lll JI' Universidade
— g Estadual de LondRrina

RODRIGO CORSO BAPTISTA DOS SANTOS

DUALITIES IN (2 + 1) DIMENSIONAL QUANTUM FIELD
THEORY

Londrina
2019



RODRIGO CORSO BAPTISTA DOS SANTOS

DUALITIES IN (2 + 1) DIMENSIONAL QUANTUM FIELD
THEORY

A Dissertation submitted in fulfillment of the

requirements for the degree of Masters in the
Physics Department.

Advisor: Prof. Dr. Pedro Rogerio Sergi Gomes

Londrina
2019



RODRIGO CORSO BAPTISTA DOS SANTOS

DUALITIES IN (2 + 1) DIMENSIONAL QUANTUM FIELD
THEORY

A Dissertation submitted in fulfillment of the
requirements for the degree of Masters in the
Physics Department.

EXAMINATION BOARD

Advisor: Prof. Dr. Pedro Rogerio Sergi Gomes
Universidade Estadual de Londrina— UEL

Prof. Dr. Carlos André Hernaski
Universidade Estadual de Londrina— UEL

Prof. Dr. Marcelo Otavio Caminha Gomes
Universidade de Sdo Paulo — USP

Londrina, 20 de fevereiro de 2019



ACKNOWLEDGEMENTS

I lack words to convey my true gratitude and respect for my thesis and rese-
arch advisor, Pedro Gomes. In special, I would like to than him for all the time dedicated to my
academic development and for the ever present will to patiently help without ever discouraging
me. For all of the questions and problems he raised and helped me solve while treating his stu-
dents as developing, yet capable, scientists. I would not have the passion for theoretical physics
that I have today the if it wasn’t for him. I would also like to thank his guidance whenever [ was
not sure on what choice I should make about my masters and doctorate and for the guidance
about life as a scientist.

I would like extend my gratitude to some professors from my undergraduate
years. To Mario Baldiotti for the first contact with theoretical physics and his singular ability to
make me leave his office with more doubts than when I came in. To Paula Bienzobaz for my fist
lessons on how to write my TCC, which are still useful to this day, and for always being open
to help. To Thiago Pereira for all the excellent courses he provided me with.

I would also like to thank all the friends that I made in this past years for the
ever present companionship. In special Jonas Pinheiro, Leonardo Sanches, Vitéria Marchesini
and Angelo Rojas for making everyday something special and all the precious moments we
spent together, which I will remember for the rest of my life. I would also like to thank my
parents, Milton and Luciana, and my sisters, Isabela and Heloisa, for the support, education and
affection given to me in life.

I would like to thank Carlos Hernaski, Antonio Edson Gongalves and Marcelo
Gomes for the corrections to my dissertation. Lastly I would like to thank CNPq for the financial

support and UEL Department of Physics for the structural support.



SANTOS, Rodrigo Corso Baptista dos. Dualidades em teorias de campos em (2+1)
dimensdes. 2019. 51 f. Dissertacdo (Mestrado em Fisica) — Universidade Estadual de
Londrina, Londrina, 2019.

RESUMO

Neste trabalho analisamos a dualidade entre o limite de baixas energias do modelo de Thirring
e a teoria de Maxwell-Chern-Simons. Isto € feito introduzindo um campo vetorial que elimina
a interacdo quartica de Thirring e integrando os graus de liberdade fermiénicos. Também
investigamos uma série de dualidades, que podem ser obtidas a partir de operacdes simples na
dualidade de bosonizacdo mestre. Com este método obtemos outra dualidade bdson-férmion e
duas dualidades particula-vortice, uma para boésons e outra para férmions. Também
discutimos uma maneira de obter dualidades massivas a partir da dualidade mestre.

Palavras-chave: Bosonizagdo. Teoria quantica de campos. Dualidades.



SANTOS, Rodrigo Corso Baptista dos. Dualities in (2 + 1) dimensional quantum field
theory. 2018. 51 p. Dissertation (Masters Degree in Physics) — Universidade Estadual de
Londrina, Londrina, 2019.

ABSTRACT

In this work we analyze the duality between the low energy limit of the Thirring model and
the Maxwell-Chern-Simons theory. This is done by introducing a gauge field to eliminate the
quartic Thirring interaction and integrating out the fermionic degrees of freedom. We also
investigate a series of dualities, which can be obtained by simple operations from a master
bosonfermion duality. We obtain another boson-fermion duality and two particle-vortex
duality, one for fermions and one for bosons. We also discuss a way to give mass to the
master duality and derive a series of massive dualities.

Keywords: Bosonization. Quantum field theory. Dualities.
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1 INTRODUCTION

Many quantum field theories present the remarkable property to be dual to
another one. This has proven to be specially useful when one of the theories can be exactly
solved, allowing us to draw conclusions from a theory that we previously could not solve. One
of the earliest known duality is between the Sine-Gordon and the Thirring theories in (1+1)
space-time dimensions [1, 2, 3]. This is also an exact duality, thus we have an exact relation
between the fermionic and bosonic fields. As this duality relates two theories with different
statistics it is called a bosonization duality.

In (2+1) space-time dimensions things are more subtle as bosonization dua-
lities involve distinct mechanisms. This can be checked by counting the number of degrees of
freedom in each theory. In (2+1) dimensions the spinor has two complex components and the
scalar field has one complex component, thus we should not expect to obtain an exact duality
without the addition of another degree of freedom. We usually find a duality in the low-energy
limit, where one of the degrees of freedom of the spinor is suppressed, or a duality that involves
a scalar, a fermion and a gauge field.

The first suggestions of the existence of boson-fermion dualities came to light
in the study of the motion of quantum particles in (2+1) dimensions. The conclusion of such
studies was that the particles could have any statistics, not only bosons and fermions. Such
particles were called anyons. The way to implement the transmutation of quantum numbers in
a quantum field theory is through a Chern-Simons term. As we will see, this term will be of
great relevance to our work. One place where this term is of seminal importance is in the study
of the quantum Hall effect, where an effective theory in terms of the Chern-Simons allowed the
explanation of fractional filling fraction, statistics and a series of other interesting effects.

Beyond that we also find that an odd number of fluxes transmutes the statistics
of a particle from fermion to boson and vice-versa [4, 5]. Further support to the bosonization
dualities comes from [6], where we find that a monopole operator also changes the spin of
a particle in a way that is compatible with the statistics transmutation. This motivated the
search of explicit dualities between two different theories [7, 8, 9]. These dualities relate a
free fermion to an interacting boson, or vice-versa. Thus the duality states that the interacting
theories behaves like a free theory, but with the statistics changed. Again the Chern-Simons
term is responsible for the transmutation from bosons to fermions.

One of the dualities we find is the original one by Peskin, between the XY
model and the Abelian Higgs model, but with a field theory approach. We also show a particle-
vortex duality between the free massless fermion and the (2+1) dimensional QED. This duality
has been especially useful in the understanding of condensed matter systems, as the quantum
Hall effect [10], superconductors [11] and topological insulators [12, 13] among many other

applications.



This work is mostly of review character, where we discuss some well known
facts about 3D quantum field theory, papers of great recent interest and also fill some gaps with
discussions not present in the literature. It is organized as follows. In the second chapter we
study the transmutation of spin and statistics in particles in (2+ 1) space-time dimensions. In the
third chapter we study the duality between the Thirring model and the Maxwell-Chern-Simons
theory. These two chapters provide the basic elements to, in the fourth chapter, investigate a
bosonization duality as well as a series of relations that follow from it. This group of relations
is called web of dualities. In the fifth chapter we extend the dualities discussed in the third
chapter to include the massive case. We conclude the work with some final remarks. Subsidiary

calculations are carried out in the final remarks.
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2 SPIN-STATISTICS TRANSMUTATION

In this we chapter discuss how a monopole operator or the Chern-Simons term
can promote the change of quantum numbers, like spin, statistics and Lorentz spin. To do so we
also study some general aspects of monopole operators, the Chern-Simons action and the state-
operator map in conformal field theory. This will be a motivation to, in the future, introduce a

duality between a boson and a fermion partition functions, which is the main focus of this work.

2.1 STATISTICS

In (2 4+ 1) dimensional field theory the spin is associated with the SO(2)
group, which has no non-trivial commutation relation, as it is an Abelian group. This can easily
checked if we think of the SO(2) group as a representation of the group of rotations around a
fixed axis. Thus we do not expect to obtain any restriction on the spin of particles. By the spin-
statistics theorem we also do not expect to find any limitation on the statistics of such particles,
which are called anyons. We shall investigate these aspects from now on.

Let us assume that we have the wave function of a pair of non-interacting
particles, except for a hard-core repulsion. If we rotate one particle around the other we do
not expect the probability density to change as they are identical particles and we assume the
system to be rotational invariant. Thus the wave function of these particles can change, at the
most, by a phase factor. It is natural to assume that the phase depends on the angle of rotation,

thus we write

Y'(1,2) = eV20(1,2), (2.1)

where v is an unknown constant, which we call the statistics parameter.
As we know from quantum mechanics, to compute the particle’s statistics we
must exchange the particles and check the phase that the wave function picks. This can be

accomplished by rotating one particle around the other by an angle of Af = m or A = —7

¥(1,2) = (2,1) = e”™Pp(1,2) or ¥(2,1) = e “MP(1,2). (2.2)

In three or more spacial dimensions we can deform one path into the other,
even with hard-core interaction, as we have an extra dimension to go around the particle. This
is equivalent to saying that both paths in the figure 2.1 are equivalent, and that the negative
and positive phases in the equation (2.2) must be the same i.e., €™ = =", This restricts
the statistics parameter in such dimensions to even v, corresponding to bosons with symmetric
wave function and to odd v for fermions with anti-symmetric wave function.

In two spacial dimensions these paths are not equivalent, as we can not deform
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one path into the other because of the hard-core repulsion. By this argument the two ways we
wrote (2, 1) in the equation (2.2) are not equivalent. Thus, in two spacial dimensions there are

no limitations to the statistics parameter of a particle v.

..........
....

®
~Ne

o

or

L

Figura 2.1: Transport of one particle around the other

Now we would like to incorporate this effect in a local quantum field theory,
because this will be important for our purposes in the remaining of the work . The way to

implement statistics transmutation into a particle is through a Chern-Simons term

k

Secslal = e /dgx €"’a,0,a,, (2.3)

where k is called the Chern-Simons level. The Chern-Simons term is of great relevance to
many areas of physics. One of these fields of study is the Quantum Hall Effect, where the
Chern-Simons action is considered the effective action emerging from the interaction of the
large number of strongly coupled electrons. A good review on the subject can be found in [14].
Another noteworthy property is that the Chern-Simons term is topological, that is, its form does
not vary with the metric of the manifold in which it is inserted.

One important aspect of the Chern-Simons action is the quantization of the
level k. We can see this by placing the theory in a manifold S x R, in the presence of a

magnetic monopole with a Dirac quantization condition

1
-— /d2$ flg = Z, (24)
2w

where d?z is the integration over spacial S? and fi, is the component of the field strength
corresponding to the magnetic field. For convenience we work on a compact Euclidean time 7,

such that 7 € [0, ], where we consider a large gauge transformations

A= 27%. 2.5)

This can be thought as a finite temperature system. Under these gauge transformation only the
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temporal component of the gauge field undergoes a transformation, aj = ag + %T

Now we rewrite the Chern-Simons action as

k

— / d’x (aofrz + azfor + a1 fo) . (2.6)

Sos [a] - 47

We leave the first term as it is and rewrite the second and third terms in terms of a
az(0oar — O1ag) + a1(Oaag — Ooaz). (2.7)

We integrate by parts the terms that contain ag and leave the others. The upshot is that when
we consider gauge transformations of the form (2.5) the first term in the equation (2.6) can be
multiplied by a factor of two and the others can be ignored. After this procedure it is easy to

see that the change of the Chern-Simons action under large gauge transformations reads
0Scs = —/d I—fm

= %271'/(1 .Z'flg
— 27k 7. (2.8)

Here we integrated z( and used the Dirac quantization condition, equation (2.4). Although the
action is not gauge invariant we can still define a quantum field theory, given in terms of e*cslal,
which is invariant if k is an integer. Thus the Chern-Simons partition function is gauge invariant
if the Chern-Simons level is an integer.

To show how a particle transmutes its statistics we add to the Lagrangian a
kinetic term of a set of particles and couple them to the Chern-Simons field through the minimal

coupling. The complete action reads
S = / A3 [ " a,0,a, — jﬂa”} / dtZ—m i (2.9)
47T A3 "’ a,0,a, + /dtz [ mvl + evr-a— eaol ) (2.10)
where j* = (p, 7) is the Minkowsky current given by

ed® 7(1))

ety ( —71(t)). (2.11)

=3
=3 e

We take the equations of motion of the vector potential a and of the particle.
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The equation of motion for the particle reads
mit = e (EZ (rr) + eijv}B (7"1)) , (2.12)

while the equation of motion for a,, is

ket ?0,a, = 2w, (2.13)
In terms of the components,
2 2
B=-""p and FE =2"¢ij (2.14)
k k
where E' and B are the electrical and magnetic fields that can be obtained from E' = —dya’ —

@ao and B = eijaiaj.
The equation of motion for the magnetic field allows us to calculate the flux

over a small region around a single particle /

2me 2W6
@I:/ld%B———/dQ Za (x —r)) - (2.15)

We see that the coupling to a Chern-Simons term attaches a magnetic flux to all charged parti-
cles.

In conjunction with the explicit form of the currents, equation (2.11), the
equations of motion for the vector potential, equation (2.14), allows us to find an explicit form
for the vector potential

‘ e a—
ay(Fy, e ) = fZe”(f—;’)g, (2.16)
k 1£J |77 — 7]
in the gauge where 9;a’. The subindex I designates that this is the potential of felt by the particle

I. This vector potential produces the magnetic field

2
Bi(7, - T ==y (2.17)
I#£J

Now that we have an explicit form the magnetic field we can find the statistics
parameter. We do this by transporting adiabatically one particle around the other and checking

the phase that the wave function picks under this operation.The Aharonov-Bohm pase is
exp —iqj{df'- a = exp —iq / d*z B, (2.18)

where ¢ is the Noether charge under U(1) gauge transformation. Calculating the Noether con-
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served charge under U (1) for the action (2.9) we find ¢ = . The discrepancy with the expected
result, ¢ = e, is due to the coupling to the Chern-Simons term. If we were to develop the same
theory with the Maxwell term in place of the Chern-Simons, we would find the expected result,
q = e. A detailed calculation can be found in [15].

Now we are able to calculate the Aharonov-Bohm phase using the magnetic

field given by the equation (2.17)

-2
exp —iq/d%B = exp %. (2.19)

By comparing with equation (2.2), we identify the statistics parameter as

V= —. (2.20)

With this we learn that the addition of a Chern-Simons term to the action can make the statis-
tics of the system fractional, as the Chern-Simons level is quantized. This result is similar to
what can happen in strongly coupled system where fractional statistics can be experimentally

observed. One of these systems is the quantum Hall effect [16].

2.2 LORENTZ SPIN

In this section we wish to work in the Euclidean (2 + 1) space, or R3. The
rotation group is the SO(3). As we know this group is non-Abelian, thus we expect to find
restrictions on the Lorentz spin of particles. Here we will study how a monopole operator can
transmute the Lorentz spin of a boson to a fermion and vice-versa. It is not easy to study
how a monopole operator does this in a quantum field theory. In contrast, in a conformal field
theory it is possible to circumvent this difficulty by using a state-operator map, which allows
us to study monopole operators in a quantum mechanics setting. This correspondence relates
fields (operators) in R3 to wave functions (states) in S* x R, where R is the time direction. For
completeness we give a hint at how this formalism works before we start with our study.

The maps between the two spaces can be achieved by taking the metric for
R3,

dsgs = dr? + r?dsz , (2.21)

and making the conformal transformation » = e”. It is easy to check that the result is the metric

for S? x R up to a conformal factor €27, i.e.
dsps = €T dsee, g - (2.22)

With this it is easy to see that the infinite past, 7 — —oo, corresponds to the the point r = 0.
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Thus a monopole operator inserted at the origin in a conformal field theory can be studied by
considering asymptotic states in S? x R

Now we show precisely how to define the map between states and operators.
It is a well known fact that in quantum mechanics the wave function is defined by projecting a

state, |1, t), in a coordinate basis, |Z), i.e.
P(T,t) = (Z|yY,t). (2.23)

We want to build an analogous object in quantum field theory. We introduce a basis that diago-
nalize the field operator (%) |¢(Z)) = ¢(Z) |¢(Z)). We define a state as

V[o(2), 1] = {o(D)|9, 1) . (2.24)

Note that the state we defined is an object fixed in time but defined in the entire space, in contrast
to as operator, O [¢(Z)], that is defined in a fixed position in space-time.
The connection can be achieved when we project the equation for time evolu-

tion of the state,

[, t) =U(t,0)[¥,0), (2.25)
into the basis that diagonalize the field operator. By introducing a completeness relation we
obtain

o(rp)=dy
Vi@ .7yl = [Dor [ D6 wla@.n) e, 226
&(7i)=¢;

written in the Euclidean. Under the conformal transformation = €7, this equation becomes

o(ry)=o
Ve / i /¢( ->f¢. Do W gn(7), )5 (2.27)

where the integration is carried over the region between two concentric spheres of radius 7;
and ry. The path integrals are calculated first with a fixed starting and ending points, and then
summing over all starting points. This is equivalent to taking all the path integrals with a fixed

ending point. Then we consider » = (0 and obtain

o(ry)=¢
U,y = / " Dow [9(0), 0] e (2.28)

Now the map is manifest. We interpret the functional W[¢(0), 0] as a local operator in the path
integral language and W [¢, 7] as the state.



16

2.2.1 Monopole Operators in R?

In this section we discuss some basic aspects of monopole operators. Before
we begin our discussion we must introduce the concept of a section and indicate why it is useful.
In the absence of a monopole the equation V- (ﬁ X /Y) = 0 is true and states that the total
flux of the magnetic field vanishes. But in the presence of a monopole this equality is no longer
true at one point on every closed surface surrounding the monopole, making the magnetic flux
over a closed surface not zero. This can be achieved by letting Abe divergent in one point in
every closed surface around the monopole, the connection of all of these points is called a Dirac
string, see figure 2.2 [17, 18].

Figura 2.2: Dirac string emanating from the monopole

In order to avoid the string we define two overlapping vector potentials, in a

way that the strings are never in the domain of the potential. One possible choice is [19]

AF = Ar =0, AL =T _(+1 - cos), (2.29)

rsind

where ¢ is the monopole strength. Here the plus and minus sign represent the north and south

caps, respectively. This vector potential produces the magnetic field

— g .
B=Si for 10 (2.30)

This has the same behaviour as the electric field for a charged particle. We can verify that
this magnetic field is generated by a monopole using the equivalent of the Gauss law for the

magnetic field in the presence of magnetic particles
V- B =p, =4rgé®(r). (2.31)

The right-hand-side clearly describes a magnetic monopole at the origin.

As the two potentials are connected by a gauge transformation, they describe
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the same magnetic field.

— — 1 -

oA —
AT =A +6ZV04($), (2.32)

where a(x) = 2q¢ and eZ is the charge of the particle. The number ¢ characterizes the section.
It is connected to the monopole strength in Dirac’s unit, D = 2eg, by the relation ¢ = DZ/2.
As D and Z are integer, so is 2¢q.The gauge transformation can be easily checked substituting

the equation (2.29) into the one above

-1 g 11 .
+ eZVQ(x) rsinﬁ( cos9) ¢ + lesinGab( 49)¢
9 L ’ 29 9 29
_rsiné’( L COSH)¢+lesin9¢_rsin9( L cos@)gb+rsmegb
L1 - o
A"+ JVQ(SC) =A (2.33)

Under gauge transformations the wave function undergoes the usual U(1) transformation
Pt = ey, (2.34)

The way the wave function transforms is what defines a section. A section is a function that
has different definitions on different domains. In our case we have )™ and 1)~ for the north and

south caps of the sphere, respectively.

2.2.2 Scalar Particles

In this subsection and the next we will study how particles behave in the pre-
sence of a monopole. Here the particles will be described by wave functions and the monopole
operator by a magnetic flux. It is important to remember that it is possible to return to a field
theory description using the state-operator map we discussed in the beginning of this section.
Using this mechanism, we are able to map the wave functions back into fields (operators) and
the magnetic flux into a monopole operator.

Now that we understand how to work with a magnetic monopole we are able
to understand how the monopole changes the spin of a scalar field. The presence of the mono-

pole induces the non-trivial commutation relation [20]
(5, 7] = —ie S By(x), (2.35)
&

where 7T = p'— eA. The angular momentum which is conserved and satisfies the usual commu-

tation relation, [L;, L;] = ie"’* L, involves an additional term

L=Fx7—q (2.36)

=S 3y
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Alternatively, we could find this angular momentum starting from the action of a particle cou-
pled to the gauge field plus the Maxwell term and build the angular momentum using the No-
ether theorem. The only non-trivial part is that we must choose the field configuration corres-
ponding to a monopole.

As usual, the operators L2 and L, can be diagonalized simultaneously. Here
it is important to note that we have an additional quantum number ¢ in the spherical harmonics

to differentiate the section.

LYqpm = U+ DYoims  LYqum = mYyim. (2.37)
One can solve the second equation to find the ¢ dependence and then impose L_Y,; ; = 0 to
obtain
(20 +1)! 2
+ : - l=q 4 ig(m=q)
Y;M_l = (= I+ q) V1——cosf "V1+4cosf e . (2.38)

where Ly = L, £ 1L,,.
We impose that the sections Yqji_l must be single valued and obtain m 4 ¢ €

The other Y;]ilm(é) can be found applying L to Yqjj’_l,
Z. This means that ¢ and m must be integer or half integer. The wave function is ill defined for

[ < |q| , thus we restrict the wave function to [ > |g|. Therefore the possible eigenvalues are
L=lql, gl +1Llgl+2--+ m=—l,—-1+1-- 1 (2.39)

The only angular momentum we can measure is the orbital angular momen-
tum, thus it must be the total angular momentum. As the minimum eigenvalue of the angular
momentum is |¢|, it also behaves as the spin of the system composed by monopole plus the sca-
lar particle. Because ¢ is integer or half integer, this is equivalent to saying that the monopole
transmutes the spin of the particle. Furthermore, we also know that the scalar wave function has

no spin content, thus ¢ must be the monopole’s spin.

2.2.3 Fermions

Now we wish to repeat the same argument for fermions with spin % In order
to do so, we must diagonalize J2, L* and J,. For spin % the total angular momentum is given
by

<

Il

gl

_|_
| Qy

5 (2.40)
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such that & are the Pauli matrices and L is given by the equation (2.37). The eigenfunctions of
J2, L* and J, operators are [6]

H—lm-‘rl Yj; 1 1
+ \V 241 tadm . .
jilmy = ¢Earf forj =1+, my=m+; (2.41)
21417 q,l,m—+1
_ Jl=myt 1 1
+ o 214+1 7 g,l,m ., 1 o 1
jlmg Itmily + for j =1 50 My =ma g (2.42)

2141~ ¢,lym+1

In this way
Pbiim, = 3G+ Désamys Lésam, = U+ Djim, and LG, = m;dim,. (2:43)
The quantum numbers [ and m obey the same relations as before
l=lql, lg|+1--- 5 m=—l,---,1—1, 1, (2.44)
and, to avoid divergences on Y, ,,,, the total angular momentum eigenvalue j obeys

, 1
j=lal =35, lal + (2.45)
It is important to note that for ¢ = [ = 0 the second spinor is not allowed because it would lead
toj=-1

The presence of a monopole leads to the same consequences on spinors as
on scalars. For half-integer ¢, j assumes integer values, thus the system monopole plus spinor
behaves like a boson. For integer ¢ the system behaves like a fermion. Just like in the scalar
case it follows that the monopole transmutes the spin of the spinor. Furthermore, we know that
the spinor has % spin, hence the monopoles’s spin is q.

For completeness we will find the energy spectrum in the quantum theory.

Under the variable change the Dirac Lagrangian reads

Ls2xp = 00, (3 — (fz —[*+ 1) — qcr,,> Y. (2.46)
or 4

We write the wave function as ¢ = > Ry jm,(7)®1jm, (0, #) and find the radial part equation.
lvjmj

It is important to remember that, as we are in a radial quantization scheme, R(7) is the time
dependence of the wave function

jd—T — (j(j +1)=1(l+1)+ Z) Rijm, (T) — Z qu/j/m3_<T> <ljmj|‘7r’l’]’m;> =0.

! ilon!
l]mj

(2.47)
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A more detailed calculation about how to solve the differential equation can

be found in [6]. We write R*(7) instead of R7=/%2 (7). As 7 is the time in the radial quantization

—EBT

the energy of the state can be read by the factor e™*" in the radial part.

For ¢ = 0, we find
R*(r) = CFeXUt)r (2.48)

and the energy is F = £(j + %) thus there are no zero energy solutions.

For ¢ # 0 and j = |q| — 3, we have no solution for [ = j — 1, thus we find
R =C, (2.49)

thus the energy is zero.
Forg#0andj = |q| — 5 +p, withp=1,2,3,---, we find

R¥(r) = VO =2 4 o) (2.50)

and

. _ C1\? R AN Y ey
R (1) =C; jrg) @ itg )|V
1\ N AN PR /vy L
+CF Jrg) @+ ig )TV (2.51)

These solutions have energy £ = =+ (j - %)2 —¢®> = £+/2|q|p + p?. Since the second
equality the energy does not depend on j, we find that the degeneracy of the p-th state is j =

lg| — 5 +p.
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3 (2+1) DIMENSIONAL THIRRING MODEL

We already know that in (2 + 1) dimensions the line that separates fermions
and bosons is tenuous, but before we start with our main objective, we can demonstrate an
explicit duality between bosons and fermions. This is the case of the Thirring model in the
large mass limit and the Maxwell-Chern-Simons theory. This chapter is based on the studies of
Frandkin and Schaposnik [21].

3.1 THE FREE FERMION

Before we start with the Thirring model we will give some general properties

of fermions in (2 + 1) dimensions. We start with the Lagrangian
Lo=1 (i +m) ¢ (3.1)

where §J = YOy, 1) = 940, The Dirac matrices obey {7*,7"} = 21*"I,,,, where the metric
tensor has the signature n*” = diag(+, —, —). We choose the following representation for the

Dirac matrices

V=03 Al=ioc' and ~* =io?, (3.2)

where o' are the Pauli matrices. With this representation it is easy to show that () = T and
(v')?=-L

Now we want to analyze the discreet symmetries of parity and time-reversal.
In (2 + 1) dimensions the parity transformation inverts only one axis, because if we inverted
both axis it would be equivalent to a rotation. If we choose to invert z', the coordinates and the
vector potential transforms as #! — —x!, A} — — A 22 — 2% and A% — A2 To find how this
transformation acts on the spinors we consider the massless case and assume that the kinetic

term is invariant
WP (1900 — 7101 +7%0:) P = i'y" (170 + 701 +7°02) ¢ (3.3)
Comparing each term and using that v o "7, for u # v, we find that
PP=1 {P+’}=0 and [P,y']=0. (3.4)

The second relation is only satisfied if P is proportional to v° or v'. The third relation allows

! and the identity, thus the only possibility is P ~ ~'. We also know that P? = 1, thus we find
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P = —iy! = ol. Itis easy to check that the mass term breaks parity invariance

VY = =Ty = 9l () = . (3.5)
Now we want to repeat the process for time reversal, 7. We know that 7 is
anti-unitary, so we write 7 = KT, where K performs the complex conjugation. As we did

before we impose that the kinetic term is invariant under time reversal and we will find the form

of T
—ip T (=420 — 7101 + 120%) Top = iT° (120 + 710" +~°9%) ¥. (3.6)
Comparing the terms we find
TT =1, TAY'T =~%" and T T = 7%~ (3.7)

From the second equation we find that [7‘, 72} = 0, this leaves us with 72 and the identity.
From the third we find {7~', 71} = (. This leaves us with 7 = K~?. The mass term also breaks

time reversal
V'Y =PI (P) 0% = 912092y = 10 (12) %y = —¢up. (3.8)

Thus the mass term breaks both parity and time reversal in (2 + 1) dimensions.

One could also check whether the fermion Lagrangian is invariant under chi-
ral transformations, defined as ¢’ = ewvsz/), where the 7° matrix is usually defined as being
proportional to the product of all the other v*. It has the property to anticommute with all the
other v*, and we adjust the constant of proportionality such that v° is hermitian and (7°)? = I
The problem is that in the minimal representation of fermions in (2 4 1) space-time dimensions
there is no +® matrix because iy'~? = I, thus there is no way to define a chiral transforma-
tion. This fact is not exclusive to (2 + 1) dimensions, it happens to all fermionic theories in odd
space-time dimensions. If we were to work in a non-minimal representation to the spinors, for
example we could work with four component instead of two component spinors, we would be

able to build a chiral transformations as we would have the four dimensional Dirac matrices.

3.2 THE THIRRING MODEL

Now we can start to work with the Thirring model by defining its partition

function

2
Zrp = / DYDY exp i / d*x [@(z‘@er)w — %jﬂj“ , (3.9)
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where g is the coupling constant and j* is the U(1) Noether current

" =Py, (3.10)

Let us perform a dimensional analysis of the Thirring partition function in
units of mass, [z#] = —1. We find [¢)] = 1, [j*j,] = 4 and [¢y)] = 2, making the Thirring
interaction perturbatively irrelevant and the mass term relevant in the low-energy limit. Thus
we expect that in low enough energies the Thirring interaction will not give any meaningful
contribution to the effective action.

We wish to investigate the low-energy effective action of the Thirring model.
As we shall discuss, this will provide us with a bosonic theory. To do this we integrate out the
fermionic fields from the partition function (3.9). To do so, it is convenient to we introduce a

new auxiliary vector field a, in a way that when we eliminate the quartic Thirring interaction

2 1
exp [—z% /d?’zjuj“} = /Da exp 1 /dS:c {Eaua“ + ga#j“} . (3.11)
After this we integrate out the fermionic fields and obtain an effective action for the vector field

Zorn = / Dy DyDa exp [z / Pz (id + m+ gd) ¥ + %aua“]
= /Da exp {tr In(id +m + g¢t) + / d’x %aua“l

_ / Da eSessll, (3.12)

The calculation of this effective action can be represented by the following Feynman diagrams.

q-k
| e k
det (le +m+ g¢) = \/\/\/\AA/\/\/\A{ + NWMQW
g |

Figura 3.1: Diagramatic expansion for fermionic determinant

The relevant terms in the /R limit are the quadratic ones, coming from the
second diagram
2

1 9" g’ v
Seff = \/d3$ |:§a’ua/u :F 8_7'('6’“ pauayap + %fy,yf“ + Tty (313)

where f,, = 0,a, — 0ya,, € is the Levi-Civita symbol and = = —sign(m). A detailed

calculation of this effective action and its propagator can be found in Appendix A. In the large
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mass limit, m — oo, we recognize the first two terms of the effective action, equation (3.13),
as the Self-Dual action [22]. Thus, up to the order 1/m, we have demonstrated the equivalence

between the Thirring partition function and the Self-Dual partition function
ZTh ~ ZSD' (314)
Here ~ means that the duality is valid up to the order of 1/m.

With the propagator corresponding to the equation (3.13)

1

G (k) = —
*) 9g4k2m? — 4 (g?k? — 67m)

5 [24mm (67m — ¢*k?) n*" + 36img*m |m| e ky
+ (9" (4K* — 9m?) — 247g*m) k*k"],  (3.15)

we can extract some information on the physical content of the model. There will be only bound
states excitations if we find real poles with k2 < 4m?. Considering m > 0 and the poles of the

propagator,

9g*m? + 48mg*m % 3m+/9g3m? + 96w gtm
8g* ’

kL = (3.16)
we find that the bound state condition is satisfied when ¢* > %= for k% and ¢* > 2= for k2.
This means that for any given mass, there is a strong enough coupling ¢ that, up to order 1/m?,
the Thirring action describes only bound states. This can be easily seen from the graph bellow.

|(2

1
10} '

Figura 3.2: Plot for k% versus g2 for m = 1

Now, by considering the low-energy limit, m — oo, we see that the Self-Dual
action only describes bound states with mass ‘;—’;. In the low-energy limit, or ¢g* large enough,

any remaining dynamics is due to bound states. This is the same result we get in the large-N
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limit [23].

It is interesting to note what happens when we consider the partition function
(3.9) for a set of fermions, which is renormalizable in the 1/N expansion [23]. In this case
the action arising from this theory is also the equation (3.13), thus in the low-energy it limit
continues to be consisted by bound states. This happens because in the low-energy limit of the
N fermions Thirring theory there will also be no free particles, even if there are multiple flavors,
thus there should be no free particles in its effective action, the Self-Dual theory.

There also seems to be an inconsistency in the duality (3.14), if we take the
limit m — 0 in the Thirring action, equation (3.9). In this case we eliminate the term that breaks
parity and time reversal, but this does not eliminate the Chern-Simons term in the Thirring
effective action, which breaks both parity and time reversal, this is an anomaly. To further
support the claim of the Chern-Simons term we note that the mass term acts as a Pauli-Villars
regulator in the partition function (3.9), a detailed calculation of how this happens can be found
in [24]. Even with a different regulator, like a ( function regulator, we will find the same
anomalous Chern-Simons term [25].

Now we prove the equivalence between the Self-Dual theory and the Maxwell-
Chern-Simons theory. This equivalence was first studied by Deser and Jackiw [22], but we fol-
low the reference [21] that uses the path integral approach. This duality will allow us to prove
the equivalence between the Thirring and the Maxwell-Chern-Simons theories. To this end we

introduce an interpolating partition function
~ . 3 1 o nuvp ~ 2m nvp = ~
Zr = | DaDaexpt | d°z §aua —"’a,0,a, F ?6 a,0,a,| . (3.17)

This partition function received this name because integrating out different vector fields yields
two different theories. It is also important to note that this partition function is gauge invariant
under transformations of a but not of a.

We begin integrating over a,

Zr = /Da Z[a)] exp (%/d% auau)

. 1 2
— /Daexpi/dsa: {Eaua“$ g—ﬂe“""auayal)} = Zsp. (3.18)

The detailed calculation of Z;[a] can be found in Appendix B. We recognize this as the Self-

Dual partition function, thus we have proved the equivalence

Zsp = 2. (3.19)
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Integrating the interpolating partition function over a instead of a, we get

1. .. 2
7 = / Daexpi / iz {_Z Funf™ £ g—fewaﬂayap = Zucs, (3.20)

which is the Maxwell-Chern-Simons theory. Thus, using the duality (3.19) we have established
that

Zsp = Zncs, (3.21)
and using the duality (3.14), we get a new duality
ZTh ~ ZMCS‘ (322)

As before, ~ means that the duality is valid up to the order 1/m.

Something quite interesting happened here. The left hand side is not exactly
solvable, but the right hand side is quadratic in the field a. Thus this duality should be suitable
to exactly solve the Thirring model up to the order 1/m. Another noteworthy property is that
the coupling appears as ¢? in the Thirring action and as g% in the MCS theory.

The duality between the Self-Dual theory and the Maxwell-Chern-Simons
theory is exact. Thus we would expect the propagator to have the same pole structure. The
propagator of both theories can be calculated the same way we calculated the propagator of
the Thirring effective action in Appendix B. It is important to remember to add a gauge fixing
term in the MCS theory. This can be done with the term g(a“a“)% but it is not needed in the
Self-Dual theory because the term a,a" breaks gauge invariance. We find that the Self-Dual

theory propagator is

1

SD _
SW <k) - G k2 — 1672

(1670, — g kuky £ 4imgP €0 k] (3.23)

and the MCS theory propagator is given by

1 A 1672 — g*k*(A + 1)
g2 — 1672 |9 e T [Z3) huk £

Sy (k) = —— k| . (324)

In the MCS propagator we must disregard poles involving the gauge fixing
parameter ), as it is not a physical constant. This makes the second term become —g*k,k, /k*.
In addition, what carries physical meaning is the S matrix. To calculate it we would need to take
the product k“S/%CS , this is equivalent to selecting ony the transversal part of the propagator.
This would eliminate both the remaining 1/k? poles in the second and third terms, in such a way
that the only pole is & = 47 /g?. Thus both propagators have the same physical pole structure,
as we expected for an exact duality.

We are also interested in the bosonization rule for this duality. This rule gives
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us a direct mapping between one object from the bosonic theory and one from the fermionic

theory. To this end we introduce a coupling between the U (1) current and a new external gauge

field b, in the Thirring action. This can be achieved by making the shift a, — a, — lbﬂ, and
g9

then we perform the path integral the same way in did in the Appendix A to obtain the duality

between the Thirring and the Self-Dual theories. The Thirring partition function coupled to the

new field b, reads

Zrp[b] = / DYDY Daexpi / d3x {w (i@ + m + gd) + %aua“ + b (3.25)

To connect the Thirring theory to the Maxwell-Chern-Simons theory we in-
troduce a coupling in the interpolating partition function, equation (3.17) and repeat the calcu-
lations we did to prove duality between the Self-Dual and the Maxwell-Chern-Simons theory.

We obtain that the Maxwell-Chern-Simons action coupled to b,, is
Sues = | Pa (=L v+ Lem,0,8, F - a0, (3.26)
MCS — x Z pv 56 w o + ?6 a,0,04 | - .

We observe that b, is coupled to j# in the Thirring action and to %e“”"(f)ya}.
As we already know the duality between these two theories we conclude that the bosonization

rule is
- 1
Yy = =" 0,a,. (3.27)
g

As the duality is valid up to orders of 1/m so is this bosonization rule. A detailed calculation

of how the bosonization rule is be derived can be found in [21].
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4 A WEB OF DUALITIES

In the previous chapter we have seen the equivalence between the Thirring
model and the Maxwell-Chern-Simons theory in the low-energy limit, which can be thought
as a bosonization duality. However, it is not a true bosonization, as it relates only the bound
state sector of the Thirring to the Maxwell-Chern-Simons. Nevertheless, it states that there is an
equivalence between two theories of different characters. An important lesson from the previous
chapters is that the Chern-Simons term was present in all the discussion relating bosonic and
fermionic theories. Therefore, it is expected that it will play a central role in the bosonization

relation examined in this chapter. Our discussion is based on [8, 9].

4.1 BOSONIZATION DUALITIES

Now we want to discuss two more bosonization dualities that arise when we

attach flux to a theory. To proceed we first define

ZscalarJrflu:r [A] = /D¢D¢*Da eXpi (Sscalar[¢7 CL] + SCS [CL] + SBF[G/; A]) s (41)

where
Sprla, A] = %/d?’x €"%a,0,A,, 4.2)
1 vo
Scsla] = E/dgx €"’a,0,a,, 4.3)
Sscalar|®, a] = / B | (9, —iea,)pl> + V(). (4.4)

These actions are gauge invariant, but only the scalar action is invariant under parity and time
reversal. The potential must be of kind ]¢|4 for the dualities to work, as it allows us to define the
theory in a Wilson-Fischer fixed point, where the theory is scale invariant [7]. For convenience

we will often omit this term from the action. We also define
Z fermion|A] = / DyDije’SrermionttAl, (4.5)
where the fermion action is the Dirac massless action
Stermion|A] = / Prip(P —iefd)y. (4.6)

This action is invariant under gauge transformations. Parity and time reversal invariance can
also be immediately inferred due to the absence of a mass term. As we discussed before, it is
the mass term that breaks both P and 7.
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As we learned in the previous chapter the result of attachment of a magnetic
flux to a particle is the transmutation between bosons and fermions. Following [9], we will

assume the duality
Zfermion [A] e % SoslAl = Zscalar—l—flux [A] (47)

to be true and prove a series of other dualities. Because of this we call it the master duality.
For the duality to be true we consider the scalar side to be in the Wilson-Fischer fixed point.
To do this, we must consider that the potential has a |¢\4 form, as we will discuss shortly. We
also consider that both gauge fields that appear in the duality (4.7) obey the Dirac quantization

condition

i/ d*z Fyy = Z. (4.8)
21 J g2

Upon a first look there might seem to be a problem with the duality (4.7)
since only the right hand side appears to be gauge invariant. We already encountered this kind
of inconsistency before when we calculated the Thirring effective action. What is happening
is that the fermion partition function is also anomalous, and the Chern-Simons term in the left
hand side is what cancels this anomaly. The same thing happens with both parity and time
reversal.

An argument to support this duality can be found if we take the equation of
motion for aq from the partition function (4.1) in the absence of a background source A = 0,

da

scalar — T 5 > 4.9
Pscal o 4.9)

where pscatar = 2a°0d* +1i (p0°¢* — ¢*0°¢). Integrating both sides, and using the quantization
condition we see that the presence of the Chern-Simons term attaches flux to the scalar particles.
From our previous discussion we expect a scalar attached to flux to behave like a fermion, thus
the right hand side of the duality (4.7) behaves like a fermion.

We can also check that the Hall conductivity, o,, = %, is matched by both
sides of the duality [9, 8]. The Chern-Simons level £ is the constant of the background field
A in the partition function. To do this we must gap the theory by adding a mass term to the
duality. In the fermion side we must integrate out the fermion fields. We already performed
this calculation in the last chapter and obtained $%ch [A]. With the term that we already have
in the duality (4.7), this will produce a Chern-Simons with level £ = 0 for the plus sign and
k = —1 for the minus sign. To find the Hall conductivity we take the functional derivative in
respect to Ay. We obtain o,, = 0 for the plus sign and 0,,, = % for the minus sign.

In the bosonic side we gap the theory by modifying the potential with V' (¢) =
M|o|* £ m?)2. A precise way to add the mass term will be discussed in the Chapter 5. This
potential in known as the Mexican Hat potential because of the form of its graph. For the
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minus sign the field acquires an expected value |¢| = m. This motivates us to write the field as
o(z) = p(x)e?® with p(x) = m + x(x). We work only with the terms that are important to

our calculation

L = Losla) + Lprla, A] + p* (0,0 — ea,)’ + 0,pd"p — (p* — m2)2

[
L = Lcsla) + Lyrla, Al + p*0,00"0 + 20°0a,0"0 + e*x*a,a" + 2e*mxa,a" + e*m’a,a"
A (p* —m?)*. (4.10)

Now the dominant term is the mass term, thus the Hall conductivity is zero, matching one of
the results of the fermion. For the plus sign in the potential the field do not acquire an expected
value. Thus the Hall conductivity is given by the Chern-Simons term, we obtain o, = %

From the duality (4.7) we can derive another bosonization. To do this, we
promote the background gauge field to a dynamical one (every time we do this we will change
the field from upper-case letters to lower-case letter A — a) and couple it to a new background

gauge field through BF coupling. The duality becomes

1

/ DYDIDaexp i (@mm [¥,a] ~ 5Scsla] — Ssrlo; A])

= / D¢D¢*'DGDC~Z exXp 7 (Sscalar [¢, CL] -+ Scs[&] + SBF[CL; EL] — SBF [CNZ; A])

_ / DEDG" exp i (Sauatar |, Al + Scs[A]) @.11)

In the last step we used the equation of motion for a, dA = da, and integrated out a. We
recognize the left hand side as the fermion attached to flux partition function. Doing this process

we obtained a new duality between a fermionic theory and a bosonic theory
Zfermion+flua: [A]e_iSCS[A} = Zscalar [A] (412)

Throughout this work we will assume that the process of promoting the back-
ground gauge field to a dynamical one and adding a BF coupling or a Chern-Simons term will
not change the validity of the master duality, equation (4.7).

As a last discussion in this section we would like to talk about the time rever-
sed version of these dualities because we will use them to derive the particle-vortex dualities.
We know that the free theories are invariant. Under time reversal xy and A; are odd, z; and A
are even. With this in mind, it is easy to show that the Chern-Simons and the BF action are both
odd under time reversal. With this we can find the time reversed version of the dualities. The
duality (4.12) becomes

Zscalar [A] = ZfermionJrflu:p [A] eiSCS[A} ) (4 1 3)
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where
_ _ ) 1
Zfermion—i—flur[A] = /D¢D¢D& exXp 1 (Sfermion[d}a a] + §SCS[Q] + SBF[CL> A]) . (414)

And the duality (4.7) becomes

Zfermion [A] - Zscalar+flu:s [A]e_%SCS[A]u (415)

where

Zscala’r‘-l—fluz [A] = /ngpgb*pa eXpi (Sscalar[¢7 CL] - SCS [CL] - SBF[ay A]) . (416)

4.2 BOSONIC PARTICLE-VORTEX DUALITY

Now we obtain two particle-vortex dualities, one for bosons and one for fer-
mions. The results will also serve as consistency check for our master duality, equation (4.7),
as both particle-vortex dualities are present in the literature and the bosonic one is quite well
known [26, 27].

We start with the duality (4.12). We promote the background gauge field A to
a dynamical gauge field a, and introduce a new background gauge field A through BF coupling.
The right hand side becomes the scalar QED partition function

Zscala’r QED [A} - /ngng*Da expi (Sscalar [¢7 CL] + SBF[aa A]) . (417)
The left hand side reads
- . ) 5 1 5 -
[ PopivaDies i (sfermm ] — L Seslal — Sprlaal — Scslal + Ssrla A])

T . U . .
= /Dzﬂ)zﬂ?a exp 1 (Sfermion[w, al + éScs[a] — Sprla, Al + SCS[A}) :
(4.18)
In the last step we have used the equation of motion for a, a, = A, — a, , and integrated it out.
We recognize the first thee terms as the time reversed partition function

7 Fermion-+ ﬂw[—A], defined by the equation (4.14), thus we can replace the left hand side using
the duality (4.13). The Chern-Simons actions cancel each other and we are left with

Zscalar[_A] = Zscalar QED[A} (419)

This is the original particle-vortex duality between the XY model and the Abelian Higgs model
[26].
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To see how the particle-vortex duality is manifested in the equation (4.19) we
must understand what is a vortex state. Following [28, 29] we introduce the potential V' =
A(|¢|* — ¢?)? we used in the last section. This induces a finite energy solution with a non-trivial
boundary condition at spatial infinity, namely ¢ — ¢oe’™ as r — oo, with ¢, constant. To
make ¢(6 = 0) = ¢(6 = 27m) we must restrict n to integers.

Now we look at the energy for the scalar field

H= /d% (m* +(V —id)p - (V +id)d* + V(qb)) : (4.20)
where T = g—i = gb* + tag¢* and T = % = gb — 1a9¢. If we consider the static case and the

absence of the gauge field, the spacial part becomes

- |2 ) A
)w) Y 421)
r
and the energy is logarithmically divergent
20 [ 1
H=n ¢0/—2r drdé. (4.22)
r

Thus we must choose a gauge field that eliminates this divergence. The simplest choice is

6 =V (nb), for r— oco. (4.23)
With this (V — i@)¢ = 0 in the limit » — oo and the energy of the vortex state is finite.

So what we learned is that the vortex configuration is not only composed by
the scalar field, but also by a matching of the gauge field. Now we take the functional derivative
on both sides of the duality (4.19) with respect to Ag. From the left hand side we obtain the

current for U(1) transformations. This is the current corresponding to charge conservation
0 =i(¢*¢— ¢9") +2A° 9| 4.24
Jo=1i(0"0 — 99" ) +2470[". (4.24)

On the right hand side we obtain the field strength for the monopole state

1 1
— fis = —B. 42
o Ji2 o (4.25)

In the end this duality can be viewed between the expected value of two objects of the theories,
that is, between ;° from the free theory and the magnetic field from the scalar QED.

We can also explicitly check the Dirac quantization condition for the gauge
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field that we choose, equation (4.23)
1 1 1
— d%B:—/df-A:ﬂ/—rdezn. (4.26)
2w 2w 2 ) r

4.3 FERMIONIC PARTICLE-VORTEX DUALITY

The fermionic particle-vortex duality can be obtained through a similar pro-

cess. We start rewriting the duality (4.7) as
Zfe’/‘mion [A] - Zscalar-‘,—fluac [A]G%SCS[A] . (427)

Again we promote the background gauge A to a dynamical gauge field a and couple the partition
functions to a new background gauge field A. The left hand side becomes the three dimensional

QED partition function

ZorplA] = /DwaDa exp & (Sfermion|¥, a] + Sprla, A)) . (4.28)

The right hand side reads

1 1
/ng’ng*Da'DEL €xXp ’L (Sscalar[¢7 a] ‘I— ch[a] + SBF[CNL, CL] + §SBF[(~I, A] + 5505[&])

- [DopsrDaes (SSW (6.0 ~ Sosla] ~ Sprla, 4] - L Ss [A]) |
(4.29)

On the last line we took the equation of motion for a, @, = —A, — 2a,, and integrated out a.

We recognize the first three terms as the time reversed scalar attached to flux
partition function, given by the equation (4.16). Now we use the duality (4.15) and obtain the
new duality

Zfe’/‘mion [A] = ZQED [A] (430)

Here the particle-vortex duality is manifested the same way as in the scalar case, that is between
the gauge fields of the QED theory and the fermion field of the free theory. This duality was
firstly proposed by Son in the study of the Quantum Hall Effect at filling fraction v = % [10].
When we rewrote the duality (4.7) as the equation (4.27), we introduced the
problem that both sides of the duality are not gauge invariant. The left hand side because we
can perform the fermion path integral and obtain %SCS [A]. The right hand side is not gauge

invariant because of the same type of term. We can fix this if we choose the fields not to obey
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the standard Dirac quantization condition (4.8), but instead

1
— dA = 27Z. (4.31)
2T S2
This makes sense for a background field, but we promoted A to a dynamical
field. The way to fix this is to imagine that the Chern-Simons term with a fractional level is

coming from
. -a2
e2Scslal /Dbexp i (vScs[b] + aSprb, a]) = e~ Sl (4.32)

Thus choosing « and  suitably, ¥ = —2a? in our case, we can produce a a term that is not
gauge invariant from a gauge invariant partition function.
But even with this trick we are still left with another problem. To see what it

is, let us take the equation of motion from the action (4.32)

Q@
db=——da. (4.33)

Y
If we take the integral over both sides in the equation above it is easy to see that the Dirac
quantization condition cannot be simultaneously satisfied on both sides of the equation. This is
not a problem for us as we work with local physical quantities, like the Hall conductivity, thus

we will not need to take a integral over the space.



35

S MASSIVE DUALITIES

We already have some evidences on the importance of a mass term in the
dualities from our discussion on the Hall conductivity, where we had to insert a mass term to
check that the Hall conductivity is consistent between both sides of the duality. In this chapter
we show precisely how to introduce a mass term in the dualities from the previous chapter and
obtain a new method to derive the duality between the Thirring model and the Maxwell-Chern-

Simons theory . We follow the method presented in [8].

5.1 MASSIVE BOSONIZATION DUALITIES

We start with the duality (4.7) with a symmetry breaking potential in the scalar

partition function. The starting duality reads
Zfermion[A]e_%SCS[A} — /'Da eiSscazar[a]"‘iscs[a]'i‘iSBF[a,A]7 (5.1)
where
iSscalar[a] — ) 3 y 2 )\ 4
e =expi [ &’z |[(0, — iay) | _ZW‘
1
= /Da expz’/dga} [|(8u —ia,) B|° — olé|* + XO'Z:| (5.2)

Using dimensional analysis we find that [A] = 1. In the low-energy limit we must take A — oo,
whith this we loose the term o2 and this field can be seen as a Lagrange multiplier. If we think
of ¢ a dynamical field we can integrate it out and return to the Wilson-Fischer, equation (5.2).
On the other hand, if we think of o a background field it then becomes a source for ]d)\Q.

By following [8] we will assume the following map between operators to be

true
Yy = —o. (5.3)

A similar version of this map is known to be true in the large-N limit [30, 31]. Following [8]
we will assume this to be true outside the large-N limit. Naively, a real scalar field is considered
to be even under both parity and time reversal. On the other hand, the map V1) <= —o
implies that ¢ is odd, since v7). However, as the boson theory is an interacting one, involving

Chern-Simons, it is not easy to attribute quantum numbers to o.
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This motivates us to write the massive version of the duality (5.1) as

Zfermion [A> m]e_%SCS[A] - /Da ZSCalar [CL, m]eiSCS[a}—HSBF[a’A}

Z fermion| A, m)e” 3554 = Zoiiary prual A, m), (5.4)
where
Zyermio i) = [ DIDGespi [ @[50+ Ay = mi] (55)
and
Ll = [ D3D5De expi [ @10, ~ ia,) o — o(f* —m) + 1]
_ /D¢D¢* expi/de [\(au —ia,) - 2 (jof —m)Q]
~ [Dopsewi [ @ |I@,~ i) of - Jlol' + TN 659

Note that the sign of the mass term is inverted in the two dualities. This may
seem odd, but it is this difference of sign that ensures the matching Hall conductivity between
both sides of the duality. The way to calculate o,, here is quite similar to what we did in
Chapter 4. In the fermion side o, is zero or % for positive and negative mass respectively. In
the bosonic side the Higgs mechanism happens for positive m leaving us with o,,, = 0 and for
negative mass we obtain the Hall conductivity as usual o, = 5-.

Now it is easy to see that the partition function (5.6) describes a massive scalar
with mass mTA The duality (5.4), that we just obtained, is the massive version of the duality
(4.7). We want to use this duality to obtain the massive version of (4.12). As we did before, we
promote the background field A to a dynamical field a and couple it to a new background field.

After this operation the duality reads
/Da Zfermwn[a,m]e_%SCS[a}_iSBF[a’A] — /Dd’Da Zscalar[d’m]eiSCS[d]J"iSBF[dva]_iSBF[avA]

Zfermion—l—flu:v [A, m] = Zscalar [A, m] 6iSCS[A]7 (57)

where the fermion attached to flux partition function is the left hand side of the equation above.
As a comment we promote m to a dynamical field p in the equation (5.4) and

couple it to a new background field m. We obtain

/D,u Zfermion [Aa ,u}ei%SCS[A]iwm = /DQDU D,UZscalar [@7 U]ei(scs[a]+SBF[a;A]+M(Gim))

- / Da 7 seatar [@, m]e'SesleSpriaAl) (5.8)
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The left hand side can be viewed as the infrared limit of a Yukawa-type theory. For a large
number of flavors it is known to describe a Gross-Neveu fixed-point [23]. However for a small
number of flavors it is unknown if there is a fixed point. This hints that the map (5.3) may imply
a second bosonization duality, in which the Gross-Neveu fermion is related to the free scalar
with flux.

We see that both massive dualities, equation (5.7) and equation (5.4), are very
similar to their non-massive versions, equations (4.7) and (4.12). As we did before we would
like to obtain the time reversed versions of the massive dualities. This will allow us to obtain
the massive particle-vortex dualities. We follow our previous discussion on time reversal, and
remember that the massive fermionic term acquires a sign under time reversal.

Under time reversal, the duality (5.7) becomes
Z termiontfluz| A, M) = Zoeatar| A, m]e” S5t (5.9
where
Zfermw%ﬂux [A,m] = /Dzﬂ)qﬂ)a Z fermion|@, —m] €xp i %Scs la] + Sprla, A]| . (5.10)
Under time reversal, the duality (5.4) becomes
Zsermion| A, —m]e255 W = Z o1 prus A, m], (5.11)

such that

Zscalar—l—flux [A, m] - /Da Zscalar [CL, m]e_iSCS[a]_iSBF[ayA]' (512)

5.2 MASSIVE PARTICLE-VORTEX DUALITIES

Here we wish to examine the calculations from Chapter 4 in the massive case
to obtain a massive version for the particle-vortex dualities. As we did before, we will mani-
pulate one of the massive bosonization dualities and use a time reversed duality. We start by

rewriting the equation (5.4) as
Zfermion [A, m] - Zscalar-‘,—flu;v [A, m]eéscs[A} . (513)

We promote the background gauge field A to a dynamical gauge field and couple it to a new

background gauge field. The left hand side reads

Zoep[A,m| = /Da Z termion| @ m]e%SBF[“’A]. (5.14)
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The right hand side reads
_ 1 . 1 .
/Dcﬂ)a Zscalar|@, m] exp i léScs[a} + Scslal + Sprla,a) + §SBF[a, A]}
. 1
= /Da Zscalar|@, m] exp i [—5505[14] — Scsla] — Sprla, A]}
= Zfermion[Aa _m] (515)

Here we integrated out the field a using its equation of motion a, = —A, — 2a,. In the last
step we have used the time reversed duality (5.11). With this we have the massive fermion

particle-vortex duality
ZQED [A, m] = Zfermion[Aa _m] (516)

Now we proceed similarly, but starting with the duality (5.7). As we did
before we promote the background gauge field to a dynamical one and couple it to a new back-

ground field, the right hand side reads
Zscalar QED [A, m] = /DCL Zscalar [a, m] eiSBF[a’AL (5 17)

And the right hand side reads

1
/D&Da Z fermion|a, m] exp [—iScs[a] — Sprla,al — Scslal + Sprla, A]]

1
= /DaZfe,«mim[a, m]expi |:§SCS[CL] — Sprla, A] + SCS[A]}

= scalar[_A7 _m] (5.18)

In the second line we used the equation of motion a, = A, — a, and integrated out the field a.
And in the last line we used the duality (5.11). Finally we write the massive fermion particle-

vortex duality as
Zscalar[_Aa _m] = Zscalar QED [Aa m] (519)

5.3 THIRRING DUALITY FROM PARTICLE-VORTEX DUALITY

One could ask if it is possible to derive the duality between the Thirring model
and the Maxwell-Chern-Simons theory through the same method we used to derive the other
dualities. To do this we start with the duality (5.16) with the sign of the mass changed in both
sides. We choose this one because we can easily make one side become the Thirring partition
function and integrate the fermions to generate a Chern-Simons term in the other side. To

generate the Thirring partition function we add a term ﬁAMA“ and integrate over A. Now the
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right hand side reads

_ _ 1
T = / DY DyYDaexpi / d*z {Wa +m+ d¢)Y + ﬁaua“} : (5.20)
g
The left hand side reads

T . 3 | 7. | . I
/DaDaDwa expz/ddx [w (Z@ +d— m) U+ Ee’“‘ Pa,0,a, + Z_gﬂa“au] . (5.21)

Integrating out the fermionic fields we obtain the same results we found in the Appendix A

) 1 1 1
/DaDEL expi/ddx [ige“”pau&,ap + Es“”pau&,dp + 2—925@&“] ) (5.22)

We make the field rescaling a — —‘%Ta and a — ga and are left with a partition function very
similar to the interpolating partition function (3.17)

. 2 1
/Dani expz'/d‘sx {i—ﬂe“”"a#&,aa —"%a,0,0, + Q&N&M] ) (5.23)

92
Integrating over a,,, we get

2T

1
Iy = /Da expz’/dgx {i—Qe“""au&,ag — Z—lfw,f‘“’] = Zucs. (5.24)
g

This is the same duality found in the equation (3.20), except that here we have sign(m) with the
Chern-Simons term and in the previous chapter we obtained —sign(m). This result is of great
importance as it gives further support to the master duality, equation (4.7).

It is important to note that when we integrated out the fermion fields we left
out terms of order O(%) This is compatible with our discussion on the Thirring model effec-
tive action because there also we left out terms of order O (%) to obtain the Self-Dual action,
equation (3.18). As we expected both methods we used to obtain the Thirring duality are only

valid in the low-energy limit.
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6 FINAL REMARKS

In this work we have studied aspects of dualities in (2 + 1) dimensional quan-
tum field theory. As we saw, this dimensionality is special because the quantum numbers, spin
and statistics, are not so rigid. In fact, there is no limitation to the statistics. The underlying me-
chanism is the conversion of quantum numbers like spin and statistics. This can be incorporated
in a local quantum field theory using a Chern-Simons term, that can be easily incorporated only
ina (2 + 1) dimensional field theory.

After discussing the basic elements on the importance of the Chern-Simons
term to the transmutation of spin-statistics, we analyzed dualities in specific models. We started
with the one between the Thirring model and the Maxwell-Chern-Simons theory. The existence
of this duality and our knowledge on the effects of the Chern-Simons term on the transmutation
of spin-statistics motivated us to study a master bosonization duality, which passes several con-
sistency checks, like the Hall conductivity and the attachment of flux. From this one we were
able to derive another bosonization duality and two more particle-vortex dualities.

To calculate the Hall conductivity as a consistency check to our master duality
we had to insert a mass term in our dualities. This motivates us to study the massive versions the
two bosonization and particle-vortex dualities. Using these results we extended our discussion
to show another way to obtain the duality between the Thirring model and the Maxwell-Chern-
Simons theory.

Another method to obtain bosonization dualities, that we did not discuss here,
is to work in a lattice. This method has had great success and some of the dualities we discussed
in this work can also be obtained from this approach [26, 32, 33]. A newer approach to (2 + 1)
bosonization is to define a series of theories in (14-1) dimensions and add an interaction between
the theories. This is called the quantum wires approach [34]. The process we used to derive
the dualities in the Chapter 4 could be extended using more external fields and the addition of
Chern-Simons terms with different levels. This leads to a series of new dualities that we did not
discuss here [9, 8].

Further studies could be focused in finding a way to derive the massive duali-
ties from the non-massive ones and check whether the dynamically generated mass is compati-
ble in the two theories. This kind of effect is known to happen through quantum corrections in
the (3 + 1) dimensional ¢ theory as a consequence of the Coleman-Weinber mechanism [35].
On the fermion side the same is known to happen with the three dimensional Thirring model
[23].
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A APPENDIX A: THIRRING EFFECTIVE ACTION

In this appendix we want to perform the fermionic path integral in the par-
tition function (3.9) and obtain the effective action (3.13). We eliminate the quartic Thirring

interaction using a new auxiliary gauge field. We substitute

2 1
exp {—i‘%juj“} = /Daexp i/d% [5(1”@“ +gauj“] , (A.1)

in the partition function (3.9), and obtain

Zry, = /D’JJDQ,DDG exp {z / Pz (i +m+ gd) ¥ + %aua“}
= /Da exp {tr ln(ia +m+ g(/i) +1 / d3r %aua“} . (A.2)

In the last step we performed the fermionic path integral.

Now we focus our attention on the most relevant terms

2

trin(id +m + gg) = trlog (id +m) + g tr (ﬁqf) + %tr (iaimﬁiiaim?i) +
(A.3)

The first term is a c-number, thus it will not contribute to the effective action, so we will just
ignore it. The second term is the tadpole diagram on the left hand side of FIG. [3.1], as it has
no dependence on the external momentum, its value is zero. But this result can be explicitly
demonstrated quite easily using that the trace of v*. The third term will produce the effective

action that we are looking for

1 g? p—m q¢d—m PN
MCS = - tr [ d®pd®qd’zd? y A PV v| gie(p=a) giv(a—p)
CS 2 (27T)6 r/ p q z y a’lt(l')a (y) |:(p2 _ m2) ,y (q2 _ m2 ’y € €
_1 92 3,..13 3 ik(ac—y)/ 3 k+g_m " g_m v
= 2 2] /d xd’y au(x)a,,(y)/d ke d’qtr Gt qf —m? v pE— y
1 g 313 37, ik(z—y) / 3 1 1
= 2 2] /d zd ya,(r)a,(y) /d ke d q(k R g
x [2(k'q" — K qen™ + K'¢" 4+ 2¢"q" — ¢"qon™) + 2imkqye”™ + 2m*n] . (A.4)

where we defined k = p — q.

In order to obtain the Chern-Simons action we look at the k,c”*" term in the
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low-energy limit, £ ~ 0

1 g? . 1 2
cS =7 /d?’:pd?’y au(x)al,(y)/ dgk;em(x_y)%mko.e”“”/dgq< )

~2(27)8 ¢ —m?

2
— dPzd®y a (m)ay(y)/ dPke*@Y eon
6474 m| :
2
= —isign(m)g—w/dg’x "% a,0,a,. (A.5)

Now we wish to obtain the Maxwell term from the equation (A.4). As the
Maxwell term has two derivatives we expand the first fraction up to order £, kg and collect the

appropriate terms.

1 g ik(z— o [RF'e” = koq "™ + K"
Mazxwell = 3 2n)0 /d3x d*y aﬂ(x)ay(y)/dSk ketk(@=y) /d3q (—4kaq [ (@ — )
DT G G A ) S G '
L= @ (@ - (g - )
af a B
2 pv Ui q-q
—om2n" ko ks {(q2 — A m2)4D . (A.6)

Due to the size of the equation above we will solve the ¢ integral line by line

= 4k, / S {k#q” — koqon + kyq“}

(@ — ey
— é [2k“ky . anuu} /d3q q2 _ f (k’Q’UMV _ kuku) . (A 7)
3 (g2 —m?)3  m ’ '
af v WAV o8 2. aB, uv 2.0V o8
IIz/dqukakﬁ 2*%q"q” | @"d"q""  Pn*n 1" q"q
@ —meP - (R ()
2 q2 8 14 q4
:—k2 jn% d3 Z | 2R — k2 pv /dS
3 n / q (q2 _ m2)3 + 5 |:3 n :| q (q2 _ m2>4
im?
=— [8k"k” — 3Kk*n*] ; (A.8)
6m

I =— 2m2n“ykak5/d3q [
q J—

)
T g2, (A.9)
6m
To simplify the calculations we used that the ¢ integrals must be rotational
invariant, in other words, under the integration sign ¢"¢” = %q%’”, q"q"q° = 0and ¢"q"q° q* =
=gt (" P00 P +nHPn?). Substituting the results (A.7), (A.8) and (A.9) in equation (A.6),
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we obtain the Maxwell term

2

‘9 3.3 31 ik(z—y) [1.2,uv v
Mazxwell =96 /d xd’y au(as)a,,(y)/d ketk(@—y) [E*n — Kk

.
) /d3x (Opa,0"a” — 0,a"0,a")

12mm

-9
_ Y /de Funf™. (A.10)

- 24mm

where f,, = 0,a, — 0,a, is the field strength.

The calculation of the Maxwell and the Chern-Simons terms can be summa-
rized by the Feynman diagram on right hand side of FIG. [3.1]. If we wished, we could proceed
with our calculations and obtain terms with higher derivatives in the gauge field. To do this
m. We also could have
considered terms with higher order in the gauge field in the series (A.3). One of the possible

we should have considered higher orders when we expanded

terms is €""?a,a,a,, this term is identically zero in our case, but in non-abelian theories this
term must be taken into account.
Putting all these results together, the Thirring partition function reads
2

1 ) 2
Zrplal = /Da expi/d% [Eaua“ - mgn(m)é—ﬂe““pau&,ap + 249Wf‘“’fw . (A.1D)

We can extract some useful information calculating the propagator of the Thirring effective

action, but first we rewrite it as

p

1 «
Sepf = /d3x §aua“ + 56‘“”0@#&,@0 + wa,f‘“’. (A.12)
. . o sign(m)
We removed the constants that appear in the partition function in favour of a = — 1 and
s

B = % for brevity. We take the equation of motion from the effective action

a’ + e’ d,a, + SO, FF =0, (A.13)
that can be rewritten as

(O + 1) npw + €007 — $0,0,] a” = 0. (A.14)

The propagator is the Green function of the equation of motion

S ()G (x = y) = 6@ (x — ), (A.15)
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where
Suw(®) = (BO+ 1) N + €0, 07 — 50,0, (A.16)

We can perform a Fourier transformation of the equation above and obtain its counterpart in the

momentum space
S (k)G (k) =1t (A.17)
where the equation of motion operator in the momentum space reads
Suw(k) = [Bkuk, — (BK* — )0 + iceuonk?] . (A.18)

Here we traded the differential equation for a simpler one. The catch is that to obtain G**(x —y)
we will need to calculate the Fourier transformation of G**(k). As we are interested in the poles
of the propagator we will not need to do a Fourier transformation.

Looking at the terms that appear in S, (k) we decompose the propagator all

in the possible second order tensors
G (k) = An"? + Be"*ky + Ck"k". (A.19)

Where A, B and C are functions of k2. We propose this form imitating the kinds of therms that
appear in the equation of motion. Imposing the equation (A.17) we are able to find the constants

A, B and C that make the propagator we proposed be the correct one.

0o = ABkuk? + BCK kK — A(BK* — 1)nf, — B(BK* — 1)e, "k,
— C(BK* — 1)k, b + i Ae, ko + iaB(k k, — K1)
= (AB + BCK* +iaB — C(Bk* — 1)) k,k*
+ (iaA — B(Bk* — 1)) €,"k, — (iaBE* + A(BK* — 1)) L. (A.20)

Comparing the left and right hand side of the equation above the following system of equations

must be satisfied

— (iaBK* + A(Bk* — 1))
(iaA — B(BK* — 1))
(AB + BCK* +iaB — C(BK* — 1))

L
0,
0. (A.21)
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One can easily solve this system and find

e 1 — Bk?
OB — K2 (a2 +26) + 1
B —iv
B2 — k2 (e +28) + 1
2 1y 2
C BBk —1) —a (A.22)

T Bk k(0 +28) + 1

Substituting A, B and C' in the equation (A.19) we write a closed form for
the propagator

1
G"P(k) = — 24wm (6mm — ¢?k?) n’? + 36img*m |m| €k
(k) 9g4k2m? — 4 (gk? — 67rm)2 [ ( g ) g gm |m| A

+ (g* (4K* — 9m?) — 247wg*m) k"k?] . (A.23)

With this we find the poles

,  a?+28+ /at+4a28
ki —
232
9g*m? + 48mg>m % 3m+/9g¥m?2 + 967 gSm
8qg4 '

k2 = (A.24)

If we plot k% versus g for m = 1, see FIG. [A.1], we see that there is a value g* for which

4m? > ki. The intersections between k3 and k% with the 4m? line happen at g> = % and
2 67

g~ = - respectively.

.'(2

I
101

Figura A.1: Plot for k3 versus g* form = 1
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B APPENDIX B: INTERPOLATING PARTITION FUNCTION PATH INTEGRAL

Here we want to perform the path integral and find an effective action for a

- [ 2
Zrlal = /Ddexpz’/d%f ZFg—Ze“”pdu&,&p —e’“’pauaydp}

!

= /Ddexpi/dsx _:Fge“””d#&,dp — \/i_ﬂ
o

= / Daexpi / d*x 55", — J“a#] :

= exp (—% /d3x d*y J"(m)S;,}(x,y)J”(y)) (B.1)

pp ~
€ au&,ap}

where 5" = Fe'*0, and JH = \/%e“”p&,ap and to get to the second line we made the shift
G, — @, = —#=a,. Now the problem resides on finding S, (x,y). Since S, is not invertible

we shall introduce a new regulated operator that returns to the old operator in the limit A — oo
v Quv 1 v
SH = S + Ka“@ . (B.2)
The operator S;.! obeys

S (2) Sz — y) = 76¥ (x — y), (B.3)

vo

or in the momentum space

S (k)S,q (k) =k, (B.4)

vo

where 5™ (k) can be obtained by performing a Fourier transformation on S*”(x)
S# (k) = Fie "k, — %k“k”. (B.5)
We propose the inverse operator
Svo = ahivko + Bilve + Veupok”, (B.6)

where «, 8 and v are functions of k2. Imposing (B.4) we find

_ ) A
Sygl(k?) = :Fﬁeupakp — Wkukoy (B.7)
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or in the coordinate space

1 1 A
S Hr —y) = +—€,,00°—— — —0,0,|r — yl. B.8

With this result we can easily obtain
— gz
Zrla] = exp (i/d?’x F 8—7Te“”pau8,,ap) ) (B.9)

The term %8“8” that we added in the operator (B.2) can be interpreted as originating from

1
a gauge breaking term in the action (3.17) of the form ﬁ(ﬁu&“)Q. We notice that the final

partition function has no dependence in A, so the limit A — oo is trivial.



48

REFERENCES

[1] S. Mandelstam, “Soliton operators for the quantized sine-gordon equation,” Phys. Rev. D,
vol. 11, pp. 3026-3030, May 1975.

[2] S. Coleman, “Quantum sine-gordon equation as the massive thirring model,” prd, vol. 11,
pp- 2088-2097, Apr. 1975.

[3] E. Abdalla, M. Abdalla, and K. Rothe, Non-perturbative Methods in 2 Dimensional Quan-
tum Field Theory. World Scientific, 2001.

[4] F. Wilczek, “Magnetic flux, angular momentum, and statistics,” Physical Review Letters,
vol. 48, no. 17, p. 1144, 1982.

[5] T. H. Hansson, M. Rocek, 1. Zahed, and S. C. Zhang, “Spin and Statistics in Massive
(2+1)-dimensions QED,” Phys. Lett., vol. B214, pp. 475-479, 1988.

[6] V. Borokhov, A. Kapustin, and X. K. Wu, “Topological disorder operators in three-
dimensional conformal field theory,” JHEP, vol. 11, p. 049, 2002.

[7] N. Seiberg, T. Senthil, C. Wang, and E. Witten, “A duality web in 2+ 1 dimensions and
condensed matter physics,” Annals of Physics, vol. 374, pp. 395433, 2016.

[8] A. Karch, B. Robinson, and D. Tong, “More Abelian Dualities in 2+1 Dimensions,” JHEP,
vol. 01, p. 017, 2017.

[9] A. Karch and D. Tong, “Particle-Vortex Duality from 3d Bosonization,” Phys. Rev.,
vol. X6, no. 3, p. 031043, 2016.

[10] D. T. Son, “Is the composite fermion a dirac particle?,” Physical Review X, vol. 5, no. 3,
p- 031027, 2015.

[11] C. P. Burgess and B. P. Dolan, “Particle vortex duality and the modular group: Applicati-
ons to the quantum Hall effect and other 2-D systems,” Phys. Rev., vol. B63, p. 1553009,
2001.

[12] C. Wang and T. Senthil, “Dual dirac liquid on the surface of the electron topological insu-

lator,”

[13] M. A. Metlitski and A. Vishwanath, “Particle-vortex duality of 2d dirac fermion from

electric-magnetic duality of 3d topological insulators,”

[14] D. Tong, “Lectures on the Quantum Hall Effect,” 2016.



49

[15] A. Lerda, Anyons: Quantum Mechanics of Particles with Fractional Statistics. Stony
Brook, NY: Springer Berlin Heidelberg, 1992.

[16] J. K. Jain, Composite Fermions. Cambridge University Press, 2007.

[17] T. T. Wu and C. N. Yang, “Concept of nonintegrable phase factors and global formulation
of gauge fields,” Phys. Rev. D, vol. 12, pp. 3845-3857, Dec 1975.

[18] P. A. M. Dirac, “The theory of magnetic poles,” Phys. Rev., vol. 74, pp. 817-830, Oct
1948.

[19] T.T. Wuand C. N. Yang, “Dirac Monopole Without Strings: Monopole Harmonics,” Nucl.
Phys., vol. B107, p. 365, 1976.

[20] H.J. Lipkin, W. I. Weisberger, and M. Peshkin, “Magnetic charge quantization and angular
momentum,” Annals Phys., vol. 53, pp. 203-214, 1969.

[21] E. H. Fradkin and F. A. Schaposnik, “The Fermion - boson mapping in three-dimensional
quantum field theory,” Phys. Lett., vol. B338, pp. 253-258, 1994.

[22] S. Deser and R. Jackiw, ‘“’Selfduality’ of Topologically Massive Gauge Theories,” Phys.
Lett., vol. 139B, pp. 371-373, 1984.

[23] M. Gomes, R. S. Mendes, R. F. Ribeiro, and A. J. da Silva, “Gauge structure, anoma-
lies, and mass generation in a three-dimensional thirring model,” Phys. Rev. D, vol. 43,
pp- 3516-3523, May 1991.

[24] A. N. Redlich, “Parity Violation and Gauge Noninvariance of the Effective Gauge Field
Action in Three-Dimensions,” Phys. Rev., vol. D29, pp. 2366-2374, 1984. [,2366(1983)].

[25] R. E. Gamboa Saravi, G. L. Rossini, and F. A. Schaposnik, “The Zeta function answer
to parity violation in three-dimensional gauge theories,” Int. J. Mod. Phys., vol. All,
pp. 2643-2660, 1996.

[26] M. E. Peskin, “Mandelstam-’t hooft duality in abelian lattice models,” Annals of Physics,
vol. 113, no. 1, pp. 122-152, 1978.

[27] C. Dasgupta and B. I. Halperin, “Phase transition in a lattice model of superconductivity,”
Phys. Rev. Lett., vol. 47, pp. 1556-1560, Nov 1981.

[28] A.Zee, Quantum Field Theory in a Nutshell. Nutshell handbook, Princeton, NJ: Princeton
Univ. Press, 2003.

[29] L. Ryder, Quantum Field Theory. Cambridge, UK: Cambridge University Press, 1996.



50

[30] G. Gur-Ari and R. Yacoby, “Three dimensional bosonization from supersymmetry,” Jour-
nal of High Energy Physics, vol. 2015, p. 13, Nov 2015.

[31] S. Jain, S. Minwalla, T. Sharma, T. Takimi, S. R. Wadia, and S. Yokoyama, ‘“Phases
of large n vector chern-simons theories on s2xsl,” Journal of High Energy Physics,
vol. 2013, p. 9, Sep 2013.

[32] D. F. Mross, J. Alicea, and O. 1. Motrunich, “Explicit derivation of duality between a free

dirac cone and quantum electrodynamics in (2+1) dimensions,’

[33] J.-Y. Chen, J. H. Son, C. Wang, and S. Raghu, “Exact boson-fermion duality on a 3d
euclidean lattice,” Phys. Rev. Lett., vol. 120, p. 016602, Jan 2018.

[34] C. A. Hernaski and P. R. S. Gomes, “Duality between 3d massive thirring and maxwell-
chern-simons models from 2d bosonization,” Phys. Rev. Lett., vol. 121, p. 041601, Jul
2018.

[35] K. Huang, Quarks, Leptons & Gauge Fields. Singapore: World Scientific, 1992.





