)).

To make 0,1’ covariant, we must compare ¢(z) with what it would be
if transported to a point x + dx while keeping the axes fixed. This procedure is known
as parallel transport, as illustrated in Fig. (1.4). The resulting vector will be of the form
U(x) + 0.

It is reasonable to assume that the change in the vector, dv, is proportional
to the displacement dz* and to the generators G, which specify the representation in
which we are working. Moreover, there must be an object responsible for transporting the

vector 1; let us denote it by A,,. Then the change in v can be written as

v = igGe A%dars). (1.107)
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Yy
A r+dx
Y(z) + dip(x)
dx
x y a
Y(z)

Figura 1.3 — Comparation of two vectors in the internal space. Adapted from [8]

x +dx ,
Y

>

V() + dy(z)
dx

Figura 1.4 — The correct form to compare two vectors in the internal space. Adapted
from [8].

We now have two fields: ¢ (z)+dy and ¢ (x)+ . The covariant derivative

evaluates the difference between these two quantities. Hence,

D = 1p + dip — b — 6 = dyp — igG* Af.date), (1.108)
and dividing by dx*,
Dy i ga
T = Duth = 0utp —igGr ALY, (1.109)

which is the covariant derivative for an arbitrary group and field.
Let us verify that this general expression reproduces the previous cases.
For the U(1) case, taking G = —1 and g = ¢,

D, = 0, — ieA,. (1.110)

The choice G = —1 is consistent because the group elements are simply ordinary numbers.
For SU(2),
(Go)mn = —1€amn, (1.111)
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D C
? € ?
(N 73 < (51"“’
A B
é > é
Azt

Figura 1.5 — Closed loop to parallel transport the vector ¢). Adapted from [8].

which yields
Du¢m - au¢m + geamnAZ¢n = a,u¢ + gAu X ¢, (1112)

in agreement with Eq. (1.71).

It is convenient to write
A, = G“AZ, (1.113)

which makes clear that A, is a linear combination of the generators of the group. We say
that it is an algebra-valued vector. This vector field is called a gauge field or a Yang—Mills
gauge potential.

Since D,, transforms covariantly,
D:ﬂﬁ’ = S(D,). (1.114)
Proceeding as before, we obtain

Al = 54,57 — ;(E)HS)S‘l. (1.115)
This is the gauge transformation of the gauge field. Note that the second term makes A,
transform inhomogeneously. This raises the question of whether the gauge potential can
be transformed to zero at every point. If that were possible, the gauge field would have no
physical meaning. We can check this by parallel transporting the vector A, around a closed
loop, like Fig.(1.5). If the final vector is equal to the initial vector, then we successfully
found a coordinate system in which the gauge potential goes to zero.
Let’s call the initial vector at the point A, 14. So, for the path A — B

1
Y =Yao(eh + Azt) = pao(a + Dypao(ah) Azt + iDMDV¢A7O(x“)Ax“Ax”. (1.116)
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Now, for the path B — C'
Yo = (At + 02") = Y + Doz + ;DMDV@/JB(SxM(Sf/
= (1 +02"D,, + ;595“536”1)“1)”) [1&,470 + Dypa oAzt + ;DMDV¢A7OAx“Ax”} (1.117)
= (1 + (02" + Az*)D,, + ;(&B pox” + 20zt Ax” + 5x“5:r”)DMD,,) Yap.
Then the path C' — D,
Yp = (1 +62'D,, + ;(51'“(535”1)“171, + (6t Ax” — Aw“éw”)DHDMDy> Yao.  (1.118)
Now back to A, we call this vector 141 and
Yaq = (14 02" Ax"[D,, Dy])ay, (1.119)
where [D,, D,] is the commutator of the covariant derivatives. Explicitly
D D) = [0 — igAu 0, — igA,) = —ig(OuA, — 0, A, — igl A A)).  (1120)
Defining the Yang-Mills Field Strenght F,, as
F. =0,A,—0,A, —iglA., A, (1.121)
we have
D, D] = —igF,,. (1.122)
We understand the product dz#*Az” as the area S* of the rectangle. Then

Yaq = (1 —1igS" F )Y,

| (1.123)
A¢ = _ZgS'UVF/wwA,O

That shows that the vector ¥4 o changes when transported around a closed loop. Hence,
the effect of the gauge field is to rotate the vector around a closed loop in the internal
space. Using the definition of the field strength and the transformation for the gauge field,

it can be shown that F},, transforms covariantly
F, =5F,S", (1.124)

then, if the field strength is non-zero in one coordinate system, it is nonzero in any other
coordinate system.

Similar to what we did for the gauge field, let us show that this definition
for the field strength reproduces what we had before.

For the U(1) case, since the generators are just ordinary numbers (recall
that G = —1), what rests is the commutator of two real-valued fields, which commute?.
Then

F,=90,A,-0,A,. (1.125)

Another way to think is recall that the U(1) group is abelian, so its elements commute.

3
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For the SU(2) case, we have

Fu = 0,4, — 0,4, —ig[G" AL, G° A7),
— 9,4, — 0,A, —igA A°[G", G,
= 9,A, — 8, A, + gAL ACet e, (1.126)
— 0,4, — 0,A, + g(A, x A,)"G",
— 0,4, — 0,A, + gA, x A,

which is what we indeed derived before.

To close this section, let us compare these results with other theories that
have a lot of similarities: General Relativity.

While in gauge theory we’ve been discussing gauge transformations,
General Relativity concerns itself with something different: coordinate transformations.
In General Relativity, we work with curved spacetime, which changes how we compare
two vectors. We need an object called a connection to compare vectors in different vector
spaces.

This concept parallels what we discussed earlier, where our vectors lie not
in spacetime but in the internal space of the field. In this context, the object acting as our
“connection” is the gauge potential A,, whereas in General Relativity, it is the Levi-Civita
connection I'*, .

Both transform inhomogeneously. The connection arises due to the cur-
vature of spacetime. This raises the question of whether we can switch to a coordinate
system where there is no curvature, meaning the connection vanishes.

In gauge theory, we found that the vector changes when parallel trans-
ported around a closed loop. The same applies to General Relativity, where the change
in the vector will be proportional to a tensor R%. ;, known as the Riemann Curvature
Tensor, which measures the curvature of spacetime. Our field strength F},, is analogous to
the curvature tensor. Therefore, in a sense, we can think of working in a curved internal
space while spacetime remains flat.

These concepts will become clear when we introduce the idea of Fi-
ber Bundles in Chapter 2, where we will revisit this topic from a completely different

perspective.

1.3.3 Generalization for SU(N)

The discussion above is quite general, but let us organize these ideas. The
cases treated were for the symmetry groups U(1) and SU(2), respectively. The ideas we
present now are valid for SU(NV).

The generators of the groups satisfy the commutator

[Ga, Gb] — ,l»fachc’ (1127)
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where the 7 is just to ensure that these generators are hermitian and the coefficients f*
are the structure constants, with a,b,c = 1,2, ...,dim G. We may normalize our Lie algebra
by imposing

Tr G°G* = ;5‘“’. (1.128)

Just as before, we write the gauge fields A, as
A, = ALG", (1.129)

that emphasizes that A, as a Lie algebra valued vector. To clarify what that means, one
can think about A, as a N x N hermitian matrix. In this notation, the form for the

covariant derivative remains the same for any group

Dy=0,— A, (1.130)
so as the field strength. which will be given by

F,., =0,A, —0,A, —ie[A,, A, (1.131)
where e is the coupling constant. Finally, the action that leads to Yang-Mills equations is
Sy = —;/d‘*x tr PR, (1.132)

Extremizing it with respect to the field A, leads to
D, F* =0, (1.133)

which is the non-abelian analog to Maxwell equations.
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2 FIBER BUNDLES

The formalism of fiber bundles is deeply connected with the Yang-Mills
theory. As we have seen, Yang-Mills Theory started with a generalization of the gauge
invariance of electrodynamics, which has the U(1) symmetry group, to higher-symmetry
groups. It was noted afterward that the mathematical structure behind Yang-Mills was
the formalism of fiber bundles. It is crucial to understand this formalism so we might be
able to understand the topological structure of several physical objects that will appear

later. Here we follow the discussion of [12,13].

2.1 Introduction
We denote a fiber bundle by (E,m, X, F, G), where

« FE' is a topological space called the total space;
o X is a topological space called the base space;
e 7 is a map called the projection, defined by 7 : £ — X;

o F'is a topological space called the standard fiber. It is homeomorphic to every
fiber of the total space, 7~!(z) = F}, with x € X. The F, are called the fibers;

o ( is a group called the structure group.

We also require an open covering of the base space {U,} and a homeo-
morphism ¢, defined by
Go 1 ™ HUy) — Uy X F, (2.1)

such that
ro¢(z,f)=x, x€U,and f€F. (2.2)

This homeomorphism ¢,, is called a local trivialization. The bundle structure is repre-

sented below.
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F=n"1(y)
o
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F
_
ba !
. I"I»
Uy X F 'Hrlj :
: 1 | | s
7N (Uy) P! : I
rh !
S

Figura 2.1 — The fiber bundle setup. Adapted from [12].

Let us now understand why the structure group is necessary in this
description. Consider two sets of local coordinates (U,, ¢o) and (Ug, ¢5) with U, N Ugz # 0.
Define the map g,5 by

Gop = Ga © gzﬁgl. (2.3)

This map acts as
Gap : (UaNUg) x F — (U, NUg) x F. (2.4)

Keeping the point x € U, N Uy fixed, we obtain
Jap - F— F. (25)

Therefore, the action of this map is to move from one point in the fiber to another;
this is why these maps are called transition functions. Hence, two points f and f’

corresponding to the local trivializations (U,, ¢o) and (Ug, ¢pg), respectively, are related by

f/ = gaﬁf- (26)

Thus, the transition functions tell us how to “glue” one fiber to another over the overlap.

These functions satisfy the following properties:

Jaa(z) =1, x € Uy (2.7)
905 () = gpa(x), @ € Us N Up; (2.8)
Gor(2)gys(x) = gaplx), €U, NUgNUL,. (2.9)
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Figura 2.2 — The transition functions. Adapted from [12]

Proposition 2.1 The transition functions are not unique!

This can be seen by considering two different fiber bundles, £ and E’. Suppose they have
the same base space, fiber, and structure group. Let (U,, ¢») and (U,, ¢o) be their local

trivializations, respectively. We define the map
ha = ¢q 0 gpc:l, (2.10)

which is a homeomorphism belonging to the structure group. The transition functions of

the two bundles are related by
9op(®) = hg' (2)gap(@)hs(2), = € Ua NUj. (2.11)

Indeed,
ha'Gaphs = a0 95! 0 Ga 0 05" 0 g0 st = a0yt = ghs (2.12)
We then say that if two bundles differ only by a choice of local coordinates, they are

equivalent.

Definition 2.1 Let o be a map
o: X = F, (2.13)

such that
noo(zr) =2, VrelX.

We call this map a section.

Note that the projection m does not have an inverse, since it maps an
entire fiber to a single point. Although we have used the notation 7!, this simply denotes
the preimage under 7. The section plays the role of a right inverse: given a point in the
base space, it selects a point in the corresponding fiber.

We now define some special types of bundles. The section is represented

diagrammatically below.



34

T

Figura 2.3 — Representation of a section. Adapted from [12]

o Trivial bundle: A bundle is called trivial if its transition functions are the identity,
that is,
Gap = 1. (2.14)

In this case, the bundle is simply the direct product of the base space with the fiber,

E=XxF. (2.15)

e Vector bundle: A bundle whose fiber F' is a vector space. It carries a representation
R of the structure group G on the vector space F. A particular case is a line bundle,

whose fiber F' is a one-dimensional vector space.

o Tangent bundle: A particular type of vector bundle whose fiber at each point is

the tangent space of the manifold.

o Cotangent bundle: The dual vector space of the tangent space. This is where

one-forms are defined.

o Principal bundle: A bundle whose fiber is the structure group itself. We denote it
by P(X,G). There is an important theorem concerning principal bundles, which we

state below without proof but illustrate with an example.

o Associated bundle: A vector bundle is said to be associated with a principal bundle
if its transition functions are obtained via a representation R of the structure group
acting on the fiber. In other words, we take an element of the principal bundle and

represent it in the vector bundle through R.

Theorem 2.1 The principal bundle P(X,G) and its corresponding bundle (E, 7, X, F, Q)
are trivial if P(X,G) admits a global section.

An example of this theorem is the Mobius strip. Choosing the structure
group to be equal to the fiber, i.e., F = G = {1, g}, where g represents a twist, we obtain
a double cover of the base space X. Choosing a local coordinate system 6 € [0, 27|, we find

that the section satisfies o(6) # o(0 + 2m). Therefore, we cannot define a global section.
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Figura 2.4 — Double cover of the base space. Adapted from [12].

According to the theorem, the Mobius strip and its corresponding principal bundle are
nontrivial, which is indeed the case.

Note that although the principal bundle may have no global section, an
associated bundle (E, 7, X, F, G) might still admit one. Furthermore, several bundles with
different fibers but a common base space, structure group, and transition functions share
the same principal bundle.

Finally, one may ask what minimal structure is required to reconstruct
a bundle. We now show that it is possible to construct a bundle starting from the base

space, the fiber, and the transition functions. Start with the disjoint union

E=JU,xF. (2.16)

We say that two points (x, f) and (2/, f'), with z € U, and f € F, are equivalent if

v=7, [ = gus()f. (2.17)

We denote this equivalence relation by ~. The fiber bundle is then defined as

E=E/~, (2.18)
with projection
m:EF—X
(2.19)
[(z, )] = =,

where [(x, f)] denotes the equivalence class of (z, f). The local trivialization is defined by

¢ Uy x F— 771 (Uy)

2.20
(@, ) = [(z, f)]. 220
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Figura 2.5 — Reconstruction of the Mébius strip. Adapted from [12]

Thus,
Tog¢  (z,f) =x. (2.21)
As an example, let us reconstruct the Mobius strip.

As an example, let us reconstruct the Mobius strip. In this case, the base
space is S, the fiber is a line segment, and the structure group contains two elements
G = {1, g}, where g represents a twist. We define two open subsets U; and U, of S! such
that U; N Uy = I; U 5. Explicitly, the transition functions are

g1 = g2 = 1,
]1, if v € [1,

g12 = (2.22)
g, ifxel,

go1 = 91_21‘

In the region I3, there is only one point (z, f), whereas in the region I, there are two points,
{(z, f), (x,g9f)}. However, the equivalence relation identifies these two points. When we
glue them together according to this identification, we obtain the twist characteristic of
the Mobius strip.

2.2 Connection

2.2.1 Abstract definition

We are interested in comparing different points in the fiber. We have

tangent vectors at our disposal. However, as the name suggests, these vectors are tangent
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to points in the bundle. What we seek instead is a vector that points away from a fiber,
more specifically in the direction of another fiber. This can be achieved using what we call

a connection.

Definition 2.2 A connection is a decomposition of the tangent space T, P, where u is a
point in the principal bundle P(X,G). It satisfies

i) T,P=V,P&H,P,

(2.23)
it) RygH,P = H,,P.

The sets V,, P and H, P are called the vertical subspace and horizontal
subspace, respectively. We will define formally these spaces below. R, denotes the map
implementing the right action of the symmetry group G on the principal bundle P.
Therefore, we use the induced map (push-forward) R,!.

Note that “vertical” and “horizontal” are merely names, since we do not
assume a metric structure that would allow us to define orthogonality between these
subspaces.

Condition i) states that any vector X € T, P can be decomposed as
X = XV + X where XV € V,P and X# € H,P. Condition #i) states that once a
horizontal vector is parallel transported, all other horizontal vectors in the same fiber are
transported accordingly.

To define tangent vectors in the principal bundle, take a point u € P(X, G)

and use the right-translation exponential map
Rexp(ayu = uexp(tA) = o(t, u), (2.24)

which defines a flow, where A € g and g is the Lie algebra of GG. The vectors belonging to
V, P are generated by such elements A. They are denoted by X4 and defined as

Xaf(u) = jt tzof(u exp(tA)), (2.25)

where f: P — R is a smooth function. These vectors preserve the Lie algebra structure:

(X4, Xp] = Xa. (2.26)

The vertical space can also be characterized by the fact that motion along

a fiber does not change the corresponding point in the base space:
V.P={X eT,P|mX =0}, (2.27)

where 7, is the push-forward associated with the projection .

L For a more detailed discussion on Lie algebras and other aspects of differential geometry, see [13].



38

Figura 2.6 — Decomposition of the tangent space into the vertical and horizontal subspace.
Adapted from [12].

Definition 2.3 (Horizontal Lift) We say that X is a horizontal lift of X if

i) 7. X = X,

i) XV =0 (228)

Definition 2.4 Let v :[0,1] — M be a curve. A curve 7 : [0,1] — P is a horizontal lift
of v if

i) moy=1,

(2.29)
it) the tangent vectors to 7 belong to Hs P.

Theorem 2.2 Let v : [0,1] — M be a curve and u € 7 (v(0)). Then there exists a
unique horizontal lift 74 : [0,1] — P such that 4(0) = u.

This means that the parallel transport of a fiber point along the curve
v(t) is given by the horizontal lift §(¢). Note that if a base curve «y : [0,1] — M is closed,
its horizontal lift need not be closed. For example, 4(1) = 4(0)h with h € G. This follows
from the concept of holonomy, which is related to loss of geometrical data when parallel
transporting some vector around a closed loop. The set of such elements {h} is what we

call the holonomy.

2.2.2 Connection one-form

We now define an object that will help us connect with physics later on

and that implies Definition 2.2.

Definition 2.5 The connection one-form w is a Lie algebra valued one-form, that

is, w € T*P ® g, defined as a projection of the tangent space onto the vertical subspace,
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Figura 2.7 — Setup for the horizontal lift. Adapted from [12].

satisfying

Z) W(XA) = Aa A€ g9,

(2.30)
i1) Ryw = Ady-1w,

where R* is the induced map pull back and Ad,— is defined as the adjoint map given by

Ad, g —g,
0 978 (2.31)
A gAg™, geG,Acg.
For some vector X € T,, P we have
R;wug(X) = Wyg(Rg X) = g twu(X)g. (2.32)
From ), we can define the horizontal subspace as the kernel of w? as
H,P={XeT,P|w(X)=0}. (2.33)

This again leads to the splitting
T.P=V,P® H,P.

Condition 47) implies condition éi) of Definition 2.2, as we show below.
We start by defining H,, P as in Eq.(2.33). Let X, € T, P, then (R,). X, €
Ty P. We have
(Ry) wu(X) = wu(RgX) = g~ wu(X)g. (2.34)

2 Again, the horizontal and vertical vectors are just names and do not have a notion of orthogonality.

The way we are defining them is to characterize which vector belongs to which set.
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If X, € H,P, then w,(X) =0, and therefore w,(R,X) = 0. Hence R,. X, € H,,P. Since
(R,)+ is an invertible map, any vector Y € H,,P can be written as Y = R, X, for some
X, € H,P. This proves that H,,P = R, H,P for every element of G.

Until now, everything seems too abstract. But now we can finally unders-

tand the bridge between this formalism and physics.

Proposition 2.2 Locally, the connection 1-form w represents the Yang—Mills gauge po-
tential A.

Let U, be an open covering of M. We have the section defined above,
given by
0o : Uy — 1 (Uy).

This induces the pullback map
o, T"P —T"U,. (2.35)
We then define the gauge potential A as
A=olw. (2.36)
On the other hand, we have the following theorem.

Theorem 2.3 Let A, be a Lie algebra valued 1-form defined on a patch U, and o, : Uy —
7 1(U,) a section. There exists exactly one connection 1-form w on w7~ *(U,) such that
A, = olw, given by

w|Ua = o T Aaga + ggldpga, (2.37)

where d, is the exterior derivative on the bundle and g, is a coordinate in the fiber given

by the local trivialization,

. -1
b0 17 (Us) = Uy X F, 2.38)
U (P, ga)-

Thus,
ba(t) = (0, 9a), with u = 04(p)a- (2.39)

Proof. a) First, let us show that (2.37) reproduces (2.36). Take a tangent vector X € T, M
and lift it to the bundle as 0,, X € T}, () P. Note that m,00,, = 11, because m(ca(p)) = p.
Also, it follows from Eq.(2.39) that g, = e over o,. Then

0rw(X) = w(0wX) = e ' Ap(0uaX)e+ e dpe(0u0X) = An (120X ) = Ag(X). (2.40)

b) We now demonstrate that (2.37) satisfies the properties of a connection.
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For axiom 17): taking a vector field X4 € V,, P, then m,X4 = 0. Hence

W<XA) = gglﬂ-*Aa(ﬂ-*XA)goc + gczldpgoz(XA)

=0 )| gnlwexp(tA)

t=0

exp(tA) = A.

t=0

= 0. (W)

(2.41)

For axiom i7): take a tangent vector X € T, P and a group element h € G.

Recalling that g, (uh) = go(u)h, we have

Ryw(X) = h™'go (w)m" Aa(X)ga(w)h + b~ g5 (u)dypga(u) (X)h
= h'w(X)h = Adp1w(X).

Since the form w is defined globally, we have
w|Ua = w‘Uﬁ, Uy NUz # 0.
Using Eq.(2.37) we obtain
9o T Aaga + 95 dpga = 95 ' 7 Asgs + 95" dpgs.
In the overlap, the fiber coordinates are related by gs = hgago. Then

9o T Aabe + 9o dpga = Pgaba T Aghsaga + hpags dp(hpage)

— hggg;%*Aﬂhﬁaga + hgadyhse + 95" dpga-

Hence

g;lﬁ*Aaga = hg(igglﬂ*Aghﬁaga + hg;dphga.

Acting with g, on the left and then with ¢! on the right, we obtain

A, = hﬁaTr*AﬁhEal —+ hg;dphga.

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

But this is what happens to the potential when pulled back. Its transformation on the

base space is given by
Ao = hpaAghiy + hgadhg,.

(2.48)

This is what we previously called the gauge transformation of the potential. We will

see later that this reproduces exactly the transformations we have seen before.

2.2.3 Curvature

To finish our discussion, we now introduce the notion of curvature in the

fibers. To do so, we first introduce the concept of a covariant derivative.
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Consider a p-form w on a principal bundle P(M,G) with values in a

vector space

w:T"P®@..0T"'P = V. (2.49)
p-t?gles
This form can be written as
w=w'®e, € NP(P)®V, (2.50)

with a sum implicit in the index a, where a = 1,2,3..., k, the {e,} form a set of basis
vectors for the space V', and k is its dimension.
Let X, ..., X,+1 be a set of tangent vectors on the bundle P, then the

exterior covariant derivative of a p-form w is defined by
D (X1, ..., Xpr1) = dpw (X', ., X)), (2.51)

From this, we define the curvature to be the covariant derivative of the connection 1-form,
ie.,
Q=Dwe AN (P)®ag. (2.52)

It is easy to show that
R = Ady1Q = g 'Qg, geq. (2.53)

Theorem 2.4 ) and w satisfy the Cartan structure equation.
(X, Y) = dpw(X,Y) + [w(X), w(Y)], (2.54)

for X,Y € T, P, where [w(X),w(Y)] is the Lie bracket between the elements w(X) and

w(Y). In terms of 2-forms we have

Q= dyw + W, (2.55)
with )
W= ww = i[w,w]. (2.56)

Proof. Let us consider three cases.
First case: X,Y € H,P. Then, by the definition of the horizontal space,
w(X) =w(Y) = 0. Hence

QAX,Y) =Dw(X,Y) = dyw( X" YT = dw(X,Y). (2.57)
Second case: X € H,P, Y € V,P. This implies that
QX,Y) = dpw (X", Y1) = (dyw) (XY (Y )" =0, (2.58)
because Y = 0. Recalling the relation

dw(X,Y) = Xw(Y) — Yw(X) - w([X,Y]) = Xw(Y) —w([X,Y]).  (2.59)
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Since Y € V,,P we can write Y = Xy for some V' € g. Then w(Xy) =V, with V constant.
Since X acts as a derivative, Xw(Y") = 0. The second term vanishes because [X,Y] € H,P.

This can be seen by noting that the Lie derivative is defined as
1
Y, X]|=LxY = 13%1 ;[Rgfl(t)*X - X]. (2.60)

Since X € H,P, then Ry-1(,,X € H,P as well. Therefore d,w(X,Y) = 0.
Third case: X, Y € V,P. We have (for the same reason as in Eq.(2.58))
that Q(X,Y) = 0. Hence

dw(X,Y) = Xw(Y) — Yw(X) - w([X,Y]) = —w([X,Y]). (2.61)

Since both X and Y belong to the vertical space, their commutator will

also be a vector field that belongs to it. Then we can write [X,Y] = X4, for some A € g.

On the other hand, we can write the X and Y fields as X = Xg and Y = X for B,C € g.
Then

Xa = [Xg, Xcl. (2.62)

Consider the commutator
[w(X), w(Y)] = [w(X5),w(Xe)] = [B,C]. (2.63)

Since these fields belong to g, the Lie algebra structure is preserved, that is,

X, Xc] = X (2.64)
This implies that
[w(X), w(Y)] = w([X,Y]). (2.65)
Therefore
dpw(X,Y) + [w(X),w(Y)] = 0. (2.66)

Which is in accordance with what was expected. These three cases prove that, indeed, €2

can be written as in Eq.(2.54).

Proposition 2.3 The curvature 2-form € is locally the Yang-Mills field strength, given by
F=0"QcAN(P)®g, (2.67)

where o™ is the pull-back induced by the section, just as for the gauge potential.

Note that, using Eq.(2.55)

F =0"Q = o"(dyw) + 0" (ww)

(2.68)
=do*w + c*wotw = dA + A°.
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In components, F' = %Fw,dx“ Adx” and A = A,dx*. Then

1 1
EFw,d:c“ Ndz” = 0,A,dx" N dx” + i[A’“ Ayldxt A dx”
2 X . (2.69)
§Fm,dx“ Adx” = 5((%/1,, — 0,A,)dz" A dz” + 5[14“, A,ldzt A dx”,
which leads to
F.=0,A —0,A,+[A,A). (2.70)

This is the Yang-Mills field strength as we have seen before.
Last, we show its transformation. Consider the overlap U, N Uz # 0. We
note that
Fs = dAg + A3, (2.71)

Using the transformation

Ag = h3Achag, (2.72)
we obtain

Fg = dAg + A% = d(h;éAahag) + (h;éAahag)Q
= B} Aahap + hihdAahag + dhzbdhes + hit A2hs + hotdhashsbdhes  (2.73)
+ hosdhaghy s Achags.

Since haghyy =1 = dh_jhas + hojdhas = 0 = dh_jhas = —h_3dhas. Then
Fp = hypdAghag + hosAZhas = hoj(dAa + AL)has = hojFohag. (2.74)

This is the gauge transformation for the Yang-Mills field strength.

2.2.4 Bridging Yang-Mills Theory and Fiber Bundles

Now that we understand Yang-Mills theory and the formalism of fiber
bundles, we can describe the bridge between these two subjects.

We have already seen that the Yang-Mills potential is locally the pull-back
of the connection 1-form defined globally over the principal bundle, and that the Yang-Mills
field strength is locally the pull-back of the curvature 2-form, also defined globally over
the principal bundle.

The map used to perform the pull-back is the section ¢. This is what
we previously understood as the field in Yang-Mills theory. Therefore, the internal space
of the field is the principal bundle. When we were performing the parallel transport of
vectors in the field’s internal space, we were in fact parallel transporting vectors on the
principal bundle.

The definition of the exterior covariant derivative is consistent with our

previous notion of the covariant derivative because, at that stage, it was a derivative
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acting on objects defined in the internal space of the field. Now we know that the internal
space of the field is the principal bundle. Thus, it makes sense to define it as above. It is a
derivative that acts on the principal bundle over horizontal vectors, which are precisely
the ones being parallel transported.

Also, we now see from a different perspective why we call the gauge
potential Lie-algebra valued. We have seen before that it is an object that can be written
as a linear combination of the Lie group generators. Now we see that it is a direct product

of the space of p-forms with the set of left-invariant vector fields.

2.3 Physics in terms of fiber bundles

To make things clearer and to understand where the physics we are used
to appears in this formalism, we will discuss two examples: Maxwell theory and the

magnetic monopole.

2.3.1 Maxwell Theory

The fiber bundle structure of Maxwell theory is quite simple and does
not have many interesting aspects, but it provides valuable insight.
We start by writing the Maxwell equations in terms of differential forms.

We know that in covariant form they are given by

d,* F*" =0 (homogeneous), (2.75)
0, F" = 3V (inhomogeneous), (2.76)

where x denotes the Hodge star operator. We can relate these components to a 2-form by
1

F= iFWda:“ A dx”, (2.77)
1

*F = 3 Fda" A dx”. (2.78)

In matrix form,

P = , (2.79)
~Ey, By 0 -B
~Ey —By, By 0
and
0 —B, —B, —Bs
B, 0 -E; E
*FH = ! A (2.80)
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Hence we can write the 2-form F as
F = E;dx® A dx' — ;Bieijkdxj A dzt. (2.81)
Acting with the exterior derivative, we obtain
dF = ;(éﬁEZ — O;E), — 8tBjej,~k)dx0 Adxt A dx® — 0, Bdxt A da® A da®, (2.82)

where we have used da? Ada? Ada® = €9%dxt Adx? Adx® and €,¢7% = 26!. The homogeneous

Maxwell equations are given by

eﬂmalEm —+ 8tBj =0 (283)
9;B; = 0. (2.84)

Multiplying by €;;; and using again the contraction of the Levi-Civita symbol, we obtain
Op )i — O0; By, — O, Bjejir, = 0. (2.85)
Thus the homogeneous Maxwell equations in terms of differential forms are precisely
dF = 0. (2.86)
For the inhomogeneous equations, we start by writing
*F = —B;dz® A dz® — ;Eieijkdmj A dx®. (2.87)
Taking the exterior derivative,
d*F = ;(@Bk — OpB; — atEjEijk)dl'O Adzt A da® — 0,E;dxt A dx® A dad. (2.88)

The inhomogeneous equations can be written as

0; By, — Ok B; — Oy Ej€i1 = Jj€jik (2.89)
O E; = p. (2.90)
Defining the current 1-form,
j = judat = joda°® — jida', (2.91)
and taking its dual,
xj = jo * dz® — j; x da’ = pdx* A da® A da® — ;jjejikdxo Adz’ A da®, (2.92)

where jy = p, we find
dxF =—x%j. (2.93)
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Thus the four Maxwell equations in terms of differential forms become

dFF =0 (homogeneous), (2.94)
d* F = —%j (inhomogeneous). (2.95)

Note that since F' is closed, we have
F =dA, (2.96)
because d? = 0. For the same reason, A is defined up to the derivative of a O-form,
A=A+ dA, (2.97)

which is the gauge transformation. From this we can write down the action for Maxwell
theory in terms of differential forms. Since we are integrating over spacetime, the action
must be given in terms of 4-forms. There are two 4-forms compatible with the symmetries

of the theory that reproduce the action with which we are already familiar, namely
ANxj = A, jrda® Ada' A da® A da?, (2.98)
and )
FAXF = §FWF“”de Adzt A dx? A da®. (2.99)

The oriented volume element is dz° A dz' A dz? A do® = d*z, then

S[A] = /d4x (—iFWF’“’ — A,J“) = / (—;F AN*F — AN *j) ) (2.100)
Note that under a gauge transformation the action becomes
S[A+dA]—S[A]:—/dA/\*j:/A/\d*jzo, (2.101)

where we have used Stokes’ theorem and discarded the boundary term. This corresponds

to current conservation,
d*j=0. (2.102)

Therefore, to construct the fiber bundle, we take the structure group to be the U(1) gauge
group, the base space to be the 4-dimensional Minkowski spacetime, and the fiber to be
the set of all possible U(1) group elements. The principal bundle is a trivial bundle given
by P =R* x U(1) because the base space is contractible. The connection is the gauge field
A, the curvature is the field strength F' with the factor i from the Lie algebra multiplying

it, and the transition functions are given by

hag :Ua N Uz — U(1)

A (2.103)
hos(z) = @ 2 € U, NUs.
The compatibility condition (2.48) gives the gauge transformation
Al(x) = A(z) + idA(x), (2.104)

which is Eq.(2.97) but with the factor of ¢ from the Lie algebra.
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2.3.2 The Dirac Monopole

The Dirac monopole is far more interesting than usual Maxwell theory
because it has a non-trivial fiber bundle structure. This was proposed by Paul Dirac in
1931 [14].

We start with a magnetic monopole with magnetic charge g localized at
the origin, given by

pm(x) = 4790° (), (2.105)

with the corresponding magnetic field

r r

Bx)=g9g—, 7r=—. 2.106
@ =95 F=p (2.106)
Note that a possible potential that reproduces this field is
1 —cosf
A+:g<fm3)¢. (2.107)
rsin 6

However, Eq.(2.107) is not defined for §# = w. We can circumvent this problem by using

1 cosh
A_—g((m;)Q. (2.108)

rsind

the potential

But now this potential has a singularity at # = 0.

In general, it is not possible to write a potential B = V X A without
singularities in A; let us check this. Suppose that we can write B = V X A without
singularities. Then, using Stokes’ theorem and considering that S? is the boundary of

some manifold 3,

/ da-B = / d*r VB = / d*r p(x) = 47g. (2.109)
52 b b
However, using Stokes’ theorem in the “opposite” way,
/da-B: da- (VxA)=[ dx-A=o0. (2.110)
52 52 852

The integral vanishes because S? has no boundary. This gives a contradiction. Therefore,
we could not have used Stokes’ theorem in the first place, which means that our potential
must indeed have a singularity. Then which potential should we use? The answer is: both.
Because of the two singularities, we need one potential that avoids # = 0 and another that

avoids 6 = w. These two regions can be seen in Fig.(2.8). Therefore, we define

1 —
A+:g(_cose> @, for<m—e:U,, (2.111)
rsin 6
—1 —cosf\ .
A_ =g () p, forf>e:U_. (2.112)
rsin 6

In the intersection region, it is reasonable to expect that these potentials are related by a

gauge transformation,

A_=A,+ VA (2.113)
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U_

Figura 2.8 — Region for the definition of the potentials. Adapted from [12]

Recalling the expression for VA in polar coordinates, for  # 0, 7w, we have

1 0A

A _
rsinf Op

o = Ay, (2.114)

It is easy to solve this equation, and we find that this gauge transformation exists and is
given by
A = —2g¢p. (2.115)

We now move on to a quantum mechanical approach to this problem, which leads to a
very interesting result.
Start with the Schrodinger equation for a particle with charge e in the

presence of a magnetic field B,

Lot ] o

where we have inserted the appropriate units again. This equation is invariant under the

following transformations,

A=A+ VA, (2.117)
10A
'=¢p— —— 2.118
§=p- 0, (2.118)
/ . €
= exp |iA| v 2.119
W = exp [i-A| (2.119)
Just as the potentials are connected by a gauge transformation, the wavefunctions are as
well,
2
b = exp [—z;g@} by (2.120)
c

The wavefunctions must be single-valued in order for the probability not to be ambiguous.

This means
p=0=19 =1, (2.121)

26927?] vy =Yg, (2.122)

=21 =1Y_ =exp {—i
he
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which implies

B
?Cn, n=0,1,.. (2.123)

Thus the product of the electric charge and the magnetic charge must be quantized. We are

eg ==+

now able to understand what is happening mathematically in the structure of spacetime.

First, recall the expression for the gradient in polar coordinates,

0 1 0 ~1 0

V=Ffr—+¢ —+0——. 2.124
T8r+¢rsin98¢+ r 00 ( )

We want to write it in the cotangent basis, that is,

0 0 0
d=dr— +dp— + df—. 2.125
Tor T %o, T 50 (2.125)
If we compare the basis terms, we obtain

7 & dr, (2.126)
@ < rsinfdyp, (2.127)
6 < rdo. (2.128)

Note that this is not an equality since it compares a one-form with a vector. There are

some subtleties involved, but we will not delve into them here. With this, we can write

(2.111) as
+1 — cos@

: > rsinfde = g(+1 — cos0)dp. (2.129)
rsin

A =g <
Again, the 1-forms A, and A_ are linked by a gauge transformation (in natural units),

Ay =A_+dAN=A_+2gdp = A_ + ndep. (2.130)

Taking the exterior derivative,

OA, < 0 ) ) ) oA,
dA, = dat T = (ar L v dp S 1 doL ) Ay = d9CEE = gsingdo A d
O e T\ Ty T W, T Wag) T Wrgg T 7 s
- g sin 0d6 A d.
The same holds for A_,
dA_ = gsin 0do A dyp. (2.132)

Despite the two potentials giving the same field strength, it is important to note that

F =dA, in the region U,
F =dA_ in the region U_.

(2.133)

Thus, in the case of the Dirac monopole, it is impossible to define an exact 2-form globally,

since we need at least two potentials to avoid the singularity.
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Figura 2.9 — Bundle structure for the Dirac monopole. Adapted from [12]

We now proceed to the fiber bundle structure of the Dirac monopole.
The base space we are working on is R*\{0}. This space is homotopic to the sphere,
i.e., R®\{0} ~ S2 We use the U(1) group as the structure group and the fiber as all
possible elements of U(1), so it is a principal bundle P(S? U(1)). Since the fibers are
rather abstract, we use the wavefunction v (z) as a representation of the associated vector
bundle, which is a line bundle. Our bundle will be covered by the sets H, and H_, defined

as

(1,0,0)] 0 <r < +400,0 < p <27m,0<6 <7}, (2.134)
(r,0,0)| 0 <r < —00,0<p<2m0<6l<—7}, (2.135)

Hy={
H_={
these sets are represented in Fig.(2.9). Locally, the bundle has the coordinates (6, ¢, '+) €
H, xU(1) and (0, ,e"*~) € H. x U(1), with 0 <0 < 7,0 < ¢ < 27.

The transition functions are defined in the overlap H; N H_ and link

both the charts and the wavefunctions,

€'t = hpe'®, (2.136)
Vi (@) = heto(x). (2.137)

They are constructed in such a way that they glue all the fibers together when completing

a full turn around the equator. Hence, one choice that satisfies this condition is
he = e™?. (2.138)

In natural units, this corresponds again to the Dirac quantization condition. The connection

is constructed using the gauge potentials,
Ay =iAy, (2.139)
which include the correct factor of ¢ from the Lie algebra. From (2.48),

A = hi' A_hg + hildhe = A_ + indp, (2.140)
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which corresponds to (2.130). The curvature tensor is
F =iF, (2.141)

or

F=dA,. (2.142)

From this construction, we note again that each A is defined only in a given region (the
northern hemisphere of S? and the southern hemisphere). We therefore conclude from the

bundle structure that this curvature 2-form is not globally exact, but only locally exact.
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3 SPONTANEOUS SYMMETRY BREAKING, GOLDSTONE
THEOREM AND THE HIGGS MECHANISM

3.1 Spontaneous Symmetry Breaking

From Noether’s theorem, we conclude that symmetries play an extremely
important role in physical theories. But one question that may arise is: what if there are
some circumstances in which some symmetries of our theory no longer prevail? This is
when the phenomenon of spontaneous symmetry breaking (SSB) arises. It consists of some
symmetries of the theory not being realized in a different state. It might seem at first
glance a very simple feature, but as we will see, it has enormous consequences. Here we
follow the discussion of [8-10].

3.1.1 Spontaneous breaking of a global U(1) symmetry

We start with the simplest Lagrangian where this phenomenon manifests,

the interacting ¢* theory,

L = (0.9)(0"¢)" —m?[d* — Alg|*. (3.1)
The potential is
V(¢) = m?|o* + Alg|*. (3.2)
Its minima occur at
ov

— = 2m? A\o]® =0,
219 m”| [ + 4A|9) (3:3)

2|¢| (m® + 2X|¢|*) = 0.

With solutions

6| =0, (3.4)
2

2 m
=——. 3.5
o = -2 (35)
For m? > 0, |¢| = 0 is a minimum point. Since we are solving for the modulus of the field,
the complex solutions are not physical. For m? < 0 we must analyze further. Taking the

second derivative

eV _ 2m?* + 12)\|¢|? (3.6)

907 : )
Substituting the solution for |¢|? into (3.6) leads to —4m?, which is positive. This shows
that both are minimum points. For a constant field ¢ = v that satisfies the equations of

motion, the classical expectation value of this field must be equal to v everywhere in space.
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The quantum expectation value is connected to the classical one by taking the limit 7 — 0
in the path integral®,

. : is

lim (0]¢|0) = flgé/w N — (3.7)

h—0
In terms of the vacuum expectation value (VEV), it is easy to understand why we say that

some symmetry is broken. This Lagrangian has a discrete Zs symmetry ¢ — —¢. Since we

=+ .
v < o , (3.8)

there must exist two different states that lead to these solutions. Let us call them |[0%)

and |0~) with

have

(*0l¢|0") = (_2”;2)1/2, (3.9)
(T0lgl07) = — <_2T2)1/2 (3.10)

Therefore, the symmetry must take one vacuum into the other. But first, one of them must
be chosen. Once we choose a vacuum, we may expand the field around it, for instance,
choosing (3.9),

_m2\ V2
¢ = ( N ) + o. (3.11)
If we substitute this field into the Lagrangian, we get
L mA —m?2 /2 —m2\ - ~
L =0,00"p" + o m? ( ) ) ¢ —m? < ) > ¢* —m?|¢|> + quartic terms. (3.12)

This Lagrangian is no longer invariant under ¢ — —¢. Thus we note that the symmetry
has been broken. In other words, when we have a non-trivial VEV for the field, we say that
the field condenses and the vacuum does not share the same symmetries as the Lagrangian.
Therefore the symmetry is said to be spontaneously broken.

There is a very interesting aspect involving the presence of spontaneous
symmetry breaking. Another internal symmetry that this Lagrangian has is a continuous
global U(1) symmetry ¢ — e**¢. Note that this symmetry is also spontaneously broken
because the Lagrangian (3.12) is not invariant under it.

It is convenient to reparametrize the complex field ¢(z) in terms of two
real fields p(z) and 0(x)

o(x) = (p(x) + v)e™, (3.13)
where we choose the vacuum?
() =0, (6)=0. (3.14)

There are higher order corrections, but for our analysis this is sufficient.
In this chapter, every expectation value will be assumed to be calculated in the vacuum unless stated
otherwise.

1
2
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We now substitute this field into the Lagrangian,

L= 0,p(x)0"p(x) + (p + v)*(9,0)(9"0) — m*(p(z) 4+ v)(p(x) + v)
— M(p(x) + v)(p(z) +v)]?

3.15
= 0,p0"p + (p +v)*(9,0)(0"0) — m*p* — 2m*vp — m*v° (3.15)
— Mp* 4 4vp® + 607 p* + 4P p + 0.
Using (3.8) we obtain
L = 0,p(x)0"p(z) + (p + v)*(0,0)(0"0) + A\p* + 4vAp® + 4 v?p* — Mo, (3.16)
n n

Thus we see that the mass term for the 6(z) field has vanished from the Lagrangian and

only the field p(z) is left with a mass
mi = 407 (3.17)

The massless field 6(z) is called a Goldstone boson and it is the result of the spontaneous
breaking of the continuous U(1) symmetry.

To visualize this, we recall that the field can be written as ¢ = ¢1 + i¢s.
We can see from Fig.(3.1) that the minimum of the potential lies along |¢| = v and the

other possible vacua are connected by a rotation.

Figura 3.1 — Mexican hat potential. The minima are at |¢| = v. The other minima are
connected by a rotation. Adapted from [8].

This is precisely the rotation in the internal space that we have seen in
Chapter 1. This is further evidence of why the massless particle results from the breaking

of the U(1) symmetry. With this we can enunciate the Goldstone theorem.

Theorem 3.1 (Goldstone Theorem) To each broken continuous global symmetry, there

exists a massless field associated with it.
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The Goldstone theorem will be proved in the next section for the general case, but before
we do that, it is interesting to analyze the case of a higher symmetry group such as SO(3),
where we can understand how many Goldstone bosons will appear in our theory.
Consider the SO(3) group. As we have seen before, the field has an
internal structure so we can interpret ¢; as a vector in the internal space. The Lagrangian

is given by )
L = 0,006 — “o-(6:65) = N&nd)?, i = 1,2,3, (3.18)

This has a similar structure to the Lagrangian for the complex scalar field; thus the minima

are situated at (¢) = v for m? < 0, where

2\ /2
@ =G+ G+ = (1) =u (3.19)

We again have a degeneracy and must choose one vacuum. The one that we choose is

(@) = vés. (3.20)

Note that this choice is not invariant under the whole group SO(3) but is invariant under
a subgroup of SO(3) given by the rotations around the €3 direction only. Nevertheless,
V(¢) remains invariant under SO(3).

Just as before, we may expand the field around the VEV. In this case,

we will expand around ¢3, since this is the vacuum that we have chosen. Hence
P3 = x+v. (321)

We now plug this into the Lagrangian. For simplicity we can just evaluate the potential
terms, since the kinetic term does not give any mass terms, and we can neglect the other

terms that are not quadratic in the fields since those also do not give mass terms. Then

2
V= T+ G (o)) MG+ 6+ (o))’

3.22)
2 (
= %(ﬁ + ¢35 + x?) + M6v7x* + 207 + 2¢3) + linear + cubic + quartic terms.
Then, using (3.19) we find
V = 8v?\x? + linear + cubic + quartic terms. (3.23)

The field x has a mass mi = 8v2\ and the mass terms for the two fields ¢; and ¢,
have disappeared. Thus there are 2 Goldstone bosons associated with the O(3) broken
symmetry.

This simple example lets us build the insight that the number of Goldstone
bosons is related to the dimension of the symmetry group. Note that in this case, there is

a subgroup of O(3) that leaves our vacuum choice invariant. It is the group of rotations
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around the 3-direction. This is the SO(2) group, which has one generator. Thus, the
number of Goldstone bosons is given by the dimension of the group SO(3)/SO(2). This
can be seen in a more general way by considering the potential and expanding it about its

minimum

Vo) =V + 5 (5095 ) ' X+ O0¢), 3:24)
U@ "

with x(z) = ¢(x) — (¢(x)) and ¢y being the point where V has a minimum. Then we know
that

o= ()| _ =

since M;; is a mass matrix. Since V' (¢) is invariant under transformations of the group G,

this induces the expansion of the potential,

Vo) =VW@n) + 5 (5055 ) ‘ 50160; + O(06), (3.26)
1 UQPj "

where ¢ is the transformation of the field under the symmetry. Then, for the invariance

of the potential under GG to hold, we must have

We have two possible cases.

If U(g) is a symmetry of the vacuum, then
U(g)(¢) = (¢) = ¢ = 0, (3.28)
and g € H. If U(g) is not a symmetry of the vacuum, then

U(g)(¢) # (¢) = ¢ # 0, (3.29)

and g € G. Therefore, in this latter case, for (3.27) to hold we must have

( az(;/qu) L 0. (3.30)

This shows that indeed there are massless particles arising from the fact that there is
some symmetry group that maintains the vacuum invariant, and the number of massive
particles is the dimension of the group H. The number of massless particles will then be
given by the total number of particles minus those that do have mass. This is precisely
the dimension of the coset G/H. Note that we must write it in terms of a coset since the

elements of GG that are not elements of H do not form a group, as the identity is in H.
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3.2 Goldstone Theorem

To prove the Goldstone theorem in a more general way, we must unders-
tand how SSB works in terms of the states.

Recall that the symmetry operator is defined as
U= e, (3.31)
If the vacuum is invariant under the symmetry,
Ul0) = |0) = Q|0) = 0. (3.32)
But if the symmetry is spontaneously broken,
U|0) =10)" = Q|0) # 0. (3.33)

Note that since U is a symmetry of the Hamiltonian, [U, H] = 0. This shows that there
exist different states with the same energy. This is just what we have seen before, where
the different degenerate states are linked by the symmetry transformation.

It is convenient to determine whether a symmetry is broken or not. To do
that, we define a parameter called the order parameter, which computes precisely this. By
construction, the order parameter is an operator that has zero expectation value in the

symmetric state and a non-zero expectation value in the symmetry-broken phase. That is,

=0, symmetric state,
([O(x)[¥) (3.34)

0, symmetry-broken phase.

The operator O(x) is defined as

O(z) = [Q, ¢ ()], (3.35)

with ¢/(x) an arbitrary field called the interpolating field. It is possible to find ¢'(z) such
that

@, ¢ ()] = (). (3.36)

There is also a definition equivalent to Eq.(3.34) that states that if the symmetry is broken,
then

lim (O(x)O(y)) = (O(x))(O(y)) # 0. (3.37)

Then, by our definition, SSB happens when the field ¢(z) has a non-vanishing VEV. Using
(3.36) we have

(0][Q, ¢'(x)]|0) # 0,

3.38
01Q¢' () — ¢/ (2)Q|0) 0. (3.38)



99

This shows that, indeed, Q|0) = 0 cannot hold in the case of SSB. Introducing a complete
set of eigenstates of the Hamiltonian |n, k) labeled by their energy E,, and momentum k,

respectively,
A’k

olQ.¢0 =¥ [ G

where c.c. stands for the complex conjugate. Using

— /Q &z 1°(x, 1) (3.40)

[{0|Q]n, k) (n, k|¢'|0) — c.c.], (3.39)

with € a finite volume, we have

>k ‘ .
<0|[Q7¢/H0> _ Z/ngm/ (27T)3[<0’6—2(Ht—p-m)j0<07O)Gz(Ht—p.m)|n7 k>

X <n7 k‘¢1’0> - C'C']7

where we have used

(3.41)

3%z, t) = U(x,1)5°(0,0)UT (z, ). (3.42)
Assuming that the vacuum is translationally invariant and applying the exponential

operators to its eigenstates,

0@ ¢110) =3 | &'z ,0)|n, k) (n, k| ¢/|0)e! P TR®) —ce]. (3.43)
Using
/ Bz e = (2735% (k), (3.44)
we obtain

(0Q. ¢110) = X [ d*k o (k) (011°(0, 0) . ) (. ko' |0) — el (3.45)

Therefore, these matrix elements must be non-zero. Both contain information about the
Goldstone boson, but since j¥ is related to the symmetry that was spontaneously broken,
it is reasonable to associate this with the Goldstone boson. Thus we understand that the
conserved current creates a particle with momentum k from the vacuum. This result was

obtained using specifically j°, but in general we have
Goldstone boson ~ (0[j,|n, k). (3.46)

To see that these excitations are massless, we recall that () is time independent. If ¢ is

also time independent, taking the time derivative of (3.45) leads to
A ((0][Q, ¢’ Z/d?’k i6° (k) E, (e (0]5°(0,0)|n, k) (n, k|¢'|0) — c.c.) = 0. (3.47)

This shows that as £ — 0 we must have F,, — 0, which implies that these excitations are
massless.

As a final comment, note that we have called these excitations Goldstone
bosons, but how do we know that they are indeed bosons? The answer is that they arise
from the SSB of a bosonic symmetry. There exists the possibility of having Goldstone
fermions as well. This is related to the SSB of fermionic symmetries, which are generated

by Grassmann variables, but we will not discuss this here.



60

3.3 The Higgs Mechanism

We can now turn to the SSB of gauge symmetries. As we have said before,
this terminology is not completely well defined since gauge transformations are not physical
symmetries. Nonetheless, we will see that the result of this SSB gives a very interesting
outcome. We will start with the U(1) symmetry group to gain insight into how things are
done, and then we will move to the SO(3) symmetry group, which will help us generalize
the idea.

3.3.1 Symmetry breaking of U(1) gauge symmetry

Consider the U(1) gauge transformation
d(x) — DD, (3.48)
For the Lagrangian to remain invariant we must introduce the covariant derivative,
L= (0, +ieA,)p(" —ieA")p* — m*po* — \(¢pg™)* — 1FWF”” (3.49)
For m? < 0 the VEV is a2
6] = ( 2A> = . (3.50)

Thus, we can again expand the field and reparametrize it around its vacuum,

o(z) =v+ (@) \%gbz( %)yt 31_ +i jj? (3.51)

and substitute back into £. Again, we only want to evaluate the mass terms, that is, the

terms quadratic in the fields. We need the terms

1
¢¢*:( +\%> +@—7¢2+ ¢2+\/_v¢1+v (3.52)
(¢0")* = (v* + \/qusl) + (V¥ + V20, (02 + ¢2) (3.53)
= 30797 + v ¢5. (3.54)

We may now substitute these terms into the Lagrangian. As we did before, we will evaluate

only the terms that are at most quadratic in the fields, since we are interested in the

masses,
000 + 020" (6n — i6) = 2= (Ouon -+ i0,00) 4 (0 (v+? ;g@)
ie ¢1 + igo - 2 2 20 112 4
+ ﬁAM (U + \/§> (Our — 10, 2) + " AL A |7 — m*|B]" — A9 (3.55)
_ EFWFW
4
— i(aml)? + i(au@)? CVBew A9y + PP A AR — 202? — fF N

+ non-quadratic terms.
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We have collected all the quadratic terms, but there is one that is somewhat confusing. It is
the mixing between the gauge field and the ¢ component. To gain a better understanding

of this term, recall that for infinitesimal transformations ¢ — e**®) ¢,

¢'(x) = ¢(x) + ilg(z).

In terms of the components,
U (6 4 i6h) = v+ = (gn + i) + AV + (1 + i)
V2 V2 V2
Note that the expectation value of the field does not change. Thus, the components

transform as

¢ = ¢1 — Ao, (3.56)
¢y = o + Ay + V2Av. (3.57)

The components transform inhomogeneously. This shows that we can choose a gauge such
that ¢ = 0. Doing that we obtain

1 1
L= Z(ﬁuqﬁl)Q + VA AP — 20T — Z(FW)Q + non-quadratic terms. (3.58)

We now observe two interesting things. The first is that the scalar field ¢o has completely
vanished. This is different from the previous case, in which only the mass term for ¢,
vanished; here the field itself disappears. The second is that the gauge field has now
acquired a mass; it is as if the photon has become massive.

The interpretation is that one component of the scalar field combines
with the longitudinal part of the gauge field to produce a new massive degree of freedom.
This is known as the Higgs mechanism. The counting of the degrees of freedom proceeds

as follows

« Symmetry breaking of global U(1) symmetry

2 massive scalar fields — 1 massive scalar field + 1 massless scalar field.

o Symmetry breaking of U(1) gauge symmetry
2 massive scalar fields 4+ 1 massless gauge field — 1 massive scalar field + 1 massive

gauge field.

Note that the number of degrees of freedom before and after the symmetry breaking
matches. In the case of the global symmetry we have already checked this. In the case of
the gauge symmetry, before the symmetry breaking we had 2 degrees of freedom from the
scalar field and 2 degrees of freedom from the massless gauge field. After the symmetry
breaking we obtain 1 degree of freedom from the scalar field and 3 degrees of freedom
from the massive gauge field.

Let us now study this within another symmetry group that will help us

generalize the idea.
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3.3.2 Symmetry breaking of SO(3) gauge symmetry

Consider the Lagrangian (3.18) but in the presence of a gauge field,

L= ;wmi)(m@) — ":mi — Mips)? — i(F;;,,)?, (3.59)

with
Dy¢i = 0udi + geijnAl o, (3.60)
F, = 0,A} — 0,A] + ge"" AL AL, (3.61)

The minimum of the potential is at

and we choose
(p) = vés. (3.62)
The physical fields are then ¢, ¢ and x = ¢3 — v. In terms of these fields, the Lagrangian
becomes
£ = 20,000 + (0,0 + (O0)7] + qoA30,01 — gD, 00+ L (A2 + (48]

1 )
—4*Ay? — f(Ffw)Q + non-quadratic terms.

4
(3.63)

We encounter the same problem here as before. We can perform a gauge transformation to

set ¢1 = ¢ = 0. We will then see that the remaining terms correspond to the mass terms

that can already be identified in this Lagrangian. Therefore, we again obtain the Higgs

2:
X

1 and 2 of the gauge field have acquired masses m?%, = m?, = %. Summarizing

mechanism, but in this case the field x has acquired a mass m 402\ and the components

« Symmetry breaking of global SO(3) symmetry

3 massive scalar fields — 1 massive scalar field + 2 massless scalar fields.

« Symmetry breaking of SO(3) gauge symmetry
3 massive scalar fields + 3 massless gauge fields — 1 massive scalar field 4+ 2 massive

gauge fields + 1 massless gauge field.

The degrees of freedom are preserved as well. Before the symmetry breaking of the SO(3)
gauge symmetry we had 3 degrees of freedom from the scalar field and 6 degrees of freedom
from the gauge fields (2 for each component). After the symmetry breaking, we have 1
degree of freedom from the scalar, 6 degrees of freedom from the massive gauge fields (3
for each component), and 2 degrees of freedom from the massless component of the gauge
field.

This allows us to conclude, based on our previous discussion in terms of

groups, that the number of degrees of freedom for an arbitrary group is given by



o Number of massless gauge fields: dim(H),
o Number of massive gauge fields: dim(G/H),

 Total number of gauge fields: dim(G).
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4 TOPOLOGICAL FIELD THEORIES

There is a class of field theories whose degrees of freedom do not depend
on the metric of the spacetime but rather on the topology. These are called topological
field theories (TFT’s). TFT’s are essential to describe topological phase transitions and
are a cutting-edge field of study.

In this chapter, we will start by studying one of the simplest, but richest,
theory with topological degrees of freedom. This is called Chern-Simons theory. Chern
Simons theory is of great importance because it is the Effective Field Theory (EFT) for
the Quantum Hall Effect (QHE). We will then proceed to the BF theory, which similar to

Chern-Simons, but with an increased number of degrees of freedom.

4.1 Quantum Hall Effect

The Quantum Hall Effect (QHE) is a remarkable physical phenomenon
that arises under extreme conditions, namely low temperatures and strong magnetic fields,
where the Hall conductance becomes quantized. The QHE’s deep connection to topology
is revealed through its effective field theory description, which is a gauge theory in (2+1)
dimensions called the Chern-Simons Theory, which, as we will see, depends only on the
underlying topology of the theory. The Chern-Simons theory is the first theory that we will
study that has topological degrees of freedom. In this section, we give a brief overview of the
QHE to motivate some physical arguments that we will use when discussing Chern-Simons

theory. For a more detailed description, see [15].

4.1.1 Classical Hall Effect

The Hall Effect consists of a plane with a current I (let us suppose that
it lies in the z-direction), and a magnetic field B applied in the z-direction. The magnetic
field bends the current towards the y-direction, which produces a potential difference V,

where H stands for Hall. The scheme can be seen in the figure below

w/ |
Ix

Figura 4.1 — Scheme for the Quantum Hall Effect. Taken from [15].
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The electrons move in this plane in circular motion due to the magnetic

field B with a frequency,

eB
= —. 4.1
we=2 (1)

This is called the cyclotron frequency.

4.1.1.1 Drude Model

We can describe this effect classically using what we call the Drude Model.
Suppose we add an electric field E which will be responsible for accelerating the electrons
in the absence of the magnetic field. We may consider the collisions that the electrons have
within the material with whatever may impede their motion. This was a first attempt to
describe a conductor as if it were composed of billiard balls. The equation of motion of

this system is given by Newton’s second law
m— =—eE —evx B— —, (4.2)

where 7 is the average time between collisions of the particles. We want the stationary

solutions, that is,
dv 0

i
So we must solve the equation

¢E +evx B+ 2 =, (4.3)
T

Recalling that the current density is related to the velocity through the equation,

J = —nev. (4.4)
In matrix notation ,
<—i,:¢ “’;T) -—F. (4.5)
If we invert this relation,
J=0F. (4.6)

This is Ohm’s Law, which states how the current behaves in the presence of an electric

field. We define
o — <O’zx O'zy) : <47)
Oyz  Oyy

as the conductivity tensor. This is something new that appears only in the presence of a
magnetic field. Just as in the scalar case, the resistivity is the inverse of the conductivity;
therefore

p=o'. (4.8)
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1 1 WeT
p=—" . (4.9)
opc \ —w,T 1

The off-diagonal terms are responsible for the Hall effect. It can be shown that

More explicitly,

m B
rr — 5 ry — T 4.10
p nezr’ P T e (4.10)
which, graphically, is represented as
Pyy
pXX
B

Figura 4.2 — Expected resistivities for the classical Hall effect. Taken from [15].

4.1.2 Integer Quantum Hall Effect

The Quantum Hall Effect (QHE) was first discovered experimentally in
1980 [1]. It consists of the same setup, but now in a regime where the magnetic field B
is strong and the temperature is low. The graph found for the resistivities was the one

shown below.

kQ i=2

Figura 4.3 — Resistivities for the integer quantum Hall effect. Taken from [15].

This is completely different from what we expected classically. The plate-
aus (that is, the regions in which the graph is flat) represent the transverse resistivity p,,
and the spikes correspond to the longitudinal resistivity p,.. This is interesting because
the resistivity over the plateaus has the values

2w 1
pxy:?;’ VGZ, (411)
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where the integer v is called the filling fraction. The center of these plateaus occurs when

the magnetic field assumes the values
2mn

p=""""g, (4.12)
ve 14

In contrast, the values of p,, are zero most of the time, except when p,, changes its value.
Then it exhibits spikes.

What is fascinating about this effect is that a macroscopic quantity is
quantized, rather than a microscopic one. Another interesting aspect is that, in components,

the conductivity is

Pzx ~ Py
O . R — -~ (4.13)
Protrny PRt
If pyy = 0 we have '
Cpy = ——. (4.14)
pICL’

This is a result that we are already familiar with, but in the case p,, = 0 with p,, # 0 we
have
Ope = 0. (4.15)

At first sight, this case suggests that our system is simultaneously a perfect conductor and
a perfect insulator. But these are just names. What these expressions are really telling us
is that, for 0,, = 0, no current is flowing in the longitudinal direction (as in an insulator),
and p,, = 0 tells us that no energy is being dissipated (as in a conductor).

It is common to work with the QHE in terms of the conductivity,

62

O-Ccy = gl/.

(4.16)

4.1.3 Fractional Quantum Hall Effect

The fractional QHE is even more exciting. The setup is the same as in
the integer QHE, but we now consider interactions between the electrons in the plane.

What was found experimentally for the resistivities was

R, (hle?)

-—38
5
S—

Magnetic field (T)

Figura 4.4 — Resistivities for the fractional quantum Hall effect. Taken from [15].
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This shows that, in this case, the filling fractions may also assume fracti-
onal values. This is the reason for the name. We will dive deeper into the fractional QHE

later when discussing its effective field theory.

4.2 Chern-Simons Theory

One way we can describe the Quantum Hall Effect and obtain the results
we have discussed is by relying on Chern-Simons Theory. Chern-Simons theory is a gauge
theory that is only well defined in odd dimensions. In our case, we will study it in D = 3.

It works this way because the new term that we add to the action, the
Chern-Simons term, is

k
Sos = 1= / Pr 4,9, A, (4.17)

Note that indeed this theory does not work in 3+1 dimensions because of the Levi-Civita
symbol: the indices do not match. The constant k is called the level of the Chern-Simons
term.

At first glance, the Chern-Simons action does not seem gauge invariant

because it depends explicitly on the field A,. But under a gauge transformation,

k 3 nrp
Sos = Sos+ 1 [ ' 9, (we 79, 4,).

Thus, it changes by a total derivative. For some topologies, we can simply discard this
term. But in general, the boundary will have physical contributions. The Chern-Simons
equations of motion are given by

F,, =0. (4.18)

This shows that this theory has trivial dynamics. This happens because the Chern-Simons
term is a purely topological term, in the sense that it does not depend on the spacetime

metric. This can be seen explicitly if we write the action in terms of differential forms,

Ses = /A A dA. (4.19)
and compare it with the Maxwell action,
1
Sar = —4—62/F A %F. (4.20)

To take the Hodge dual xF' we need to use a metric, which contains information about
the geometry of the space. But the Chern-Simons term, in contrast, does not involve any
dual. Therefore, it depends only on the topology of the manifold.

In (2+1) dimensions, parity is defined as

2 — 20 ot — =2t 2? = 22,

1 From now on, our convention is that D denotes the spacetime dimension and d denotes only the spatial

dimension.
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because if we were to define it just as in 4 dimensions, that is, * — —x, since the matrix
is 3-dimensional, it would have unit determinant and therefore correspond to a rotation.
Therefore, we need to define it this way. Note that the axis chosen to be reflected is
completely arbitrary, and it would work equally well if we chose 22 to be reflected. Under

these transformations, the gauge field transforms as
AO — Ao, Al — _Ah AQ — AQ.

The integration measure [ d3x is invariant under parity because even if z; — —z;, the

integration limits also change. But the integrand is not invariant, that is,
P A0,A, = —e"P A0, A,

Thus, the Chern-Simons term can only arise in theories that break parity.

We know that the conserved current couples to the gauge field as

S = / & JHA,
This shows that
35 _
0A,
This implies
k
From (4.6),
J=0F.
Hence,
k
Opy = —.
Yooor

This coincides with the Hall conductivity if we identify
k=e’v. (4.22)

But there is nothing that tells us that v should be quantized. We will see how this works
shortly.

4.2.1 Topological mass generation

Before we talk about the quantization of the Chern-Simons level, let us
study the effect of adding a Chern-Simons term to other gauge theories. Consider the

Maxwell-Chern-Simons Lagrangian

1

Lycs = 12

k
FuF™ + "0 4,0,A,. (4.23)
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The equations of motion are

o 4 P e (4.24)
. Ar oaf = '
Introducing the dual field F*,
nit} 1 prp n 1 af
Fr = 3¢ F,=F, = §€“aﬁF , (4.25)

we can invert this relation by multiplying both sides by a Levi-Civita tensor, which gives
FoP = 'PF),. (4.26)

Then we obtain

2
ey, Fy + QLF —0.

<a o + (’;) ) Fo =0, (4.27)

This is the equation of motion for a field with mass m = f—;.

Another way to see this is through the propagator. Recall from the LSZ

This can be re-written as

reduction formula that, in order to compute the S-matrix elements, we need to evaluate

the following expression:

<p1--'pn‘S‘Q1' H hm _m Ji, pr‘ H hm qs _m§>‘]is(p8)
1 PRom 2 s=1P %%m (4.28)
XGi1...jm<p17"'7pn7_Q17"'7_qm>7

where Gl-1 gm (P15 Py @1, - - -, Gm) 1s the propagator. Since propagators are often of the
forrn ———, the poles are interpreted as the masses of the field.

Rewriting the Lagrangian as

R . 1 /1 ,
EMCS = AM 2762'9“ - 47T€Np ap — ﬁ (é_ — 1) oro :| A

with a gauge-fixing term —%%(8“14“)2, we identify the term between brackets as the

inverse of the propagator,

— v 1 v k v 1 1 v
(A 1)“ = 27629'u O — 47T€Mp 8p — ﬁ <€ — 1) 8“8 . (429)

In momentum space this is written as

v Ly ik, 1 N
(AT )" = 59" + Py + 5 (1 - 5) Y. (4.30)

To compute the propagator, we first introduce the following operators:

n
O = p p SMV — G/LV,D o orv — gl“’ — wh. (431)
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These form a closed algebra:
wWw=0, w-0=0,602=0, w-S=0, 5%=—p*-0,0-5=89. (4.32)
The propagator in this basis should have the form
A (p) = Awy + Bl + CS,, (4.33)
with A, B, C' complex numbers. Thus, we need to solve the equation

Ao (AP =46", (4.34)

w
for A, B and C'. The propagator is then given by
2 ike? 0
p gw/ - pupu - Te;u/pp pupu
A, = s +¢£ ) : (4.35)
" < PP — (55)?) P!

Thus, we again obtain that the mass of the gauge field is (%)2 . Note that it seems that we

also have a pole at p? = 0, but that pole is actually “fake”. This can be seen from Eq.(4.28).

The conserved currents can be written in a basis that depends on the momentum p and
the polarization vectors e. Therefore, products of the form JAJ either vanish or cancel
the p? in the denominator. The only case where this does not follow straightforwardly is
the term with the Levi-Civita symbol. In this case, the conservation law p,j* = 0 imposes
a constraint on the components, which cancel each other.

This shows that the coupling with the Chern-Simons term works as a
kind of “Higgs mechanism”, giving a mass to the gauge field. We call this a “topological
mass” due to the nature of the Chern-Simons theory.

We may also include the Higgs mechanism. This is described by the

Maxwell-Chern-Simons-Higgs Lagrangian

1 k
Lucsn =~ Fu P + 10" A0, 4, + (D) Do~ V(o). (4.30)

where V(|¢]) is a symmetry-breaking potential with a non-trivial minimum (¢) = v. As

we did in Chapter 3, we may parametrize the field as ¢ = pe’®, leading to

1 k
Lycsn = _EF“”FW + EEW’)A”&,AP + 0,pd¥p + p*(eA, + 0up)? — V(p).  (4.37)

Expanding the field around the minimum as p = p + v, we obtain

1 k
L=—-F F"+ _——c"PA 0,A +0,00"p+ v2(eA, + 2y
PR 47r6 uOv Ay + 0up0"p+v (e " %0) (|9]) (4.38)

+ cubic terms + quartic terms.

To compute the propagator for A,, we only need the quadratic terms involving A,. We

can choose a gauge-fixing term that eliminates the field ¢,

1
Ay = Ayt 50 (4.39)
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If we use the same algorithm that we used for the Maxwell-Chern-Simons Lagrangian, the

propagator for the gauge field will be

A e —mi) I o
P -md)(? —-m2) U (2 —Emy) 27 (p2 —mY)
62
pupv(P* — (55)* — m¥)

(p* —m%)(p? —m2)(p* — EmEy)’

where m?, = 2e%v? is the Higgs mass, i.e., the mass generated by the Higgs mechanism,

(4.40)

+ 62§

and

ke?)? | ke*  (ke2\?
mi:m%[—i-(g;) ii <2fr) +4m3,, (4.41)

are the topological masses of the gauge field.

Thus, we have the following situation. In the unbroken vacuum, the
complex scalar field has two massive degrees of freedom and the gauge field has one
massive degree of freedom arising from the Chern-Simons term. In the broken vacuum,
one component of the scalar field combines with the longitudinal degree of freedom of the
gauge field, resulting in one massive degree of freedom for the scalar field and two massive
degrees of freedom for the gauge field.

Therefore, the photon acquires a topological mass due to the Chern-
Simons term and a Higgs mass due to the Higgs mechanism. Note that we can also work

with a Chern-Simons-Higgs Lagrangian if we take the limit
e? — 00, k = fixed. (4.42)
In this case, the Lagrangian becomes
Leosn = LEWPA#@UAP + (Do) D ¢ — V(|9]). (4.43)

To compute the degrees of freedom, we can take this limit in the Maxwell-Chern-Simons-

Higgs propagator, leading to

1 Amo? o
v Bubv (2 e ot? |, (4.44)

A“”:p2_<4m2>2[ I T o Tk

k
: : 2 4o 2
where we identify a mass pole at p* = (T) .
Thus, in the unbroken vacuum the gauge field is non-propagating and

the scalar field has two massive degrees of freedom. In the broken vacuum, one of the

components of the scalar field combines with the longitudinal component of the gauge

4mv?
E

Note that we can rewrite m4y as

ke? 327202
= — 1+——=—41]. 4.45
T ( " Thezy? ) (4.45)

field, giving it a mass
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Taking the limit e? — oo,

ke? ( 1672w ) ke? 402 k62
~— 11 :i: 1 _— 4 — :i: —_— 4.46

Y T ey (ke2)? A7 * km (4.46)
Thus, we have m, — oo and m_ — 2v?/2, highlighting that the gauge field indeed has

only one massive degree of freedom.

4.2.2 Quantization of the Chern-Simons Level

We have seen above that the Chern-Simons theory describes the correct
expression for the Hall conductivity, but there was nothing telling us that the filling factor
v should be quantized. We now proceed to show this.

The quantization of the Chern-Simons level is not easy to perform given
the fact that the Chern-Simons theory is a constrained theory and therefore should be
quantized using Dirac brackets [16]. Nonetheless, we can obtain the results for the QHE
without having to enter this heavy mathematical formalism. In order to do this, we must
first perform a very common technique in field theory called a Wick rotation, which enables
us to connect statistical mechanics with the path integral formalism.

For simplicity, we will do this for a system consisting of a single particle

in a potential V(g). The partition function for this system is
Z[p] = Tre PH, (4.47)

where § = 1/T and H is the Hamiltonian. Recall from the path integral formalism that a

probability amplitude is given by?
i q(t)=ay ;
{arle™ i) =/ Dq . (4.48)
7(0)=qi

We note that these two objects have a similar form. To get rid of the factor of 7, we can
change the variable ¢ to
T =it (4.49)

which is what we call a Wick rotation. Hence, the action of the particle changes as

S = /_” At L(dq) = /0_ dr’ [—7; (flf_)Q - V(q)] = _5,, (4.50)

where Sg is called the Fuclidean action. We will use this notation only in this section to
make the distinction clear, but in what follows we will no longer use it. It can be seen that

the Euclidean action is being used when there are no factors of ¢ accompanying the action.

2 For the reader who is unfamiliar with the path integral formalism, a nice discussion can be found

n [13].
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Now, to obtain the [ factor we want, we can say that the particle

propagates during a Euclidean time 7 = . Then the amplitude becomes

B a(B)=qs _
(e "la) = [ " Dae.
a(0)=ai

To obtain the trace, we must recall that the trace is a sum over the same states. In this
amplitude, we have different states |¢;) and |g). Therefore, we must demand that the

particle return to its initial position. We do this by making the time periodic,
T~TH+ .

Therefore, the partition function becomes

Z[8] = /Dq e, (4.51)

where we have dropped the Sg notation. Note that this mapping implies that our time,
the Euclidean time, has become an S'. This must be taken into account in our further
calculations. We can now proceed to the quantization.

For simplicity, consider our space to be an S?. Therefore, our spacetime
is the manifold M = S' x S2. There is another simplification in our calculations. Suppose

we have a magnetic monopole at the origin with flux
o da-B =y, (4.52)
where ¢ is quantized via the Dirac condition from Chapter 2,
eqg =2mn, n € L. (4.53)

This may seem biased, since magnetic monopoles do not exist (yet). However, what we are
assuming is that this condition should hold even in the presence of monopoles. A different
and more mathematical approach, using wavefunctionals, can be found in [17-19].

The Dirac condition in terms of the field strength (considering g = 1) is

2
/ Fp = 28 (4.54)
52 e
The gauge transformation is, as usual,
Ay — Ay + 0\

Because of the periodicity of our time, we can choose a gauge parameter that is periodic

in time as well,

2T
A= —. 4.55
- (4.55)
In this way, the gauge transformation for A, is given by
2
A= Ay + = (4.56)

ef’
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These are called large gauge transformations and are related to gauge transformations
that are periodic and have a non-trivial winding number. As we have seen, under gauge

transformations the action changes as

k
Sos = Sos + 1= / & 9, (wed,A,)
27k

)
62

(4.57)
= Scs +

which highlights the fact that the action is not invariant under large gauge transformations.
However, in QFT the partition function is a more fundamental object than the action.
Therefore, it is not a problem that the action changes under large gauge transformations,

as long as the partition function does not change. From (4.51) we have

Z[A,] = 1A, (4.58)
Thus, we see that it is invariant if
k
2 € 7. (4.59)
But from Eq. (4.22),
k= e’v

Therefore, v is indeed an integer. Hence, we have successfully shown that the Chern-Simons
level is quantized and that it describes the correct conductivities of the integer QHE. We

now proceed to describe the fractional QHE.

4.2.3 Effective field theory for the fractional QHE

The fractional quantum Hall effect can be described using Chern-Simons
theory as well. The novelty is that we now take into account the interaction between the
electrons.

We start by introducing an emergent U(1) gauge field a,,, associated with
the collective motion of the underlying electrons. This is different from the gauge field A,
from Maxwell theory. The simplest term that we can add to the action involving this field

is the Chern-Simons term,
Scs = i >z €"*a,0
g = E/ r €"?a,0,a,. (4.60)

Despite the fact that the field a, is not the Maxwell field, it follows the same properties

that we have seen before. It has its own dynamics given by

Sla,] = —i/d% Fan f, (4.61)

and it works as a topological mass generator as well.
The states that describe the fractional QHE are the Laughlin states [20].

We will now write down an action that is able to describe those states and therefore
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reproduce the expected values for the Hall conductivity. First, we need a coupling between
the fields A, and a,. In general, the coupling involving gauge fields is through a conserved
current. Luckily, we have a perfectly conserved current to couple with. It is

1
Lo, (4.62)
where its conservation results from the contraction of the two derivatives with the Levi-

"=

Civita symbol. We can interpret this as if the magnetic flux of a, is the electric charge

that couples to A,. This magnetic flux also follows the Dirac quantization condition

h

o7 Jea fi2 = = (4.63)
The normalization ensures that the minimum allowed charge is [ J° = e, as it should be.

The effective action is then
SerrlA;al /d3 e"PA,0a, — %6 “Pa,0,a, + ... . (4.64)
The first term is the coupling and the second is the Chern-Simons term for a,. We have
used m instead of k because it is a different term (although it has the same functional
form) from the Chern-Simons term for the integer QHE. The other terms that may arise
vanish at large distances and therefore we do not need them for our conclusions. There
could also be a Chern-Simons term for the A, field, but this is just the term we had in
the integer QHE and we would simply obtain again the conclusion that the level k should
be quantized. For the same reasons that k is quantized, m is also quantized. Computing

the equation of motion for a,, we have

f,uu = %F/w- (465)
This has the solution .
a, = EA“’ (4.66)
Substituting back into the action,
S. A / 'z 4,0, 4, (4.67)

This term is again a Chern-Simons term but Wlth level 1/m. Thus, following the same
procedure, we obtain the Hall conductivity to be

e’ 1
amrm’

(4.68)

Ogy =

This shows that indeed the Hall conductivity in the fractional QHE may assume fractional
values as well, with the filling factor being v = 1/m. There are some subtleties in this
derivation because the effective action has some issues when integrating over an S2.
Moreover, the fields are constrained by the Dirac quantization condition, and the equation
of motion is not satisfied when both fields have a single unit of flux. However, these
subtleties lie in the manifold structure of our space and are related to the choice of charts,

something that we will not explore further.
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4.2.4 Charged excitations

In Chern-Simons theory we may have two types of charged excitations: the
quasi-holes and the quasi-particles. In what follows, we will derive a remarkable property
of these excitations, which is verified in the QHE. We will not make any distinction in this
section, and every excitation will be called a quasi-particle.

Take the Chern-Simons action and add a term for the current of the

quasi-particles j#,

1 k -
Sla; Al = /de%e“”pAH&,ap — Ee“”pa#&,ap +a, gt + ... (4.69)
Since A, is a background field, we can set it to zero. The equations of motion are then
given by
1 1 <,
gf“y = %C‘uyp] . (470)

The simplest charge we can consider is a static charge at the origin. It has the components

Pt =72=0, j° = ed*(x). (4.71)
The choice of the charge of these particles is due to Dirac quantization. Therefore, the

equations of motion become

217rf12 = %52@)- (4.72)

This shows that the role of the Chern-Simons term is to attach a magnetic flux e/k to
each particle of charge e.
From Eq. (4.62), we note that the charge of these particles is given by

the zeroth component. Thus,

_ 1 . 1 e
jo = %ejﬁiaj = %flg = %(52(1') (473)

This shows that the electron charge in Chern-Simons theory is fractional. Therefore, the
charged excitations in Chern-Simons theory carry a fraction of the electron charge, with
a magnetic flux attached to them. Below, we show schematically the quasi-particles in

Chern-Simons theory.
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Figura 4.5 — Quasi-particles in Chern-Simons theory. Taken from [17].

Consider now a more general current,

P t) =S 0% — xalt)), jla,t) =ec ;ma(t)62(w —za(t). (4.74)

a=1

Imposing 0;a; = 0, we conclude that
a; = Eijkﬁij:- (475)

Solving the two-dimensional Green’s function in the gauge ag = 0, we find

N YR
e oox)—x
) =Sl —Ta 4.76
0= P 70
Using the identity
diarg(x) i () i (y) (4.77)
;ar = —€;—=, ar = —arctan | =), .
; TP M .
we obtain
a;(z) = %Z@ arg(x — ). (4.78)
One might think that this field is a pure gauge and that we could transform it to zero by
choosing
a; =a; + ;A\, A= —g Y arg(x — x,). (4.79)
However, under gauge transformations the wavefunction of the electrons changes as
2
Y — eMp = exp (_ek > arg(x — a:a)) . (4.80)

a

Thus, we see that this wavefunction is not single-valued and therefore the phase cannot be

ignored.
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In fact, it is this non-trivial residual phase that gives a very interesting
aspect of this theory. Consider moving a particle around another. Since these particles
have magnetic flux attached to them, upon returning to the same point they acquire an

Aharonov-Bohm phase exp (ie §- A - dz). Hence

N .
exp (zﬁ j{a arg(x — x,)dx ) — e (4.81)

Exchanging two particles is equivalent to performing half of a full rotation followed by
a translation. This gives the phase e Therefore, we conclude that the exchange phase
is fractional. Braiding is a way of measuring the statistics of two particles. Since this
phase is neither an integer multiple of 2w (which would correspond to bosons) nor a
half-integer multiple (which would correspond to fermions), we call these particles with

unusual statistics anyons.

4.3 BF Theory

4.3.1 BF theory from Higgs model

We now proceed to show how to obtain BF theory starting from the usual

Abelian Higgs model discussed previously. The Lagrangian is

£= 1@, +iNAIP — V(o)) — S F2 — NAj*, (4.82)

4"”

where the field ¢ has charge N. In the Higgs phase we obtain
1 .
L=0v*0,p+NA,)* - ZFi” — NA,j". (4.83)

One might think of integrating out the field ¢ to obtain an effective Lagrangian, but we
cannot perform a straightforward integration since ¢ admits vortex solutions. This implies

that ¢ has non-trivial winding. First, we need to split the phase ¢ as

=9+, (4.84)
where ¢ carries information about the winding and the vortex positions, and 7 is a smooth
function. We then introduce the dual field £, with the Lagrangian

1 1
r— _27253 +E,(0%p — NA#) — ZFi,, NA,j". (4.85)

Note that computing the equations of motion for &, and substituting back into this

Lagrangian leads us back to (4.83). Now we use (4.84),

1

L=— 5 +£,u( u90+3u77 NA) 4 ,ul/

— NA," (4.86)



30

When we integrate over n using a Gaussian integral, we obtain the constraint 9,£" = 0.

We may then write
N
= %e“”paybp, (4.87)

for some vector field b,. The factor iN/27 will be explained below. Then we get

1 iN 1
£ = =5 uasDb,uby + 5@V (0°G = NAY) = T2, = NA,j" )
1 N | '
= 5+ %eu,,pa%ﬂ(aﬂga — NA¥) = 1F2, = NAj"

where fﬁy = 0,b, — 0,b,,. Integrating the term €,,,0"0?0"*¢ by parts, we obtain

1
EZ*( 31/)2_

202

N Y iN? y 1 5 ,
o —€,,,0° 0" 0" P — ﬁeuw’a bPA* — 4F/w — NA, " (4.89)
It may appear that the second term is identically zero, but this is not true. The derivatives
do not commute due to the non-trivial winding of ¢. Note that the quantity that couples
to by is %qj@-aj@ = %V x (V). Integrating this over a region that contains the vortex
leads to N N
—/deVx(ng):—fdw-ngzN. (4.90)
27 27
2
This implies that this term is the density of vortices, that is, the zeroth component of

some vortex current j*,

~ N .

Ju = %‘Euupauapgpy (491)
where the factor % ensures that we obtain the total charge when integrating over all space.
We thus end up with the Lagrangian

1 ~ iN? ) 1 ,
L= 2—( b= jubt — S0 WA = ZFju — NA,j*. (4.92)

From (4.83), note that if we perform the gauge transformation

1
A, — A, — ﬁ(?/m, (4.93)
then at low energies, when v? — oo, we have
1
A/J' — —N(Il“ (494)

where a, = 0,p. Hence, we obtain the BF Lagrangian

1 1 iN v
L= @( 31/)2 - Z( m/) - v ]u +alt] + o elﬂ/ﬂa vak. (495)
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5 HIGHER-FORM SYMMETRIES

Higher-form symmetries generalize the conventional global symmetries
by acting on extended operators, such as line or surface operators, rather than local,
point-like ones. These ideas were considered first in [3], but the foundational work was [2].
These symmetries are characterized by topological symmetry operators, and their action
is defined via the linking between the manifold supporting the symmetry operator and
the manifold supporting the charged operator. A key consequence is that the associated
conserved currents become higher-degree differential forms, in contrast to the standard
1-form currents of ordinary symmetries.

To build intuition, we will first revisit the topological interpretation of
ordinary symmetry operators before extending these ideas to the higher-form case. Here
we follow the discussion of [5,21-23].

5.1 O-form symmetries

We have seen in Chapter 1 that another way to derive Noether’s theorem

is to make the parameter of the transformation, say «, local. That is,
a — aofz).

This leads to
4SS = —/d4x a(z)0,g". (5.1)

Since « is arbitrary, if the equations of motion are satisfied, we have
o' = 0. (5.2)

where j# is precisely the conserved current. Note that the conserved current can be seen
as a 1-form, and it originates from the symmetry parameter o, which can be seen as a
O-form. Therefore, we now call the “ordinary” symmetries 0-form symmetries, because the
parameter of the transformation is a closed O-form.

In terms of differential forms, the conservation law is written, as we have
seen in Chapter 2,

dxj=0, (5.3)

where j is the current 1-form and x : AP — AP~? is the Hodge star map that takes a
p-form and associates it with a (D — p)-form. The conserved charge is analogous to the

one we have seen in Chapter 1,

Q= /delx 5. (5.4)
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In terms of differential forms, we write it as

Q - *J, (55)

Xp-1
where ¥ p_; is a (D — 1)-dimensional manifold. Note that now the manifold on which the
charge is defined is not necessarily a spatial manifold. We then say that these charges are
integrated over a codimension-1 manifold, which is a submanifold of the D-dimensional
manifold. To understand how these operators act on the fields, we will make use of the
Ward identity*,

0u(3" (@) (y)) = =0 (@ = y) (56 (y))- (5.6)

Integrating over a D-dimensional manifold 2 with boundary ¥p_4, the left-hand side

becomes
[ dtie) = [ (i) = (Q(Sp-1)6(w)) (57)

where we have used Stokes’ theorem. For the right-hand side, we have

—i [ a% 80— y) (66 (y). (5.8)
where we identify
1, e
[ dPw 6P —y) = Y (5.9)
“ 0, y&Q
as the linking between the point y and the manifold 2. Thus, we define
/ dPx 6Pz —y) = Link(Sp_1, 7). (5.10)
Q
Hence,
(Q(Ep-1)¢(y)) = —iLink(Xp_1,y){0¢(y))- (5.11)

This expression tells us that the charge acts on the local field, and it only has a non-
vanishing action if the point where the local operator is defined lies within the manifold
on which the charge is defined. We can see that the link is invariant under a deformation
of the manifold of the type ' = Q + Qq, with 00 =¥/, 900 =X, and y & Q. Then

QE+0)0w) = [ (dxiow) = [ (dxiow) + | @riow).  (12)

Since y & €y, we have Link(Xg,y) = 0, and therefore

(Q(E+02)0()) = [ [dxjoly)) = (QT)o)). (5.13)

Thus, the computed charge is invariant. That is the reason why we call these operators
topological. The unitary operator is defined by taking the exponential of the conserved
charge,

Uy(Xp-1) = exp(ia,Qq) = exp (ia/*j) , (5.14)
1 A derivation of the Ward identity can be found in [5,9].
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where g € GG is an element of some group G and «, are the parameters of the transformation.
In the case G = U(1), we have g = ¢"®. We then say that this is a topological codimension-1
operator.

In terms of the unitary operator, the action on local operators is given by
(Ug(Ep-1)0(x)) = (O'(x)). (5.15)

From now on, we will use O(x) to generalize the expressions to any local operator (not
necessarily fields). These expressions are evaluated inside correlators as a consequence of
the Ward identity, but we can understand this in another way as well. Since the manifold
on which the topological operators are defined need not be a spatial manifold, it does not
make sense to compare two different operators at different times, since these belong to
different Hilbert spaces. However, inside correlation functions these operations are well
defined. To understand pictorially the action of topological operators, consider the figure
below.

Let U(SP~1) be an operator defined on a (D — 1)-sphere. As we have seen,
these operators act on local operators O(z) and transform them into another operator

O'(z) as shown in the figure

Figura 5.1 — The link of the (D —1)-sphere and the local operator O(z). Taken from [21].

The operator U(SP~!) has a non-trivial link with O(x). Note that it is
impossible to remove the operator O(z) from the manifold SP~! without tearing it apart.
Once we do this, we compute the action of the symmetry operator on O. Now U(SP~1) is
topologically equivalent to a point; thus, we can deform it again and we are left only with
the operator O'(z).

5.1.1 O-form Groups

We define the 0-form group G to be the group composed of the elements
g that parametrize the operator U,.
The composition of two topological operators is given by the composition
law of the group,
(Ug(3p-1)Uy(Ep-1)) = (Ugg (Xp-1))- (5.16)
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Thus, inserting the composition of topological operators into correlation functions is
equivalent to inserting a single topological operator with the composed group element.
This is called the fusion rule,

Ug @ Uy = Uy (5.17)

Therefore, the local operators transform under representations of the 0-form group R(g),
(Ug(Xp-1)0(x)) = R(9)(O(x)). (5.18)

From now on, we will drop the correlation function notation, but it is implicitly understood

unless stated otherwise.

5.2 p-form Symmetries

p-form symmetries are straightforward generalizations of O-form symme-
tries. The parameter of the transformation is a p-form, and the associated currents are
(p + 1)-forms. Therefore, the symmetry operators associated with these symmetries are
codimension-(p + 1) operators.

To see why it must be a codimension-(p + 1) operator, we go back to
Eq. (5.1). For a D-dimensional spacetime, and in the language of differential forms, this

equation becomes
58 = / «j A da. (5.19)

Now «a is a p-form; consequently, da is a (p + 1)-form. In order to match the dimension of
spacetime, xj must be a (D — p — 1)-form. This implies that the conserved charge is

Q= *J, (5.20)

2D—p—l

and the unitary operator is defined as before,

Ug(Xp_p-1) = exp (ia/z *j) , (5.21)

which is now understood as a codimension-(p+ 1) operator. There is one subtlety regarding
the parameter . One may question why the parameter o that parametrizes the unitary
operator is a number—should it not be a p-form? The answer is that these are the
components of the p-form. Therefore, for each component we have a different unitary
operator. This expression is simply written in a concise and general manner.?

The group of p-form symmetries G consists of the elements that para-
metrize the operator U,(Xp_,_1). Just as before, the composition of these operators is
given by

Ug(Ep-p-1)Ug (Ep-p-1) = Ugg (Xp—p-1)- (5.22)

I thank Gustavo Yoshitome for clarifying this point to me.

2
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v

v

C

Figura 5.2 — The operators U, and Uy defined on spacetime may have their ordering
interchanged without one crossing the other.

Moreover, the p-form symmetry group is abelian for p > 1. This follows because we can
deform one operator around another without ever crossing them, as shown in Fig. (5.2).
We must now determine which objects are charged under these symmetries, that is, which

objects the p-form operators act on.

5.2.1 Action of p-form symmetries

The 0-form symmetries act on local operators, which are supported on
0-dimensional regions. We then say that local operators are charged under the 0-form
symmetry. We now wish to understand which objects are charged under p-form symmetries.
It is straightforward to note that for p > 1, a p-form symmetry never acts on a local
operator because we can always deform the symmetry operator in such a way that it does

not link with the point. Therefore, a p-form symmetry acts on objects that have dimension
q=p.
Case g =p

We define an operator Uy(Xp_p—1) on a (D — p — 1)-dimensional manifold
that links with an operator O(M,) defined on a p-dimensional manifold. We then deform
Uy(¥p—p-1) across O(M,), leaving behind a phase ¢(g) such that

¢(g) € €%, C* = C\{0}.

The action of the operator U,(Xp_,—1) on O(M,) is represented below.
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U.(J(EDfpf'l)
C> o0 4 D 49) ¢

O(My) O(My) O(My)

(a) (b) (c)

Figura 5.3 — Link between extended operators. In (a) the topological operator
Uy(¥p_p-—1) and the extended operator O(M,) have a non-trivial link.
In (b), Uy(Xp—p-1) is deformed and passes through O(M,,), leaving behind
a phase ¢(g). In (¢), Uy(Xp_p—1) and O(M,) no longer have a link; then
Uy(Xp_p—1) is deformed to a point.

The action of the topological extended operators is given in terms of the Ward identity,
Uy(E2p—p-1)O(M,) = eiqALink(E’M)O(Mp)Ug(ElD—p—l)a (5.23)

where ¥, ; is a manifold homotopic to ¥p_, 1 that does not link with M,. The

composition law of the group induces a composition of the functions ¢(g),

o(9)0(g') = ¢(g9"). (5.24)

Therefore, the functions ¢(g) form a one-dimensional representation of the p-form group
G®) . Since G is an abelian group, Schur’s lemma tells us that every irreducible repre-
sentation of this group is one-dimensional. Hence, the functions ¢(g) are precisely the
irreducible representations of the group G®. Therefore, the operators O(M,) transform
under the fundamental representations of the p-form group, which shows that the objects
charged under p-form symmetries are extended operators supported on p-dimensional
manifolds. The case ¢ > p is beyond the scope of this work. A discussion of this subject

can be found in references such as [4,24].
5.2.1.1 Higher-form symmetries in D-dimensional U(1) gauge theory
Let A be a 1-form U(1) gauge field with
F = dA, (5.25)
where F'is a 2-form. In D = 4 this is precisely Maxwell theory. From (5.25) we have
dF = dx (xF) = 0. (5.26)

Therefore, the Noether current is the (D — 2)-form (up to normalizations)

1
J"=—xF. (5.27)
27
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The conserved charge is

1 1
Q"=— | x(xF)=— | F, (5.28)
21 Js, 2 Jx,
and the unitary operator is
Xe’
U™ (S,) = (m/ F) | 5.29
g (B2 =exp| 5= [ (5.29)

The index m stands for magnetic symmetry. Below we explain the reason for this name.
For p > 1-forms, we integrate the charge over a (D — p — 1)-dimensional manifold. Since
this manifold is 2-dimensional, D —p —1 =2 = p = D — 3. Thus, the magnetic symmetry
is a (D — 3)-form symmetry.

The other conservation law follows from the vacuum Maxwell equations,
dxF =0, (5.30)

which implies that in this case the conserved current is the (D — 2)-form,

. 1
The conserved charge is
1

== F 5.32
@=g [ (532)

and the unitary operator is

. 10

Us(Ep-2) = exp (5 /E sF). (5.33)

This is the electric symmetry. In this case, D —p—1= D — 2 = p = 1. Therefore, the
electric symmetry is a 1-form symmetry, independent of the dimension.

Hence, this U(1) gauge theory has two higher-form symmetries: an electric
1-form symmetry and a magnetic (D — 3)-form symmetry. We represent the symmetry
group as

U xU@mb=3. (5.34)

For the case D = 4, the charged objects under the electric 1-form symmetry are the Wilson
lines W, (L),

W, (L) = exp (iqe /L A) , (5.35)

where ¢, is the charge of the Wilson line. The Wilson line is interpreted as the worldline

of a probe particle with electric charge g..

Written explicitly in components,

W, (L) = exp <iqej{d$“Au> = exp <z‘qej{d$oA0 + iqej{da:iAi> : (5.36)
Note that if we perform a large gauge transformation in Ay,
2T
AO — Ao + 80/\, A= —=x s (537)
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we see that, for the zeroth component of the Wilson line,

2
exp (iqe 7{ deA()) exp <z’qe 7{ deLW) = exp (iqe f da:OA()) exp(2miqe). (5.38)
0

Hence, in order for the Wilson line to be gauge invariant, we must have ¢, € Z.
From the Maxwell action, one can compute the canonical momentum
associated with the dynamical gauge field. It is precisely J¢. This implies that the action

of the electric 1-form symmetry on the gauge field is a shift by a flat connection,
A— A+ .. (5.39)
Consequently, its action on the Wilson lines is
UE(En-2)Wa (L) = €99V, (L)UE(Sh_y) (5.40)

where ¥/,_, is homotopic to ¥p_5 and does not link with L.

The magnetic (D — 3)-form symmetry acts on 't Hooft lines, which are
interpreted as the worldlines of probe particles with magnetic charge g,,. To write explicitly
the 't Hooft line, we introduce the dual field A following from Eq. (5.30),

*F = dA. (5.41)
Thus, we define the 't Hooft line as
T(L) = exp (iqm/ A) : (5.42)
L

Analogously to the electric 1-form symmetry, the magnetic (D — 3)-form symmetry acts
by shifting the dual field A by flat connections,

A= A+ a,. (5.43)
Consequently, the action on 't Hooft lines gives
U (82)T (L) = e T(L)U (), (5.44)
where Y, is homotopic to X3 and does not link with L.

5.2.1.2 Higher-form symmetries in Chern-Simons theory

In Chapter 3 we introduced Chern-Simons theory, but we did not discuss
one of its most important features, namely its degeneracy. We now demonstrate this by
analyzing the higher-form symmetries of the theory.

Consider the Chern-Simons action,

k
Scs = /dgzvﬂew,pau@yap.
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We can extract the commutation relations from it. Choosing the gauge ag = 0, we obtain

Scg = /d?’asaejaiaj. (5.45)

The canonical momenta are ar .
I, = — = —¢.a;. 5.46
J (9@1 471"E Ja ( )

Imposing the commutation relation

[ai(), IL;(y)] = 10:;6(x — y), (5.47)
we obtain L
a;(x), Eekjak(y) =10;;0(x —y). (5.48)

Multiplying by /™ on both sides,

471

[a;i(x), am(y)] = ?eimé(a: —y). (5.49)

In particular,

4

[a1(2), as(y)] = ——d(z —y)- (5.50)

Thus, the components of the gauge field do not commute with each other. We construct
the Wilson lines of the theory,

W(C)) = exp <qu£c dxlal) : (5.51)
W2(Cy) = exp (ijl{C dx2a2> : (5.52)
and compute W1W?2. Using the Baker—Campbell-Hausdorff formula,
12 . - 1 21171 2mi 2
W W* = exp zj{C d$a1+zfc dya2+§%dxdy[a1,a2] = W*W" exp 7j{dasdy5(:1:—y) ,

(5.53)

where we have taken ¢ = 1 for simplicity. Therefore,

271

WIW? = e W2W (5.54)

We may also compute the conserved quantities. Writing the Chern-Simons action in terms

of differential forms,
k
Ses = / oA da, (5.55)

we see from the equations of motion for a that
da = 0. (5.56)
This is precisely the conservation law for a 1-form symmetry. The conserved charge is then

QC) = qy{ja, (5.57)
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for some curve C' and parameter ¢g. The unitary operator is

W(C) = exp <z’qf6a> : (5.58)

It is now clear that this is a Wilson line in Chern-Simons theory and that ¢ is its charge.
Using the same method as for Wilson lines in Maxwell theory, one can show that q € Z.
We may label the Wilson lines by an integer representing their charge, e.g., W, (C).
From (5.54) we see that Wilson lines act on other Wilson lines. However,
from (5.58) we also see that Wilson lines are symmetry operators. Thus, in Chern-Simons
theory, Wilson lines are both the charged objects and the symmetry operators. Since these

are symmetries,

[H, W] = 0. (5.59)

Therefore, the energy eigenstates are also eigenstates of W' and W2, but they cannot be
simultaneous eigenstates of both, since W' and W? do not commute. This reveals that
the theory has a degeneracy. To determine the order of the degeneracy, apply an energy
eigenstate |n) to (5.54),

27

W'W2n) = e F W2W'n) = wie™ * W2n), (5.60)

where w; is the eigenvalue of W?'. Now apply W? k times in this equation. Using the
commutation relation to reorder the operators, each reordering produces a phase e,
yielding

W2 () = wi (W2)F|n). (5.61)

This shows that after k& applications, (W?)¥|n) is again an eigenstate of W with the same
eigenvalue, and therefore the degeneracy is of order k.

More generally, applying W' n times and W2 m times, we obtain

(WHW2)™ = e~ Frm(W2™(WHY m,n € Z. (5.62)

Thus, (WH* or (W?)* behave as the identity. It might then appear that the lines with

charges n and n + k can be identified. However, this identification is not straightforward.

To see this, consider the link between two Wilson lines, where one line extends to infinity
and the other is closed around the first line, as represented in Fig. (5.4),

We can interpret these lines as the worldlines of particles with statistics

v and spin s = v/2. The statistics is determined from the phase e**"

that the particles
acquire upon exchange. This is equivalent to performing a half-rotation and then translating
the particle. From (5.54),

_ 27in?

Wo(CYW,(C") = e~ & W, (C"W,(C). (5.63)
This shows that ) )
v=""mod2 = s=_ modl (5.64)
k 2k ' '
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D

Figura 5.4 — Link between two Wilson lines. Taken from [5].

For a line with charge n + k, the statistics becomes

/{2 2
u:m;):?fmnjuk. (5.65)

This leads to two conclusions:

« For even k: writing k = 2m, m € Z, and since v is defined mod 2, v(n) and v(n+k)

are identified. Therefore, there are k£ independent lines.

o For odd k: writing k = 2m + 1, m € Z, we find that v(n) and v(n + k) differ mod
1. To identify the lines consistently, we must take k — 2k. Therefore, there are 2k

independent lines.

5.2.2 Spontaneous symmetry breaking of higher-form symme-

tries

At the end of the day, we are working with symmetries. Therefore, we
can use the framework we are familiar with and apply it to higher-form symmetries as well.
One interesting feature that symmetries exhibit, and which we have shown in Chapter 3,
is that they can be spontaneously broken.

Recall our definition of SSB. To determine whether or not a symmetry
is spontaneously broken, we evaluate the expectation value of an operator O(x) that is
charged under the symmetry. We then concluded that

=0, symmetric phase,
(O(x)) (5.66)
# 0, symmetry broken phase.

For p-form symmetries, this behavior can be translated as follows. The

charged operators are p-dimensional operators. In general, the expectation value of such

operators can be written as
(O(8,)) ~ e 1), (5.67)
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where f(X,) is an arbitrary function. Define the function Vol(¥,). Note that this function
does not compute the volume enclosed by J,, but rather the appropriate p-dimensional
measure. For example, for p = 1, the “volume” is the perimeter of the curve ¥,,. Therefore,

we may reproduce the behavior of Eq. (5.66) as

)y oo, symmetric phase,
f(%) ): Y P (5.68)

i (
Vol(;]?)l—mo Vol (Zp>

finite, symmetry broken phase.

Note that in the finite case, we can always add a counterterm and define a renormalized

operator,
A(%,) = exp (—cf dV> o,), (5.69)
EP
such that
(0) #0. (5.70)

Therefore, the vacuum is charged under the generalized symmetry. In the infinite case,
there is no way to overcome this behavior by adding a local counterterm, and the vacuum
is not charged under the generalized symmetry. These ideas are rather abstract, but we

will now present an example using objects with which we are familiar.

5.2.2.1 Spontaneous symmetry breaking in Maxwell theory

As we have seen, the charged operators in Maxwell theory are the Wilson
and 't Hooft lines. The Wilson loop is known to have an expectation value that typically
depends on geometrical properties, such as the area enclosed by the curve C' on which it

is defined or the perimeter of the curve,

(W(C)) ~ e hrel@), (5.71)
(W(C)) ~ e Perimeter(@), (5.72)
The area grows faster than the perimeter of the curve,
Perime )00 ( lm > — 00, (5.73)
N (W) — finite. (5.74)

In this case, Vol(X,) corresponds to the perimeter of the curve C. Essentially, what we
have is that

e A 0, (5.75)
G—Perimeter(c’) 7& 0. (576)
For the case of Maxwell theory, the expectation value of the Wilson loop decays with a scale

invariant dependence on the parameters of the loop, since Maxwell is a conformal-invariant

theory. Its decay is given by

Nl

(W(C)) ~ e 777, (5.77)
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where «, [ are dimensionless quantities and 7" and R are the sides of the loop (considering
is as a rectangle for simplicity). Even thought this does not have the same behavior as are
or perimeter, is decays slower than the perimeter law. So essentially it does not goes to
zero as well.

Therefore, the Wilson loop is a suitable choice for an order parameter for
SSB in Maxwell theory. We now proceed to analyze this for a 1-form symmetry and show
a very interesting result.

We have shown that a Goldstone boson can be understood from the
amplitude

(.l 0, (5.78)

where n is some quantum number (in our derivation it was the energy) and k is its
momentum. We will compute this amplitude by considering the one-photon state |\, k)
with polarization A and momentum k. The one-photon state is given by the action of the

photon creation operator on the vacuum,
I\, k) = AL (k)[0). (5.79)

When quantizing Maxwell theory, we note that the Lorentz gauge condition 9, A* does not
hold as an operator equation, since this would lead to contradictions in the commutation

relations. We must impose it as an equality acting on physical states, that is,
0, A"|phys) = 0. (5.80)

This implies that there are degrees of freedom that are not physical. These discussions are
brief here, but they are standard and can be found in many QFT textbooks.
Suppose that only A = 1,2 are physical polarizations. The gauge field can

be written as

I —ipT } ipx
A 27T3/2/2|p|“ () (Ar(p)e™™* + Al (p)e™). (5.81)
The commutation relations are
[Ax(p), AL ()] = 2Iplosxd*(p — P). (5.82)
Now we compute
(01 Fuw| A, p) = (010, As — 8, A4,) AL ()|0). (5.83)

One of the terms is

ap‘ v = 3/2/2| |Zp# v AT pr_A)\(p>6—ipm)' (584)

Thus,

d3/ 2 1\ —ip'x
(018, A, AL|0) = m ‘/ S phe N (AL ()e™T — Ay (p)e ) Al (p)

2P| =

(5.85)
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Using the commutation relations, we obtain

dgp/ 2 / /\’AT / AT ip'z
2’p,‘ Zpueu ’(p) )\(p)e |0>
= (5.86)

—ipx A
e €, Pus

010,4,440) = 555701 |

(2m)"/2

where the first term vanishes because the creation operators act on the vacuum to their

left. The other term gives the same contribution with the indices exchanged. Thus

<0|FMV|)\7P> = e_ipx(euApV - EuAle«)‘ (587)

1
(2r)?)2

This shows that the photon is the Goldstone boson arising from the spontaneous symmetry
breaking of a 1-form symmetry in Maxwell theory.

There are natural questions to ask. Which symmetry is being broken
here? Since Maxwell theory possesses two 1-form symmetries, do we obtain two Goldstone
bosons?

Although the charges are globally independent, if we inspect locally, that
is, the charge densities, F' and xF' are related by a Levi-Civita. Thus, these symmetries
are not locally independent. This shows that in fact there is only one Goldstone boson
arising from the spontaneous symmetry breaking in Maxwell theory.

Note that if we add electric matter, Eq.(5.30) is no longer a symmetry.
Nevertheless, a Goldstone boson (the Photon) still arises due to Eq.(5.26). Conversely,
if we add magnetic matter, Eq.(5.26) ceases to be a symmetry, while Eq.(5.30) remains
intact. Therefore, unless both symmetries are explicitly broken, the Photon always appears

as a Goldstone boson.

5.3 Discrete Gauge Theory

Discrete gauge transformations belong to discrete groups, rather than
continuous ones. This can be better understood in terms of higher-form symmetries. Before
explaining how this works, we need to introduce two concepts: the Pontryagin dual and

the screening of operators.

5.3.1 Pontryagin Dual

For some p-form symmetry group G®, we may define the homomorphisms
¢:GP - U(1). (5.88)
These maps form a group with composition given by

¢(9)¢'(9) = (6¢)(g) € U(1). (5.89)



We denote this group by

G = {all homomorphisms G — U(1)}.

Let us illustrate this idea with two examples.
Example: G?) = U(1)
Define the homomorphism as
¢(g) = g =, ae0,2n), ¢ € Z.

Let

$1(9)
P2(g)
¢3(9)

)

g
7,
g’

The composition gives

$1(9)2(g) = #3(9)-

95

(5.90)

(5.91)

(5.92)
(5.93)
(5.94)

(5.95)

This is the composition rule of the Z group. Therefore, the Pontryagin dual of U(1) is

G = 7.

Example: GP) = Zy

In this case, g = e, Defining the homomorphism as

6= g' =,
take N = 3 and let
$1(9) = 9,
$2(9) = g°.

The composition gives
$1(9)¢2(9) = 91(9)-

This is the composition rule of Zy. Therefore,
GP =7y,

That is, the Pontryagin dual of Zy is the group itself.

(5.96)

(5.97)
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Double Pontryagin Duality

Since

¢:GP = U(1), (5.102)

we can define

©: GP = U(1). (5.103)
Note that ¢(g) € U(1) and ¢(¢(g)) € U(1). Then,

Q)

®) = g, (5.104)

5.3.2 Screening

Definition 5.1 A p > 1-dimensional operator O, can be screened into another operator

O, if there exists a (p — 1)-dimensional operator Oy, that can be inserted between O, and
O!.
P

0, . o,
Op —1

Figura 5.5 — Screening of operators. Taken from [21].

If O, can be screened to the identity, we say that it is completely screened.

Screening implies equal charges. Note that if two operators O, and
(’); are screened, we can deform the symmetry operator, say U,(S”~77!), to measure the
charge of either O, or 0. Since this deformation does not cross the regions where the
operators are defined, the measured charges must be equal. The figure below represents
this idea.

O Op
QUq(Sdpﬁl)
Opr = Opr
|
0O, Op

Figura 5.6 — Link with two screened operators. Taken from [21].

If two operators carry different charges, they cannot be screened into one another.
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As we have shown, the charges are given by phases. Each phase corresponds
to a different charge, that is,
Q:G» - U(1). (5.105)

Therefore, the charge operators are elements of G®). Thus, we may define an equivalence
class of operators with the equivalence relation ~, characterized by whether these operators
can be screened into one another,

O ~ O,

We define the set D,, where each element of this set is an equivalence class of screened
operators. Therefore, there must exist p-form symmetries that distinguish different elements
of D,. The elements of D, are precisely the different charges that an operator may have.
Then,

GP — D,,
which implies
GP) — b\p.
Hence,
Q(O,) = [0y] € D, (5.106)

Example: Maxwell Theory in the Presence of Matter Fields

We have seen that in Maxwell theory we have a 1-form symmetry and a
(D — 3)-form symmetry®. In order to have these symmetries, we evaluated the theory in
the vacuum, that is,
dxF =0.

One may ask: what happens if we add matter? We can understand the behavior using the
concept of screening.

In the vacuum case, the symmetry group is U(1), x U(1),,. The Pontryagin

dual is
GY =7,
G =17,
Therefore,
D1 == Z,
Dp_5="7.

Suppose now that we add a matter field ¢(x) with charge N € Z. We can use the operator

®(z) to screen the Wilson lines.

3 Actually, Maxwell theory is specifically in D = 4, in which case we have two 1-form symmetries. For

simplicity, however, we keep this notation.
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Wy o(x)

Figura 5.7 — Non-genuine operator. Taken from [21].

We then say that ¢(x) is a non-genuine operator.

Definition 5.2 (Non-genuine operator) A non-genuine q-dimensional operator is an

operator that is attached to a collection of p > q-dimensional operators.

We must introduce these non-genuine operators because ¢(z) and W, (L)

are not gauge invariant, since

o(x) = e g(x), (5.107)
and
W,(L) = exp <2m'q/LA> — exp <2m'q/LA — Zi) = W, exp <—iq /8L A) . (5.108)
Assuming that 0L = z,
Wi(L) = e "W, (L). (5.109)

Therefore, the product ¢(z)W,(L) is gauge invariant. With this, we can screen several

Wilson lines by adding powers of ¢.

[ BSH
[ BSH

apr el
W, W, W, b

Figura 5.8 — Screening of multiple Wilson lines using powers of ¢.

Thus, the group of all unscreened operators is given by the total number

of Wilson lines modulo the number of screened Wilson lines,

Z
Note that NZ counts the number of screened Wilson lines because, since they have the

same charge, the charges add up N times. Taking the Pontryagin dual,

Dy =7y =7y =G, (5.111)
We conclude that adding a matter field with charge N reduces the gauge group from U(1)
to Zy. The term “break” is not quite correct, since gauge symmetries are not physical
symmetries. The appropriate term found in the literature is that the symmetry group is
Higgsed down to Zy. Note that this does not occur for the (D — 3)-form symmetry, since
this symmetry is associated with a codimension-2 operator that does not have a trivial

linking with the Wilson line.
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5.3.2.1 BF Theory revisited

We studied in Chapter 4 the BF theory in 2+1 dimensions. We began
by adding a matter field with charge N and then, upon condensation and taking the

low-energy limit, we obtained

iN | o1 |
SBF:/%b/\da—aA]—bA]—Z(f“f—Z(fb)Q. (5.112)

Considering the pure BF theory,

iN
Spr = g/b A da, (5.113)
the equation of motion for b leads to
da=0= d*(xa) =0. (5.114)
Then, the conserved charge is
= , 5.115
Q= [ a (5.115)
where C' is a curve. If instead we write
N
Spr = — o /a A db, (5.116)
27

and compute the equation of motion for a, we obtain
db =0, (5.117)
with the conserved current given by

~ [ 5.118
o=, (5.118)
where C” is also a curve. The unitary operators (with unit charge) are

Wa(C) =e'l e, (5.119)
Wg(C') = el (5.120)

Therefore, the conserved quantities of the 241 BF theory are the Wilson lines for the a
and b fields. Note that this theory, like Chern—Simons theory, is purely topological, i.e., it
does not involve the metric. Now, the idea is the same as in the Chern—Simons case. From

the action we can compute the canonical momenta (using the gauge ay = by = 0),

I =115 = 0,
., oL iN
I} = 90, —%b% (5.121)
oL iN
g = —— = —by,.

n 8@2 - 2w
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The commutation relations

[0:(x), TT2(y)] = i0,;0(x — 1), (5.122)
lead to
a1(x), ba(y)] = 3 — ), (5.123)
[az(2), b1(y)] = 3\7;5(-% — ), (5.124)
(), TE8(9)] = [, T3 ()] = 0. (5.125)
This implies that |
WeW) = e % WRWL. (5.126)

On the other hand, since W4 and W# are symmetries, they commute with the Hamiltonian.
Therefore, we reach the same conclusion as in the Chern—Simons case: the energy eigenstates
are degenerate. It appears that the degeneracy is of order N, but we have only considered

the commutator (5.123). We must also consider the commutator (5.124),

WIWP = e~ % WPWe. (5.127)
Hence, we obtain an N-fold degeneracy from Eq. (5.126) and another N-fold degeneracy
from Eq. (5.127), leading to an N2-fold degeneracy.

Recalling how we arrived at BF theory, we had to introduce a scalar field
of charge N. As shown in the previous section, this reduces the symmetry group from
U(1) to Zy. This implies that the gauge field a has discrete gauge transformations. But
what about the field b7

Note that if we start from the BF theory

N
L= ;—Wew,,,a“b”ap (5.128)

and add an auxiliary field a that enforces the constraint f = da,

iN U I
L= %em,pﬁub a’ + %aua,,f" , (5.129)

we can rewrite the Lagrangian as

ZN v 1 7’ N v
L= _Eeﬂupbuf F— Z(qu)Q + %@La,,f“ . (5.130)

We then integrate out f,,, which leads to
N
L= (i, — Neuph?)2. (5.131)
27
This Lagrangian has the same form as the Lagrangian (4.83). Hence, by analogy, we can

interpret the dual field a as a matter field that is charged under b. Therefore, BF theory

provides an example of a discrete gauge theory.
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FINAL REMARKS

In this work, we have studied two examples of topological field theories:
Chern—Simons theory and BF theory. In the case of Chern—Simons theory, we showed that
the Chern—Simons term acts as a topological mass—generation mechanism when coupled to
a gauge theory, giving mass to the gauge field without the need for a conventional Higgs
field. Moreover, Chern-Simons theory correctly reproduces the Hall conductivities for both
the integer and fractional quantum Hall effects, as well as the existence of quasiparticles
with exotic statistics, known as anyons. For these reasons, Chern—Simons theory is regarded
as the effective field theory describing the quantum Hall effect. We also showed that BF
theory can be obtained as the low-energy effective theory of the Abelian Higgs model.

We further demonstrated that higher-form symmetries constitute a natural
generalization of ordinary symmetries, in which the charged objects are extended operators
rather than point-like ones. We analyzed how these symmetries arise in Maxwell theory
and obtained the remarkable result that the photon can be interpreted as a Goldstone
boson associated with the spontaneous breaking of a higher-form symmetry. Within this
framework, we investigated additional aspects of Chern—Simons and BF theories, such as
their ground-state degeneracy. We explicitly constructed the symmetry operators in these
theories and showed that they do not commute with each other, leading to a degeneracy
of order k for Chern—Simons theory and of order N? for BF theory. Furthermore, by
employing the language of higher-form symmetries, we showed that BF theory describes
a discrete gauge theory: introducing a matter field of charge N reduces the gauge group
from U(1) to Zy.

Several topics were left beyond the scope of this work, notably the K-
matrix formalism, which provides a systematic generalization of Chern—Simons theory
to multiple gauge fields. From this perspective, BF theory can be viewed as a particular
example of a Chern—Simons theory with two gauge fields. The K-matrix formalism offers a
powerful tool to analyze the spectrum and topological properties of more general theories
and will play an important role in future investigations.

The next steps of this research include developing a deeper understanding
of discrete gauge theories formulated intrinsically, rather than as low-energy limits of
continuous gauge theories. In addition, we aim to study the gauging of discrete global
symmetries in a systematic way, as well as the relationship between level-4k and level-k
Chern—Simons theories, which are connected through the gauging of a discrete global

1-form symmetry [27].
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