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Resumo

A descoberta do neutrino, predito por Wolfgang Pauli nos anos de 1930, desempenho
papel de motor propulsor para o avango da fisica de particulas e as mais variadas
areas correlacionadas. Quando Pauli propos a existéncia dos neutrinos, foi levantado a
possibilidade dessas particulas possuirem momento de dipolo magnético. A descoberta
da oscilagdo de neutrinos, fendmeno que ocorre devido aos neutrinos serem particulas
massivas, representou uma nova alavancada para o estudo dessas particulas e suas
propriedades, trazendo também novas problematicas sobre o assunto, uma primeira
questdo fundamental que surgiu é sobre a natureza do mecanismo de geracdo de
massa dessas particulas, se esses sdo particulas de Dirac ou Majorana. Além disso,
o valor de tais massas serem tdo menores em comparagdo com os outros férmions
do Modelo Padréo é de extrema curiosidade. Estimativas do valor do momento de
dipolo magnético de neutrinos se diferente no caso deste ser uma particula de Dirac
ou Majorana. Neste trabalho, é apresentada uma revisdo bibliogréfica focado nas
propriedades eletromagnéticas dos neutrinos, em especial no momento de dipolo
magnético dos neutrinos, também ¢é levado em consideragdo o uso de tal tema para o

estudo de fisica além do Modelo Padrao.

A estrutura deste trabalho é organizada da seguinte forma: No capitulo 1, é apresentada
uma breve visdo geral das propriedades dos neutrinos, juntamente com algumas
questdes em aberto relacionadas ao tema. Ja o capitulo 2 aborda os neutrinos de Dirac
e Majorana, com foco nos mecanismos de geracdo de massa dessas particulas. O
capitulo 3 concentra-se em apresentar a origem das propriedades eletromagnéticas dos
neutrinos. No capitulo 4, é introduzido um Toy Model para o estudo do espalhamento
entre neutrinos e ntcleos por meio de interagdes eletromagnéticas, em que o estado
final do ntcleo encontra-se em um estado excitado. Neste capitulo, também sao
apresentados alguns resultados experimentais recentes das medi¢des do momento
de dipolo magnético, como o experimento XENONnNT. O capitulo 5 concentra-se na
apresentagdo do °Li como um possivel detector para o estudo das interacdes de
neutrinos em baixas energias. Além disso, sdo destacadas algumas das vantagens de
utilizar esse detector. Por fim, sdo apresentadas as conclusdes obtidas neste trabalho.
Palavras-chave: Fisica de Neutrinos. Além do Modelo Padrdo. Momento de Dipolo

Magnético. Neutrinos de Baixas Energias
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Abstract

The discovery of the neutrino, predicted by Wolfgang Pauli in the 1930s, played a pivotal
role in advancing particle physics and related fields. When Pauli proposed the existence
of neutrinos, the possibility of these particles possessing a magnetic dipole moment
was raised. The discovery of neutrino oscillation, a phenomenon that occurs due to
the neutrinos” massiveness, opened new avenues for studying these particles and their
properties, while also introducing new questions. One fundamental question that arose
was the nature of the mechanism responsible for generating neutrino masses, whether
they are Dirac or Majorana particles. Furthermore, the significantly smaller masses
of neutrinos compared to other fermions in the Standard Model are of great interest.
Estimates of the neutrino’s magnetic dipole moment differ depending on whether it
is a Dirac or Majorana particle. This work presents a literature review focused on the
electromagnetic properties of neutrinos, particularly their magnetic dipole moment,
while also considering the application of this topic in the study of physics beyond the
Standard Model.

Keywords: Neutrino Physics, Beyond the Standard Model, Magnetic Dipole Moment,
Low-Energy Neutrinos.
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1 Introduction

According to Pauli’s definition, a neutrino is a particle with spin 1/2 that is both
electrically neutral and extremely light. In Appendix A.3, we explore the essential
labels required to characterize fundamental particles. In this work we will explore
the eletromagnetic properties of neutrinos. The structure of this work is organized
as follows: In Chapter 1, a brief overview of neutrino properties is presented, along
with some open questions related to the topic. Chapter 2 discusses Dirac and Majorana
neutrinos, focusing on the mechanisms responsible for their mass generation. Chapter
3 focuses on explaining the origin of the electromagnetic properties of neutrinos. In
Chapter 4, a Toy Model is introduced to study the scattering between neutrinos and
nuclei through electromagnetic interactions, where the final state of the nucleus is
in an excited state. This chapter also presents some recent experimental results of
measurements of the magnetic dipole moment, such as the XENONNT experiment.
Chapter 5 focuses on the presentation of °Li as a potential detector for studying neutrino
interactions at low energies. Additionally, some advantages of using this detector are
highlighted. Finally, the conclusions drawn from this work are presented.This section
will firstly present the fundamental knowledge about neutrinos, followed by listing

significant unsolved problems concerning the properties of massive neutrinos.

1.1 Neutrinos: Fundamental Properties and Open Ques-

tions

1.1.1 Present Knowledge of Neutrinos

Three species of neutrinos, referred as flavors (v, v, v¢), exist in accordance with
the existence of three families of charged leptons (e, , 7), Q= +2/3 quarks (u,¢,t), and
Q= -1/3 quarks (d,s,b). The measurement of the decay width of the gauge boson Z°
on the Large Electron-Positron Collider (LEP) experiment provides the most rigorous
constraint on the number of neutrino species, indicating that N, = 2.984 + 0.008.
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Figura 1 - Cross section of the process et + e~ — g + § near the resonance of the Z°

boson.
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Source: Modern Particle Physics [1].

This constraint is only applicable to the active neutrinos that participate in the
standard weak interaction and have masses below @ ~ 45.6 GeV [2].

Owing to the precise measurements of electric charges of electrons, protons,
and neutrons, the electric charge of an electron antineutrino in beta decay can be
experimentally limited to e, < 3 X 107?!e, in accordance with the fundamental law of
electric charge conservation [3].

Angular momentum conservation, being a fundamental law, allows one to infer
the spin of neutrinos as 1/2 by considering processes such as n* — u* 4 v, and
nt — et 4 v,. In both, the orbital-electron capture and decay mode 7~ — u~ + 7y,
the helicity, denoted as A, of the electron neutrino and muon antineutrino were found to
be, respectively, left-handed (A = —1/2) and right-handed (A = +1/2) [4, 5].

The helicity of the tau neutrino was determined by the ALEPH Collaboration
through the measurement of the decay mode t~ — I, + 7, + v1, where @ = e or p.
The measured value was found to be A = —0.496 + 0.006, which is in agreement with
the prediction of the Standard Model (SM)[6].

The detection of neutrino oscillations represents a significant advancement in
particle physics as it suggests that neutrinos possess rest masses and that the SM is
incomplete.

Current experimental data have revealed the values of two independent in

difference of mass-squared of neutrinos: Am%l = mg - m% ~ 7.7 %107°eV? and Amgz =
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% - mg = +2.4 x 1073eV2. The absolute scale of neutrino masses cannot be determined

from neutrino oscillations. As a consequence, two different mass hierarchies have been

m

established: the normal hierarchy, in which m3 > mj, and the inverted hierarchy, where

myp > ms.
Figura 2 — Mass Hiearchies.
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Source: Modern Particle Physics [1].

The neutrino flavor eigenstates (Ve, V‘u,VT) and the neutrino mass eigenstates
(v1,vo,v3) are not identical, resulting in the phenomenon of neutrino flavor mixing. To
express the mass eigenstates in terms of the flavor eigenstates, we utilize the Pontecorvo-
Maki-Nakagawa-Sakata (PMSN) matrix, which is a unitary matrix. We can express the
PMNS matrix by utilizing three mixing angles (612, 623, 613) and one complex phase dcp
(see Apendix E). The latest measurements of mixing angles, mass-squared differences,
and the CP-violating phase Ocp are presented in the following table

Tabela 1 — Oscillation parameters for three flavors, considering a global data fit.

Normal Hierarchy Inverted Hierarchy
bfp+lo 3orange bfp+lo 3orange
012/° | 33,44707° 31,27 — 35,86 012/° || 33,4577 31,27 — 35,87
02/° || 49,007, 39,60 — 51,80 023/° | 49,3070 40,30 — 51,80
013/° || 08,5770 08,20 — 08,97 013/° | 08,6071 08,24 — 08,96
dcp/° | 195,0519 107,0 — 403,0 dcp/° || 283,073°0 193,0 — 352,0
AniZ 021 Am 021
o=z 07,4210 06,82 — 08,04 oz 07,4205 06,82 — 08,04
Am +0,028 Am +0,028
|| 2,514 007 2,431 — 2,598 ok —2,4987 s — 2,581 — 2,414

Source: The Fate Of Hints: Upadated Global Analysis Of Three-Flavor Neutrino
Oscillations [7].

There is an equivalent quark mixing in the baryonic sector, which is described
in terms of the Cabibbo-Kobayashi-Maskawa (CKM) matrix. However, the values of
012 and 03 in the PMNS matrix are significantly greater than the largest quark mixing
angle (Cabibbo angle 9. = 8). This suggests that there may be a fundamental distinction

between the origins of lepton mixing and quark flavor mixing.
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1.1.2 Open Questions on Neutrinos

There are numerous uncertainties regarding the intrinsic properties of neutrinos.
Below, will provide a compilation of significant and urgent questions in the fields of

neutrino physics, astronomy, and cosmology.

The question of whether massive neutrinos are Dirac or Majorana particles
remains unresolved. If they are Dirac particles, then they can be distinguished from
their antiparticles due to the conservation of lepton number. On the other hand, if
they are Majorana particles, they are indistinguishable from their antiparticles and this
can result in processes where lepton number conservation is violated. One possible
approach to confirming the Majorana nature of the three known neutrinos is to detect the
neutrinoless double-beta decay (0v2p) (see Figure 3). Until now, there is no conclusive
proof indicating the existence of 0v2 decay.

Figura 3 — 0v2f diagram.
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Source: Neutrinoless Double Beta Decay: 2015 Review [8].

The second issue concerns the absolute mass scale of neutrinos, which can be
investigated using three possible methods. One such method involves studying the
effective mass value in tritium f-decay, which is defined by (m), and is currently being
explored by the KATRIN collaboration. This value is calculated using the equation

(m)e = 21Ul + m2Ual? + m2| Ui

The KATRIN collaboration has established an upper limit of m, < 0.9eV?[9]. In
the case that massive neutrinos are Majorana particles, their masses may be constrained

by detecting the 0v2f decay. Additionally, valuable insights regarding the absolute
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neutrino mass scale can be obtained from cosmology and astrophysics.

Another interesting question is related to the detection of neutrinos cosmic
background. Cosmological models suggest that the present-day abundance of relic
neutrinos is approximately equal to that of relic photons [10]. Our understanding of the
matter content and structure formation of the Universe has been greatly enhanced by
the measurement of the Cosmic Microwave Background (CMB). However, detecting
the Cosmic Neutrino Background (CvB) represents a significant obstacle, given that
the energies of relic neutrinos cause them to interact too weakly with matter.Although
various methods have been developed, the current technological limitations continue
to restrict their sensitivities, which are several orders of magnitude insufficient for
successfully detecting the CvB.

In addition to the previous question regarding cosmology and neutrinos, there is
another issue to consider regarding the impact of neutrinos on the universe’s evolution.
The confirmation of neutrinos existence in the early universe has been indirect and based
on the success of the Standard Model of Cosmology. The present observational data on
the abundances of primordial light elements, the power spectra of CMB anisotropies,
and the formation of large-scale structures all indicate that neutrinos play a vital role in
the evolution of the Universe [11].

There is a possibility that the asymmetry in the baryon number observed in the
Universe is linked to the presence of heavy Majorana neutrinos during the early stages
of the Universe [12]. If this is the case, it means that the evolution of the Universe was
influenced by these neutrinos. Testing the mechanisms of baryogenesis-via-leptogenesis
is still a significant question in the field of particle physics and cosmology today [13].
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2 Dirac and Majorana Neutrinos

The Dirac equation is satisfied by a massive spin-1/2 particles, in the case of
massless particle, the Dirac equation reduce to the Weyl equation (see appendix A.2.5).

The standard mass term for fermions can be written as:
Lm = —magb, (2.1)

where m represents the mass of the fermion and ¢ is the fermionic field. By introducing

the left and right projections defined as:

1-9°
h=Pp=——1 (22)
1 5
Yo =Pt = — 1, 23
we can express the mass term as:
Loy = —miyp = = (§ 9y + Pt ), (24)

where we have used P, P, = PP, = 0. However, it should be noted that this particular
term does not preserve the SU(2) gauge symmetry, and consequently, it violates
renormalizability [14]. In the context of the Standard Model, fermion masses are
generated through Yukawa couplings to the Higgs doublet. For example, we can

consider the following term:
Ly, = —A(E ¢'e, + hec.. 2.5)

In this equation, E, represents the electron lepton SU(2)-doublet:

E, = (V) . (26)
¢ L

The Higgs doublet is denoted by ¢ = (il), and e, represents the right-handed electron,
2

which is a SU(2)-singlet. By implementing spontaneous symmetry breaking, as

0
discussed in appendix (D.3), and considering the vacuum configuration ¢() = (U+ x(x) ],
V2

where v is the vacuum expectation value (vev), we obtain:
_Ae f—
Ly, = ﬁveLeR +he+--- (2.7)

In the above expression, - -- denotes additional interaction terms involving the Higgs

field. In this context, we find that m, = A—\;g, and we have successfully generated an
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electron mass term that preserves gauge invariance. This mechanism is employed in
the Standard Model to generate masses for charged leptons while maintaining a global
U(1) symmetry, where the conserved charge corresponds to the lepton (or baryon)
number (see appendix C.2). The Yukawa coupling constants for various channels were
determined through the study of the decay of the Higgs boson into fermion-antifermion
pairs at the Large Hadron Collider (LHC). These measurements are in good agreement
with the predictions of the Standard Model [15].

The phenomenon of neutrino oscillation indicates that neutrinos are massive
particles (see appendix E), where we observe that the three neutrino flavor states are
associated with three massive states. However, introducing mass to neutrinos presents
a challenge. By examining equation (2.4), we can see that it results in the coupling of
left-handed (LH) and right-handed fermions. Nevertheless, due to parity violation in
the weak interaction, the Standard Model does not include right-handed neutrinos. It is
possible to introduce RH neutrinos in the Standard Model to generate neutrino masses
through Yukawa couplings. However, the smallness of neutrino masses suggests that
they may originate from an alternative mechanism [16].

In the framework of neutrino oscillation, the neutrino masses act as oscillation
parameters, yet their mass smallness remains unexplained. To address this issue,
Weinberg proposed a mechanism beyond the Standard Model that involves a Majorana
mass term for neutrinos [17]. This mechanism is based on the effective Lagrangian

approach and will be discussed subsequent to our exploration of Majorana neutrinos.

Majorana aimed to formulate the Dirac equation in a manner that exhibits
complete symmetry between particles and antiparticles. In the bosonic sector, we
encounter particles that exhibit the unique property of being their own antiparticles.
One such example is the photon. Additionally, there exist bound states of quarks that
possess this characteristic, such as the 7° meson.

To facilitate our discussion, it is necessary to introduce the particle-antiparticle
conjugation operator C. Its action on a fermion field ¢ is defined as follows:

c A—T
Y —— Y =Cy, (2.8)

in this expression, the matrix C satisfies the following properties:

A -1 A—1 A —1

Cyc=-0M" Cye=0p"", C¢'=Cc=-C (2.9)
In the Weyl representation of y-matrices, given by:

PN =d'®d, V=it ®d, V= —de),

where ® represents the Kronecker product, o (i =1, 2, 3.) denotes the 2 x 2 Pauli
matrices, and ¢° = 1 is the 2 x 2 identity matrix. We can choose C = iy?)%. The
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anticommutation relation of the Dirac matrices implies that when C acts on a chiral
tield, it flips its chirality. For instance:

Y e (W) =Cly) = CPIy
- % (1 + (7/5)T) Y, using 6_5/5(} = (%7 (2.10)
= ()" =Py = (§)r.
Similarly, A
i — ()" = (§°)1- (2.11)

Hence, the antiparticle of a left-handed fermion is a right-handed fermion.

In our discussion of the Dirac equation (see appendix A.2.4.3), we introduced a
four-component spinor by combining two independent chiral spinors. The right-handed
(RH) and left-handed (LH) components of the Dirac spinor were treated as independent.
However, we can impose a constraint on this degree of freedom by recognizing that a
RH antiparticle is equivalent to a LH particle. Therefore, we construct the following

four-component spinor:

=1 + (EDL)C =Y + (‘PC)R- (212)

In this case, we have a Majorana spinor field, which can be described using only one
chiral field. In this picture we have a more economical case with comparasion with the

Dirac field. It is straightforward to show that:

b=+ () —— ¥ = (4)°+ 4, 2.13)

where we have used (¢°)° = 1. This implies that particles associated with Majorana
fields are genuinely neutral, meaning they are their own antiparticles'. The condition
¢ = 1 is called the Majorana condition. Majorana fermions have only two degrees
of freedom and while they are essentially a two component spinor, it is often useful

to write them in the four componente notation. In chiral representation, we consider

Y = [(5), therefore using the C operator we can write

A—T . "
LPR = C% = 17/21‘[)L

(0 i®\[¢r) ( O (2.14)
_(—ioz 0][0]_[—ioz¢*)'

A Majorana fermion is a neutral fermion, and according to the CPT theorem, the particle and its
antiparticle have the same mass.

1



Capitulo 2. Dirac and Majorana Neutrinos 23

Therefore, a Majorana field can be written in the four-component form as:

| ¢
Y= (_iaz qy)- (2.15)
Satisfying
c (0 W) o) [ ¢ )
v _(—iaz OJ[—i02¢)_(—iaz¢*)_¢' (2.16)

Consider the Dirac equation (Equation A.62) for the Majorana spinor defined by
Equation (2.15). It can be expressed as:

(iyoé?o +iy-V - m) [_i:;qb*) =0

5 (2.17)
—m idg 415 -V ¢ | 0
iog—id-V  —m )\-ic%¢*)
resulting in two equations
9o + - V)" — mop = 0;
(9o 9) ¢ —me 2.18)

(do—G-V)p + ma*p* = 0.

These equations are equivalent, which can be seen by taking the complex conjugate of

the first equation:
(9o +3"-V)(0*)'¢p—me" =0
= —0%(dy + 7 - ﬁ)aqu —mo?*¢p* =0
=(dg -3 V)¢ + ma>p* = 0.

We have used the fact that 026"0? = —G. Therefore, the two equations are equivalent, as
we would expect since we are reducing the degrees of freedom in the theory.
The mass term of the Dirac Lagrangian (Equation (2.4)) can now be written as:

Ly =-m (ERIJDL + h.c)

R (2.19)
= -m ()Y, +1c).

Using the properties:
— =T A=T\' A T .
= (€9 = (eP) 0 = [ewh?) | e
* A A—1 A—1
— (ll)-l-')/o) CerO — IPTVOC yO — _lPTC ,

where we have used the first equation of (2.9), the Majorana mass term becomes:

(2.20)

L= -m(-ypIC Y, +h), (2.21)



Capitulo 2. Dirac and Majorana Neutrinos 24

and we define the Majorana Lagrangian as:
- . m A -1
ﬁaﬁwwﬁ%+ghﬁhh+mL (2.22)

where the factor % in the mass term is introduced for convenience since the term is

quadratic in the field. This Lagrangian can be expressed in terms of the ¢ field using;:

— acl (% 0
I#L:((é)), p'=(¢" 0), =0 ¢"), ¢ :—z(% 02).

Using this in Equation (2.22), we can express the Majorana Lagrangian as:
LY = i(¢'9pp — 93 - Vp) - % (¢Tio%p + h.c), (2.23)

It is explicitly not U(1)-invariant. Therefore, the Majorana Lagrangian breaks U(1)-
charge conservation, such as lepton or baryon number, electric charge, etc. In the
massless limit, the distinction between a Majorana or a Dirac particle vanishes, as both
become Weyl particles. In this case, we recover U(1) symmetry.

If Standard Model (SM) particles interact with heavy particles beyond the
Standard Model, with masses much larger than the vacuum expectation value v =
246GeV, the fields of the heavy particles in the electroweak region can be "integrated

n2

out" and this new interaction induce a nonrenormalizable effective Lagrangian [17]. So

the SM Lagrangian is written as:
1
L=L,+ XQ,SS), (2.24)

where Q) is a set of operators with dimension [m]® written in terms of the SM fields.

Imposing the SM gauge symmetry on Q,(ls) leaves only a single operator [18]:
ot \Tay -
Q= ($'1,) ¢ ('), (2.25)

where 5]' = ejkqb*k is the conjugate of the Higgs field, and p, r = ¢, u, 7. Are the
generation indexes, while [, is the SU(2)-doublet. By using index notation and
employing the unitary gauge to incorporate spontaneous symmetry breaking, we find:

. . 1 o
Qu = ejremnd/ ™ (I5)TC 1! = 5 (0 X () vy C v (2.26)
L N :
= Evzv};C v+ ox (I C v+ O (¥ (x)).

The first part of the equation represents a Majorana mass term for neutrinos, indicating
that physics beyond the Standard Model has the potential to generate such masses. This

2 The term "integrated out'is employed in the context of the Feynman Path integral formalism of
Quantum Field Theory, where the amplitude is computed as A = f DrightDPheavy exp (iS) I1; Vi, By
integrating over all configurations of the ¢peavy field, an effective Quantum Field Theory is obtained.
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phenomenon, in turn, can lead to neutrino flavor oscillation. The introduction of the
parameter A in equation (2.24), which has mass dimension, acts as a suppression factor
for the neutrino mass, due to the of new physics scale represented by A. Consequently,
this provides a plausible explanation for the observed smallness of neutrino masses [17].

The Majorana mass term in the Lagrangian (2.22) applies for a single Majorana
particle, we can extend the analysis to the case of multiple Majorana fermions. In this

scenario, the Majorana mass term can be expressed as follows:

LM =~ (yTC iy, + hc), (2.27)

L

N~

U1

where ¢ = | i | and m represents an n X n matrix that acts on the generation space,

P

often referred to as the mass matrix. The m matrix is symmetric, since®

PTMY = ] Mijp;

(2.28)
= —¢i(MD)jiy; = -y My,
in this case M = Cm = MT = mT(CT)™! = -C"m”, and in the last equation we use
that C acts on spinor space and m acts on the generation space. Finally, we find
T T L T
Cmp=1 Cm
yCmp =1y ¥ (2.29)
=>m=m'.

Consider the case of n standard lepton generations, each consisting of a SU(2),-doublet

of LH neutrino and charged lepton field denoted by [, = {Va) ,and a SU(2)-single RH
e

a

charged lepton field ey, (@ =€, p, 7,---). In the Standard Model extended to include
the mass generation mechanism for Majorana neutrinos, the terms of the Lagrangian
relevant to neutrino oscillation include the charged-current weak interaction term and

the mass term of charged leptons and neutrinos [16]:
g_,y/ =l 1 1ITA_1II
Lyym = Y (e LY VL) W, —eme + 2V C m'v) +h.c (2.30)

The matrices m’l and ml are generally non-diagonal in the weak-eigenstate basis. For n

lepton generations, the mass matrix of charged leptons m’l is a general complex n X n

3 In the second line, we apply the field quantization rule for fermionic fields. The procedure of field

quantization is extensively discussed in many books on Quantum Field Theory, such as the reference
[19]. This rule provides a framework for properly quantizing fermionic fields and is essential in the
study of quantum phenomena in particle physics.
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matrix, while the Majorana mass matrix m’ is a complex symmetric 7 X n matrix. A

square matrix A can be diagonalized by a bi-unitary transformation given by

Ay, = VIAV,,

diag
where Agjqg is a diagonal 7 X n matrix with non-negative diagonal elements [20].
Similarly, a symmetric square matrix B can be diagonalized by a transformation using a

single unitary matrix, resulting in

B, = U'BU,

diag
where all the diagonal elements of Bg;ag are non-negative. Therefore, we perform a basis
transformation on the lepton fields as follows:

’ / ’
e =Ve, er = Vier, v =Uy.

In the new basis, the interaction term of the Lagrangian (2.30) takes the form:
g - /
SR 2 (€ W+ e
24
I'g _
B AT
a, B, i
g _
Y Y (@, Uy Wu + e

A similar procedure can be applied to the Majorana neutrinos’ mass term and the charged

lepton mass term in the Lagrangian (2.30), resulting in the following expressions:
g _ _ 1 a1
Lotm = _$ ; (eLa y‘uuaiVLi )WH - Z‘ M, 6,6, T 2 ZZ‘ miVLTiC v, + h.c. (2.31)

Here, m,_ (a =e u, 7,---)and m; (i =1, 2,---) are the diagonal elements of the
mass matrices m, and m respectively. These elements correspond to the masses of the
charged leptons and the mass-eigenstate neutrinos. The PMNS matrix (see appendix E)
is defined as

u=v'y, (2.32)

The flavour-eigenstate neutrino fields can be expressed as

n
y = Z u,v, . (2.33)
=1

With these definitions, the charged-current interaction part of the Lagrangian (2.31) can
be written as

Ly = —% Z (. 7"y Wy + R, (2.34)

where the flavour-eigenstate v, vy, v, -+ correspond to the neutrinos emitted or
absorbed together with the charged leptonse, u, 7,--- respectively. This description
implies that massive neutrinos are generally mixed and gives rise to the phenomenon
of neutrino flavour oscillations.
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3 Neutrinos Eletromagnetic Interac-

tion

Currently, one of the most active research fields in high-energy physics is the
study of neutrino properties and interactions, which employs both theoretical and
experimental methods. This research provides valuable insights into the mechanisms of
the Standard Model of physics and serves as a powerful tool to explore physics beyond
the Standard Model. In his famous 1930 letter addressed to "Dear Radioactive Ladies
and Gentlemen", Pauli proposed the existence of neutrinos and speculated that they

could possess a magnetic moment [21].

Although in the Standard Model neutrinos are electrically neutral and do not
possess electric or magnetic dipole moments, they have a charge radius which is genera-
ted by radioactive corrections. We now know that neutrinos are massive, because many
experiments observed neutrino oscillations (see appendix E). Hence, it is necessary
to expand the Standard Model to accommodate the masses of neutrinos. Multiple
extensions of the Standard Model exist, each with distinct predictions for the properties
of neutrinos. One of the most significant properties among them is their fundamental

Dirac or Majorana character, as discussed in Chapter 2.

Through quantum loop effects, neutrinos obtain electromagnetic properties in
numerous extensions of the Standard Model. As a result, neutrinos can directly interact
with electromagnetic fields and charged particles through electromagnetic interactions.
Consequently, investigating the electromagnetic interactions of neutrinos, both theo-
retically and experimentally, is a powerful method to explore the fundamental theory
beyond the Standard Model. Additionally, these interactions can produce significant
effects, particularly in astrophysical settings, where neutrinos travel long distances in

vacuum and matter and encounter magnetic fields [21].

The electromagnetic properties of neutrinos are crucial in discerning between
Dirac and Majorana neutrinos. For instance, these properties can assist in differentiating
between the two types since Dirac neutrinos can possess both diagonal and off-diagonal
magnetic and electric dipole moments, whereas Majorana neutrinos are restricted to
off-diagonal moments [22, 23].
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3.1 Eletromagnetic Current Decomposition

This approach identifies form factors that are generally known but often ne-
glected in literature. The omission of these factors was previously attributed to the
assumption that discrete symmetries were always exact. However, the discovery of their
violation and the recognition that time-reversal violation is a fundamental component
of baryogenesis during the big bang necessitates the inclusion of all terms and rigorous
experimental testing.

It has been discovered that the electromagnetic current can possess four form
factors. The physical significance of these form factors in the non-relativistic limit is
also examined.

To obtain the current’s general expression, we will consider the expectation value

given by the equation:
(sl (x)lps) = e PP #(0) o), (3.1)
where we have used a translation transformation
P = (v +y),
with ? the four-momentum operator [21]. We can write

(Pl (0)lpiy = u(p)O* (1, q)u(F), (3.2)

where u(p) is the Dirac spinors in momentum space. The [ and g variables are the
kinematic quantities we have, i.e., [ = pf + p? and q* = p? - p? and O! being an
operator whose matrix element between the spinors is a Lorentz vector!. Our focus is
to derive the explicit form of O.

The current j* must be Hermitian, i.e., ]L = ju- This amounts to (p¢l|j* (x)Ip;) =

{piljt (x)lpg)" or

— > — — > — t T

W70 (L, u(d) = | ([@AOLL-au@) |
where we have taken the transpose operation twice on the right-hand side. If we now
take the dagger and transpose operation, we get:

u(7)0u(l, Qu() = u(p)y O, (1, -9)y u(@) (3.3)

where we have used the fact that there is no effect of transposing a number, and
q“ =pi - pj‘ﬁ. Therefore, the O,, operator must satisfy

0L, 9) = ¥°0u(l, —9)". (34)

To be more precise, the matrix element ¢(p £)O)(p;) transforms like a four-vector.

1
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The condition of gauge invariance can be expressed as follows:

[#gan@ = [ djware - [ dima), (35)
where the transformation of the photon field is given by
A'F(x) — AF(x) = F x(x). (3.6)

The second integrand in the right-hand side of equation 3.5 can be solved by partial

integration as

[dxjp@annto = [ G- [ i@, 6

where the first term in equation 3.7 is a surface term that vanishes. Therefore, the gauge

invariance condition implies

fd4xc9“j#(x))((x) =0, (3.8)
and since x(x) is arbitrary, it follows that
MHj, = 0. (3.9)
By utilizing equation 3.1, it can be inferred that d, j* = 0 leads to the conclusion that

quu ()0 (1, q)u(f) =0. (3.10)

It is worth noting that without the requirement of gauge invariance we just can derive
the weak form-factor decomposition 2.
In a theory with a massive spin-1 field, there are three vector polarizations e* (p),

and a common basis is given by:

e =(0,1,0,0);

es =(0,0,1,0);
u_ (P2 £
€ = (m' 0, 0, m)

In the massless limit, the longitudinal polarization becomes e‘Ll o« gt = (E,0,0,E). The

gauge transformation (3.6) can be expressed in momentum space as:
et'(p) — €et'(p) +ip". (3.11)

In quantum field theory, we calculate matrix elements with the field A;,. These matrix

elements depend on the vector polarization and must have the form:

M= et'M,,

To be more precise, in an electromagnetic theory, current conservation is equivalent to the demand for
gauge invariance. This requirement, in turn, necessitates that the photon has zero mass [19].

2
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where M, transforms as a four-vector, ensuring that M is Lorentz invariant. In the
case of a massless field, there are only two vector polarizations, as the longitudinal
polarization becomes the momentum of the photon. Therefore, demanding Lorentz

invariance and imposing gauge invariance implies:
M— (el‘u(q) + e;(q))M; + q“M; = (ef‘(q) + ezy(q))M;l. (3.12)
This is only possible if g*Mj, = 0, which is known as the Ward identity.
To construct the 4 X 4 matrix O (I, q) we have access to {I#, g/}, the matrices in the

setS = {1,y#, o, )/“)/5, )/5}3, the metric tensor ¢g*, and the Levi-Civita anti-symmetric

tensor V7P, We define the first set such that g# and I* carry the Lorentz-index, giving us
O1 = {g", I, 4*y°, I')y°).
We can expand this set to include
S1=1q"q, 41, 4"ysq, q'ysl, q"o*Pqulp, and gt IV},

but these terms either vanish or are proportional to those in O;. For instance,

—

u(p)atysqu(@) = u(g)a"ys(p;— v p)u(@)
= u(@)g"ys(p () — p () (3.13)
= 2miu(p})q" ysu(f),

where we have used the Dirac equation (A.62).
The next possible set of candidates is characterized by demanding Lorentz-index
be carried by one of the matrix in S

Ox = {y¥, ysyt, oqy, oL}
It is worth noting that a term
[ i pvap
501"y = SeFaapqy

will be added to the next set. In the third set the Lorentz-index u is carried by the
Levi-Civita symbol

0; = {e‘uvaﬁaaﬁ‘]w eyvaﬁgaﬁlw eyvaﬁ%/GIalﬁ; eyvaﬁyvVS‘]alﬁ/ e‘uvaﬁQalﬁvaqp/ e‘uvaﬁ‘]alﬁgvplp}-

The Gordon-like identity (B.50) indicates that we can replace y°I# with ¢t)°g,,.
However, based on equation (B.10), a“"ySqV = ée“"“ﬁaaﬂqv, which represents the first

element in O3. Moreover, using equation (B.35), we can eliminate ¢*"lv in favor of g,

3 This set of matrices are linearly independent (see appendix B.1).
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while equation (B.33) allows us to replace [ with y* and ¢#"g". Therefore we will use
the following sets:

0) = {q*, 4*y°); (3.14)
0, =t vrt, ol (3.15)
O, = {e“mﬁaaﬁqv}. (3.16)

Note that the elements in O3 are linear combinations of the elements in O’1 and
0’2, as well as the element in O’3. Hence, we can represent the set O3 with just one
element, as we will see next.

The second term in O3 can be writen as follows:
u(p,) [ Pogph]u (7) =2u(@,) (iy°at' L, Ju ()
b L A W
) (S22 i),

which is a linear combination of elements in Oi and Oé. The third term in Oé can be

B.10

expressed as

() e Poaph u() S 7|1 - g1y®) + ighyP
= 2im(Iy° 4 gty° )]u(?),

this is again elements € O}, O] and O;.

The fourth element can be writen as
()| ilg1 ~ 1) ~i(g? ~ 4m)y*
+ 2im (1 + )|,

B.51

u(p,) [P yuysqale)u (i)

that is a linear combination of O}, O;,. The fifth element is given by:

+ Zim(l“ + q#)]u(j),

these objects belong to the sets O’1, 0’2 and O’3. Therefore, the sets in equations (3.14),
(3.15) and (3.16) are all we can use to construct the O* (I, q). Combining all the previous
results, we can express the following six independent terms:

u(@ )0 (1L, q)u(g) = ﬁ(ﬁf){ AW+ L()a"Y + B@)VH + fald Ity

(3.17)
+ 1500 + fo( D) Faapg. | u(i),
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where f(¢%) are six Lorentz-invariant form factors (k = 1,---, 6) and g is the four-
momentum of the photon. Note that the form factors depend only on qz, which is the
only available Lorentz-invariant kinematical quantity, since I> = 4m? —¢*> and g -1 = 0.
Therefore, we can write O*(1,q) as O*(g)[21].

We aim to enforce gauge invariance, d,,J#(x) = 0, and can do so using equation

(3.1). This gives us:
Il (x) =0 &= 0, (7 PP (GO (q)u(f) = 0 619
= q,11()O* (q)u(ff) = 0. '

Using the equation (3.17) we find

ﬁ(@){ A + L@ + ) g + ad®) gy

(3.19)
+ J5()0 uy + fo e Poapua ) u() = O,

since quqy, = Ty is a symmetric tensor o#'q,q, = €""*g,,0,5 = 0 and the term
ﬁ(@) f3(g*)qu(ff) vanish due the Dirac equation (A.62). Hence, we can deduce that

AP+ L) + falg?)2my® =0, (3.20)

where he have used u(})g)°u() = u(p}) (p’ - p)y%(ﬁ) = u(p,)2mu(f). Since unity

1

matrix and y° are linearly independenty
A =0; (3.21)
2 7
falq") = =5 - o). (3.22)

Thus, the expression in equation (3.17) can be written as follows:

2
()0 ()u(F) = a@{ @)|a = oy + e
(3.23)
+ f5(4%) 0" + fa(qz)e*‘mﬁoaﬁ%} u(f),

which leave us with four electromagnetic form-factors.Usually, it is common to express
the final result through F;(i = 1, 2, 3, 4) form-factor in the following form:

=

—( > ~ —( 2 i v i v
()0 (q)u) = 7l >{Pl<q2>y“+gff“ BFT) + g oapa Fa ()
(3.24)

2
+5- (q“ - j—my”)fh(qz)} u(f)-
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Implementing the hermiticity condition (3.4) we find:

i . i .
V0L @y" = Fi @)y = 51 00 T F(6°) = —€uvapy’ (0™) Y0 F3(0)
(3.25)

q
> (q“VOVSyO )/OVSVLVO) A7),

where we have alredy used that °' = 7°. Using the equation (B.28) we can write

% l Vet Z af v
VOOL (q)VO =F (qz)ﬂt - %Gyvq Fz(qz) - Eeymﬁa ﬁq F3(q2)

1 q° .
-5 (q“ + %w) Y Fy(a%) (3:26)

= Ou(-9).
Therefore, the hermiticity impose that

Fi(q%) = Fi(q). (3.27)

1

Equation (3.24) is the most general relativistic current for the spin-1/2 fermion.

Equation (3.24) corresponds to the diagonal case, i.e., the one that occurs when
the side fermions have identical masses. But in principle, we could also have started
with the off-diagonal case. In this case, the result is

(70 (q)u(p) = ﬂ(ﬁ,){ (g - 49" ) Fr(4) + i0* quFa(q%) + ie""*P o, F3(?)

my + my

2
+(q”— d V“)VSH(qz)}u(?),
(3.28)

which satisfies all the requeriments we have done in the previos current.

The form-factor decomposition given by Equation (3.24) is applicable to both
point-like particles, such as electrons, muons and neutrinos, as well as extended
particles, such as neutrons and protons. This decomposition holds true for both
Dirac and Majorana fermions, although, we will see later that there are differences
between these two types of fermions regarding their electromagnetic properties. The
decomposition is valid for both charged and neutral fermions, with the latter having
a coupling to a photon either due to their extended nature or through their spin-field
interaction. In the case of point-like objects, one starts with the coupling eA#yH1
and higher-order corrections in perturbation theory produce the remaining structure.
The physical explanation for this phenomenon, is that the "bare"electron is always
accompanied by a cloud of virtual particles-antiparticles pairs*, which effectively makes
it an extended object [24].

4 More precisely, the Coulomb potential can be related to the exchange of a single photon. However, if
we consider the 1-loop correction to Coulomb’s law, this arises from an e*e™ loop inside the photon
line, which is known as vacuum polarization [19].
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3.1.1 Electromagnetic Form Factors

In order to develop an understanding of the meaning of form factors F;, let us
examine the electromagnetic interaction in the non-relativistic limit. The interaction
Hamiltonian between the fermionic field f(x) and the electromagnetic field A, (x) in the

Standard Model is given by the expression:

HI (x) = af () yuf(x) A (x), (3.29)

where f(x) is the adjoint spinor of the fermionic field and g5 is the charge of the fermion.

As we have discussed, the decomposition (3.24) can be used to extended body,

so we will consider the energy of a non-relativistic hadron with charge ¢, in a static

external electromagnetic field A*(x). The interaction energy is given by the volume
integral

W=ep [ dxar(m],(x) -

_% | B, imp)x > (339

=7 [ e 0 AR ()0, )

In the case of a pure electrostatic field A%(x) it is advantageous to be concerned with the

vertex function just with the form-factors F1(g%) and F»(g?), i.e., we will study

Au(q) = F1(q%)yu +

Using the Gordon identity (Eq. B.33), we can express the equation as:

iow
. F2(97)- (3.31)

() A (0)u(F) = ﬁ(@){ (F1(e) + Ex(?) - MFW)} w63

2m

This leads to the following expression for the integrand of Eq. (3.30) in the hadron rest
frame:

A (x)u (@) Mo(q)u(F) = A (x)u (Pf){( (‘72)+F2(‘72))V0—ﬁ(?f*’Pi)OPZ(qz)} u(f)

—s 1 5
= Ao(x>u(pf){ Fi(@®) + F20P) o= 5 (b + Pi)on(qz)} u()-
(3.33)
In the non-relativistic limit, the lower component of the Dirac spinors can be neglected.
Any vector current, such as J# = y#1, can be written as 1f). Since the Y’ matrix
is off-diagonal, it implies an upper-lower coupling of the Dirac spinor. Therefore, it

vanishes. On the other hand, the »° matrix is diagonal, and it implies an upper-upper

coupling of the Dirac spinor components. Therefore, in the non-relativistic limit,

Pyt — )y = ¢y,
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which leads to

0 —/ > > _ A0 —/ = 2 m_Epf 2 —
AW Aofa)u(F) ~ A (x)u(Pf){Fl(q )+ (Tt et >}u< )
(3.34)

= AO(JCW(@)(H (9°) + Z—sz(qz)]u( 7),

where we have used g° = (pf— pi)? = 2m(m — Ep,). In the static limit 7> — 0,ie., we
are considering an external potential which is constant or slowly varying. Therefore,

the interaction energy simply becomes

e ,
W= - f dPxe™T* A%(x) F1(0) = e,F1(0)A°. (3.35)
V ——
static
Moving on, we can deduce the classical Hamiltonian for a particle in an electromagnetic
2
field by starting with the free Hamiltonian Hy = g—m and performing minimal coupling
g—p- eA while adding the electric potential with a charge e. This gives us the following

equation:

L2
H:MJreqb

2m

2 2 (3.36)
_PF e i A
=5 €0 A+e 2m+e<j)
:HO+HiYZt/

where A is the vector potential and ¢ is the scalar potential.
Returning to the result found in (3.35), we can interpret it as the electrostatic
energy of a particle with charge e,F1(0) in a potential A, i.e.,

H

effec

[F1(0)] = F1(0)A%(x), (3.37)

and we can interpret F1(0) = q as an effective charge.

We can express the product of the magnetic field described by the vector potential
AK(x) and the spinors u(p;) and u(f) in terms of the form factors F (4%) and F»(4%), and
the momenta and spin of the particles involved. Specifically, we have:

i )
AX)(F) Aela)u(f) = Ak<x>a<@>{ Fi(@)ye+ - (F1 () + Pz<q2>)} u(F)

F+ (g2 ; )
= ﬂ(ﬁ}){ 12(:1 ) (lk + iaqul) + %FZ(WZ)} u(f) (3.38)

Ak Ak Gt
- a(@){ P () + Ly () +Fz(q2))} u(f),
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where Ag(q) is the vertex function for a photon with momentum g and polarization
vector €k, m is the mass of the particles. In the Dirac representation of the y-matrices,

we can write y; = io2 ® 0x. Using this representation, we can calculate oy; as follows:

1
on =5 [V vi]

i, .
=5 [iog ® 0, 102 ® 0}

—1i
= _(02)2 ® [Ok/ Gl] = 1®€xmom

2
o™ 0
= €kim 0 o"
= eklmzml
with ¥ = [g _}J. We can express the following equation:
g
—/ > —> —/ > _)‘ ﬁJ: i - =1 —
AT Ax(q)u(F) ~ —u(g){ —Fi() + 5 (Fi(q) + Fa(%)) (7% A)- 2} u(f).
(3.39)
Finally, considering that the fields are static and g> — 0, the interaction energy can be
written as:
W -2 [ Breitnt () %F (0) + a (F1(0) + F2(0)) (7% A) - £ u* (7)u(F)
TV Fr m o 2m > 2 d PR

(3.40)
As u'u = 1 due to normalization, the first term just describes the interaction of a moving
charge with the magnetic field, which can be seen in equation (3.36). We can express the
second term as shown below, where B is the magnetic field and ¥ = 25 with § being the

spin operator:

W~ 2 (F1(0) JFFZ(O))H(ﬁ)iu(?)l f dxe” 1 (-if x A)

2m

ey (F1(0) + F2(0 » S (it Y g o 7
e T B e R S I
N———
boundary term

—e, (F1(0) 4+ F»(0 N
_ p (F1(0) + Fa( ))2@‘3,
2m
with ¥ = 25and V x A= §, where B is the magnetic field. We can represent the free

5

Hamiltonian for a spin-1/2 particle as follows:

=2 2
_(@-p)
2m
Here {7 is the momentum quantum operator g = —iV.

5
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Using the minimal coupling, we obtain the Pauli equation as follows:

H:ﬁ[(aﬁ—eaﬁ)z]mp

— ﬁ |(F— eA)? - 203 - B + e (3.42)
1 N -, S5 02
= 5 (F-eA)’ —{i-B +e9,

where [ = in—‘? is the intrinsic magnetic moment for a particle satisfying the Dirac equation.

Referring back to the result in equation (3.41), we can interpret it as the energy
of a particle with spin-1/2 in a homogeneous magnetic field with magnetic moment
5= [F1(0) + F2(0)], i.e.,

—

H,i. [F1(0), F2(0)] = —ud - B, (3.43)

effec

and we can interpret 5-[F; (0) + F»(0)] = u as an effective magnetic moment. A similar

procedure allow to written [24]

-

[F3(0)] = —dd - E; (3.44)

[F4(0)] o F4(0)3 - [6 x B - 38_1;:]

H

effec

H

effec

(3.45)

Here —ﬁPg(O) = d, where d is called electric dipole moment and F4(0) = a is called
the anapole moment. It is commonlly presented to present the vertex function in the

following form:

A g) = fo @IV = Sl @P)io" gy + fild®)o" 07° + (@) (Y —a'q)y,  (3.46)

where f,, f, fg and f, represent the real charge, magnetic dipole, electric dipole, and

anapole neutrino form factors, respectively [21].



38

4 Neutrino Interaction via Magnetic Di-
pole Moment: Calculation

The electromagnetic properties of neutrinos are a window to physics beyond
the Standard Model. The vertex function (3.46) can be used to distinguish between
the Dirac Neutrino and Majorana neutrino. In this section we will consider neutrino
as a Dirac particle and study the neutrino scattering with a target nuclei. In section
(4.1) we will introduce the differential cross section in laboratory frame considering
charge-charge interaction, magnetic dipole-charge interaction.

4,1 The differential Cross Section

Considering a beam of particles of type a with flux ¢,, crossing a space region
in which there are n;, type b particles per volume unity. The interaction rate per target

particle r, will be proportional to the interaction particle flux and can be written as:

"y = 0Qq. (4.1)

The fundamental physics is contained in o, which area dimension and is termed the
interaction cross section[1].

The cross section for any two-body — two-body process is given by

*

1 pf
o= —
64725 p?

2

dIM, |, 4.2)

where p; (p?) is the final (initial) momentum in centre-of-mass frame, the solid angle d()
represents the angular extent of one of the scattered particles and M, is the Lorentz

invariant matrix element defined by
M, =@, @5, - 1B, ¢, ) = (2E,2E,2E,2E, ) T,,, (4.3)

where Tfi is the transition matrix elements [25]. The wave functions are normalized

with a Lorentz-invariant normalisation

Y = (2E)y,

with E being the particle energy, and s is the total energy of the two initial particles,

sometimes called centre-of-mass energy. The Mandelstam variables are defined by

t= (pl _P3)2 = (p4 _P2)2 (4'4)
s=(p, +p,)" = (ps +p,)° (4.5)
u=(p,—p,)" = (p;—p,)’ (4.6)
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We can see that the essential physics of the interaction is given by the Lorentz-invariant
matrix element M. The matrix element is calculated for a given process and we can
perform it with the Feynman rules for the given theory.

The diferrential cross section can be writen as:

1 P

do = — 1
647%s p?

M, [ aqr. 4.7)

We are interested about the following neutrinos scattering process:
vy — T+ (48)

where V is the antineutrino produced in a weak decay, x is a target nuclei in the ground
state and x is the target nuclei in a excited state. This can be represented using the

(3.46) by the following Feynman digram:

Figura 4 — Effective one-photon interaction with a target nuclei x

v v
P1 p3

p2 Pa +
Source: Author.

TWhile the differential cross section (4.7) is applicable in the center-of-mass
frame, we aim to determine the differential cross section in the laboratory frame. In the
rest frame t-channel Mandelstan variable can be calculated by:

t=(pi-p,)”
= mf + mg - 2p.p; (4.9)
= m* +m? = 2E'E: + 2" - ..
In the centre-of-mass frame, the magnetude of the momentum and the final-state particle

energies are fixed by energy and momentum conservation and the only free parameter

is the scattering angle 0%, thus

dt = 2pip, d (cos 6), (4.10)
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and therefore, dQ)* = d(cos 6*)d¢* = % Z) Writing p} and p; as p? and p, o respectively,
the differential cross section (4.7) can be wrltten as:
1 2
= —— M _|dodt. 4.11
1287’(25;9;“2 Mfz| ¢ ( )

Finnaly, assuming that matrix elements is independent of the azimuthal angle,

the integral over d¢" just introduce a factor of 27t and therefore

da_ 1

2
dt — 64msp? |

; (4.12)

We can see that the abovementioned cross section in Lorentz-invariant, since all the
constituints are a scalar. The magnetude of the momentum of initial-state particles in
the centre-of-mass frame can be expressed as:

sz = ﬁ [S — (m, + mz)z][s - (m, - m2)2] ) (4.13)

In the laboratory-frame we have the following description

Figura 5-v + y — v+ x' process in Laboratory Frame.

LY

=l

L

t

X

Source: Author.

With the following kinematic quantities:

= (E, 0,0, E,) (4.14)
— (m,, 0, 0, 0) (4.15)
(E3, 0, E3sin6, E, cos0) (4.16)
=(E,+m_—E,, 0, —E,sin6, E, —E, cos 0). (4.17)

Where we have using that m; = m, <m_. In this limit the equation (4.13) becomes:

2
(s-m2)
*2 X

P (4.18)
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Since
s = (p1+p2)? = m’ +2pp,
o2
= m, + 2E,m, (4.19)
E2m?
1 X

S

2
:pi =

The differential cross section can be written in the laboratory frame using that

do 1 dt do
— = 4.20
dQy  2md(cosO) dt (4.20)

Where we have considered azimuthal symmetry. Substituting (4.19) in (4.12), the Lorentz

invariant differential cross section can be written as:

do_ 1

2
—=——= M| . 421
&~ gine M 420
Using the Mandelstam variable t = (p, — p,)?, we can calculate
dt dE,
=2 . 4.22
d(cos0) T d(cos 0) (4.22)
Since
(P, —p5)* = (p,—p,)?
= —2E,E;(1~cos6) = m> +m?, —2m (E, +m, —E,)
s s (4.23)
m< —m*, +2m_E,
X X X
=>E, = .
2 (mX +E,(1—cos 9))
Hence,
dE E.E
= 12 . (4.24)
d(cos@) m,+E (1-cos0)
And equation (4.22) becomes
2
dt 2mEE, 4mEE w25)

d(cos0) m, +E (1-cos6) m? — m; +2m E,

Finnaly the differential cross section can be calculated by:

dU 1 1 ( ES ) 2
_ M| (4.26)
dcos6  64n?2 (mX +E,(1 - cos 6)) m, E, | ! |

Equivalently, using the last equation of (4.25) and (4.21) in (4.20), we find:

= fil - 4.27
dcos 3y (m§ i, + 2mXE1) m,E, “.2)
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4.1.1 The charge-charge interaction

Now we proceed with the calculation of the matrix element | M,,|, using Feynman
Rules, which employ perturbation theory to evaluate interactions. The Feynman Rules
are derived from the Lagrangian of each theory. To illustrate, we will provide a brief
explanation of the Feynman Rules for the ¢*-theory. This theory is described by the
following Lagrangian:

L= %%cﬁ)&”qﬁ - %ngbz - % L,
The Feynman vertex for a theory is determined by the interaction Lagrangian. Specifically,

(4.28)

in the Feynman vertex, the fields are stripped off, resulting in i Lj,,;. In the case of the
¢*-theory, the vertex is —i % without the fields.

The propagator of the field is obtained by taking the inverse of the kinetic
operator in momentum space and multiplying it by ’i’. For the ¢*-theory, the kinetic
term leads to the Klein-Gordon equation. The inverse of the Klein-Gordon equation in
momentum space gives the propagator, which is pZ—# for a scalar field.

Finally, the external line in Feynman diagrams is represented by the appropriate
polarization vector or spinor. In the case of the ¢*-theory, it is simply the number 1, as it
is the most trivial case. With these elements, we can now perform calculations for any
Feynman diagram in the ¢*-theory.

The Feynman Rules for the QED are depicted in the following figure

Figura 6 — QED Feynman Rules.

initial-state particle: u(p) ——®
final-state particle: u(p) =
initial-state antiparticle: u(p) e
final-state antiparticle: v(p) =
initial-state photon: eu(p) AN e
final-state photon: 8:1( p) o
photon propagator: - lz‘; NS
fermion propagator: —W—+:m .
q-—m=

Source: Modern Particle Physics [1].

Next, we will proceed with the calculation of the matrix element for the scattering
depicted in Figure 4, where the interaction Lagrangian is defined using equation (3.46).

The expression for the interaction Lagrangian is as follows:

Lint = gA#EDA‘u (4.29)
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Considering the charge-charge interaction we have the usual QED vertex Feyn-
man rule, (iQ, "), where we have defined Q, = f,(q) as the neutrino eletric charge. By
employing the Feynman Rules for QED and utilizing the given vertex, we can compute

the matrix element for the scattering process v + x — v + x' as follows:

. _ ) (—ig ;W) — ) ¥
SIM=0(p) Q)0 (ps) T 5p) (10 u(p) (4:30)
1 3
If the particle is unpolarized we have to sum over the polarizations (spins) of the
tinal particles and the average over the polarization (spins) of the initial ones, so we
need replace

|Mfz'|2 — (IMP) = i Z |Mfz'|2-
spins

In the calculation of (|M|2> = (M M), the equation (B.28) is useful, in the case of
I' = y#, we have
— 1 — *
[9re] = [9re] = ¢T' ()Y
=y’ = no (T¢I,
Considering the same order of the I matrices in S, we find that o [T] = (1, 1, 1, 1, -1).
Therefore, for I' = y#
[ovte] = orty. (4.31)
In the current process, the initial-state antineutrino is generated through a weak

decay, indicating that it is a right-handed (RH) antineutrino. Consequently, the matrix

element needs to be adjusted accordingly, considering the modification:
1
2y _ 1 .
(IMI7) = > E MM, (4.32)

where ¢ denotes the spin projection and

Q0Q, _ —

( - )2UR(pl)y”v (ps)u<p4)7/#u(p2)

QPlQ Ps (4.33)
= %51?(;91) Yo (P3) ﬂ(p4)7/yu(}92),

M:

where g = p, — p, is the momentum of the photon and v,(p, ) is the RH component of

the spinor. Using the equation (4.31), we can write:

QQ_
M*: qz U(ps)yUR(pl)u(p2>7/Vu(p4)' (4-34)

Now we can proceed to the averaged squared matrix element

2 2

2 1 QVQX_ _
MDY =3 Y 47 PV P () TR,y (p,)

(4.35)
X0 (ps) Yy Pro (py) u(p,)yvu(p,)-
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We can rearange in the following form:

<M”>—‘— Y Q3 (p, o) Peo (s, Qﬁwyogwawqu4
Ul U3
{Z Q u(p,, o,)yuu(py, 0,)u(p,, 0,)yvu(p,, 04)} (4.36)
(7402
1

where we have make explicit the spin index for each spinor and introduced the fermionic

and hadronic tensor, repectively defined by:

v o_ 2_ _ v
L= Z Qo (py, 0)) Y!'Pro (ps, 05) 0 (py, 05) y'Pio(py, 0,) (4.37)
0103
and
2_ —
Hw = Z QU (py o) yu (p,y 0,)U(p,, 0,) vt (py, 0,) - (4.38)
0402

First, let’s deal with the fermionic tensor. The equation (4.37) can be rewritten using

index notation in the following way:

Z Q i (p,, 0 )1]( )jkvk(pS’ 03) 0 (P2 05) (7)1 (Pr)o s (P2 07)

01093

- Q Z pl’ Ul pl’ Z pal P3, ) (yv)lm (PR)mo/

93

(4.39)

where i, j, k, I, m, 0 =1, 2, 3, 4 all summed over. Using the completeness relation,
given by [26]:
Y ulp, 0)i(p, o) = (p +m);

o

Y o(p, 0)8(p, o) = (p—m).

o

(4.40)

We can rewrite the fermionic tensor in the following way:
2
LY = QV(Vl h mv)oi(y#)ij (PR)jk(V3 - mv)kz(VV)Zm (PR)ma
2
=Q,[(p, = m)y*Pe(p, —m,)y"Pe| (4.41)
2 v
= Q.Tr|(p, = m, )V*Py(p, —m,)"Py],
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where m, is the neutrino mass which we will consider vanish since m, < m, and the

. . 1+)° . o
other energies. Using the P, = ( 27/ ), we find the fermionic tensor as:

2

Q
£ = e [p ey ]+ r ey

+Te [y )+ T [ e | (442)

2

_ % {Tr [A] + Tr [B] + Tr [C] + T [D] }

Now we need just to take the trace of the y-matrices (see Apeendix B.2). The first trace
can be writeen as:

Tr [A] = plop3p Tr (‘)/U,)/.U)/pyv)
= dp, p, (87gP - g7 + g™ gH) (4.43)
=4(p'py ~ (P8 +EP)),

simillarly we can calculate

Tr B] = p, p,, T (77" 1"7°)

(4.44)
= —4ip, p, e,
Tr [C] = p, p,, Tr (7911 ")
= p 1, T (77 7y (4.45)
= —dip, p, e,
Tt [D] = p,p,, T (177 °197"°)
=, 2, Te (Y yPYY)
B.40
= 4(pl'p! - (0 8" + D).
Finally, equation (4.42) in the following form:
2 v . v
LY = ZQV[pl“ P = (pop)s + ) —ip,p, e ] @46

= TH 4+ LW,

. . 2 U u . . . . ~2
with TH = 20Q (Pl p = (pop)gt +p pl") isasymmetric tensorand L*" = =2iQ p, P, eopy
is a antisymmetric tensor. Now we need to do the same procedure for the hadronic
tensor (4.38). In this case, we need to exercise caution as the mass of the final particle

differs from that of the initial particle. To address this, we can make the following
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simplification: u (p,, 0,) = u;, the hadronic tensor can be writeen as:
2 — —
Wyv = Qx Z Ugy pUoUny vy
(o)
2 — —
=Q, Z ”4i(7#)iju2ju2k (7v) sy
o

) _ _
=Q, Z Uy Uy (Vﬂ)zj”z]‘ i (yv)
o

2 4.47
— QXTr((P’z; + e )yu(p, + mx)yv) -

= QT(payipare +mp it
+ M Yupayy + mxmwu%)
= Q {Tr(A) + Tr (B) + Tr (C) + Tr (D)}

Now, as we did in the previous case, we need just take the trace of y-matrices. We can
write this trace as

Tr (A) = pfpf Tr (ygyyypyv)

(4.48)
= 4(p,p, — (1) Qv + 1,1
Tr (B) =Tr (mx p47/y)/v)
. 539 (4.49)
=m,p, Tr (VGV#VV) =0
1(6)"2 0 (450)
Te (D)= 4 m 1 . (4.51)
Finally, the hadronic tensor can be written as:
2
Hyy = 4Q (p, 15, = (-2 Qv + P b, + 1,0 8), (452)

Using the fermionic and hadronic tensor (4.46), (4.52), respectivelly, the equation (4.36)
can be written as:

1 1

2

IM) = ﬁT'uvq_{yv + @L‘uvq‘{‘u% (453)
The second component of the above equation vanish since it is a contraction of a

antisymmetric tensor with a symmetric one. Finally, the squared matrix element is
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written in the following way:

2 2
(IMPy = q—4X (P'p = (228" + 11 (P, = (B 22 S+ o, Py, + 18,70, 8y0)
8Q.Q°
= =) )+ ) ) = mma (3 p)

(4.54)

where we have used g" g, = 4, using that 4> = (p, —p,)* = —2p, - p,, we can write:

. . + . . —-—m.m .
IMP) —20°C° [(P1 P -p) + (b Pz)(P32 p) —m my (p, pg)]. (455)
()
The inner product in the squared matrix element is given by:
(p,-p,) =mE, (4.56)
(p, -ps) = E,E;(1 —cos 0) (4.57)
(p,-p,) =mE, —EE,(1-cos0) (4.58)
(P, ps) = m E, (4.59)
(p2'p4) :mx(E1+mx_E3) (460)
(psp,) =mE; +EE;(1~-cos0) (4.61)
(P -qa) = =(p, - ps) (4.62)
(p,-9) = (p,p) —m} (4.63)
(ps- @) = (pr-p3) (4.64)
(pi-q) =2, = (p-p.) (4.65)
Therefore, equation (4.55) can be written as:
20,Q;m
2 v~y X
= 2 E +E 1-cos0)|. (4.66)
IMP) E1E3(1_C086)2[ -+ (E,+ Ey ) (1= cos 0)]
Finnaly, the differential cross-section (4.26) can be written as:
do 1 ( E§ ]
d(cos0) 3.2 (m§ 2, + ZmXEl) m,E,
2Q°Q,m,
- 2 E,+E 1-cos0 4.67
><E1E3(1—cosé?)2[ (B + E; ) (1= cos )] (.67)

7

_ (QVQX )2 [Es] [2m, + (E, + E, + m)(1-cos 0)]

2
4m E (1-cos0)? (mf —m; —|—2mXE1)

1

where E, (0) is given by the equation (4.23).
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The following figures shows, respectively, the energy of scattered neutrino and

the differential cross-section. For simplicity, we set m, =1 ms+ =12, E =02, and

Q=Q =1

Figura 7 — Scaterred neutrino energy considering the process v+ x — v+ x'.

E3(8) vs. &

a
(= 1]

T

n . 4 oo "
,_:_'_= A '.: . ".'.:

%]
==

Source: Author.

Figura 8 — Differential cross section as function of the scattering angle considering the
process vV + x — vV + At

do vs. 8

=1
L =1

ra

(=)
]

L=
T

=

H
s

=]

®
=
T

4 n ~n -
a '.= u 5 . ".'.=

L
=]

Source: Author.
We can see that, the differential cross-section diverges for 6 = 0.

4.1.2 The dipole-charge interaction

In the case of dipole-charge interaction the vertex Feynman rule must be modified.

From equation (3.46) we can see that, the interaction lagrangian is given by

Ling = ,uvaauaaaAyEb = %EO‘#QFQ#IPI (4.68)
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where p, is the magnetic dipole moment for neutrino, and F,;, = (d,A, — d,A,) is the
electromagnetic tensor. Using the Feynman rule we can written the matrix element as

follows:

, wQ, _ o -
M = B ) ot 1) Tl (). (469)
1 3
Since
Yot TP Oipty® = PP, iyty® = Yot P,

where we have used that {)°,y#} = 0. Therefore, the matrix element can be written as:

1, QX

—iM = v (p,) 0" qaP o (py) u(p,)yu(p,)- (4.70)
Assuming that the antineutrino produced in the electromagnetic interaction must be a
left-handed (LH) antineutrino, which is not present in the Standard Model (SM), the
equation mentioned above remains valid. Therefore, in our calculations, we assume
the existence of the right-handed (RH) neutrino. However, in the case of massive
Majorana neutrinos, the interaction current (3.46) indicates that only the anapole
moment component remains non-zero [21]. By taking the complex conjugate of equation
(4.69), we arrive at the following expression:

iM = ”VQ

0 (p;) 0P qgog(p,) u(p,)ypu(p,)- (4.71)

Using the Casimir trick to reagen the terms, the averaged squared matrix element can

be written as!:

urQ?

MOy = ==Y {(01,81,)(0°90)i5(P,) e (03,73,) (6% no (P oy

o

X Z {u4sﬂ4l(7/[l)lm uzmazr (yp)rs} (472)
= — Lupq{
2 q Hp-
Here, we have defined the fermionic tensor as:

L0 =2 Z {(01,81,)(6"90)ij (P,) j(03,73,) (07P48) o (P op}
5 4.73)

- ‘L‘%Tr [Vla'uaanL%GpﬁqﬁpR] ’

Here the sum is over the spin index and we must not be confused with the product of two y-matrices
oH = £[yH, 7]

1
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using that P,p. = p.P, and [P,, ¢"*] = 0, we can write the fermionic tensor in the
3 3

following way:

L1 = p2Tr [ 0#q,p o"Pq,P,
2
= —% (P P08, T [y Y VP |+ b s 0., T [y )

22 o (4.74)
= 5P, o 0. {TilA] + Tr B
2 2
— _& He _ & Hpe
=Ly -

where we have used that P2 = P,. To compute the trace of the product of six y-matrices,
we will utilize our knowledge of taking the trace of the product of four y-matrices and
the anticommutation relation. For the sake of notation simplification, we will denote y*

as a. Thus, we arrive at the following expression:
Tr [y”ybycydyeyf ] = Tr(abcdef)
= 2¢"0Tr(cdef) — Tr(bacdef),
performing this permitantions until we make the a in the right side of the trace, we get:

Tr(abcdef) = 2¢Tr(cdef) — 2¢" Tr(bdef) + 2" Tr(beef)
— 2¢"Tr(bed f) + 2¢™ Tr(bedf) — Tr(bede fa)
= Tr(abedef) = ¢ Tr(cdef) — g™ Tr(bdef) + "' Tr(beef) — ¢"Tr(bedf) + g% Tr(bedf),

Since the trace of product of four matrices is given by:
Tr(cdef) = 4 ("¢ — g“g" + ¢7¢").
We finally, find
Tr(abedef) = 4[g“b (81577 — gt 1 g7 ) — g (M5t — g 1 ghfgh)
+ g (g8 — 8"ef + 8" g%) — g (878 - 8"g + g ¢*)
+ g (g - gg + g gcd)]

Tr[A] — 4[8-0!1 (gaKgp.B — ganK,B + gaﬁgkp) — gODt (g.quP,B — g#pgK.B + g”ﬁng)
+87 (g — g0 g™ + gHPgP) — g7 (g g — g g + gg™)  (475)

+8%P (g NP — gt g 4 gHP ) ]
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Therefore, the first part of the fermionic tensor can be written as:

LM = 4p, p, 4.4, [gfm (gak gPP — q2P g 1 gof ng) — g% (guk gPP — qtP gB 4 giif ng)
+ g% (ga# gPP — gHPgaf 4 okf gap) — gP (gtw g — gt g 4 gitf gak)
+ g7 (g1 gNP — gt g P + gHP ) ]
=L+ Ly 4+ L
(4.76)

LY = 4q"pl'pf
L7 = —4(p, - q) (('a” + pa") = (p, - ) 8"
L7 = 4(p, -p, (Zq”qp— “gt)

LY = —apf (2(p, - 9)q" - q PV

LEP = 4(p, -q)[ (g"p = a°pl") +8" (p, -q)]-
———
antisymmetric

Using that (p, - q) = —(p, - ;) and (p, - q) = (p, - p,), we can simplify the above tensors to:

LY = aq pl'pf (4.77)
LY = 4(p, -p) |(P'e” +4"0) — (- 1) 8™ ] (4.78)
L =4(p, -p,) (29"0° - 7 ) (4.79)
LY = —apf [2(p, - p)a" - q P! (4.80)
LLP = 4(p, -p,) 8", (4.81)

where we have removed the antisymmetric part since when we contract with the
hadronic tensor, which is symmetric, it vanish. Therefore, we can write the equation
(4.76) in the following way:

2 2
o0 =2q {2 (pl'nf +p'p) + 29" pf — (pl'a” + a'pl) — 29"q° + q 8¢} (4.82)
To calculate the second part of the fermionic tensor, we start by the following
equation [27]:
YOPHY = gy — gTYH p gHayO pjedkiady, ) (4.83)
multipling by y*y* yﬁyS and taking the trace we find
Tr <y0yyyay1<ypyﬁy5) _ _4i(€m<pﬁgay _ eykpﬁgaoc + eakpﬁgytx

(4.84)
+ €aya1<gpﬁ _ eayapgkﬁ 4 €ayaﬁg1<p).
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When we take the squared matrix element, we need to contract this with the hadronic
tensor (4.52), so if the Levi-Civita symbol carry the p and p indexies this will vanish.
The same occurs for the indexes a and §, since T#f ~ g,qg. Finnally, the non vanishing
terms will be:

Tr (yay“y“yKypyﬁy5) = —4i (ec"pﬁ gHe - eomax opP ) (4.85)
The second part of the fermionic tensor can be expressed in the form:
THP = —4ip, p, q, (q"ePT™" + gPet7 ). (4.86)
When TP contract with #,,, the proportional part to g,, will vanish, since
ProPsc0a € X Qup = Py P 4uqp€™™ = 0. (4.87)
Therefore, in the contraction we find:
THPH,, = —4ip, p, 4, (4"€"7 + PP ) 4Q (p, P, = (B2 Py) Sup + Po sy + 1,714 8up)

= =16iQ, ((p, - )Py, Ps. 0P, € + (1 - D1, P 011, €77).

(4.88)
In the calculation of THPHup, we observe that any index is contracted between a
momentum and an index in the Levi-Civita symbol. However, the kinematic analysis
(4.14 - 4.17) reveals the absence of momentum in the x-direction. Since the Levi-Civita
symbol requires one index to be equal to 2, it follows that T#?H up must vanish. This
cancellation is desirable because the contraction involves complex numbers. This
particular component of the fermionic tensor only contributes in the case of dipole-
dipole interaction, where two Levi-Civita symbols are contracted, resulting in the

emergence of metric products. Finnaly, the fermionic tensor can be written as:

£ = 12 {(pl'a” + a"pf) + 29" -2 (Pl + PP0) - 2970 - ") (4.89)
Now we can contract the fermionic tensor (4.89) and the hadronic tensor (4.52). Which

is expressed as follow:
LEPH,,p = 4H§Q)2(‘72{2(P2 @) [(p-p) = (p-p)l +2(09) (1) = (02l + 45 - 0) (P, - 9)
=410 ) (e p) + () ()] = 2P0 1)}

= 4quiq2{F1 +T2+T3+ r4},

(4.90)
where we have defined
Ti=2(p,-9) [(s-n) = (7Pl + 20, 9) (B, 2y) — (1) (4.91)
I2=4(p,-q9)(p, - q) (4.92)
Iﬂ3 =4 [(p1 'pz)(pa 'P4) + (pz 'P3)(P1 'P4)] (4-93)

Ty=-2¢*(p, 1) (4.94)
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To check whether this expression is consistent we will take the ultra relativistic limit,
which we will consider that the energy of the initicial neutrino E, is much greater than
the mass of the particles, so we can consider the scattering of the neutrino with an
electron in relativistic limite. In this limite we find, we will use the Mandelstan variables
and the inner product of the momentum of the particles and the momentum of the

photon, can be expressed as:

s
-p)=mp) =5 (4.95)
—t
(p1 ) p3) = (p, 'P4) ) (4.96)
—u
pp)=mp)= D (4.97)
—t
pa)=~(p0) =~ (4.98)
Hence, in this limit the I coeficient (4.91 - 4.94) can be expressed as:
I =# (4.99)
T, = —#2 (4.100)
I3 = —25% — t? — 2st (4.101)
T, =t (4.102)
Therefore, the squared matrix element can be written as:
My = = progt,, = L2t (~22 2
<| | > - 2_q4-£ up = t_2 [lve t(— S” — St)
2 (4.103)
—4ule 2
= T (S + St)

Our goal now is to express the differential cross-section in terms of the energy of the
scattered electron (T,). Since t = -2(p, - p,) = —2m,T,., where m, is the electron mass.

We can write

dT, 1
>— = ——.
dt 2m,

The differential cross section can be expressed in terms of electron energy as:

do do |dT, 1 do
@ " ar | at| " 2wl (109
Hence, we can express the differential cross section as:
do 1 2
IM[), (4.105)

T, ~ 32nEZm,
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using s = 2mE, and t = —2mT,. We find de following differential cross section:
do w2 (1 1
Rl 41
dT, ~ 4n \T. E, (4.106)

2

Finally, using the Bohr magneton up = 50— and a = £

= 5 = i, we find the differential cross

section can be written as:

do ma?({1 1\(u )2
A e (=2 4107
dT, m? (Te Eu)(HB ( )

which is the same result given by [21].
Using the Mandelstan variables, we can express the I”’s in the following way:

(Am? —t)(Am? + t)

I =- . with Am? = m?, —m? (4.108)
2 Kt X
Am? —t)(Am? +t
r, — &m )2( m+1) (4.109)
T3 =— {(s —m?)(s —m;) + (m? —u)(m; —u)} (4.110)
T, = —t(m2 4 - t). (4.111)
X xt

In the above equations we can see that, in the zero mass limit we recover the I';’s given
in relativistic limit which we alredy discussed. Using u +s+t = szr + m)%, we can

X
express

(mi—u)(m%r —u) = (s+t—m2+)(s—|—t—m)2().

X X

Hence, the sum of the I';’s can be expressed as:
Zl"i = —(252—|—25t—2(m§+mi+) —1—2(me)(+)). (4.112)
i

Therefore, the squared matrix element can be expressed in the following way:

420
UM’y = +Q {52 +st— (m> +m’,)s + (mxmﬂ)z}- (4.113)

X

Again we see that in the massless limit, the equation (4.103) is recovered. Now we can
express the squared matrix element in terms of the energy of the initial neutrino, which
we will denote by E , the masses of the nuclei in the inital and final state and the energy

of the scattered nuclei denoted by T, as the follow:

4

—8p2Q2m m, (m? +m?) m E
2 vy X Kt 2 X 2 v
) > +2mXEv(1+_E )—mxlx(l—l—Z X) .

(4.114)
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Finally, the differential cross section can be expressed as:

do _m (Q) 1y
T m2\ 4n ( )

2 2 94,2
mx—’_mg meTx

S e e L]

If we whant to express this differential cross section in terms of the scarreting angle, we

(4.115)

will start by considering:

Iy = 4E,E,(1-cos 0) [(p, - p,) — m?] +2(m’ - m i, )E,; (4.116)
=4 [(m)z( + m2+) (1, p,) — (p, 'P4)2 _ mim;]; (4.117)
T3 = —4m,EE, [2m +E (1-cos0)]; (4.118)
Ty = -2¢%(p, -p,) (4.119)

where E, = E | — E, is the photon energy. The sum of the I' can be expressed as:

4
Y Ti= {m +3m°E, + m (2152 2m2+—4E1E3)
X

i=1 (4.120)
+mm +q (m2—|-mE)}.
o 7’ X Xy

Therefore, by utilizing equation (4.76), we can express the squared matrix element for
the scattering process v + xy — v + x involving dipole-charge interaction in terms of
the scattering angle as follows:

-2u2Q,

E,E,(1-cos0)
+4‘u3Qx (mx - mXEV) )

UMy = {2m +3m°E, +2m” (E 2+—2E1E3)+mxm2+E),}
X X

(4.121)

The squared matrix element write is this way is all expressed in terms of the initial
energy of the particles E;, m, the photon energy E, which is a function of the scattering
angle and the mass of the excited nuclei My Finally, the expression for the differential

cross section can be written as:

dio;e N (ﬁ )Z(E_)(zxiz){(m +(Z<f) 0))

3 2 2 2
2mx+3mXEy—|—2m (E —m - 2E E)+mX+Ey}(

4.122)
1
Hp

E,(1-cos0) (m)z( -, + ZmXEl)
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Calculating the dipole-dipole differential cross section is not overly challenging, as the
main difference lies in the hadronic tensor, which shares similarities with the fermionic
tensor used in dipole-charge interactions. However, a detailed explanation of this is
beyond the scope of this discussion. In summary, we have obtained the differential
cross section for electromagnetic scattering of neutrinos off a nucleus, where the final
state of the nucleus is in an excited state.
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5 Current Experimental Determination
of Neutrino Magnetic Dipole Mo-
ment and Prospects for °Li as a De-

tector

The Minimally Extended Standard Model (MSM) predicts a very small magnetic
moment value for massive neutrino (y, ~ 107" up), which is currently beyond the reach
of experimental observation [28]. However, several theoretical extensions beyond the

MSM allow for neutrino magnetic moments on the order of 10~(10-12)

up for Majorana
neutrinos [29, 30]. In the case of Dirac neutrinos, the neutrino magnetic moment is
constrained to be below 107 !*5. Thus, the detection of a neutrino magnetic moment
exceeding 10~ up would provide strong evidence for new physics and unequivocally
indicate that the neutrino is a Majorana particle.

Moreover, the existence of new lepton-number violation physics responsible for
generating the neutrino magnetic moment implies the presence of a scale A well below
the seesaw scale. For instance, for i, ~ 107! up and neutrino mass m, = 0.3eV we can
infer that A < 100TeV [31].

The Institute for Theoretical and Experimental Physics (ITEP) in Moscow and the
Joint Institute for Nuclear Research (JINR) collaborated on a research project focused on
investigating the neutrino magnetic moment. In this study, a high-purity germanium
detector weighing 1.5kg was employed by the researchers. The detector was strategically
positioned at a distance of 13.9m from a 3GWth reactor core. The detector was exposed
to an antineutrino flux of ¢; = 2.7 X 10>cm - s™1. The research methodology involved
comparing the recoil electron spectra during the reactor’s ON and OFF periods.

The laboratory measurement of the neutrino magnetic moment is conducted by
considering its contribution to neutrino-electron scattering. In the presence of a nonzero
neutrino magnetic moment, the differential cross section g—% for v — e scattering is the
sum of the weak interaction cross section and the electromagnetic cross section [28]

do dGW dGEM
dr — dT ' dT

m T\ meT
=G? (2—;) l4x2 + (14 2x%)? (1 - E) —2x%(1 4 x?) Eez (5.1)

2

1 1\( 4

2 e v
+nr0(Te EV)(HB) '

where E is the incident neutrino energy, T is the electron recoil energy; x> = sin® Oyy is a




Capitulo 5. Current Experimental Determination of Neutrino Magnetic Dipole Moment and Prospects for °Li as
a Detector 58

Weinberg parameter; and ry is a classical electron radius.

In the ultrarelativistic limit, the interaction of the neutrino magnetic moment
alters the neutrino helicity, whereas the Standard Model weak interaction conserves
helicity. In the cross section, these two contributions add incoherently. The figure below

displays the differential cross section, considering a value of u, ~ 107 ug

Figura 9 — Weak (W) and electromagnetic (EM) cross sections calculated for several p,
values in terms of .
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Source: Gemma Experiment: The Results of Neutrino Magnetic Moment Search [28].

Observing the figure, it is evident that at low recoil energy (T < E,)) the value
of L%’V remains almost constant, while dgE—TM increases as T~L. Tt is evident that at lower
energy the effect of the neutrino magnetic moment becomes stronger compared to the
unavoidable weak contribution.

The Gemma Experiment reported an upper limit for the neutrino magnetic

moment as [28]:
i, <29x10Hup  (90% CL). (5.2)

The XENONI1T detector, located in Gran Sasso National Laboratory, is specifically
designed to detect rare events such as the two-neutrino double electron capture [32]. It
is composed of a substantial quantity of ultra radio-pure liquid xenon, amounting to 3.2
tons. The detector boasts a remarkably low background rate of 76 + 2 events/(tonne-
year-KeV). One of the primary objectives of the XENON1T experiment is to search for
potential dark matter candidates, particularly Weakly Interacting Massive Particles
(WIMPs).

The XENON Collaboration reported as excess of electron recoil and raised three
possible hypotheses for its explanation, the sollar axions with 3.4¢ of significance, the
neutrino magnetic moment signal with 3.2¢ of significance and the f-decay of trituim
which are in the xenon with the concentration of (6.2 +2.0) x 1072 g—gi In the research
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for the neutrino magnetic moment the XENON Collaboration used the solar neutrino,
predominantly those from the proton-proton (pp) interaction [33].
The following data was reported

Figura 10 — Excess eletronic recoil events in XENONTT.
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Source: Excess Electronic Recoil Events in XENONT1T [34].

The figure above illustrates that the excess slightly deviates from the background
model around 7KeV, exhibiting an increase as the energy decreases and peaking around
2 —3KeV. Subsequently, it diminishes to within +1¢ of the background model near
1 —2KeV. Within the energy range of 1 — 7KeV, the data records 285 observed events,
while the expected number of events from the background-only fit is 232 + 15, indicating
a 3.30 Poissonian fluctuation [34].

Upon comparison with the neutrino magnetic moment signal model, the back-
ground model By is rejected at a significance level of 3.20. The following figure displays
the best fits for the null hypothesis (By) and the alternative hypothesis (By + ) in this

search.
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Figura 11 — Comparation of the background model By and the neutrino magnetic
moment (1, plus the background model.
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Source: Excess Electronic Recoil Events in XENONT1T [34].

After conducting the data analysis, the collaboration reported a 90% confidence

interval for u, as follows:
iy € (1.4, 2.9) x 107 yp.

The XENONNT experiment was developed as a rapid upgrade to its predecessor,
XENONT1T. In XENONT1T, the main source of low-energy background was the presence
of 24Pb. To address this issue in XENONNT, extensive material radio assay campaigns
were conducted, and a novel high-flow random removal system was implemented
to further diminish this background. The experiment employed the collection of two
signals, namely S1 and S2, which enabled a more precise analysis and identification of

events. The results obtained from the experiment are as follows:
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Figura 12 — Comparation of the background model By and the events number for electron
recoil in XENONNT experiment.
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Source: Search for New Physics in Electronic Recoil Data from XENONNT [35].

However, the blind analysis conducted revealed no significant excess beyond the
background, thereby excluding our previous interpretations of the XENONIT excess
within the framework of beyond the Standard Model (BSM) physics.

The observed excess in the XENON1T experiment, which was modeled as a mono-
energetic peak at 2.3KeV, is excluded with a statistical significance of approximately
40. Furthermore, a 90% confidence level (C.L.) upper limit on solar neutrinos with an
enhanced magnetic moment is established as y, < 6.4 x 10725 Lastly, the following
upper limit on the neutrino magnetic moment was reported. The followin image shows

the constraint in neutrino magnetico moment presented in many experiments:
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Figura 13 — Constraints on solar neutrinos with an enhanced magnetic moment with
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Source: Search for New Physics in Electronic Recoil Data from XENONNT [35].

5.1 °Li as a possible target detector

Experiments aimed at measuring the magnetic dipole moment of neutrinos
investigate their scattering at low energies, which is influenced by the fascinating
nature of their interaction. By employing °Li, a lightweight nucleus, these experiments
successfully reduce the complexity from a many-body problem to a more manageable
few-body problem, benefiting from established treatment methods [36]. Furthermore,
the intriguing nature of this nucleus makes it particularly captivating for investigating
the scattering v + x — v + x' process, owing to the potential interactions involved.

Considering the °Li, as a target in the interaction with a low-energy neutrino. If
we consider only allowed B-transitions there are four possible interactions of °Li(7, ¢)
and °Li(v, V') for charged-current (CC) and neutral-current (NC), respectively [36].
The below figure shows the low-energy levels for A = 6 nuclei, where A is the mass

number:
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Figura 14 — Low-energy levels for 6Li, ®He and °Be.
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Source: Charged- and neutral-current disintegration of the °Li nucleus by solar
neutrino and reactor antineutrino [36].

In the case of allowed p-transitions, we have the following interactions:

(1) v i(g.s) — °He(g.s) +e™.
(2) v+ ®Li(gs) — 2n+a+et.
(3) v+ °Li(g.s) — °Li(0T)+7¥
(4) v+ °Li(gs) — n+pta+v

The first interaction is a T decay, requiring a minimum energy threshold of 4.53MeV.
This decay process manifests two distinct signal responses. The first signal corresponds
to the emission of 2 photons, traveling in opposite directions, which result from the
annihilation of a positron and carry an energy of 0.5MeV. The second signal arises from
the decay of the unstable nucleus ®He(g.s), which possesses a half-life of ¢ 1= 0.8067s
[37].

In the second interaction, we observe another B decay process. The energy
threshold for this decay is 5.5056MeV, obtained by adding the previous interaction
threshold of 4.53MeV to an additional energy of 0.97MeV. This extra energy contributes
to the disintegration of ®He. As a result of this decay, the signal response comprises
two neutrons, an a-particle, and a positron.

In the third interaction, we observe a neutral current interaction, which gives rise
to a signal response in the form of a photon with an energy of 3.56MeV. Notably, this
interaction allows for contributions from the electromagnetic properties of neutrinos,
which can influence the overall number of events.

In the last interaction, we once again observe a neutral current interaction,
resulting in the disintegration of the daughter nucleus that was formed in the previous
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interaction. The signal response from this interaction includes the emission of a neutron,
a proton, and an a-particle.

It is interesting to note that the neutrons produced in the theses decays can be
detected by °Li itself via the following interaction:

®Litn — a+t+4.8MeV

The (1) and (3) are Gamow-Teller transitions, whereas the (2) and (4) interactions
are continuun spectrum transition. The cross section are alredy presented in the literature,

for more detail see [36].



65

6 Conclusion

Neutrino oscillation occurs because neutrinos possess mass, a phenomenon
confirmed through various experiments including the Sudbury Neutrino Observatory,
which received the 2015 Nobel Prize in Physics. While the Standard Model imposes
restrictions on the number of active neutrinos, it does not restrict the existence of sterile
neutrinos, which are non-active. Supermassive sterile neutrinos attracted interest in
extensions of the Standard Model and were proposed as candidates for dark matter.
However, the mechanism responsible for neutrino mass generation remains unknown.
It is still an open question whether neutrinos are Dirac or Majorana particles.

The small masses of neutrinos imply that the mechanism responsible for their
mass generation may differ from that of other fermions in the Standard Model. One
proposed mechanism, called the Weinberg mechanism, takes into account physics
beyond the Standard Model and introduces Majorana masses for neutrinos. This
mechanism incorporates a suppression factor A, which imposes limits on the neutrino
masses and potentially explains their small values. Following this mechanism, a
Lagrangian was introduced to describe neutrino oscillations from first principles, taking
into consideration the presence of Majorana neutrinos.

While neutrinos are electrically neutral in the Standard Model, quantum loops
allow them to acquire electromagnetic properties. As a result, they can possess effective
charge, magnetic and electric dipole moments, as well as anapole dipole moments.
In some extensions of the standard model, neutrinos are considered to have very
small charges known as milicharge. Ever since Pauli postulated it, there has been a
consideration that neutrinos may possess magnetic dipole moments. Furthermore, the
magnitude of this magnetic moment can vary depending on whether the neutrinos
are Majorana or Dirac particles. The presence of a magnetic dipole moment allows
for interactions between neutrinos and electrons. Moreover, this type of interaction
can also occur between neutrinos and any target nucleus.The significance of the elastic
scattering between neutrinos and electrons through dipole-charge interaction becomes
most pronounced at low energies. Therefore, when studying neutrino dipole moments,
it is optimal to focus on low-energy neutrinos.

The Toy Model presented suggests that antineutrino-nucleus scattering exhibits a
similar behavior, when the final state of the nucleus is in an excited state. Consequently,
investigating neutrino-nucleus scattering with an excited final state proves advantageous,
particularly at low energies. However, for a more comprehensive analysis, it is essential
to utilize more detailed studies and realistic models.

Among the different target nuclei, °Li holds promise as a detector for these

measurements. This is due to its light nucleus nature, which reduces the many-body
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problem to a few-body problem. Additionally, antineutrino reactors can induce four
possible interactions with ®Li. These interactions produce response signals that can
be measured, providing valuable insights into neutral current interactions involving
electromagnetic interaction or the exchange of the Zy boson, as well as charged cur-
rent interaction. Such information is invaluable for testing the Standard Model and

identifying more suitable avenues for various extensions of this theory.
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A Single-particle relativistic wave

equation

Any theory of the fundamental nature of matter must be consistent with relativity,
as well as with quantum theory. Special relativity is constructed considering the
Minkowski space-time. In this particular spacetime, there exists a position four-vector
represented by

xt = (xo,xl,xz,x3) = (Ct,X, ]/,Z),

given c as the speed of light. If we consider an event in (ct + cdt, x + dx, y + dy, z + dz),
the interval given by

ds?> = 2dt? — dx* — dy? — dz?,
is the same for all (inertial) frames. By utilizing this definition, we can distinguish events
that are separated by a timelike interval ds* < 0, spacelike interval ds* > 0 and lightlike
ds?> = 0. In order to define the Lorentz invariant interval, two types of four vectors are
necessary - covariant and contravariant. Therefore, we define the covariant vector as
follows:

dxy = (cdt,—dx, —dy, —dz)

and the contravariant one as

dx* = (cdt,dx,dy,dz).

By utilizing these two types of four-vectors, we are able to calculate the Lorentz invariant

interval
3

ds? = Z dxt'dxy,.
u=0
To simplify the notation, we adopt the summation convention: an index appearing once
in an upper and once in a lower position is automatically summed from 0 to 3:

3
Y ViV, - VY,
p=0
The relation between a contravariant four-vector and a covariant one is given by the

metric tensor gy :

Xy = §uvX’,
where
1 0 0 O
0 -1 0 O
= : Al
=10 0 -1 0 i
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=2 =(12 2 2 9
Ixt cot’ dx’ dy’ oz

it is customary to use units in which the speed of light c = 1. Therefore, ds*> =

dt? — dx* —dy* — dz?, and 9, = ( 9,9 9 9y_ (2 ﬁ) The d’Alambertian operator is

9 I Iy’ 92 P
defined by

We define the diferential operator as d,, . In particle physics,

0= oM, =P - V2

We will frequently utilize two common invariants, known as the dispersion relation or

the mass-shell condition, which can be expressed as follows:
Plpu=E =p-p=n, (A2

and
p-x=Et—p-7. (A.3)

A.1 Klein-Gordon Equation

The Klein-Gordon equation is a wave equation for a particle with no spin, i.e., a
scalar particle. Since this is a scalar particle, it has only one component denoted by ¢.
To ensure that a particle is inaccordance to special relativity, it is necessary to satisfy the
dispersion relation. In quantum mechanics, the energy and momentum operators are
expressed as:

Eoind 7 — —inv,

ot’
therefore the equation A.2 becomes
»* S
EE—W+mﬁ¢=Q (A.4)

Here, we are utilizing a system of units which 7 = ¢ = 1. The above equation can be
written as
(o+m?)p =0, (A.5)

called the Klein-Gordon equation. The statistical interpretation of this equation is

problematic, we define the probability densinty as:

i (00 0
- 05 -0, (A6)

The probability density defined above is not positive definite. This problem will be
solved when we reinterpret it as a field equation for a quantum field. For the moment,
we will write the four-current for Klein-Gordon equation, as

ju = (090" ~ ¢"9u). (A7)
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There is another problem related to the Klein-Gordon equation, when it is interpreted as
an energy equation it yields both negative and positive energy solutions, as shown by:

E = +/p?2+m?,

This presents a challenge in an interaction theory given that in such context the interacting
particle can transfer energy to its surroundings. Without any restrictions, the system
may cascade to infinite negative energy states, thereby emitting an infinite amount of

energy.

A.2 Dirac Equation

Dirac equation holds for particles of spin half, since Klein-Gordon equation
expresses nothing more than the relativistic relation between energy, momentum and
mass, it must be applicable to particles of every spin. The Dirac equation, may be
derived from spinor transformation under the Lorentz group. We will see that we can
define the spinors by a representation of the Lorentz group and, with it in hands, we can
cronstruct a scalar field, a vector field and other fields, therefore the fields can be defined
as the objects that transform in a certain way for a given representation of the Lorentz
group. It is common to refer to the fields as representations of the Lorentz group.

The Lorentz group is defined as the transformation that leaves the inner product

between two four-vector invariant, i.e., considering the 4-vector of position, we have
xtxy = x'x), (A.8)
where x'# = A’ x¥. From equation A.8 the Lorentz transformation must satisfy
gAY = gpo. (A.9)

Equation A.9 provides the definition of the Lorentz group and can be expressed in
matrix notation as follows:
ATgA = g. (A.10)

Taking the determinant of A.9, we find
det(A) = 1. (A.11)

Therefore, the Lorentz transformation has det(A) = +1. Furthermore, imposing
p = 0 = 0 in equation A.9 we find

A=+ [14 Y (ap2. (A.12)
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The Lorentz group can be divided into four parts, forming equivalent classes based on
the signs in equations A.11 and A.12, as shown below:

This is important because only transformations in the LL class can be generated through
infinitesimal transformations, and therefore we can use Lie theory to learn about the
Lie algebra of the Lorentz group.! The transformations in the other categories are a
combination of the transformations in the LL category and one or both of two special
transformations known as time-reversal At and space-inversion Ap, where

1.0 0 O
0 -1 0 O
Ap = = diag(1,-1,-1,-1); A.13
p=lo o oy o |- sl ) (A13)
0 0 0 -1
-1 0 00
0 1 0 0
Ar = =diag(-1,1,1, 1). Al4
r=l0 o 1 ol el ) (A14)
0 0 0 1

Figure 15 illustrates how the other classes of the Lorentz group can be obtained
from the proper orthochronous one.

Figura 15 — The four parts of the Lorentz group are connected through Ar and Ap
transformations.

Pl sy

%
Ao % |

l
NI

Source: Physics From Symmetry [40].

1 The technical term for this most important category LL is proper orthochronous Lorentz group.
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The set O(1,3) = {LL, ATLT , ApLT , ATAPLL} can be understood as the complete
Lorentz group.

A.2.1 The Generators of the Lorentz Group

The Lorentz group is a group of transformations with six degrees of freedom,
consisting of three velocities and three rotation angles. The group is generated by six
corresponding generators denoted by

K' — boosts
Ji — rotations, with (i =1,2,3.).

Since the rotation part of the Lorentz group are given by

Rot — 7
? R3dim

i.e., it rotates the spatial coordinates while leaving the time coordinate unchanged. The
generators of rotations are given by

0
ARot = ]'3dim 4

1

where j?dim are the generators of the SO(3) group. For example
0000
0 000 O
= = ) A15
h ( jfdlm] 000 —i (A.15)
00i O

Given the definition of the Lorentz group (equation A.10), we can obtain the generators
K; through an infinitesimal boost transformation given by
B sl H
A p = 0 ot ek pr
which implies that
H —
K'y8uo = —govK's
or, in matrix notation,
KTg = —gK. (A.16)
Thus, to obtain the generators for a boost, let us consider a scenario where we are

interested in a boost along the x-direction. In this case, we have ¥’ = y and z’ = z,
which means that the generator K; takes the form:

A
oo

(A.17)
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By applying equation A.16, we determine the conditionsa = d = 0 and b = c. Based on
these conditions, we can express the generator for a boost in the x-direction as:

0i 00
i 000
o — A.18
"o oo o0 (A-18)
0000

We can obtain the remaining generators using a similar procedure. However, we will
not present their matrix representation here. Instead, we will provide the commutation
relation between these generators in a subsequent section. In his work, Jakob Schwich-

tenberg [40] engages in a more in-depth discourse regarding this subject.

To obtain the generators for the transformations of the remaining components of
the Lorentz group? we can apply the parity operator Ap and time reversal operator A
to the matrices J; and K;. This will help us understand what these generators look like.

Under parity transformation we find

Ji — Ji (A.19)
——
Ap
K, — K. (A.20)
——
Ap

For a time reversal tranformation we find

Ji — i (A.21)
——
AT
K; — =K. (A.22)
~——
AT

A.2.2 The Lie Algebra of the Proper Orthochronous Lorentz Group

The corresponding Lie algebra can be obtained by utilizing the explicit matrix

form of the generators for LL

Ui Jj] = ieip]is (A.23)
i, Kj] = ie;jKy; (A.24)
[Ki, Kj| = —ieij]k- (A.25)

A general Lorentz transformation is of the form

A(6,3) = ell0+iKS, (A.26)

2 Note that we have only found the generator for proper orthochronous Lorentz group.
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By examining the commutation relation between the generators, it becomes
apparent that the rotation generators exhibit closure under commutation. Conversely,
the boost generators do not demonstrate closure under commutation, which implies
that the Lorentz boost does not constitute a subgroup of the Lorentz group.

We can define two new operators, which are closed under commutation and

commute with each other, as follows:
N = —(]1' =+ ZKl) (A.27)

Computing the commutation relations yields:

[Nj,N].*] = i€;jN,; (A.28)
[Nz_’N]_] = iGi]‘kN_; (A.29)
[Nj,N].—] =0. (A.30)

These relations precisely match the commutation relations for the Lie algebra of SU(2),
which means that the Lorentz group can be viewed as a product of SU(2) ® SU(2).3
We can compact the Lorentz algebra introducing a new symbol M,,,, which is defined

through the equations
1
Ji = €M (A.31)
K; = My;. (A.32)

Using this definition, the Lorentz algebra can be expressed as
[Myv, Mpg] - l(g#vao' - g‘ungp - gvayo' + gVQ‘M[up) . (A.33)

Here, g,,v denotes the components of the metric tensor.

A.2.3 The generator of the Casimir invariant for SU(2).

Casimir operators can be constructed from a given set of generators to label
the representations of a Lie algebra. These operators have the special property of
commuting with all generators and being proportional to the identity operator. For the
Lie algebra su(2) there is one such operator

P=L+]5+] (A.34)
In the 3-dimensional representation, the Casimir operator is expressed as:

I3 dim = 2 % Laxs, (A.35)

To be more precise, the complexification of the Lorentz group’s Lie algebra is so(1,3)c =
sl(2,C) P sl(2,C), where sl(2,C) is the Lie algebra of the special linear group. It's worth no-
ting that whenever we use lowercase letters, we are referring to the Lie algebra of some group, such as
su(2) being the Lie algebra of the group SU(2).

3
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where 13,3 represents the identity matrix in the 3-dimensional space. In contrast, for

the 2-dimensional representation J; = %ai, where ¢! is the Pauli matrices, we get

3 3
2 _ _
I dim = 1% loxo = T (A.36)

Note that the last equation in A.36 implies an implicit identity matrix.

We use the proportionality number to label different representations. The
basis vectors on which our operators act are labeled with another label, given by the
Cartan operator. The Cartan elements are those generators that can be diagonalized
simultaneously. For su(2), there is only one such element, and it is convenient to choose

J3. In the 2-dimensional representation, it is expressed as:

(1720
]3_( ] _1/2). (A.37)

The eigenstates of J?> and J3 has two labels j and m, with

integer
. .. . . :—:0, 1/2, ]_,
Jlj,my = j(j+ 1)Ij, m); with{ 2 . (A.38)
m=—j,=j+1,,]

J3lj,my = mlj, m). (A.39)

A.2.4 Lorentz Group Representations

The Lorentz group can be represented as a product of SU(2) ® SU(2), as previ-
ously shown. The different fundamental representations of SU(2) are labeled by the j
number given by the J? operator. The fundamental representations of the Lorentz group

are characterized by two labels, (j, j’), one for each SU(2) group.

A.2.4.1 The (0, 0) Representation

The lowest dimensional representation of SU(2) ® SU(2) is a one-dimensional

4

vector space®. Our generators must therefore be 1 X 1 matrices and the only 1 x 1

"matrices" that fulfills the commutation relation is the number O: NZ.Jr =N =0 =
¢Ni = 0 = 1. Therefore, we conclude that the (0, 0) representation acts on objects
do not change under Lorentz transformation. This representation is called the scalar
representation. In mathematical language, the objects acted upon by a representation
are commonly identified with the representation itself. Accordingly, we can refer to
the fundamental particles described by the objects upon which the Lorentz group acts
as representations. For instance, the scalar field is identified as a (0, 0) representation
of the Lorentz group, or more precisely, a fundamental representation of the Poincaré

group that will be introduced shortly.

4 The dimension of the vector space which the SU(2) ® SU(2) group act is given by (2j +1)(2j + 1).
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A.24.2 The (3, 0) Representation

We utilize a 2-dimensional representation for N f, which is one copy of the SU(2)
Lie algebra, represented by 3. On the other hand, for N, we apply a 1-dimensional

representation, represented by N = 0. From equation A.27, we can deduce that:

o .0j

Ji= El; K; = —ZEZ. (A.40)

Hence, the Lorentz transformation can be expressed as follows:

MGGy o =i (G-id A4
( ,qb)(%,o)—exp 15( —qu). (A.41)
This transformation acts on a two-component object known as the left-chiral
spinor, denoted by xi:
XL = [(XL)l). (A.42)
(xL)2

A.24.3 The (0, 1) Representation

Analogous to the (%, 0) representation, we can construct this version with

Nj =0and N = % As a result, we obtain

Oj 0j

Ji= X ki :i? (A.43)

A (0, %) Lorentz transformation is expressed as
MG,y 1, —exp|id - (6+id A44
(6,0)0,3) = exp |i5 (6 +i9)|. (A44)

This operates on a two-component entity known as a right-chiral spinor

~((&r
ER = ((51{)2)' (A.45)

Left- and right-chiral spinors are commonly referred to as Weyl spinors.

The (3, 0) and (0, 1) representations are related by a parity transformation,
which maps K; to —K; and leaves J; invariant. Hence, when considering parity, it is no
longer sufficient to treat the 2-spinors separately, but we must consider the 4-spinor
defined by

(e
o-[2) s

which transforms as

- expi[g-(g—iﬁ)] 0 XL
y——0 —[ 0 exPi[g.(aJric/;)]J[gR)' A4
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The 4-spinor® 1, which consists of two 2-component spinors, is an irreducible re-
presentation of the extended Lorentz group, (1, 0)® (0, 1), which includes parity
transformations®. These 4-spinors are commonly referred to as Dirac spinors.

A.2.,5 The Dirac Equation

We are expressing the boost as a function of ¢, which is known as rapidity and
can be related to velocity by

tanh ¢ = %, c is the speed of light.
From this, we can infer that
y = cosh ¢; yp = sinh ¢. (A.48)

By using the identity cosh ¢? — sinh (> = 1, we can derive the following equations:

cosh% = ()/ —2'_ 1)% (A.49)
sinh% — (Vgl)%. (A.50)

20 v 1 IO = 1 il s o
A(0, ¢)(0 = 07 — Z _'(_)211(0,”)2 +Z m(%)z +1(o-n)2 +1, (A.51)
n=0 )

where 71 is a unit vector in the direction of the boost and since 62 = 1, the boost can be

expressed as

A0, @), 1) = B(@) g, 1) = cosh% + & - fisinh % (A.52)
Thus,
’ +1 1 > A -1 1
ER—)ER:l(yz )2 +3-p(— )Z]ER(O), (A.53)

where &g (0) is the spinor in a rest frame and p denotes the direction of the boost. Using

y = % and E% — m? = p? we can write

E4+m+36-p
[2m(E 4+ m)]%

5 Note that no a priori connection between x and & is assumed in order to maintain generality. However,
there exists a special case where these two spinors are connected.

6 In the previous subsections, we discussed representations of the proper orthochronous Lorentz group
called homogeneous Lorentz group. However, to fully describe the behavior of spinors under Lorentz
transformations, we also need to consider the parity transformations.

Er(p) = &r(0). (A.54)
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Similarly,

E4m-d-p
1

[2m(E 4+ m)]2

When a particle is at rest, its chirality cannot be defined as left- or right-handed, resulting

xL(p) = x.(0). (A.55)

in Er(0) = x1(0). As a consequence, we can express

E+m+G-p
= ° , A.56
Er(P) E+m—3-ﬁXL(ﬁ) (A.56)
By defining € = E + m and 7t = G - p/, and performing some algebraic manipulations, we
can obtain Eia.3
+o0-
Er(p) = — (@), (A.57)
and similarly,
E-¢-p
x(f) = —Ler(p). (A.58)
The equations A.57 and A.58 can be written in the 4 X 4 matrix form
( - po+a'p)(5R(ﬁ>):O. (A.59)
po—o-p  —m J\xi(p)
We can define u(p) = (ER (7) ], and the 4 X 4 matrices
xL(P),
01 (0 =0
0 _ . =1 , A.60
y [1 0) Y (01 0 ) (4.60)
Substituting these definitions into Eq. A.59, we obtain
(»°po + ¥'pi = m) u(p) =0, (A.61)
or equivalently,
(ypu —m)u(p) = (p —m)u(p) =0, (A.62)

where we define p = y¥p,. Hence, we are now able to represent the equation known as
the Dirac equation, though it is important to note that the derivation presented here
differs from Dirac’s original approach. Dirac’s objective was to find an equation that
did not suffer from the issues observed with the Klein-Gordon equation discussed earlier.

When dealing with massless particles, we obtain two independent equations,
each involving a 2-component spinor. These equations are referred to as the Weyl
equations:

(po+3G-pPxc(p) =0; (A.63)
(po—3-P)&r(P) = 0. (A.64)
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For a massless particle, py = |[p], which yields the following expressions:

(@ p)xc(p) = -x(p); (0-P)Er(P) = +Er (D). (A.65)

The operator 7 - p is referred to as the helicity operator, and thus, the Weyl spinors are
the eigenvectors of the helicity.
Substituting in Dirac equation (A.62) p, — id, we have

(iyHdy —m)P(x) = 0. (A.66)

This equation is the Dirac equation in coordinate space and ¢(x) is the Fourier transform
of the spinor u(p) in position space. Applying i)"d, again in this equation we can write
this as

%{y“,yv}ayavw(x) +m?yY(x) = 0. (A.67)
We previously noted that the Klein-Gordon equation expresses the energy-momentum-
mass relationship and necessitates that all components of the Dirac spinors satisfy it.
Therefore, it follows that the y matrices must satisfy the equation:

Oty = 28", (A.68)

where {A,B} = AB + BA is the anticomutator. These matrices are known as the
Dirac matrices, and their properties will be explored in a subsequent appendix. It is
important to note that there exist various representations of the Dirac matrices’; the
Weyl representation, which is presented in equation (A.60), is one such example.

One can deduce certain properties of the y matrices immediately from the

anticommutation relation (A.68), such as:
00 =1 (r)?=-1. (A.69)

Similar to the derivation of a conserved current for the Klein-Gordon equation,
we can derive one for the Dirac equation. By taking the Hermitian operation of the
Dirac equation (A.62), we obtain:

(0.’ +mypp =0, where ¢(x) =y (x))". (A.70)

Multiplying on right-hand side of the Dirac equation by ¢ yields
iyt (9p) —myp = 0. (A7)

Combining equations (A.70) and (A.71), we obtain:

T1\A,0 1,,0 o —
@u)y” (V)7 v + Yy (9uy) = 0.
7 Matrices that fulfill the anticommutation relationship of the Dirac matrices and equation (A.72) can
be regarded as a representation of them. Notably, satisfying condition (A.72) is crucial to deriving a

continuity equation from the Dirac equation with a quantum mechanical density equivalent to the
Schrodinger case.
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By imposing that the y matrices satisfy
P =, (A72)

we obtain:
du(Py*y) =0, (A.73)
which leads to the definition of the conserved current, given by

=Py, (A74)

The density JY can be computed as

0 =11 + 2l + [Wal? + [pal?, (A.75)

which is positive. Therefore, j° can be interpreted as a probability density, and this issue
with the Klein-Gordon equation has been resolved.

A.3 The Poincaré Group

In the previous section, we explored the Lorentz group, which encompasses
symmetries related to spacetime. However, there is another symmetry present in
spacetime known as translation symmetry. When considering elementary particles,
properties such as spin and mass are considered "kinematic". It is important to describe
these properties using quantities that remain invariant under relativistic transformations.

Mass is expressed as m?

= pup", where P, represents the four-momentum
operator. It is worth noting that this operator does not appear in the analysis of
the (homogeneous) Lorentz group. Instead, P, serves as the generator of spacetime

translations, which can be represented as:

att ——— ' = x# 4 at,

What we need to do is to combine these transformations with those of the Lorentz group.
This results in the inhomogeneous Lorentz group, often referred to as the Poincaré group.
The first comprehensive analysis of this group was conducted by Eugene Paul Wigner
[43]. His findings revealed that mass and spin are the two fundamental properties that
characterize systems invariant under the Poincaré group.

To determine the structure of the Poincaré group, we can derive the generator

corresponding to a parameter a* using the following equation:

Ox'H| o0

=j—|=.
da® | dxH
a=0

X, (A.76)



Apéndice A. Single-particle relativistic wave equation 83

For instance, let’s consider a boost in the x-direction where x’ = y(x +ot), ¥ =y, 2’ =z,

and t' = y(t + vx). Applying this to the equation, we find:

|, 9 d
Consequently, P, can be expressed as:

Py =i—. (A.78)

The generators of translations correspond to the energy-momentum operators. The
Poincaré group exhibits the following commutation relations:

[P, Py| = 0; (A.79)
[P Moo | = i(3upPo = 8uoPy), (A.80)

where M,; was defined in Equation A.31.

A general inhomogeneous Lorentz transformation is
xX'H = AL XY +at,
if we perform a second transformation we find
= ALx 4 a!
=z = ALA X + Al +at.
The group law can be expressed as
(A, a{A, a} = (AN, Aa + a). (A.81)

Now, let’s discuss the Wigner method, which relies on the fact that for a state with
momentum p¥, a Lorentz transformation changes p* while leaving ptp,, unchanged. A
state |p) with

PHlp) = ptlp),

is converted, by a transformation (A, a) into
U (A, a)lp) = IAp), (A.82)

where U (A, a) is the unitary representation of the Poincaré transformation. Based on
this transformation, we have
P¥|Ap) = (Ap)" 1Ap)
= P'PulAp) = (Ap)" (Ap) . 1Ap) (A.83)

= AHaAﬁyPaP,JAP) = P“PMAP)
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This is due to the fact that PP, commutes with all generators, making P? a Casimir
invariant of the Poincaré group, known as the first Casimir invariant.

As a consequence, all the states obtained by Lorentz transformations from an
initial state have the same value of p>. Moreover, since the sign of p° is unchanged by a
homogeneous Lorentz group transformation, the complete set of states forming a basis
for representations of the group can be divided into six distinct classes:

(i) pP=m*>0, p° > 0;
iy p*=m*>0, p’<0;
(i)  p* =0, p° > 0;
()  p*=0, P’ <0;
(v)  p*=0;
(vi) p? <0

The first and third classes correspond to physical massive and massless particles,
respectively. The fifth class represents the vacuum state, while the sixth class is likely
associated with virtual particles. The other classes are probably unphysical[26].

Having choosen a particular p#, belonging to a particular class {p"}, an importante
observation, is that the subgroup of the Poincaré group that leaves p* invariant- which
is called little group of p* - has the same structure for all momentum in {p*}. For
example, consider the first class, i, e., p> = m?, with p° > 0. A particular p* is the particle
rest-frame, let us denote it as

kt = (m, 0,0, 0).

It is clear that the rotation group is the little group of k. Now consider the following

transformations:
kt —— pt; (A.84)
L(p)
p* T) p’“; (A.85)
K —— p'H, (A.86)
L(Ap) P

We denote the state in Hilbert-space as:
k, 0); |p, o) and [p’, 0): o isan spinindex.

Corresponding to above transformation in spacetime, we have in Hilbert-space the
relation
lp, 0y = U(L(p))lk, o); (A.87)
¥, 0 = UAUL®P))K, 0. (A88)
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Here U(L(p)) is an unitary operator. We can written the first transformation as follows:

P, o) = U(L(Ap)) U (L(Ap)U(AL(p))Ik, o)

A.89
= U(L(Ap)U[L™ (AP)AL(p)] K, o), o

where we have used the group law U(A)U(B) = U(AB) and U™'(A) = U(A™!). From

the transformation (A.86) we see that
UL (Ap)AL(p)| Ik, o) = Ik, o), (A.90)

ie, U [L_l (Ap)AL(p)] is an element of the little group of k*. Therefore it is a matrix of
the form exp (zf 5), whose elements we denote by D(R), so

U(A)lp, o) = ) DARJU(L(AP))IK, o)

(A91)
=Y D(R)IAp, o).
p
We can conclude that, to determine the representation of the Lorentz group for a timelike
state, we only need to know the representation of the rotation group. Therefore, the
attribute of spin, which characterizes the additional property that states may possess
and is influenced by Lorentz transformations, is determined by the rotation group. This
applies to all timelike momenta. However, when dealing with the third class of states,
those with lightlike momenta, we find that this is no longer true. Spin is no longer
determined by the rotation group, but by the E(2) group, also known as the Euclidean
group [26].

It can be observed that mass corresponds to the Casimir operator P2. From the
commutation relation of the Poincaré group, we can deduce that J?, as defined in (A.34),
is not a Casimir operator for the Poincaré group. The second Casimir operator of the
Poincaré group can be obtained by defining the Pauli-Lubanski pseudovector W, as

follows: )
W — _Ee‘uvpo'MVpPO-. (A.92)
From this definition, it is immediately clear that P, W# = 0. Therefore, in the rest frame
of a particle, W, is spacelike, given by W, = (0, W) in the case of massive particle,
where 1
m .
Wl‘ = _EeivpaMVpPU = _EeijkOM]k = —mZi, (A.93)
(oF} 0 . . o e gs
and X; = , which we have already encountered in non-relativistic quantum
0i

mechanics. The square of Pauli-Lubanski vector can be write as
W2lp, s) = —m*s(s +1)Ip, s), (A.94)

where s is the spin of the particle.
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Let us briefly consider the case of lightlike particles, since p> = 0. Let us choose
it in the rest frame
k' = (K, 0, 0, K),

which describe a massless particle moving along the z-direction. In this case the little
group is E(2), with generators j3, L1 and Ly, respectively, the generator of rotations on a
plane and translations. In the case of a lightlike particle, the following conditions hold:

WHEW, K, s) = 0; (A.95)
PEP,k, s) = 0; (A.96)
WHP Ik, s) = 0, (A.97)

These equations imply that W# and P* are proportional:
(WH —APH) |k, sy = 0. (A.98)

Here, we introduce the parameter A, which characterizes massless particles. It represents
the ratio of W# to P* and has the dimension of angular momentum. This parameter is
referred to as helicity. If we consider parity, helicity can take on two values, A and —A.
This description aligns with our understanding of neutrinos (when considering them
as massless) and photons. Photons exhibit both right and left polarization states with
A = %1, but they do not possess A = 0, which would be the case if photons had mass, as
seen with the weak interaction bosons.

In summary, these labels are crucial for characterizing fundamental particles.
Additional labels are provided by internal symmetries, such as the U(1) symmetry,
which leads to charge conservation and introduces a new label for a particle.



87

B The Dirac Algebra and Gordon Iden-

tities

B.1 The Dirac Algebra and I' matrices

As we have seen, the Dirac equation is given by
(Y9 - m)(x) =0,
to which the positive plane wave solution can be written as
Y(x) = u(p)e P, (B.1)
which amounts to solving the Dirac equation in momentum space
(p—m)u(p) =0.

We will now explore some characteristics of the y algebra. The y matrices are given by

the equation:

" =28 (B.2)
Yoy =yt (B.3)
Additionally, we define ) as:
1
Y? =5 = gewagy'y vy = 00y, (B.4)

The y° matrix has the following properties:

)2 =1 (B.5)
) =7 (B.6)
From equations (A.68) and (A.72), it is immediate to deduce the following properties of

y matrices:
0" =" )" =" (B.7)
The product of a y° with other y matrices can be calculated as follows:
2095 = iply?y3;
Y5 = ip092)3
0,,1,,3

Y = -y

7y =iy~
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This can be expressed in a more compact form as:

i
Yy = 318" epunoy!y'yP (B.8)

We can introduce the rank-2 anti-symmetric tensor o*" as:
i
ot = 5 V¥, v']. (B.9)
The relation between the " tensor and the y° matrix is given by:
Syv_iluvaﬁ 5 —uv| _
Yot = 26’ Oap, [y ,0 ] =0. (B.10)

For instance, the first equation in B.10 can be shown as:

)/5001 — _(iy0y1y2y3)y0yl

= ylyHy! (B.11)
= %53,
which is equal to the right-hand side of the first equation B.10 for 4 = 0 and v = 1. The
set
S = {1y, o, yiy°, ¥, (B.12)

contains 16 matrix linearly independent I'*(a = 1, ---, 16) that we will see in a moment.

We represent the I'¥ as follows:

=1 (no y* matrices); (B.13)
I2-T° =yt (one y* matrix); (B.14)
ré—rit =g (products of two y* matrices); (B.15)
211 =1y (products of three y* matrices); (B.16)
re=,° (products of four y* matrices). (B.17)

Every product of y matrices is proportional to one of the 16 I € S with a coefficient of
proportionality equal to £1 or +i. Any product of I' matrices is proportional to a I matrix
because we can simply permute any y matrix and use the fact that (°)? = 1 and/or
(¥%)? = —1. Furthermore, if two I' matrices are different, their product is different from
the identity, since at least one  matrix must remain. This relationship can be expressed
as follows:

TP o¢  with 21  for a#b. (B.18)

The square of all I' matrices is equato to +1:

T =s"  with &= %Tr[(l"“)z] (B.19)
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Tabela 2 — Order of the matrices I'¥ and the corresponding values of s*.
a|(l(2 /34|56 |7 8] 9]|10]11] 12 13 14 15 | 16
i1 7/0 7/1 7/2 7/3 Ol [ 502 [ 503 | 512 [ 523 [ 531 7/07/5 7/17/5 7/27/5 7/37/5 7/5
ssj1y1|1(-1}|-1}-1}-1]-1]1]1/ 1 -1 1 1 1 1

Source: Fundamentals of neutrino physics and astrophysics [42].

At least one T? exists for every I where a > 1, such that it anticommutes with I'?,

"’ =-1'r" — ({1 =o0
" =" @a=2) = TP=9k)®  (b=3,4,516); (B20)
" =k 1=3,4,5 = TI’'=yp)° (b=1, 16); (B.21)
I =gt (a=6-11) = TV =g (p#v); (B22)
= 0y° (a=12) = TP =9K5 (b=13,14,15); (B.23)
" =50 (a=13,14,15) = TP =707 (b=12); (B.24)
" =P (a=16) = Tl=19# (b=2,3,4,5). (B25)
The matrices I'” with a > 1 are traceless, since
1
2l _ 1 b\2
Tr[(M)?] =s"=1= SbTr[(F )]
1
= Te(I") = 5 Tr [re(r®)?],
using 'Y such that {T%, T’} = 0 we deduce:
1 -1
Tr(I") = =Tr(I“r’rt) = —Tr (rrert).
) = S () = )
Using the cyclic permutation invariance of the trace, denoted by Tr(ABC) = Tr(BCA),
and the identity Tr [(I’b )2] = s’ we find

Te(I") = -Te(I") = Te(T*) =0 for a>1. (B.26)

Using the equations (B.18), (B.19) and (B.26) we can write

Tr(T°T?) = 45"
Tr(T°T?) = aTr(T°),
= Tr([TY) = 455,

if

(a

but Tr(I°) =0 if

b);
(a#b);
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Finally, we can make the statement that the I' matrices are linearly independent,

meaning that:

Y cl*=0 implies c,=0 forall a=1,2,-,16.

a

This statement can be initially proven by supposing that:

anf”’ =0

a

= Tr(Z cI")=0

a

Z ¢, Tr(I'") =0

a

=0 = 0,
where in the last equation, we have used equation (B.26). Since ), ¢,I" = 0 we can write

Tr [rb(z cal"”)] =0, for b=2 3, 16.

a

= Z ¢, Tr(TPT7) = 0;
a
= 42 cusbéba =0;
a

= st =0, (s? #0);
=, =0.

To summarize, we assume that )" ¢,I'” = 0 and deduce thatc, =0, for (a =1,---, 16),
implying that the I' matrices are linearly independent.
Finally, we can express any 4 X 4 matrix as a linear combination of the I'” matrices:

X=Y %I,  with x = %”Tr(XF“). (B.27)
a

B.2 Gordon Identity

For any I' € S, using equation (A.72) we can show
It = o [I])°1)°, (B.28)

with the same order of the I' matrices in Swe have o [I'] = (1, 1, 1, 1, -1).
We can use the positive plane wave solution (B.1) along with the Dirac equation

to obtain:
YEpuu(p) = mu(p);

_ _ (B.29)
u(p)ytpy = mu(p).
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Furthermore, the anti-symmetric tensor " can be expressed as:
it = gt —yty¥ =yl — otV (B.30)

Using equations (B.29) and (B.30), we can calculate the following expression:

uv

u(p’) [yt =g"™)py = (8" = vy )pv] ulp)
") lpyy" v = ("™ +p") + v py] ulp)
(") [2myt = ] u(p).

u(p")ic™ (p;, — pv)u(p)

Il
=|

I
=|

Therefore, we can express:

T Wy ulp) = 5-T0) [+ io™q) u(p) (B.31)

Similarly, we can evaluate:

(p)io Ly u(p) = (p') [Py —y° = ' py° | u(p)
=(p') [2my*y° - 4y° | u(p).
Hence, we can eXpreSS:
- 4 1 —_ 4 . v
w(p )yyoulp) = 5-u(p') [0 + iy | u(p). (B.32)

There are two more Gordon identities that can be deduced analogously to the above, to
summarize we will present them here:

T Yy u(p) = 5,7 [+ i0gy) u(p); (B33)

_ 1 ,
w(p )y yPulp) = o-(p) [y +iy>ot | u(p); (B34)
u(p")iohu(p) = —u(p’)q"u(p); (B.35)
u(p")iotq"u(p) = u(p’) 2my* + Flu(p), (B.36)

where [t = p't + pt and gt = p't —pt.

Another set of related identities involves the Levi-Civita tensor. Where here, we

will use the following convention:

1, wvpo = even permutation of 0123
e’ = —e€p5 ={ =1, pvpo = even permutation of 0123

0; if any two index are the same.

We will appraise the trace of the y—matrices” product. By utilizing the anticom-
mutation relation and the trace’s cyclic permutation property, we obtain:

Te(yty") = 4",
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Any odd number of y—matrices has a trace of zero. This fact can be observed by
utilizing the equation Tr(l"“l”b) = 45"0,,, wherea € {2,--- , 5}and b € {12,---, 15}.

The trace of four y—matrices can be obtained using y#y" = 2g¢*" — y"y# by:
YRRy = (28 =y )y Py”
= 2gH7yPy? = 2gHPyTyT + 2gH7Y VYl — Py oyt

Hence

Tr(yfyyPy?) = 48" g — gg" + M g™

The trace of the product of four y—matrices and a )° can be calculated as

Tr(y ytyYyPy?) = —4iet"re, (B.37)

since for two equal indexes, e.g., i = o follows

Tr(yyHy"yPy7) = Te(yPyHy yPyt)
= —i(=1)"Tr(y°c"?) = 0.

Therefore Tr()°y#y"yPy°) = 0 if we have two or more equal indexes. On the other
hand, if all the indices are different, for example, u =0, v =1, p =2, 0 = 3, follows

Te(y Y yPy”) = —in(V517/07/17/273)

—iTr [ ]

= —14.

If the indices are in a different order, we need to perform permutations to rearrange them
to the previous order. This permutation can be described by the Levi-Civita symbol,
which recovers equation (B.37).

To summarize we will present here the values of trace of products of y—matrices:

Tr(yty") = 4gH (B.38)
Tr(pHt---pHn) =0 for n odd; (B.39)
Te(yty"yPy?) = 488" — ¢1Pg" + §"7¢"F]; (B.40)
Tr(y?yH - phn) = 0 for n odd; (B.41)

Tr(y5yHy) = 0; (B.42)
Tr(y pHy"yPy”) = —4iet™r7. (B.43)

By having the y—matrices’ traces at our disposal, we can infer one of Gordon’s
identities that establish a connection between the Levi-Civita symbol. We start by
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evaluating y“o#?, this matrix can be writen as a linear combination of the I' — matrices € S.
Since

y“e{l"z,---, r°) and

o e (re,..., T,

We can express the product y*c#" as a linear combination of I'¥ witha € {2,---, 5} and
I withb € {12,---, 15}, ie,

5 15
yloht =Y et 4 )" gebrt, (B.44)
a=2 b=12

We can determine the coefficients of this expansion by taking the trace of the above

equation:
5 15
Tr(p*o'Te) = Y ¢ Tr(IT%) + ) d**PTe(IPT). (B.45)
a=2 b=12
Force{2,---, 5}
YV = ;?Tr(yao“vfc). (B.46)

Similarly, for c € {12,---, 15} we find:
1
qaeve = 4—SCTr()/“0”VFC). (B.47)
Evaluating equation (B.46) yields c € {2,---, 5}, which is equivalent to evaluating:
Tr(yot"yP) = 4i[g¥g"P — g™ gHF|.

By employing equations (B.40) and (B.43), we can derive the expansion of (B.44)
as shown in the following relation:!

Yoot = i[gMg P — g™ gk |y + ey Py, (B.48)
Now we can evaluate

u(p')e Py ypqulyu(p) = u(p’)y“ot qulyu(p) — iu(p’) (g g — ™" gP*)ypauliu(p)
=11(p)y " qulyu(p) — i (p’) [¢°1 — 1g | u(p).

The last step is noting that
—2iotVqul, = =2(g" = y*v)qul, = =29 -14+2q1 =241,
where we have used that -1 = 0. We calculate 4/, noting that

Ab—Bd = dh—bua, (28" —y"'y*) =246 -2b-a,

We have used s¢ as the metric tensor coefficient to lower the index .

1
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hence
2

ql=vy-py =2(-p P+M)—2(q nall +p’1¢) (B.49)

Using the equation (B.50) we can write

u(p' )y ot quu(p) = ai(p')y* (¢ - 2m? +2w) (p)
(') (4% = 2m?) y*u(p) + 2imia(p’) (2p" =y ) u(p)
u(p') (47 — 4m?) y*u(p) + 2imii(p’) (I + 4*) u(p)

:l

Finally, we can express

u(p)e Py ypqulu(p) = u(p') {=i g1 = 1] + (% — 4m?) y* + 2im (1 + )} u(p)

There are four more similar identities, but the calculations are cumbersome and

we will just present it here?

u(p')io"y quu(p) = —u(p’)*y°u(p) (B.50)
u(p’) [Py ypqulyJu(p) = u(p’)| —i(q*1 —1%q) +i(q* — 4m>)y*
: (B.51)
+ 2im(1 + ) |u(p)
(p) [ Pygqul, Ju(p) = T(p)|i(a* L - 1%9)y" + igPy%y®
: (B.52)
—2im(I* + q”‘)f’]u(r))
u(p’) e qulgyny®lu(p) = ﬁﬁ(P') [P g,150,04" |u(p) (B.53)
u(p’) [€*PqulgoyplPlu(p) = 0. (B.54)

The author acknowledges that the previous calculations may be somewhat cumbersome. However,
the calculations previously deemed it instructive since they led to the discovery of the trace of the
product of y-matrices and an understanding of how to expand a 4 X 4 matrix in the S basis.
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C Classical field theory

Classical field theory can be seen as a mechanical system that has an infinite
number of degrees of freedom. The Field theory can be defined by either, the Hamiltonian
formulation or the Lagrangian formulation. This two objects are defined as the
integration over space of his respective density

H= f d3xH (C.1)
L= f AxL. (C.2)

The word "density"is almost always omitted. Formaly the Hamiltonian (density)
is a functional of the field and their conjugate momenta H ¢, 71|, and the Lagrangian is
the Legendre transformation of the Hamiltonian, defined as

L= (¢, $ld — Hg, mlp, o], (C3)
which ¢ = 9;¢ is the temporal partial derivative of the field and ¢ is defined implicitly
by & = 2Hlem . L

y ¢ = —5—. The inverse transformation is

Hop,m] = ol mlm — L[¢, 7], (C4)

where ¢[¢, 71| is implicity defined by 7w = %ﬁ)(ﬂ

Similarly to classical mechanics, the Hamiltonian in classical field theory is regarded as

the sum of both kinetic and potential energy
H=K+V

Unlike the usage of kinetic and potential energy, field theory utilizes kinetic and

interaction terms. The kinetic term is bilinear in the fields or their derivatives, so

1 — 1 1
Ly C 5606, Yy, FFu, SmPe?, $1ouAF,

The kinetic term conveys information about the behavior of the free field. Sometimes it
is best to think of a term like m%¢? an interaction term instead a kinetic term, this will
be more clear when we talk about spontaneous symmetry break. The remaining terms

are called terms of interaction,
Lin CAQ°,  GPAY, gIuPAlY, SAFALATA,,
SO we can write

L = -£7( + Lint (CS)
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C.1 Euler-Lagrange Equation

In quantum field theory, we generally utilize the Lagrangian. The simplest
reason for this is that the Lagrangian is a Lorentz invariant, in contrast, the Hamitonian
transforms as the time component of the energy-momentum vector. The dynamics of
the system is governed by the principle of least action. The action is defined as the

integral over time of the Lagrangian

S = f dtL = f d*x.L (C.6)

Say we have a Lagrangian as a functional of the field and his first derivative, £ =
Lo, 8qu], so the least action priciple tell us that, the action must be stationary;, i.e.,
% = 0, and we can deduce the Euler-Lagrange equation

o550 )
In particular if we consider the following Lagrangian
L= %&qu&“qb - %mzqﬁ, (C.8)
the Euler-Lagrange equation lead to
(o+m?) ¢ =o0. (C.9)

This is the well-know Klein-Gordon equation. The Klein-Gordon discussed in the
previous chapter. This equation was proposed by Oskar Klein and Walter Gordon in
1926 as a relativistic extension of the Schrodinger equation. This equation plays an
important role in Quantum Field Theory, since it imposes the fields or particles must

satisfy the dispersion relation

pyp[l = mzl

also called mass-shell.

C.2 Noether Theorem

It may happen that the Lagrangian is invariant under a field transformation ¢ —
¢ + 6¢, so we say that this Lagrangian is symmetric under this kind of transformation.
The Lagrangian of a scalar complex field, given by

1 1
L = 59upoe" - Emquqb*, (C.10)
is unchanged under the transformation ¢ — e~*¢» where a € R. If a symmetry depends

on a parameter a, which can be taken as small, i.e., is continuous, then we find

0L oL 0L OPn 9L ¢
dav ;{ Lo a(aygbn) oa ¢ 8(8“@4) dav ]}' (C11)

Iy
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and, since the Lagrangian is symmetric under this transformation, equation C.11
vanishes, therefore if the field satisfies the equation of motion, we find

o
) 9L OPu| _ (C.12)
9 (Jucpn) O
Hence, we can define the Noether Current J* as:
OPn
J¢ = oL (S(P (C.13)
2(9u9) O

in which d,,J#* = 0. For example, if we consider the Lagrangian in equation C.10 we find

Ju = —i(pdud* - ¢"9ud)
is a Noether Current, we often say this is a conserved current, because the charge defined

as,
Q= f dx],, (C.14)

is conserved in time, i.e., d;Q = 0.

Let us consider the Dirac Lagrangianlz

L= J(z‘yﬂa u —m)¢, (C.15)
where I
< (9[,1 - 07#
a‘u= 2 ’
with g, denoting the usual derivative operator, and
@a = 8y¢.

The Dirac Lagrangian (C.15) exhibits global U(1) invariance, meaning it remains

unchanged under the following transformation:
P(x) —— ¥ (x) = e Ly(x)
= O0Y(x) = —iLOY(x)
() —— T () = ()
= 5Y(x) = iLOY(x).
This leads to the Noether current:
J# = il (x) Y (x). (C.16)
The generator L is referred to as lepton number, and we associate L = +1 for fermions

(antifermions). Therefore, the global U(1) symmetry results in the conservation of

lepton number? [19].
1

The Dirac Lagrangian is often presented as £ = ¢ (iy“(?y - m) Y, but this differs from the one presented
below by a total derivative.

2 Inthe quantized Dirac field, which we won’t delve into here, the Noether current relies on the fermion
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number operator 71y = aat. This operator quantifies the number of fermions and, consequently, the
current characterizes the fermion count. Similarly, the current demonstrates an analogous dependency
on the antifermion number operator.
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D Spontaneous Symmetry Breaking

The Fermi Model for weak interactions has the following Lagrangian

—Gr 4.
L=——=j i, D.1

where Gr is the Fermi constant and j, is the weak V-A current, the V-A current must be
introduced since the weak interaction violates the parity symmetry, and we can write it
as

=2t (1= p)e+ vyt (1= )+ 7 (1-97), (D2)

which the v; and [ are, respectively, the neutrino of the lepton / and the lepton /, e.g.,
v, is the eletron-neutrino and e is the electron.

The dimension of GF being [m]~2 implies that loop corrections diverge with
respect to the cut-off, making the 4-fermion theory incapable of being renormalized.

One possible solution to address the issue of non-renormalizability is to propose
the inclusion of an intermediate vector boson that has a sufficiently large mass to account
for the short range nature of the interaction.

The exchange boson interaction is represented in the following diagram, where

we consider the decay u — e~ + ¥, + v,.

Figura 16 — Tree-level Feynman diagram for u~ decay.

e

Vy Ve

Source: Author.

In such picture, the dimensionful coupling constant Gr is an effective coupling
2
K2 —m2’

where g is a dimensionless coupling constant, m is the mass of the boson and k is the

GF—>

momentum flowing through the propagator. However, this does not yet solve the
problem of non-renormalizability. The propagator of a massive vector boson is given by

—i I <
P (g“ -3 ) (D.3)
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For large momenta the propagator becomes ~ ;{kz};'l‘;
1

7 as is the case of scalar bosons or those of massless vector boson. To maintain

renormalizability, a gauge fixing term is introduced in the Lagrangian. The achievement

, instead of being to proportional

of renormalizability and consistency with spontaneous symmetry breaking was the
groundbreaking work of ' Hooft and Veltman, which earned them the Nobel Prize in
1999 [14].

D.1 Spontaneous Symmetry Breaking: A Simple Exam-
ple for a Real Scalar Field

If we consider a model of a real scalar field ¢ with discrete symmetry, called

parity symmetry or a Z, symmetry, with the following potential
W Ay
V(@) = -9+ 7¢%, (D.4)

we have therefore the Lagrangian below

B, A
L=0u9d"¢ + 5% - 0%, (D-5)
and Hamiltonian
”2 Ay
H = 9y — 7¢2 + 0" (D.6)
This theory is invariant under ¢ — —¢.
It is important to note that, unlike in Klein-Gordon theory, we cannot interpret

2
the term+ %cpz as a mass term, because it has the wrong sign.
The lowest-energy can be obtained through

oH
96
so we find A
& (§¢2 _ y2) —0, (D.7)
such equation has three solutions
$o =0,
6
Po=£4/7H

Calculating V(¢o) in both cases, we see that the ground state is

6
qboziv:i\/;‘u,
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this is called vaccum spectation value. To interpret this theory imagine quantum
fluctuations close to one of the minima, +v say.

$(x) = v +0(x) (D)

Now, the vaccum theory is

A3 T A A
_ ou 2. A2l 2 A3 Ay
L=0d Ga#G—I-([J V- )-l—(z 17 )a + AT + constants, (D.9)

the linear term in o is zero, since we are talking about the minimun of the potential,

write it in terms of the parameters u and A we find

L =06d,0 - u*o® - %03 - %a‘l, (D.10)

wich is a theory for a scalar field with mass p and self-interactions for the o field. And
we can see that the ¢ — —¢ symmetry of the Lagrangian is not a symmetry of the

vaccum .

D.2 The Abelian Higgs Model

We want to consider now gauge theories. Consider aa theory for a complex
scalar field coupled to the electromagnetic field,

L=~ (Fw) +IDudP - V(9), (D.11)

in this case

Dy = dy +ieA,

V(9) = 1209 + S(6"9)
L is invariant under local U(1) gauge transformation

d(x) — ¢ Wep(x)

Ay(x) — Ay(x) - %éﬁla(x)

Dy(x) — "Dy (x).

The last transformation is a consequence of the gauge transformation of the fields ¢(x)
and Ay (x).

When p? < 0, the model corresponds to the quantum electrodynamics of a
charged scalar boson. However, when u? > 0, the U(1) symmetry is spontaneously
breaking.
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In the case of y? > 0, the minimum of the potential occurs at

AL
dP ’
hence the field ¢ (x) musty satisfy
¢ (—1> + A(0*9)) =0, (D.12)
to which the solutions are
d(x) =0 (D.13)
Hz
()l == (D.14)
Therefore, the minimum is
HZ 3
(Il = lol = (7) . (D.15)

Now, we choose the minimum to be in the positive direction, i.e., 9 to be real positive,
and define the shifted field

¢@=%+%@mnwm» (D.16)

Using this field expansion around the vaccum, the potential can be write as
1
V(p) = E(Zluz)qb% +O(¢?) + constats. (D.17)

The term O(qb?) refers to interactions between scalar and vector fields. According to
equation (D.17) there is now a mass term for one of the scalar fields, i.e., the scalar field
¢1(x) is a massive scalar field, in contrast, ¢2(x) does not has a mass term, therefore it is
a massless scalar field.

The interaction of the gauge field is given by

IDugl” = %(8;@1)2 + %(%cpz)z +EPPRALAF 4 (D.18)

The quadratic term in the vector field, ezqf)%AyA“ implies that the gauge boson has
acquired a mass
my = 26%¢3.

The original theory consisted of two massive scalar fields and a massless photon,
providing us a total of 2 + 2 = 4 degrees of freedom, as a massless vector boson has
only two polarization modes, both transverse. The current theory, on the other hand,
involves one massive scalar field and one massive vector boson, yielding 1+ 3 = 4
degrees of freedom since a massive vector field can have three polarizations - two
transverse and one longitudinal. The Goldstone boson (¢7) has been absorbed as the
longitudinal degree of freedom of the massive vector boson, which is why it is often
said that the Goldstone boson has been eaten by the vector [45].
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D.3 The Non-Abelian SU(2) x U(1) Higgs Model

In the bosonic sector of the Standard electroweak theory of Glashow-Weinberg-
Salam, the gauge theory is SU(2) x U(1), with A}, (a = 1, 2, 3) are the gauge field of
SU(2) and By, for the U(1). The field ¢ is a doublet of scalar fields and has a U(1) charge,
also called weak hypercharge of Y = 3. The Lagrangian of this theory is:

2

1 1 t :
L=~ 7Fi " = 2ByuB + (Do) (DFep) ~ A (gb*qb - %) , (D.19)
for
P, =0, AL — 9, Al + ge™ AL A
By =dyBy —d,By, and
8 8
D¢ =dup — 1ET”AZ¢) - ziBuq).
For the field ¢ the chosen ground state will be
© =)
¢ =14 (D.20)
ﬁl

for a constante v. As for the generators of the electroweak theory, they consist of the
Hermitian matrices T% = %a, where 1 are the Pauli matrices. In order to find the

unbroken generators Q, the gauge fields will be ignored and Q should also be Hermitian

and satisfy
QP =0, (D.21)
therefore Q is of the form:
10
= =T34+Y. D.22
Q (0 0) (D.22)

This Q is the generator of an unbroken U(1) symmetry, left over after the symmetry
SU(2) x U(1) breaks for the ground state defined above. It corresponds to a massless
gauge field, which will be identified as the electromagnetic field. The electromagnetic
potential A is a linear combination of the fields A}, and By,. For small pertubations of
the fields about the vaccum state, in unitary gauge and x(x) a real scalar field, we find:

é =

0
. (D.23)
V2 V2

The covariant derivative results in the following expression:

b3 —~i5 Wy (v + x(x)) D20
= | dux(x 24972 .
B Y7 (04 ()
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where we have introduced the complex fields:

+ 1 1 ~:42
WE = $(AH FiA2), (D.25)
and two real fields:
1
7, = — (gA3 -¢'B ) (D.26)
H : u g

Ay = B+ g'A3). (D.27)

—
gZ + g/Z
The second order of the covariant derivative term in the Lagrangian D.19, becomes

- 1 2,2 1 2 _|_ 72
(Dud)* = 5 (Qux(x))* + %w;w—# +5 ((g4_g)022i) SRR (D.28)

Similarly, the kinetic terms of the vector fields up to quadratic order results in

1 1 1 1 1

—7FlF™ = BB = —EWJVW—W -~ ZFiVF?’W = 7 BB, (D.29)
where Wi, = d,W;; — d,W}. From this we can see that
zﬁ + Aﬁ = (Af)2 + Bi. (D.30)

Which we can use to determine the quadratic term of the gauge fields as:

1 1 1 1 1
~gFl " = BB = =S Wy WY = 22, 2 — S F Y, (D.31)

where we have defined

Zyy = 0yZy = hZy (D.32)
Fuy = duA, — A, (D.33)
Finally the quadratic order in the potential becomes
2\
A@*—E):A¥%@%%~ (D34)
The full new Lagrangian of the quadratic terms becomes
1 1 1
L% =- SWIL W iy W W™ — P = 2 20 21 - iy Z, 7
1 2 (D.35)
+ —=(Qux (1)) + S (),
V2t 2
where we have identified
v
mw = g?
ny — V§* +g%v (D.36)
2

my = V2222,
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This Lagrangian contains a massive complex vector field Wi with mass my, which is
identified as the W boson of the weak interaction, a massless vector field Ay that is
identified as the photon field and a massive real vector field Z,, which is the Z° boson of
the weak interaction and a massive real scalar field x(x) called the Higgs field.

In particle physics, there also exists the concept of the weak mixing angle Oy,
defined by

cos Oy = ———— (D.37)
sin Oy = ———. (D.38)

Using these relations, the fields defined become

(ZH) _ (cos Ow —sin GW] (Ai) . (D.39)

Ay sinfOw cosOw J| B,

The Oy is commonly called the Weinberg angle [14].
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E Neutrino Oscillation

The phenomenon of neutrino oscillation can be explained by examining the con-
nection between the flavor eigenstates (ve, v, and v;) associated with weak interactions
and the mass eigenstates (v1, v, and v3) of the free-particle Hamiltonian.

When charged leptons move through matter, they create a visible trail of ionized
atoms. In contrast, neutrinos are never directly observed; their presence is only detected
through their weak interactions. Therefore, different neutrino flavors can only be
distinguished by the flavors of charged leptons produced in charged-current weak
interactions. Consequently, the electron neutrino v, is defined as the neutrino state
generated in a charged-current weak interaction alongside an electron. Initially, it was
believed that v,, Yy, and v; were massless fundamental particles. The physical states
of particles, known as the mass eigenstates, are stationary states of the free particle
Hamiltonian and satisfy the equation:

. Oy
HYy =i— = Ey. (E.1)

ot
The time evolution of the mass eigenstates are labeled as v1, v, and v3. There is no
inherent reason to assume that the weak eigenstates correspond to the mass eigenstates.
Any of the three mass eigenstates can be produced in conjunction with the electron
during the initial weak interaction. Since it is impossible to determine which mass
eigenstate was produced, the system must be described by a coherent linear combination
of v1, 12, and v3 states. In quantum mechanics, the basis of weak eigenstates can be

related to the basis of mass eigenstates using an unitary matrix U:

Ve uel U, ue3 V1
vl = Uy Uy, Uy |]ve (E.2)
Vr u’cl u’rz UI3 V3

Consequently, the electron neutrino is a linear combination of the defined mass eigens-
tates and can be expressed as:

) = Ue, [v1) + Ue,lv2) + Ueslvs). (E.3)

As the neutrino state travels, it exists as a coherent linear combination of the three mass
eigenstates. However, when it interacts, the wavefunction collapses into a specific weak
eigenstate, resulting in the production of an observable charged lepton with a particular
flavor. In the case where the masses of v, 12, and v3 are not equal, phase differences
emerge among the various components of the wave function. These phase differences

give rise to the phenomenon of neutrino oscillation.
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E.1 Two Flavours Oscillation

Let us consider the weak eigenstates v, and v,, which are regarded here as
coherent linear combinations of the mass eigenstates 11 and v,. The mass eigenstates

propagate as plane waves given by:

v1(t)) = [vy)e 1 (E.4)
va (1)) = [va)e #2%, (E.5)

here, pjx = Et — p- ¥ represents the Lorentz-invariant phase. In the context of the
two-flavor treatment of neutrino oscillations, the weak eigenstates are connected to the

mass eigenstates by a 2 X 2 unitary matrix, which can be expressed in terms of a single

Vel _ CO'SQ sin 0 vl. (E.6)
vy —sinf@ cosB)\vs

Suppose at time t = 0 a neutrino is a weak eigenstate

angle,

[¥(0)) = |ve) = cos Blv1) + sin Olvy). (E.7)
The state subsequently evolves to
[Y(x,£)) = cos Oe P1¥|v1) + sin Oe P2 1y). (E.8)

If the neutrino then interacts at time T and distance L along its path, the neutrino state

at this space-time point is
[Y(L, T)) = cos Oe vy + sin Oe"¥2|v,), (E.9)
here, ¢; = E;T — p;,L. The mass eigenstates are written as:
(vl] _ (C?S 0 -—sin 6) (ve) . (E.10)
Vo sinf cos6 )J\vy
This leads to:
[Y(L,T)) = e~ {(cos2 0 + sin® GeiA‘Pu) [Ve) — (1 - eiM’lz) cos 0sin 6|V#>} (E.11)

The probability that the neutrino, initially produced as v,, will interact to produce a

muon is given by

P(ve = vy) = ‘(1 — 812 cos O sin 6)'2

= 2cos® 0sin? O (1 — cos (Ap12)) (E.12)
A
= sin® 26 sin? ( (glz) .
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Hence, the ve — v, oscillation probability depends on the mixing angle 6 and the phase
difference A¢1. Assuming p; = p2 = p, although it should be noted that this treatment
overlooks the fact that the different mass eigenstates will propagate at different velocities
and therefore travel the distance L in different times. To address this concern, a proper
wave-packet treatment of the coherent state propagation can be applied. This treatment
leads to the same expression as given in the following equation

1
2l m
2, (E.13)

A (1 m] (1 "
erp|lt+—=| —-rll+—=
P P
In the above equation, we have used T = L (in natural units), which follows from g, =~ 1.
Finally, the probability of oscillation can be expressed as
2 2
mi — m2) L]

P(ve = v,) = sin? 20 sin’® [( 7 (E.14)
v

E.2 Three Flavours Oscillation

In the context of three-flavor neutrino oscillation, the relationship between the
three weak eigenstates and the mass eigenstates is described by a 3 X 3 unitary matrix
known as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, as shown in equation
(E.2). By utilizing the unitarity of the PMNS matrix, the mass eigenstates can be
expressed in terms of the weak eigenstates,

4! uzl u:ll U: 1 || Ve
| = U;z U;Z U;Z vy |- (E.15)
V3 ux- ux— ux— V’l’

es H3 H3

The unitarity of the PMINS matrix implies that:

Ue, U, + Ue, U, + U, U, = 1; (E.16)
U, U;l + U, ULZ + U,, ULS = 0. (E.17)
Now consider the neutrino state that is produced in a charged-current weak

interaction along with an electron. The neutrino, which enters the weak interaction

vertex as the adjoint spinor as indicated in the following figure
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Figura 17 — The contributions of the different mass eigenstates to the f-decay process.

d

d

Iyt
V2 e2

Source: Modern Particle Physics [1].

The adjoint spinor correspond to a coherent linear superposition of mass eigens-

tates with a wavefunction at time t = 0 given by:
|yb(0)) = U;l [v1) + UZZ|V2> + U23|1/3>. (E.18)

The time evolution of the wavefunction is determined by the time evolution of the mass

eigenstates and following the same steps of the two flavours case we can write

[ (x, 1)) = (U, Uey ™ + U Upye ™ + U U™ v
+ (U2 Uy 4 U7 Upye™™ 4+ U3 Uy, ™) v (E.19)
+ (u; uTl e + uzz u’fze_i¢2 + u;, uT3e_i¢3) ve).

This can be expressed in the form [{(x,t)) = celve) + culvy) + cclve), from which the
oscillation probability can be obtained, for example

*

P(ve = vu) = cuc),

. , 2 (E.20)
= [Uz, U 4+ U U2 U U e

If the phases were all the same, i. e., ¢1 = ¢2 = ¢3, the probability P(v, — v,) = 0,
which follows from equation (E.17), and, as before, neutrino flavour oscillations only
occur if the neutrinos have mass and the masses are not all the same.

Using the identity

21 + 22 + 23+ = |21 + |22 + |23 (zlzz + 2122) + (zl.z:*,j + zjzs) + (2223 + 2323)
= [z21P + |z + Izl + 2Re {m125 + 2125 + 2273,
(E.21)
where Re{z} is the real part of z, we can write the probability as:

2 2 2

P(ve = vy) = ‘Uzluyl + U, Uy, |+ U Upy| +

+ Z‘Re{ u, Uy, Ue, ULze—i(¢1—¢3) + U, Uy, Uy, ULBe‘i(¢1—<P3)+ (E.22)

+ u; Uy, Ues U;Be_i(¢2_¢3) }
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The unitarity condition of U imples that

2
uel u/'ll u81 u['ll = 0
* 2 * 2 * 2 * * * *
= s U+ [ |+ i u| = —ZERe{ U;, Uy, U U, + U U U U+
+ U, Uy, Ue, UL3} .
(E.23)
The probability can be expressed in the following form:
P(ve = vy) = Z‘Re{ u, Uy, U, LIL2 [e—i(¢1—¢z) - 1] +
(E.24)

U U U U [ 0709 = 1] 40 U U U [ei0m00) 1]

The probability of the electron neutrino survive can be obtained by the exchange u — ¢
in equation (E.22) and using the unitarity relation (E.16), we can write:

P(ve = ve) = |Uo|* + Uy |* + |Us|* +
+ 22Re{ (U, [ U e @1702) (U, [P U [ e7i(@1-0) 4
o [ s e 0020
= 12U [t e [e00) 1] 2]t [tk te] [ -]+

+2 |Ue2|2 |Ue3|2 ‘Re{ [ei(¢3‘¢2) - 1] } .

(E.25)
This can be simplified using the following equation:
ERe{ [ei(¢f_¢i) —1]} =cos|pj—¢pi)—1
(-9 (E.26)
=-2 Si].’l2 A]'i,
(1)'_(1)1' m2—m12 .
where Aj; = 15— = ﬂlEV L. Hence we can written
2 2 . 2 2 .
P(ve = ve) = 1= 4|Up, [ |Ue, | sin? Ayt — 4|U, | |Ue, | sin® Az ©27)

— 4|U,, [ |t,[ sin? Aso.

Therefore, the electron probability survival depends on three differences of squared
masses.

E.3 PMNS Matrix

In the case of three flavours, the neutrino mixing matrix U can be parametrized

in terms of 3 mixing angles, one cp violating phase and, if neutrinos are Majorana
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particles, 2 additional "Majorana phases". In the most general case, i.e., in the case

of n flavours, there are n(nz_l) angles and (n_l)zﬁ "Dirac phases"and possibly n -1

additional Majorana phases, totaling 1(n — 1) degree of freedons (dof). The most general
n X n comples matrix depends on 2n? real parameters. If a matrix is unitary, then there
are n? dof, since in the diagonal there are n dof, and off diagonal there are n(n —1).
The n? remaining parameters can be divided into @ angles and @ phases. If
neutrinos are a Dirac particle, 211 — 1 phases can be removed with a proper rephasing of

the left handed fields. This is easy to see, considering the set of equations:

ve) = U, vi) + U, v2) + U, Iv3) (E.28)
Vi) = Uy, vi) + U, va) + U, [vs) (E.29)
ve) = Uy v + UL lva) + U7 [vs), (E.30)

we can make real matrix element rephasing a flavor eigenstate. For example, the value
U, = |LI€1 | ¢'?l can be made real positive redefining the electron neutrino state
[ve) — [veye™Pel

= [ve) = |Ue, | v1) + UL Iva) + U, [va),

and similarly an entire collumn can be made real redefining the three flavour eigenstates
and eliminating 3, or in the general case 1 phases, from the U matrix. If the neutrino is a
Dirac particle we are also allowed to rephase the mass eigenstates, for example

[va) — €72|vy)

v3) —> ePely3).

Hence, in the 3 flavours case we can write

[vey = |Ue,| V1) + [Uey| v2) + |Uey | Iv3) (E.31)
v = |, [ 1) + Uy, |22 02 ) 4 |1, |67 (0070 ) (E.32)
[ve) = [Ue [ 1) + [Uey [ (P20 ) [, [ e 0070 s3). (E33)

Therefore, we can eliminate two phases in the three flavours case and n — 1 phases in the
n flavours case. Finnaly, for Dirac neutrinos the rephasing eliminates (2n — 1) phases
from the mixing matrix leaving a total of Ny™ = w phases. For example, in the
case of two flavours, there is no phase 6. For n = 3 there is one phase, called phase of
charge-parity (CP) violation dcp.

If neutrinos are Majorana particles, there is less freedom to rephase the fields,
since one can not arbitrarily change the phase of the matter fields |v;), i=1, 2, ---,n..
This can be understood by observing that the Majorana mass term in the Lagrangian

is of the form vIC~'v + h.c rather than vgv; + h.c, hence not invariant under U(1)
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transformations. Therefore, n phases can be eliminated from the mixture matrix and
one remains with an additional(n — 1) Majorana phases.

In the case of three flavours, the mixing matrix can then be parametrized with
three mixing angles and one CP violation phase, the additional Majorana phases have

no influence on the flavor evolution. The most commonlly used parametrization has

the form:
1 0 0 C13 0 5133_16CP Cip  S12 0
u=10 Cy3  Sp3 0 1 0 —S12 C12 0
0 —Sy3 (3 —513616CP 0 C13 0 0 1
5 (E.34)
C12C13 81213 s13€” 0
_ 19 1)
= | =512C23 — €12513523€'°"  C12Ca3 — 512513523€'°" C13523 |,
iOc, i
512523 — C12513€23€'°"  —C12523 — 512513€23€"°"  C13Ca3

where the mixing angles are denoted by 015, 013, 023 and we have used the notation
Cjk = cos O and s = sin O .

E.3.1 CP violation in neutrinos oscillations

The V — A chiral structure of the weak interaction implies that parity is maximally
violated. It also implies that charge-conjugation symmetry is maximally violated. This
can be seen by considereding the 7= — u~ + Vv, decay. Because neutrino masses are
extremelly small compared to the energies involved, the antineutrino is effectively
always emitted is a right-handed (RH) helicity state, i. e., the decay n= — u~ + v,
produces an antineutrino RH and a left-hand (LH) muon. The parity operation (P)
in this decay, will lead to a production of a LH antineutrino and a RH muon, the LH
antineutrino is forbidden in the weak decay because of the chiral structure of the weak
interaction. The charge-conjugation (C) in this decay will produce a RH neutrino and a
LH antimuon, the RH neutrino is also forbidden in the weak interaction. But the CP
combined will lead to an LH neutrino and a RH antimuon, this is a process allowed in
the weak interaction.

It is known that CP violation is needed to account for the excess of matter over
antimatter in the universe today. The Quantum Electrodynamics (QED) and Quantum
Chrommodynamics (QCD) conserves C and P separetely and therefore conserve the
CP. The only possible place in the Standard Model (SM) where CP-violating effects can
occur is in the weak interaction.

Another astonishing thing is that all local Lorentz-invariant Quantum Field
Theories can be shown to be invariant under the combined operation of C, P and T,
this is called CPT-theorem, a formal proof of this theorem is given in [44]. Therefore,
CP-violation implies the T-reversal symmetry is also violated.
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If time reversal symmetry applies, then the oscilattion probability for P(ve — v,)
will be equal to P(vy, — v.). The oscillation probability P(v, — v) is given by the
equation (E.24), the elements of the PMNS matrix that appear in the expression for

P(vy — v,) are the complex conjugates of those in P(v, — v,), since

9(0)) = v) = U, vy + Uy v2) + U, [va)
= |Y(x, t)) = (ULlugle_i¢1 + ULZUEZe_i(PZ + UL3 U, e~ 4 - ~), hence (E.35)

. , 2
= P(V# - ve) = ‘u:ll uele—zqﬁl + u:lz ueze—quz + u:ls ue3€_l¢3
Proceding as in the case of P(v, — v,), we find
Plvy = ve) = ZERQ{ U:“Uel Uy, U:z [ei(¢2—¢1) - 1] 4. } . (E.36)

By comparing the elements of the PMNS matrix in the expressions for P(v, — v.) and
P(ve — v,), it becomes evident that they are complex conjugates of each other. Thus,
if any of the elements U,, and U, are non-real, it implies that time reversal symmetry
may not hold in neutrino oscillation. As we have previously discussed when examining
the parametrization of the PMNS matrix and its degrees of freedom, the presence of
three flavours introduces a complex phase, resulting in reverse time violation during
neutrino oscillation. This violation ultimately implies CP violation.

Lastly, let us examine the combined CPT operation. When analyzing the Feynman
diagram in a process similar to the one depicted in Figure E.2, the CP transformation
yields the exchange U < U, following the conventional Feynman rules. Similarly, the
T operation results in the exchange U < U. Consequently, neutrino oscillation aligns
with the principles of the CPT theorem. Moreover, the imaginary components of the
PMNS matrix offer a potential origin for CP violation within the Standard Model [1].
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