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Abstract

5G systems have been the main topic of discussion in telecommunications in the last few
years. Since 5G envisions the support of a new class of demanding services, it requires a
paradigm shift in current telecommunication technology. As an example, radio access via
alternative waveforms other than Orthogonal Frequency-Division Multiplexing (OFDM)
is feasible and has many advantages. In particular, Filter Bank MultiCarrier (FBMC)
multiplexing is a promising non-orthogonal waveform due to its high-performance spectrum
signature, resilience to time-frequency dispersion, and non-reliance on Cyclic-Prefix. From
this perspective, this work studies FBMC as an enabler of 5G by providing an overview of
FBMC systems and proposing new prototype filter designs for such multiplexing scheme.
Thus, efforts are made towards designing prototype filters with the aid of SemiDefinite
Programming (SDP) and Quadratically Constrained Quadratic Programming (QCQP).
Initially, this work proposes short length prototype filters with near-perfect reconstruction
features. Moreover, three prototype filters with low Out-of-Band energy emission and fast
spectrum decay are offered to enhance the overall performance of FBMC systems. Finally, a
study on the effects of the prototype filter on the symbol reconstruction of FBMC systems
closes the work. Thus, this thesis offers a solid background on FBMC systems, contributing
for the development of such technology and its deployment in telecommunication systems
to come.

Keywords: Telecommunications, 5G, FBMC Systems, MIMO Systems, Convex Optimiza-
tion





Resumo

Nos últimos anos, sistemas 5G se tornaram um dos principais tópicos de discussão em
telecomunicações. Como a Quinta Geração de Telefonia Móvel prevê o suporte de uma
nova gama de serviços com requisitos exigentes, espera-se uma mudança de paradigma na
atual tecnologia de telecomunicações. Como exemplo, o acesso ao meio realizado através
de formas de onda diferentes da Multiplexação por Divisão de Frequências Ortogonais
(OFDM) é factível e possui diversas vantagens. Em particular, a multiplexação via Banco
de Filtros Multiportadora (FBMC) é uma forma de onda não ortogonal promissora
dado seu alto desempenho espectral, resiliência a dispersões no tempo e frequência, e
não dependência de prefixos cíclicos. Desta forma, este trabalho estuda a multipelxação
FBMC como tecnologia candidata a sistemas 5G, provendo uma rica discussão sobre
banco de filtros e novos projetos de filtros protótipos para tal esquema de multiplexação.
Logo, este trabalho concentra-se no desenvolvimento de filtros protótipo com o auxílio da
Programação SemiDefinida (SDP) e Programação Quadrática com Restrições Quadráticas
(QCQP). Inicialmente, este trabalho propõe filtros de baixo comprimento e características
de reconstrução quase perfeitas. Além disso, três filtros protótipos com baixa emissão
de energia fora de banda e rápido decaimento espectral são propostos para melhorar o
desempenho global de sistemas FBMC. Finalmente, são estudados os efeitos do filtro
protótipo na reconstrução de símbolos em sistemas FBMC. Desta forma, esta tese oferece
um panorama sólido sobre sistemas FBMC, contribuindo para o desenvolvimento desta
tecnologia e sua aplicação em sistemas de telecomunicações emergentes.

Palavras-chave: Telecomunicações, 5G, Sistemas FBMC, Sistemas MIMO, Otimização
Convexa
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1 Introduction

In the last few decades, telecommunications systems have become an essential tool
that changed profoundly the perception and how people interact with the world, being a
mean of entertainment and critical business enabler. From this perspective, an increasing
number of telecommunication users with ever-growing requirements is expected. In this
sense, wireless networks will experience a growth on the number of connections due to
the vast number of users and the advent of the Internet of Things (IoT), which aims
to connect every embedded system to a network to the benefit of interaction. Moreover,
data traffic will rise dramatically due to services such as high definition video streaming,
augmented reality, and cloud storage. Specifically, global mobile data traffic will increase
seven fold from 2016 to 2021, achieving the astonishing traffic of 48.3 EB/month (CISCO,
2017). Thus, wireless telecommunications is a billionaire business that will require great
endeavors to drive emergent systems such as the 5th Telecommunication Generation (5G).

1.1 5G: Requirements, Services and Technologies

It is widely widespread that 5G will not be just "4G, but faster", for 5G will introduce
new services with steep requirements. With this in mind, DOCOMO (2014) envisioned
that 5G should require a hundredfold data rate gain compared to 4G, with a hundred more
connections, 1 ms latency, and very high energy/spectral efficiency. Furthermore, reliability,
coverage, and mobility requirements will also be more demanding in 5G applications. In
order to provide better visualization, Figure 1.1 presents a spider plot comparing 4G and
5G requirements issued by the International Telecommunication Union (ITU).

Mainly, the aforementioned requirements emerged due to the new services to be
offered by 5G. Concerning the number of connections, IoT will increase wireless network
density, given the integration of a massive number of sensors and embedded systems,
which will benefit, for example, home, industry, and agriculture automation (AL-FUQAHA
et al., 2015). On the other hand, applications such as virtual reality require very low
transmission latency (< 1 ms) in order to provide users a full sensorial experience, namely
tactile internet (FETTWEIS, 2014). For obvious reasons, healthcare applications and
autonomous driving will require a high degree of reliability. As mentioned previously, video
streaming, augmented reality, and cloud storage are examples of services that will require
very high data rates.

Energy efficiency is one of the main concerns in 5G systems. In this sense, high
energy efficient wireless devices lead long life batteries, which is a critical point as mobile
phones, sensors, and other embedded systems are battery-powered due to mobility features.
On the other hand, Base Stations (BSs) can also benefit from high energy efficiency as
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operational costs are not negligible and there is much room for improvements. Furthermore,
BSs can be powered by renewable energy sources such as solar, wind, and fuel cells (WANG;
RANGAPILLAI, 2012). Another concern involving the energy efficiency of wireless systems
is the amount of electromagnetic irradiation. Despite being controversial, electromagnetic
irradiation should be limited to safe values in order to prevent harmful effects on the
human body (LIN, 2016). In particular, a prolonged electromagnetic exposition should
not exceed the Specific Absorption Rate (SAR) of 80 mW/kg (IEEE, 2006). From this
perspective, contemporary systems, such as 4G, may experience emission power peaks
of 20 W in BS and 100 mW for mobile terminals (3GPP, 2016). Although there is no
consensus on the relationship between prolonged electromagnetic exposition and diseases
such as cancer (MICHELOZZI ALESSANDRA CAPON, 2002), such emission guidelines
must be followed, constraining the amount of irradiated power.

One of the most valued resources in telecommunication systems is the spectrum.
As a relatively recent example, recall the reallocation of the 700 MHz band. The 700 MHz
band was used previously for TV broadcasting and gave place for mobile communications
(ANATEL, 2015). Such a transition took place very slowly through a great bureaucratic
effort. Nevertheless, it also rendered billionaire spectrum auctions, highlighting both
the scarcity and the value of the spectrum. Hence, spectrum efficiency is definitively a
priority for 5G systems due to the high rate applications and limited spectrum availability.
Moreover, radio access may experience changes in order to provide flexibility, scalability,
and efficiency. Despite not being considered a candidate technology, the deployment of
cognitive radio concepts (HAYKIN, 2005) is plausible, as pointed out by Wang et al. (2014).
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However, cognitive radios are more likely to be deployed for scheduling and interference
management rather than for opportunistic spectrum usage enabled by spectrum sensing
(SHAFI et al., 2017).

1.1.1 Family of Services

As presented previously, 5G services and requirements were presented qualitatively
aiming to present an introduction of the overall idea behind 5G. As an example, Figure
1.1 provides an overall view of the 5G requirements. However, these requirements do not
need to be simultaneously attained to comply with the aforementioned services, as each
application has its priorities. In this sense, IMT-2020 categorizes 5G services into three
families of applications (SHAFI et al., 2017):

• enhanced Mobile BroadBand (eMBB): This family of services focuses on en-
hancing user experience in scenarios ranging from hotspots to wide-area coverage.
Hotspot scenarios will require high data rates and support to a massive number of
terminals at pedestrian speed. On the other hand, high mobility is the priority for
wide-area coverage applications, while data rates are less stringent than in hotspot
scenarios.

• Ultra-Reliable Low Latency Communications (URLLC): In this case, low
latency and high reliability are the main goals to leverage this set of services.
Applications examples for this family are Tactile Internet, Smart Grids, Autonomous
vehicles, remote medical surgery, etc.

• massive Machine-Type Communications (mMTC): This type of application
covers wireless systems with a huge number of low-cost devices with long battery
life. Despite the number of connections, mMTC does not require high data rates or
low latency. However, it is worth mentioning that the traffic patterns are not fully
characterized. IoT is the main application example of this family of services.

1.1.2 Requirements

Based on the aforementioned classes of services for 5G, Table 1.1 defines and
summarizes the minimum requirements for 5G services according to the IMT-2020 (ITU,
2017).
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Table 1.1 Minimum Requirements for 5G (IMT-2020)

Key Point Definition Minimum Requirement

Peak Data Rate Maximum achievable data rate under
ideal conditions

20 Gbps (DL, eMBB)
20 Gbps (UL, eMBB)

Peak spectral
efficiency

Maximum data rate under ideal con-
ditions normalized by channel band-
width

30 bps/Hz (DL, eMBB)
15 bps/Hz (UL, eMBB)

User Experienced
Data Rate

5% point of the Cumulative Density
Function (CDF) of the user through-
put

100 Mbps (DL, eMBB, Dense Urban)
50 Mbps (UL, eMBB, Dense Urban)

5% User Spectral
Efficiency

5% point of the CDF of the normal-
ized user throughput 1

0.23 bps/Hz (DL, eMBB, Dense Urban)
0.15 bps/Hz (UL, eMBB, Dense Urban)

Average Spectral
Efficiency

Aggregated throughput of all users di-
vided by the channel bandwidth of a
specific band divided by the number
of TRxPs 2

7.8 bps/Hz/TRxP (DL, eMBB Dense Urban)
5.4 bps/Hz/TRxP (UL, eMBB, Dense Urban)

Area Traffic
Capacity

Total traffic throughput served per ge-
ographic area

10 Mbps/m2 (DL, eMBB, Indoor hotspot)

User Plane
Latency

Contribution of the radio network to
the time from when the source sends
a packet to when the destination re-
ceives it

1 ms (URLLC)
4 ms (eMBB)

Control Plane
Latency

Transition time from an idle state to
the start of continuous data transfer

20 ms (URLLC)
20 ms (eMBB)

Energy Efficiency Capability to minimize the radio ac-
cess network energy consumption in
relation to the traffic capacity pro-
vided

Capability to support long sleep duration

Reliability Capability of transmitting a given
amount of traffic within a predeter-
mined time duration with high suc-
cess probability

10−5 (URLLC) 3

Mobility Maximum mobile station speed at
which a defined QoS can be achieved

500 km/h (eMBB)

Mobility
Interruption

Shortest time duration supported by
the system during which a user termi-
nal cannot exchange user plane pack-
ets with any base station during tran-
sitions

0 ms (eMBB, URLLC)

Bandwidth Maximum aggregated system band-
width

≤ 100 MHz (eMBB, fc ≤ 6 GHz)
≥ 1 GHz (eMBB, fc > 6 GHz)

1Normalized user throughput: number of correctly received bits over a certain period of time divided
by the channel bandwidth and is measured in bit/s/Hz

2TRxP: Transmission reception points
3Success probability of transmitting 32 bytes within 1 ms in channel quality of coverage edge
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1.1.3 Candidate Technologies

As observed, 5G services impose very demanding requirements. Therefore, the
technology deployed in wireless systems must be rethought as an endeavor to comply with
the steep requirements of 5G. In this sense, the following technologies are the leading
contenders to leverage 5G systems:

• Massive Multiple-Input Multiple-Output (MIMO);

• Millimeter Waves (mmWaves);

• Random Access Protocols (RAPs);

• Non-Orthogonal Multiple Access (NOMA) and new coding schemes;

• Non-orthogonal waveforms for radio access.

1.1.3.1 Massive MIMO

Considered by many as the leading technology for 5G, massive MIMO deploys a
large number of antennas in order to enhance the overall performance of communications
systems over wireless channels. Due to statistical properties, the usage of a large number
of antennas averages out small-scale fading (RUSEK et al., 2013), simplifying the signal
processing. Furthermore, massive MIMO can be deployed to boost data transmission due
to its high spatial multiplexing capability and/or to improve reliability. Another advantage
is the possibility of using many low-cost power amplifiers instead of a single high power
amplifier (LARSSON et al., 2014). Indeed, the idea that massive MIMO requires high
precision hardware is a myth pointed out by Bjösrnson et al. (2016).

Despite its numerous qualities, massive MIMO still faces a challenging bottleneck:
the pilot contamination. By deploying pilot reuse, interference arises during channel
estimation. Hence dense networks are prone to pilot contamination, limiting overall
performance of massive MIMO systems considerably, as only poor channel estimates are
available to be deployed during signal processing.

Given the large number of antennas required by massive MIMO, the physical size
of the array of antennas has always been a major concern. In this context, the operating
frequency also plays an important role as the recommended antenna separation is inversely
proportional to the frequency of the system. As an example, a linear array of half-length
antennas projected for microwave can require an ample accommodation space, i.e., some
meters. However, this problem can be circumvented with dual-polarized antennas or
higher carrier frequencies, as demonstrated by Vieira et al. (2014) and Roh et al. (2014),
respectively.
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1.1.3.2 mmWaves

The reason behind the usage of mmWaves is the abundant spectrum available
in frequencies beyond 30 GHz (RAPPAPORT et al., 2017). However, propagation in
mmWaves for densely populated areas is not fully characterized (RAPPAPORT et al.,
2013). Furthermore, operating in such frequencies imposes a higher path-loss and hardware
impairments. Fortunately, MIMO and mmWaves can be combined to overcome some
problems introduced by the latter technology. By deploying MIMO, mmWaves can overcome
its expressive path loss (ROH et al., 2014). On the other hand, mmWaves enable the usage
of smaller antennas, leading to higher antenna density and making it a technology to
empower massive MIMO systems.

1.1.3.3 Random Access Protocols

Initially, pilot allocation among mobile terminals was assumed to be static in
massive MIMO systems. Nevertheless, such allocation policy is impractical given the
limited number of pilots. More recently, dynamic random pilot allocation strategy in
massive MIMO has aroused great interest as it is suitable to mMTC (CARVALHO et al.,
2017). Figure 1.2 depicts the types of pilot assignment according to the relation between
the number of orthogonal pilots and devices.

Figure 1.2 Types of pilot assignment according to the number of device (CARVALHO
et al., 2017)

Figure 1.2 also classifies the pilot assignment according to the scenario of interest.
URLLC prioritizes reliability and low latency while eMBB aims to provide high data rates
for a moderate number of terminals. Similarly, eMBB requires high rates, but the traffic
is intermittent and a large number of terminals must be supported. On the other hand,
mMTC is characterized by its large number of devices served per cell, sporadic activation4

and heavy uplink traffic.
4Typically with activation probability around 0.05% to 0.2%
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Since only a small portion of devices is simultaneously active in mMTC, dynamic
random pilot allocation can provide orthogonal pilots. Still, multiple active devices can
select the same pilot, generating pilot collision and pilot contamination. Hence, RAPs
must be established in order to minimize pilot collision, enhancing the performance and
reliability of mMTC.

In summary, there are three types of RAP for massive MIMO systems, which are
used to deal with collision resolution. First, the Spatial Capture resolution uses information
of the spatial signature in order to detect pilot collision. The other option is the centralized
collision resolution, which enables collision detection at the BS. Due to the centralized
nature of this method, a device may only connect to the BS when there is no collision.
Hence, such lack of coordination makes devices to attempt connection multiple times. On
the other hand, distributed collision resolution enables devices to estimate pilot collision,
improving reliability compared to the centralized topology.

In this context, the Strongest-User Collision Resolution (SUCR) (BJÖRNSON et
al., 2017; MARINELLO; ABRÃO, 2019) is a promising RAP with distributed collision
detection. Such a RAP estimates pilot collision based on the individual array gain of each
device that wishes to connect to the BS. In this sense, devices with low individual array
gains should abort the connection, as they are less reliable than other devices. However,
a precise distributed decision rule to control collision is a challenging task, which poses
great research opportunities. Other examples of works that explore RAP in mMTC are
(HAN et al., 2017a) and (HAN et al., 2017b).

1.1.3.4 NOMA and Coding Schemes

The idea behind NOMA is the harmonious integration of different multiple-access
techniques to serve users by using non-orthogonal signals (CAI et al., 2018). Since such
technology envisions non-orthogonal access, extra interference and higher complexity are
expected. However, such a scheme delivers a more efficient utilization of scarce resources
to support more users. NOMA can be divided into three main categories: power-domain
NOMA, code-domain NOMA, and multi-domain NOMA. More recently, Sparse-Code
Multiple-Access (SCMA) is a NOMA scheme that has drawn attention from researchers,
being successfully implemented in 5G prototypes (WANG et al., 2018; DONG et al., 2017).

Another candidate technology for 5G is the deployment of new error correcting
schemes. By deploying efficient coding schemes, throughput and spectral efficiency can
be significantly improved. In this sense, Low-Density Parity-Check Code (LDPC) (GAL-
LAGER, 1962) and Polar Codes (BIOGLIO et al., 2018) are promising techniques due
to their performance. Compared with 4th Telecommunication Generation (4G) turbo
codes, both Polar coding and LDPC can achieve superior performance. Hence, a higher
Modulation Coding Scheme (MCS) or less energy can be used on the transmission (WANG
et al., 2017). Despite being promising techniques, both polar codes and LDPC present their
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own drawbacks. LDPC is known for its error floor (RICHARDSON, 2003), making it less
adequate for URLLC (WANG et al., 2018). On the other hand, polar code performance
is particularly high for long length codes, meaning burdensome processing requirements.
Nevertheless, polar code chip implementations have been investigated, being successfully
able to achieve a throughput of 5 Gbps (LIU et al., 2018), pushing such technology closer
and closer to feasibility.

1.1.3.5 Non-Orthogonal Waveforms

Thanks to its simple, yet elegant, implementation and ability to deal with highly
selective channels, Orthogonal Frequency-Division Multiplexing (OFDM) has become the
standard waveform for many contemporary telecommunication systems, including 802.11
for local area networks, 802.16 for WiMAX and 4G LTE systems (HWANG et al., 2009).
Despite its mentioned advantages, 5G requirements are exceedingly steep for OFDM to
deal. Services covered by mMTC, eMBB and URLLC are not homogeneous, requiring
more flexible radio access through non-orthogonal waveforms. In this sense, the following
deficiencies justify the need for different waveforms (GUAN et al., 2017):

• Mixed Numerologies: Various types of services and applications must coexist
in 5G. In this sense, classical 4G uniform resource allocation is not fit for 5G, as
each application needs to meet their specific requirement. As an example, URLLC
needs a shorter signaling interval, while eMBB prioritize data rate and mMTC must
guarantee massive connectivity.

• Spectral Efficiency: Since OFDM deploys a rectangular pulse shaping, it presents
high sidelobes (-13 dB) and Out-of-Band (OoB) energy emission. Thus, OFDM
requires extra guard band (≈ 10% for 4G) in order to avoid the generation of
interference to neighbor bands. Furthermore, OFDM is dependent on Cyclic-Prefix
(CP) to mitigate the effect of the wireless channel delay spread. Therefore, these
negative OFDM features make this multiplexing less attractive for 5G applications
covered by eMBB.

• Asynchronous Access: In 4G, OFDM is known to require extra signaling for
carrier synchronization. This is not the ideal scenario for 5G as synchronization
should not require substantial overheads to enable, for example, better spectral
efficiency and a massive number of connections in mMTC applications. Moreover,
mMTC requires asynchronous narrowband transmissions, which cannot be handled
by OFDM due to the generation of subband interference.

Despite not being a relatively new subject, radio access through alternative non-
orthogonal waveforms is a hot topic due to the stringent 5G requirements. As alternatives
to OFDM, Cai et al. (2018) and Wunder et al. (2014) enumerate the following options as
the most promising non-orthogonal waveforms candidates for 5G:
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• Universal Filtered MultiCarrier (UFMC): OFDM is applied in each subband
followed by zero-padding and subband filtering. Despite the existence of residual
interference generated by the filtering process, zero-padding elements vanish the
problem as the symbol duration is shorter compared to other multiplexing schemes,
e.g. OFDM.

• filtered Orthogonal Frequency-Division Multiplexing (f-OFDM): Similar
to UFMC, f-OFDM also uses OFDM in multiple subbands, where main difference is
the deployment of CP rather than zero-padding. Since CP mitigates the almost all
the effect of the filtering tail, the residual can be treated as additive noise. One of the
main advantages of f-OFDM is its well contained spectrum, and its fully backward
compatibility with OFDM algorithms and signal processing techniques, making it
an attractive waveform. However, f-OFDM still relies on CP and is prone to residual
interference generated by the tail of the output filter.

• windowed Orthogonal Frequency-Division Multiplexing (w-OFDM): de-
ploys a windowing procedure at the cyclic prefix and postfix to mitigate the OoB
emission of CP-OFDM systems. Notice that the windowing procedure controls the
sidelobe and the main-lobe levels, enabling reduced OoB emissions. Despite the
windowing procedure being less complex than linear filtering, w-OFDM presents an
inferior performance. Furthermore, w-OFDM also relies on prefixes, which increases
the overall overhead of the multiplexing.

• Generalized Frequency-Division Multiplexing (GFDM): is the general case
for single carrier Frequency-Division Multiplexing and OFDM. In summary, GFDM
distributes symbols through different subcarriers and deploys a circular prototype
filter on each subcarrier to form up the multiplexed signal. Since the prototype filter
is circular, its tail is shorter in comparison with linear filters. Thus, GFDM is a
waveform recommended for sporadic transmission.

• Filter Bank MultiCarrier (FBMC): In FBMC, phase-shifted staggered Pulse
Amplitude Modulation (PAM) symbols are staggered, distributed through different
subcarriers, filtered and combined. As a consequence, the multiplexed signal presents
a very low OoB emission. Furthermore, synchronization requirements are relaxed and
CP usage is not required. However, FBMC signals present intrinsic imaginary com-
ponent interference. Therefore, such a multiplexing scheme is not entirely backward
compatible with OFDM signal processing techniques.

1.1.4 Prototypes and Testbeds

5G prototypes and testbeds are herein presented to corroborate the effectiveness of
the candidate technologies discussed throughout this section.
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In particular, the first 5G prototypes were devoted to massive MIMO. From this
perspective, massive MIMO was extensively studied as a mean of characterizing and
making this technology feasible. In this sense, Table 1.2 shows some massive MIMO
prototypes. It is noteworthy mentioning that other candidate 5G technologies were also
deployed in these prototypes. For example, Roh et al. (2014) combine mmWaves with
MIMO and LDPC to improve the performance of the developed system.

Table 1.2 Massive MIMO prototype systems and testbeds

System/Reference Keypoints

(SHEPARD et al., 2012)

Argos was the first MIMO prototype to deploy multi-user beamforming to serve
user terminals with a large number of antennas. In particular, this implemen-
tation deploys a BS with 64 antennas to serve 15 users. This prototype is a
modular Field-Programmable Gate Array (FPGA)-based platform, delivering
a competent performance, flexibility and scalability. Furthermore, it operates
under Time-Division Duplex (TDD), imposing less overhead and enabling a
feasible channel estimation.

(GAO et al., 2015)

This work discusses the channel characteristics of a cylindrical array of 128 patch
antennas and a linear array of 128 vertically-polarized antennas. Authors of this
work discuss the contribution of each antenna of the array in contrast to the
ideal scenario where all antennas contribute equally. Furthermore, it is pointed
out that large-fading and antenna configuration can affect the received/trans-
mitted signal significantly. Hence, it is pointed out by authors that antennas
present different contributions and adaptive antenna selection can improve the
performance of the system considerably.

(ROH et al., 2014)

This prototype deploys a planar array of 32 antennas, OFDM multiplexing, and
LDPC coding. Interestingly, mmWaves is deployed with MIMO, demonstrating
that the synergistic operation of both technologies. MIMO helps mmWaves to
deal with its propagation loss. On the other hand, mmWaves enables smaller
arrays as antenna separation decay with frequency.

(VIEIRA et al., 2014)

LUNAMI is another FPGA/Software-Defined Radio (SDR) massive MIMO
prototype. The LUNAMI BS serves ten single-antenna users with 160 half-
wavelength dual-polarized antennas, OFDM multiplexing, and Zero-Forcing
(ZF) or Maximum Ratio Transmission (MRT) precoding. One of the main high-
lights of this implementation is the size of the antennas array. Even operating
in 3.7 GHz, the array of antennas occupies a relatively small area (1.2× 0.6 m)
due to the usage of dual-polarized antennas.

Dong et al. (2017) also presented another exciting prototype. This prototype
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combines different technology in order to achieve superior performance. In particular, this
prototype combines MIMO, f-OFDM multiplexing, polar codes, and NOMA access via
SCMA. Performance gains are reported to be within 30% in comparison to the spectral
efficiency of the baseline 4G system.

Guan et al. (2017) present a prototype to discuss radio access through non-
orthogonal waveforms in 5G. In particular, the presented prototype deploys both f-OFDM
and w-OFDM as a mean to support different 5G services within a given band. Since
both waveforms possess well-contained spectra, less band guard is required, enabling the
coexistence and efficient operation of distinct 5G applications.

1.2 FBMC Systems

FBMC waveform is regarded as a strong candidate for 5G and other wireless systems
to come due to some distinctive features. One of them is the low OoB emission produced by
FBMC signals (LIN; SIOHAN, 2014): a consequence of the deployment of non-rectangular
pulse shaping, which enables spectrum with sidelobes as low as -60 dB. Another interesting
feature is the ability of FBMC to deal with InterSymbol Interference (ISI) without relying
on CP, making it a wiser choice than OFDM in terms of spectral efficiency (FARHANG et
al., 2014). Also, FBMC requirements on time/frequency synchronization are more relaxed
than other multicarrier schemes, as described in (CASSIAU et al., 2013). Yet another
important aspect of FBMC is its compatibility with massive-MIMO systems (FARHANG
et al., 2014), representing one of the main technologies to drive 5G (BOCCARDI et
al., 2014). Indeed, given such promising aspects, FBMC waveform was designated as a
candidate on METIS project (SCHELLMANN, 2015) and as the main choice for PHYDIAS
project (VIHOLAINEN et al., 2009).

Despite offering many advantages, FBMC still presents some troublesome issues to
be addressed. Due to its dependence on orthogonality in the real field, many algorithms
used in other multicarrier systems need to be adapted for FBMC. Although FBMC deploys
prototype filters with low spectrum leakage, they also generate imaginary interference that
spans through adjacent symbols. As a result, traditional pilot-aided channel estimation
cannot be proceed as in OFDM, since pilots are prone to imaginary interference at the
receiver. Thus, FBMC channel estimation is carried out through specific methods such
as scattered pilots (LÉLÉ et al., 2008c), coded auxiliary p silots (CUI et al., 2016),
Interference Approximation Method (IAM) and Pair of Pilots (POP) (LÉLÉ et al., 2008a).
Another example of incompatibility is the Tone Reservation method (RAHMATALLAH;
MOHAN, 2013), used for Peak-to-Average Power Ratio (PAPR) reduction in OFDM
systems, which requires system modifications to take full advantage of FBMC transmission
(BULUSU et al., 2015). Finally, equalization of FBMC signals also requires extra care due to
imaginary interference. Some examples of promising equalizers oriented to FBMC systems
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are: the Minimum Mean-Squared Error (MMSE) per Subchannel Equalizer (IKHLEF;
LOUVEAUX, 2009a), the Frequency-Sampling equalizer (IHALAINEN et al., 2011) and
Minimum Mean-Squared Error Decision Feedback Equalizer (MMSE-DFE) per subchannel
equalizer (BALTAR et al., 2009; CHEN; MAEHARA, 2017).

Another concern that emerges when designing an FBMC system is the choice of
the prototype filter. Different prototype filters render distinct features to an FBMC signal,
which should be well aligned to the aimed application. For example, when adapting them-
selves for opportunistic spectrum sharing, cognitive radios should minimize OoB emission
in order to avoid interfering other bands (KUMAR; TYAGI, 2016). Hence, cognitive radios
require waveforms with low OoB energy emission and small sidelobes. Although being
less vulnerable to time/frequency channel dispersion, FBMC signals are still prone to
such effects (ZHANG et al., 2017). Thus, well localized filters in both time and frequency
domains are desirable. Another aspect to be taken into account is the reconstruction
capability offered by the filter, as FBMC systems operate under an intrinsic interference
floor dictated by the prototype filter. Unfortunately, a prototype filter cannot be designed
arbitrarily, as there is a performance trade-off between the aforementioned characteristics of
the filter. Prototype filters designs such as the Mirabassi-Martin (MIRABBASI; MARTIN,
2003) may provide very low sidelobes and good reconstructions features, but at the cost of
very long impulse responses, which introduce high latency at the receiver. On the other
hand, Optimal Finite Duration Pulses (OFDP) (VAHLIN; HOLTE, 1994) may offer good
reconstruction features and short pulses, but they do not overcome the Mirabassi-Martin
design in terms of sidelobe levels. From this perspective, the right choice of the prototype
filter is decisive for an FBMC to operate properly in a given application.

1.3 Outline of the Work

Based on the previous section, FBMC possesses many qualities. Nevertheless,
FBMC scheme is not the most popular waveform deployed in 5G prototypes. As pointed
out previously, f-OFDM have been the predominant waveform deployed in 5G prototypes
and field tests, mainly due to its simplicity and backward compatibility with OFDM.
However, f-OFDM still possesses limitations that can be overcome by other multiplexing
schemes.

Given the challenges behind FBMC systems and the convenience of the f-OFDM
deployment, the former waveform has not been considered as the leading contender for 5G.
From this perspective, this work studies FBMC as a mean of characterizing and improving
the feasibility of FBMC for 5G systems. More specifically, this work has the following
goals:

• Providing FBMC basics from the perspective of telecommunications systems;
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• Studying promising prototype filters, highlighting their importance on the spectrum
and symbol reconstruction qualities of FBMC signals;

• Proposing prototype filter designs to enhance the operation of FBMC systems;

• Studying the effects of prototype filters on the overall FBMC signal transmission.

Concerning the remainder of this work Chapter 2 provides a background on FBMC
multiplexing, describing both the discrete and continuous formulation. Additionally, the au-
thor offers a brief discussion of FBMC systems operating over wireless channels, including
some basics on Multiple-Input Multiple-Output Filter Bank MultiCarrier (MIMO-FBMC)
systems. In the sequel, Chapter 3 discusses promising prototype filters and some mecha-
nisms to evaluate their performance. Chapter 4 discusses channel estimation and symbol
detection techniques for FBMC systems, which are primordial steps to reconstruct the
conveyed data at the receiver side. Chapter 5 reinterprets the OFDP prototype filter design
using a matrix description and SemiDefinite Programming (SDP), achieving much better
symbol reconstruction performance. Inspired by the previous design, Chapter 6 proposes an
extension in order to provide a prototype filter with superior spectrum performance. Never-
theless, the design proposed in Chapter 6 relaxes a non-convex Quadratically Constrained
Quadratic Programming (QCQP) into a convex problem. Aiming to better describe the
effects of the prototype filter on the overall FBMC multiplexing and transmission, Chapter
7 develops closed-form Bit Error Rate (BER) expressions for FBMC systems operating
under Additive White Gaussian Noise (AWGN) and Rayleigh Channels. Finally, Chapter
8 closes the work by offering conclusions and final remarks. Additionally, the Appendices
provide a large amount of information related to FBMC systems, including the weights
of the prototype filters designed in this work, additional analysis of prototype filters,
definitions of recurring functions, and Matlab scripts that cover all the signal processing
deployed and developed in this work.

1.4 Submissions and Publications

This section enumerates the works developed throughout the doctorate Program,
which are divided into published and accepted papers.

1.4.1 Published Papers

[P1] Title: "Theoretical Error for Asynchronous Multi-uUer Large-Scale MIMO Channel
Estimation"
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Journal: IET Communications
Publication Date: January 2017
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Publication Date: August 2018
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[P4] Title: "DE/PSO-Aided Hybrid Linear Detectors for MIMO-OFDM Systems Under
Correlated Arrays"
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Journal: Transactions on Emerging Telecommunications Technologies
Publication Date: August 2018
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2 FBMC Systems

This chapter introduces a basic yet solid framework for FBMC systems, which is
fundamental for the development of the remainder of this work. Initially, we discuss the
FBMC multiplexing in both continuous and discrete-time domains. Since the latter is
more effective for signal processing, it is carried out through the remainder of this work. In
this sense, we also provide the complete block diagram for the FBMC transmultiplexing
and polyphase representations. Moreover, we present the operation of FBMC systems over
wireless channels, highlighting signal processing techniques deployed for retrieving the
conveyed data. Closing this chapter, we offer a collection of relevant works in the context
of FBMC systems.

2.1 FBMC Transmultiplexing Scheme

An FBMC signal consists of a set of staggered wand phase-shifted PAM symbols
multiplexed over M subcarriers. Aiming to improve features such as low OoB emission,
FBMC systems deploy per-subcarrier filtering. Despite presenting a shorter symbol interval
than OFDM, FBMC symbol duration is longer. However, two staggered PAM symbols
are equivalent to one Quadrature Amplitude Modulation (QAM) symbol. Thus, symbol
density is the same in both OFDM and FBMC systems.

2.1.1 Continuous-Time Description

In continuous time, an FBMC signal can be compactly described by

s(t) =
∞∑

n=−∞

M−1∑

m=0
am,npm,n(t), (2.1)

where pm,n(t) is the pulse shape used by the PAM symbol am,n, which is contained in the
set

ANp = {−Np + 1,−Np + 3, · · · , Np − 1} . (2.2)

The pulse format pm,n(t) used by the nth symbol of the mth subcarrier can be written as

pm,n(t) = p (t− nτ0) ej(2πν0mt+φm,n), (2.3)

where p(t) is an even real-valued function known as the prototype filter, ν0 = 1/(2τ0) the
frequency separation between two adjacent subcarriers, τ0 is the PAM signaling interval
and φm,n is a phase-shift added to the PAM symbol am,n.
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2.1.1.1 Symbol Reconstruction

In order to retrieve the conveyed data from the signal s(t), the following inner
product can be evaluated:

ãm,n = Re {〈s(t), pm,n(t)〉} , (2.4)

where the real operator is deployed as the PAM symbols are real-valued. Noticeably, perfect
reconstruction requires that the set {pm,n(t)} is orthogonal in the real field, i.e.,

Re {〈pm,n(t), pm′,n′(t)〉} = δ(m−m′)δ(n− n′). (2.5)

In summary, the reconstruction quality depends on two main factors: the prototype filter
p(t) and the phase-shift φm,n. Initially, defining φm,n is an easier task, as explained in the
following subsection. On the other hand, the choice of p(t) is a much harder task, since it
may assume various forms yielded by different designs. Unfortunately, prototype filters
with (near)perfect symbol reconstruction do not usually lead to outstanding spectrum
features, which is one of the main features of the FBMC multiplexing. Thus, a balance
between spectrum features and reconstruction quality should be pursued when designing
a prototype filter. In this sense, Chapters 3, 5, and 6 provide a more detailed discussion
on prototype filters.

2.1.1.2 Phase-Shift

Since τ0ν0 = 1/2, one can observe that the pulse shapes pm,n(t) overlap in both
frequency and time domains when forming the signal s(t). Hence, in order to improve
orthogonality between adjacent symbols and enable data reconstruction, am,n is phase-shift
by φm,n. The most popular choice for phase-shift is (VIHOLAINEN et al., 2009)

ejφm,n = ej
π
2 (m+n). (2.6)

By analyzing both Figure 2.1 and eq. (2.6), one can observe that adjacent symbols are
phase-shifted by π/2 rad, minimizing ISI and InterCarrier Interference (ICI) of such
symbols. Since eq. (2.6) is the standard phase-shift choice, it will be adopted throughout
the remainder of this work. However, it is noteworthy mentioning that there are still other
phase-shift options that deliver the same effect as eq. (2.6), e.g., eq. (23) from (SIOHAN
et al., 2002).

2.1.2 Discrete-Time Description

In order to provide an efficient description, let us define the discrete-time FBMC
signal using the critical sampling. Since 2τ0 is the duration required to transmitM symbols,
the critical sampling interval is given by

Ts = 2τ0

M
. (2.7)
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...

ejφm,0 ejφm,1 ejφm,2 ejφm,3 · · · ejφm,n

Time

Frequency

Figure 2.1 Phase-shift lattice for eq. (2.6)

Before sampling, we must turn our attention to causality and implementation aspects.
First, one may recall that p(t) is a symmetrical real-valued function, yielding a non causal
representation. Second, p(t) need to be limited in time to enable digital signal processing. In
order to provide a causal representation of eq. (2.1), the prototype filter is truncated to Lp
samples and it is also delayed by (Lp−1)/2 samples. Therefore, the discrete representation
of s(t) is given by

s[k] =
√
Tss

((
k − Lp − 1

2

)
Ts

)

=
∞∑

n=−∞

M−1∑

m=0
am,npm,n[k],

(2.8)

where
pm,n[k] = p

[
k − nM2

]
e
j

[
2π
M
m

(
k−Lp−1

2

)
+φm,n

]
. (2.9)

Since k − (Lp − 1)/2 is a recurring term, let us define

k = k − Lp − 1
2 . (2.10)

Since the prototype filter is limited to Lp samples, p[k] = 0 outside the interval [0, Lp − 1].
Moreover, typical values for Lp are KM − 1, KM , and KM + 1, where K is referred to
as the overlapping factor.

2.1.2.1 Block Diagram

In Figure 2.2, a complete representation of an FBMC transmultiplexer is presented.
In this representation, PAM symbols from different subchannels are phase shifted, expanded
at a rate M/2, pulse-shaped by their respective subcarrier filter

pm[k] = p[k]ej 2π
M
mk (2.11)

and combined to form the multiplexed signal s[k]. At the receiver side, extra attention is
required in order to guarantee causality, as a delay ∆β must be introduced at the input of
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the receiver, and a latency ∆α arises at the estimated symbols. The relation between ∆α

and ∆β is given by
Lp − 1 = M

2 ∆α −∆β, (2.12)

as demonstrated by Siohan et al. (2002) in Section II.C. Since ∆α and ∆β are non-negative
integers, one can observe that

∆β =



M −mod (Lp, KM) + 1, Lp > KM + 1
KM + 1− Lp, otherwise

(2.13)

and
∆α = 2

M
(Lp − 1 +Dβ) . (2.14)

Furthermore, it is easy to verify that a longer prototype filter introduces a higher latency
at the output of the transmultiplexer. Thus, it is desirable to deploy filters with a low
overlapping factor in order to provide a latency as low as possible1. However, desirable
spectrum and reconstruction features usually come at the expense of longer length prototype
filters.

At this point, it is noteworthy mentioning that prototype filters with lengths shorter
than KM − 1 may experience performance losses, as discussed in (VIHOLAINEN et al.,
2009). On the other hand, prototype filters longer than KM + 1 introduce from extra
latency at the output as can be observed in eq. (2.14) and (2.13). Thus, the most common
values for Lp are KM − 1, KM , and KM + 1.

a0,n ×

ejφ0,n

↑ M
2 p0[k]

a1,n ×

ejφ1,n

↑ M
2 p1[k]

aM−1,n ×

ejφM−1,n

↑ M
2 pM−1[k]

+ z−∆β

s[k]

p0[k] ↓ M
2 ×

e−jφ0,n−∆α

Re(·) ã0,n−∆α

p1[k] ↓ M
2 ×

e−jφ1,n−∆α

Re(·) ã1,n−∆α

pM−1[k] ↓ M
2 ×

e−jφM−1,n−∆α

Re(·) ãM−1,n−∆α

← Transmitter Receiver →

Synthesis Filter Bank Analysis Filter Bank

... ...

Figure 2.2 FBMC Transmultiplexer

2.1.3 Orthogonal-QAM Staggering

At this point, one might ask about the usage of QAM symbols or the spectral
efficiency of the FBMC multiplexing. In order to use a QAM alphabet, one may serialize
the real and imaginary parts of a QAM symbol, as depicted by the scheme presented in

1In certain 5G applications, such as tactile internet, low latency is a crucial feature.
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Figure 2.2. Thus, a QAM symbol dm,l can be converted into two real-valued PAM symbols
via

am,n =




Re {dm,l} , n = 2l
Im {dm,l} , n = 2l + 1

, (2.15)

where it is noticeable that the output symbols are at a higher rate. Figure 2.3a illustrates the
procedure described by eq. (2.15), while Figure 2.3b depicts the inverse operation. Since am,n
is obtained from the QAM symbol, and it is phase-shifted by φm,n, the resulting symbols
are also referred to as Offset Quadrature Amplitude Modulation (OQAM). Thus, FBMC
systems fed with QAM symbols are referred to as OFDM-OQAM while FBMC-OQAM
multiplexers are fed with PAM symbols. Nevertheless, the nomenclature is not a consensus
as some authors may mix these terms. Sometimes, it is preferable to use the FBMC-OQAM
description since it ignores the OQAM staggering blocks and considers the input as PAM
symbols.

dm,l Re(·)

Im(·)

↑ 2

↑ 2 z−1

+ am,n

(a) OQAM staggering, complex-to-real conver-
sion (C2R)

am,n Re(·) ↓ 2 z−1

z−1 ↓ 2 j

+ dm,l

(b) OQAM de-staggering, real-to-complex con-
version (R2C)

Figure 2.3 OQAM staggering and de-staggering blocks

The major problem of picking-up the FBMC-OQAM description is that the multi-
plexer is fed with

√
Nq-PAM symbols, while Offset Quadrature Amplitude Modulation

Orthogonal Frequency-Division Multiplexing (OFDM-OQAM) and classical OFDM trans-
mission schemes are fed by Nq-QAM symbols at a lower rate, leading to confusing compar-
isons. In spite of this, although FBMC-OQAM, OFDM-OQAM, and OFDM are fed with
different symbol constellations, they deliver the same amount of data per frequency-time
area (τ0ν0).

2.1.4 Time-Frequency Lattices and Bandwidth

In order to compare the spectral efficiency of the FBMC and OFDM multiplexing,
let us define the generator matrix for the FBMC time-frequency lattice. For convenience,
we assume Ts = 1, leading to

LFBMC =

M/2 0

0 1/M


 . (2.16)

Similarly, the OFDM generator matrix is given by

LOFDM =

M 0

0 1/M


 . (2.17)
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Each column of the generator matrices LFBMC and LOFDM is a unique distance between
symbols spread along the time-frequency lattice. Furthermore, the matrices LFBMC and
LOFDM are a compact representation of their respective time-frequency lattice, as depicted
in Figure 2.4.

0 M/2 M

0

1/M

2/M

a0,0 a0,1 a0,2 · · ·

a1,0 a1,1 a1,2 · · ·

a2,0 a2,1 a2,2 · · ·

...
...

...

Time

Frequency

(a) FBMC Time-Frequency Lattice
0 M 2M

0

1/M

2/M

d0,0 d0,1 d0,2 · · ·

d0,1 d1,1 d1,2 · · ·

d2,0 d2,1 d2,2 · · ·

...
...

...

Time

Frequency

(b) OFDM Time-Frequency Lattice

Figure 2.4 FBMC and OFDM Time-Frequency Lattices

According to Sahin et al. (2014), the spectral or bandwidth efficiency is defined
as the ratio between the number of bits transmitted and the respective time-frequency
resource required:

ηbw = N ′b
det (L) . (2.18)

For the OFDM case, the time-frequency resource, defined by the area det (LOFDM) = 1,
covers 4 Nq-QAM symbols, as illustrated in Figure 2.4b. Thus, this leads to the efficiency

ηOFDM
bw = 4 log2 Nq. (2.19)

Despite being a different scheme, FBMC delivers the same efficiency as the transmission
of 4

√
Nq-PAM symbols requires det (LFBMC) = 1/2 time-frequency resources

ηFBMC
bw = 4 log2 Nq. (2.20)

Therefore, both schemes can convey data with the same bandwidth efficiency.
It is noteworthy mentioning that the steps herein deployed to evaluate ηbw are valid

for any multiplexing scheme, regardless of their time-frequency lattices. Examples different
from OFDM and FBMC are the hexagonal-lattice schemes provided by Strohmer and
Beaver (2003) and Han and Zhang (2007).

2.2 FBMC Polyphase Representation

Aiming to reduce the computational complexity of the FBMC implementation
presented in Figure 2.2, let us deploy the polyphase decomposition. For a more detailed
discussion on polyphase decomposition, please refer to Appendix E.
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2.2.1 Polyphase Decomposition

Initially, let us apply the Z-transform on the prototype filter, leading to

P (z) =
Lp−1∑

k=0
p[k]z−k. (2.21)

Alternatively, eq. (2.21) can be written as

P (z) =
M−1∑

`=0
z−`G`(zM), (2.22)

which is the summation of M polyphase components defined as

G`(z) =
K−1∑

i=0
z−ip[`+ iM ]. (2.23)

Before rewriting the polyphase components of the FBMC synthesis filter bank, we
need to define the Z-transform of all the subcarrier filters pm[k]. In this sense, one can
observe that Pm(z) can be written directly in terms of P (z), i.e.,

Pm(z) = P
(
ze−j2π

m
M

)
e−j2π

m
M

Lp−1
2 . (2.24)

Alternatively, one can rewrite eq. (2.24) as

Pm(z) =
M−1∑

`=0
z−`G(m)

` (zM), (2.25)

where
G

(m)
` = G`(z)ej2π

m
M

(
`−Lp−1

2

)
(2.26)

is the `th polyphase component of pm[k].

2.2.2 Multiplexed Signal

At this point, let us consider the output of the mth branch of the Synthesis filter
of an FBMC system, depicted in Figure 2.5. Notice that the output of such a branch can
be written as

sm[k] =
∞∑

n=−∞
am,ne

jφm,npm

[
k − nM2

]
(2.27)

and it is the filtered signal of the up-sampled phase-shifted PAM symbols.

A′
m(z) ↑ M

2 Pm(z) Sm(z)

Figure 2.5 mth branch of the synthesis filter of a FBMC multiplexer

In order to analyze Figure 2.5, let us apply the Z-Transform on the output of the
mth branch of the synthesis filter, which can be represented by

Sm(z) = A′m
(
z
M
2
)
Pm(z), (2.28)
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where
A′m(z) = Z

{
am,ne

jφm,n
}
. (2.29)

By deploying the polyphase decomposition, i.e., eq (2.25), on the prototype filter of the
mth subcarrier, eq. (2.28) can be written as

Sm(z) = A′m
(
z
M
2
)M−1∑

`=0
z−`G`

(
zM
)
e
j2π m

M

(
`−Lp−1

2

)
. (2.30)

Hence, Figure 2.5 can be redrawn as presented in Figure 2.6.

A′m(z) ↑ M
2 G

(m)
0 (zM) + Sm(z)

G
(m)
1 (zM) +

G
(m)
M−1(zM)

z−1

z−1

Figure 2.6 Alternative representation of Figure 2.5 after deploying the polyphase de-
composition

Since our goal is reducing the computational complexity of the FBMC multiplexing,
let us swap the position of the up-sampler and the prototype filter presented in Figure
2.62. Hence, eq. (2.30) can be rewritten as

Sm(z) =
M−1∑

`=0
z−`G`

(
z2
)
e
j2π m

M

(
`−Lp−1

2

)
A′m (z) , (2.31)

making the phase-shifted symbols be filtered prior to up-sampling, which reduces the
processing considerably. Figure 2.7 presents the modified version of the mth branch of the
FBMC multiplexer.

A′m(z) G(m)
m (z2) ↑ M

2 + Sm(z)

G
(m)
1 (z2) ↑ M

2 +

G
(m)
M−1(z2) ↑ M

2

z−1

z−1

Figure 2.7 Alternative representation of Figure 2.6 after deploying the Noble identity
for up-sampling

A further complexity reduction can be achieved at the output of the FBMC
multiplexer, which can be obtained by adding the signals from all the subcarrier filtering
branches Sm(z):

S(z) =
M−1∑

m=0

M−1∑

`=0
z−`G`

(
z2
)
A′m (z) ej2π

m
M

(
`−Lp−1

2

)
. (2.32)

2This operation is known as the expansion Noble identity depicted in Figure E.8.
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By rearranging the terms in eq. (2.32)

S(z) =
M−1∑

`=0
z−`G`

(
z2
)

︸ ︷︷ ︸
Polyphase net

1
M

M−1∑

m=0
ej

2πm`
M Me−j2π

m
M

Lp−1
2 ejφm,n

︸ ︷︷ ︸
Scalling + phase-shift

Am (z)
︸ ︷︷ ︸

PAM symbols︸ ︷︷ ︸
IDFT input︸ ︷︷ ︸

IDFT

, (2.33)

one can observe that an Inverse Discrete Fourier Transform (IDFT) can be deployed at
the input of the multiplexer to reduce the complexity of the signal. However, a factor
Me−j

2π
M must be added before the IDFT block to scale and phase-shift the PAM symbols

properly. With these proper modifications, the Inverse Fast Fourier Transform (IFFT) can
be deployed instead of the IDFT for a more efficient implementation.

2.2.3 Polyphase FBMC Transmultiplexer

Since the receiving structure presented previously is a mirrored version of the
transmitter, the polyphase FBMC transmultiplexer can be depicted as shown in Figure
2.8. However, it is worthy mentioning that the receiving side is not strictly a mirrored
version of the transmission, as a delay on the input is required.

At this point, it is noteworthy mentioning that the FBMC implementation illus-
trated in Figure 2.8 uses IFFT blocks in both transmission and reception, unlike OFDM,
where the an Fast Fourier Transform (FFT) block is deployed in the reception. A more
detailed analysis can be found in (SIOHAN et al., 2002).
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Figure 2.8 Polyphase implementation of an FBMC Transmultiplexer
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2.3 FBMC in Communications Systems

After a brief explanation of the FBMCmultiplexing, we focus now on the deployment
of such scheme in communications systems. Hence, we provide a concise description of
the operation of FBMC systems over wireless channels, highlighting useful description
simplifications for this scenario. Initially, a general description is presented assuming a time-
varying and frequency selective channels. Simplifications are then introduced considering
static frequency flat subchannels, followed by basic signal processing techniques used to
recover the conveyed data. Moreover, the system model is extended for MIMO usage.
Providing a detailed survey on FBMC systems is outside the scope of this work. However,
we offer a small collection of relevant works related to FBMC systems, closing this chapter.

2.3.1 Basic Operation Over Flat-Rayleigh

When operating over selective channels, the received FBMC signal is written as

x[k] =
∞∑

`=0
h[k, `]s[k − `] + η[k], (2.34)

where h[k, `] is the `-th tap channel impulse response on the instant k, and η[k] is the
AWGN. If the channel is flat over each subcarrier and the coherence time is much larger
than signaling interval3, eq. (2.34) can be simplified to

x[k] =
∞∑

n=−∞

M−1∑

m=0
Hmam,npm,n[k] + η[k], (2.35)

where M is the number of subcarriers, and for each FBMC transmission frame, the mth
channel frequency response is

Hm =
∞∑

`=0
h[`]e−j 2π

M
m`, (2.36)

which can be evaluated efficiently by using a FFT implementation.
After passing through the receiver signal processing, the nth non-equalized symbol

of the mth subcarrier is given by

ym,n = 〈x[k], pm,n[k]〉
≈Hm(am,n + j“am,n) + η′[k],

(2.37)

where “am,n is the imaginary intrinsic interference and η′[k] presents the same distribution
of η[k]. At this point, it is noteworthy mentioning that {pm,n[k]} is not strictly orthogonal.
Hence, one can observe the symbol am,n overtakes extra interference from its neighbors.
Notice that even well designed filters are prone to both real and imaginary interference.
Nevertheless, prototype filters are designed to generate negligible real self-interference,
whereas imaginary interference cannot be avoided.

3h[k, `] = h[i, `], ∀i, k in a complete FBMC and OFDM transmission frame
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Analyzing eq. (2.37), one can observe that further processing is required to retrieve
the conveyed data. At this point, symbols are distorted by the channel, requiring proper
equalization to reconstruct the transmitted signal. However, to proceed with channel
equalization the receiver also have to estimate the channel state for a precise frequency
compensation. Since both steps are critical and demand a more in-depth development,
Chapter 4 focuses on providing basics of channel estimation and equalization of FBMC
systems.

Considering the present system, one can observe that the signal processing flow
for the FBMC herein presented is composed by multiplexing, transmission through the
wireless channel, de-multiplexing, channel estimation, equalization and symbol detection.
Nevertheless, pre-equalization or precoding is a possibility. In this case, the transmitter is
responsible for estimating the channel response and pre-processing the multiplexed signal,
whereas the receiver has only de-multiplex and demodulated the received signal.

2.3.2 FBMC and MIMO Systems

As OFDM and other multicarrier systems, FBMC is typically associated with
MIMO systems via the Vertical Bell Labs Layered Space-Time (V-BLAST) transmitting
scheme (WOLNIANSKY et al., 1998). V-BLAST is the most popular choice due to
its simplicity, as such a scheme consists of feeding each transmitting antenna with an
FBMC transmitter. At the receiver side, equalization can be performed to retrieve the
conveyed data, or alternatively one may deploy precoding at the transmitter instead
(ROTTENBERG et al., 2017).

Despite being possible to combine FBMC to other schemes, they tend to impose
drawbacks, which is the case of the Generalized Spatial Modulation. In this scheme, the
antenna activation pattern is used to convey additional information. Hence, only a fraction
of the antennas is activated at the same time, requiring less RF chains (YANG et al., 2016).
However, the symbol period is much longer in multicarrier systems, thus all antennas
tend to remain active, requiring that the number of RF chains is equal to the number of
transmitting antennas. For this reason, spatial modulation and even Media-Based-MIMO
(NARESH; CHOCKALINGAM, 2017; KHANDANI, 2014) schemes are recommended for
single carrier transmission.

In order to present the basic operation of MIMO-FBMC via V-BLAST topology,
let us extend the Single-Input Single-Output (SISO) description carried out previously.
In a MIMO-FBMC V-BLAST system with NT transmitting antennas and NR receiving
antennas the signal received at the ith receiving antenna can be written as

x(i)[k] =
NT∑

l=1
h(i,l)[k, `] ∗ s(l)[k] + η(i)[k], (2.38)

where h(i,l)[k, `] is the the `-th tap channel impulse response between lth transmitting and
the ith receiving antenna on the instant k. After passing through the FBMC analysis filter
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bank, the following symbols are obtained:

y(i)
m,n =

〈
x(i)[k], pm,n[k]

〉
. (2.39)

By assuming that each subchannel is flat and the channel coherence time is long enough to
be greater than a transmission frame in an FBMC system, one can establish the following
relationship between the received and transmitted symbols:

ym,n = Hm (am,n + j“am,n) + ηm,n, (2.40)

where
ym,n =

[
y(1)
m,n y(2)

m,n · · · y(NR)
m,n

]T
, (2.41)

Hm =




H(1,1)
m H(1,2)

m · · · H(1,NT )
m

H(2,1)
m H(2,2)

m · · · H(2,NT )
m

... ... . . . ...
H(NR,1)
m H(NR,2)

m · · · H(NR,NT )
m



, (2.42)

am,n =
[
a(1)
m,n a(2)

m,n · · · a(NT )
m,n

]T
, (2.43)

“am,n =
[
“a(1)
m,n “a(2)

m,n · · · “a(NT )
m,n

]T
, (2.44)

and
ηm,n =

[
η(1)
m,n η(2)

m,n · · · η(NR)
m,n

]T
. (2.45)

Also, the entries of Hm are

H(i,l)
m =

∞∑

`=0
h(i,l)[`]e−j 2π

M
m`. (2.46)

Since eq. (2.40) is a classical per subcarrier representation of MIMO systems, there is a
vast number of detection techniques that can be deployed in order to retrieve am,n. For
further details on channel estimation, equalization, and detection for MIMO systems, refer
to Chapter 4.

2.3.3 An Overview

As pointed out previously, providing a detailed survey on FBMC systems is outside
the scope of this work. Furthermore, this work focuses on the design of prototype filters,
which will be discussed more carefully throughout the remainder of the text. Thus, Table 2.1
synthesizes relevant references, constituting an essential collection of works recommended
for current and future direction in FBMC research.
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Table 2.1 A small collection of relevant FBMC references

Topic Reference Description

Projects (VIHOLAINEN et al., 2009) The Phydias project is devoted to develop FBMC
technologies capable of enabling emerging wireless
systems with dynamic spectrum access.

(SCHELLMANN, 2015) The Metis project aims to develop radio access tech-
nologies for 5G. In particular, such project consid-
ered FBMC as a possible waveform to be deployed
in 5G due to its synchronization and channel spread
robustness.

FBMC
Basics

(BOROUJENY, 2011)
(BOROUJENY, 2014)

Both works provide a complete overview on FBMC
systems, highlighting their features, advantages,
drawbacks and perspectives of deployment in 5G
systems and other wireless systems to come.

(SIOHAN; LACAILLE, 1999)
(SIOHAN et al., 2002)

Classical works that describe very precisely and
comprehensibly the FBMC multiplexing scheme.
An essential read for FBMC studies.

(FANG et al., 2013)
(WALDHAUSER et al., 2006)

Survey papers that provide a comparison between
FBMC, OFDM and other filtered based multicarrier
systems.

(WUNDER et al., 2014) This paper discusses non-orthogonal waveforms can-
didates for 5G systems, highlighting requirements
to allow a more flexible radio access.

Prototype
Filters

(SAHIN et al., 2014) A solid and comprehensive survey on prototype
filters is provided in this work.

(FLOCH et al., 1995) Proposition of the Isotropic Orthogonal-Transform
Algorithm (IOTA), which is used to create Extended
Gaussian Functions (EGF) from Gaussian pulses.

(SIOHAN; ROCHE, 1998)
(SIOHAN; ROCHE, 2000)

A closed form expression is proposed to generate
EGF instead of using the IOTA.

(MARTIN, 1998)
(MIRABBASI; MARTIN, 2003)
(BELLANGER, 2001)

These works develop prototype filters designed using
the frequency sampling technique. The resulting
prototype filter presents fast spectrum decay, low
sidelobes and near-perfect symbol reconstruction.

(SLEPIAN; POLLAK, 1961)
(LANDAU; POLLAK, 1961)
(LANDAU; POLLAK, 1962)
(SLEPIAN, 1964)
(SLEPIAN, 1978)

This series of paper provides a detailed study on the
Prolate Spheroidal Wave Functions and Sequences,
which are signals capable of providing the lowest
out-of-band energy emission.
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Table 2.1 A small collection of relevant FBMC references

Topic Reference Description

(VAHLIN; HOLTE, 1994)
(VAHLIN; HOLTE, 1996)

Aiming to provide near-perfect symbol reconstruc-
tion and desirable spectrum features, the Optimal
Finite Duration Pulse prototype filter is derived by
using discrete spheroidal wave sequences.

(HAAS; BELFIORE, 1997)
(PRAKASH; REDDY, 2013)

Prototype filter options created from Hermite poly-
nomials.

Channel
Equalization

(IHALAINEN et al., 2011) A multi-tap channel equalizer is proposed using
the frequency-sampling technique, which enables
subcarriers to be equalized independently in a low
rate. Such design incorporates the usage of MIMO
systems, whereas the ZF and the MMSE solutions
are provided. This paper basically can be considered
the evolution of (IHALAINEN et al., 2005) and
(IHALAINEN et al., 2006)

(IKHLEF; LOUVEAUX, 2009a) This work proposes a MMSE channel equalizer for
FBMC systems. Such methodology equalizes all
subcarriers adjointly in time domain.

(IKHLEF; LOUVEAUX, 2009b) An extention of (IKHLEF; LOUVEAUX, 2009a)
is presented enabling the equalization in MIMO
systems.

(BALTAR et al., 2009) A Decision Feedback Equalizer (DFE) using adja-
cent carrier interference canceling is proposed for
FBMC systems.

(WALDHAUSER et al., 2008a) The adaptive algorithm Least Mean-Square (LMS)
is deployed to equalize FBMC systems. As many
works from this author, adjacent carrier interference
canceling is applied.

(WALDHAUSER et al., 2008b) An MMSE equalizer is developed in frequency do-
main. In this case, equalization of a given subcarrier
takes into account only adjacent subcarriers, differ-
ently from (IKHLEF; LOUVEAUX, 2009a), where
all subcarriers are equalized adjointly.

(CHEN; MAEHARA, 2017) Similar to the equalizer presented in (BALTAR et
al., 2009), authors proposed and enhanced MMSE-
DFE by adding extra filtering for further subcarrier
interference suppression.

(NDO et al., 2012) Differently from previous works, the proposed equal-
izer takes into account the typically discarded imag-
inary symbol interference in order to improve equal-
ization performance.
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Table 2.1 A small collection of relevant FBMC references

Topic Reference Description

(LIN et al., 2005) Wiener filtering is deployed to equalize FBMC sym-
bols. A study on the effects of the length of the
filtering is also provided.

Channel
Estimation

(LÉLÉ et al., 2008a) A channel estimation methodology using scattered
pilots is provided.

(LÉLÉ et al., 2008c) The Interference Approximation Method and Pair of
Pilots channel estimation techniques are proposed.

(KATSELIS et al., 2011)
(KOFIDIS et al., 2013)

A review of preamble-based channel estimators for
FBMC systems. This work studies both SISO and
MIMO channel estimation for FBMC systems.

(CUI et al., 2016) The scattered pilots channel estimation is improved
by using coded pilots.

(ALDABABSEH; JAMOOS, 2014) Kalman filtering is deployed to estimate channels
in FBMC systems.

(KONG et al., 2014) Channel estimation on FBMC systems with cyclic
prefix is discussed. In this sense, weighted least
square and pairs of pilots are extended for CP-
FBMC usages.

MIMO-
FBMC

(AMINJAVAHERI et al., 2017) A prototype filter designed for MIMO systems.

(ROTTENBERG et al., 2017) A study of MIMO-FBMC systems including Pre-
coding and Decoding techniques.

(KOFIDIS; KATSELIS, 2011) Preamble-based channel estimation for MIMO sys-
tems operating under V-BLAST.

(FARHANG et al., 2014) A survey on MIMO-FBMC systems including Pre-
coding and Decoding techniques.
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3 Prototype Filters

This chapter provides a brief study of prototype filters for FBMC systems. Although
there is a large number of functions or sequences that can be deployed as prototype filters,
few of them stand out in FBMC applications. Thus, this chapter covers the most relevant
and well-known prototype filter options for FBMC systems. Additionally, different figures of
merit are presented to evaluate and compare the performance between different prototype
filters. Hence, this chapter establishes the necessary framework for designing prototype
filters for FBMC systems, which will be the subject of the next chapters.

3.1 Figures of Merit

In this section, we present figures of merit to evaluate the performance of prototype
filters from different perspectives. Since these metrics are very concise, they are useful for
selecting and designing prototype filters. In particular, the parameters herein presented
describes the spectrum leakage, time-frequency localization, and reconstruction capabilities
of a prototype filter, as shown in the sequel.

3.1.1 Signal-to-Interference Ratio

According to (5.7), the choice of the prototype filter impacts the symbol estimation
at the receiver side, as self-interference arises. Hence, considering the scenario depicted in
Figure 2.2, the estimated symbols experience a Signal-to-Interference Ratio (SIR) expressed
by

SIR = 1∑

(m,n)6=(m0,n0)
Re {〈pm,n[k] |pm0,n0 [k]〉}2 , (3.1)

which can be used to quantify the symbol reconstruction quality. Typically, prototype filters
are designed to provide a SIR level of dozens of dBs, as can be observed for example in Table
II of (MARTIN, 1998). Indeed, there are some other alternatives such as the maximum
distortion parameter of Section V of (SIOHAN; LACAILLE, 1999) and the prototype filter
noise floor of eq. (4) of (BELLANGER, 2001), which describe the self-interference of the
prototype filter similarly to eq. (3.1).

3.1.2 In and Out-of-Band Energy

Another concern that arises when designing prototype filters for multicarrier appli-
cations is the amount of energy emitted outside the passband. Low OoB energy emission
ensures high energy efficiency and low interference to adjacent bands, which are desirable
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features a Cognitive Radio must comply when adapting itself for opportunistic spectrum
usage (KUMAR; TYAGI, 2016).

The energy contained within the frequency range |ω| ≤ ωc can be defined as

E(ωc) = 1
2π

∫ ωc

−ωc

∣∣∣P (ejω)
∣∣∣
2
dω, (3.2)

where P (ejω) is the Discrete-Time Fourier Transform (DTFT) of p[k]. Typically, ωc is set
to 1/M as it is the subcarrier frequency separation.

More conveniently, eq. (3.2) may be expressed in matrix form, by defining the
vector

p =
[
p[0] p[1] · · · p[Lp − 1]

]T
(3.3)

and the entries of the matrix Γ(ωc) as (VAIDYANATHAN, 1993)

[Γ(ωc)]k,l = ωc
π

sinc
[
(k − l)ωc

π

]
. (3.4)

Thus, the In-Band (IB) energy can be evaluated through

E(ωc) = pTΓ(ωc)p, (3.5)

while the total energy of the filter can be expressed as

E(π) = pTp (3.6)

and the energy outside the frequency range |ω| ≤ ωc, or OoB energy, is evaluated by

E(ωc) = pT [I− Γ(ωc)] p. (3.7)

3.1.3 Maximum Sidelobe Level

As suggested by the name, the Maximum Sidelobe Level (MSL) measures the ratio
between the maximum sidelobe of |P (ejω)|2 and the main lobe level, which can be defined
as

MSL =
max
ω∈W

∣∣∣P (ejω)
∣∣∣
2

|P (ej0))|2
, (3.8)

where
W =

{
ω ∈ R

∣∣∣∣ ω > 0, d

dω
|P (ejω)|2 = 0

}
. (3.9)

This measurement can be used to describe the interference level a system deploying p[k]
may generate in adjacent bands.
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3.1.4 Heisenberg Factor

As a large amount of telecommunication systems operates under significant time
and Doppler spreads, their pulse shaping is expected to be well localized in order to deal
with such a harsh environment. Hence, it is highly desirable to deploy prototype filters
with low time and frequency spreads, which are defined, respectively, as

D2
k =

∞∑

k=−∞
k2 |p[k]|2 (3.10)

and
D2
f =

∫ 1/2

−1/2
f 2
∣∣∣P (ej2πf )

∣∣∣
2
df. (3.11)

For convenience, let us also define

Dτ = TsDk (3.12)

and
Dν = Df

Ts
(3.13)

as the time and frequency spreads of the prototype filter normalized by its sampling period.
Unfortunately, a prototype filter cannot be designed to achieve an arbitrary time-

frequency localization, as time and frequency spreads are conflicting goals. Indeed, this
statement is known as the Heisenberg Uncertainty Principle, described by the inequality
(CALVES; VILBE, 1992)

0 ≤ ξ ≤ 1, (3.14)

where ξ is the Heisenberg parameter, defined by

ξ = 1
4πDkDf

= 1
4πDτDν

. (3.15)

Notice that well-localized pulses in frequency and time can achieve close to unit ξ, while
poorly located pulses may achieve near-null values of ξ. As an example, the optimal pulse
in terms of time-frequency concentration is Gaussian with ξ = 1, while ξ = 0 for a DC
waveform.

As an alternative, the pulse concentration can be analyzed graphically via the
ambiguity function. Since it is not a figure of merit per se, Appendix F offers some
background on the ambiguity function to avoid disrupting the content of this chapter.
Additionally, Appendix F includes the ambiguity function contour plots of all the prototype
filters analyzed in this work.

3.2 Prototype Filters

This section presents popular prototype filters choices. We cover classic filter designs
used in communications systems as the Square-Root Raised Cosine (SRRC), passing to
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prototype filter designs dedicated for filtered multicarrier systems. Since this work is not
intended to be a survey on prototype filters, we provide only prominent filter designs.
Some of them have been highlighted as candidates to be deployed in FBMC systems to
come, as remarked in (DOHLER; NAKAMURA, 2016). Nevertheless, we can point out
some more recent developments on the design of prototype filters, which include the works
(PRAKASH; REDDY, 2013) and (AMINJAVAHERI et al., 2017). Furthermore, the survey
presented by Sahin et al. (2014) is a reliable and recommended reference that deals almost
exclusively with prototype filters.

Since this work focuses on discrete signal processing, prototype filters will be
described predominately as discrete signals. Also, in order to corroborate the explanation
of the prototype filter designs, their impulse and frequency responses are presented
considering M = 32, K = 4 and Lp = 129. Notice that the choice M = 32 allows a better
spectrum visualization as the passband of the filter lies typically around 1/M and the
normalized frequency range is f ∈ [−1/2,+1/2]. Moreover, the overlapping factor K = 4 is
considered an excellent value, as it provides a contained spectrum and a reasonable output
latency, defined in eq. (2.12). Finally, by taking Lp = KM + 1, one can omit the input
delay added to the FBMC receiver, as ∆β can be set to zero, reducing the complexity of
the FBMC receiver marginally. Notice that the discussion and performance comparison of
the presented prototype filters is carried out on the next section, as the analysis becomes
much more fluid once the filter designs and figures of merit are already defined.

3.2.1 Square-Root Raised Cosine

Typically, the Raised-Cosine (RC) filter is deployed in the transmitter to minimize
the ISI by complying with the Nyquist criterion (PROAKIS; MANOLAKIS, 2000). However,
as a typical communication link requires filtering at both the transmitter and receiver, it is
interesting to split these properties along both communication sides. These features are met
by the SRRC, as its squared spectrum coincides with the RC one. By properly sampling
and time-shifting the continuous SRRC impulse response becomes (BOROUJENY, 2011)

p[k] =
4r
M
k cos

[
π(1+r)
M

k
]

+ sin
[
π(1−r)
M

k
]

π
M
k
[
1−

(
4r
M
k
)2
] , (3.16)

where r is the roll-off factor, which is a measure of bandwidth excess.
Figure 3.1 depicts the impulse and frequency responses1 for SRRCs with roll-off

factors of 0.25 and 0.75. As r increases, one can observe the spectrum expanding, while the
impulse response shrinks. Notice that, SRRCs are not popular choices for prototype filters
in FBMC, as they cannot offer high-performance symbol reconstruction or outstanding

1The terms spectrum frequency response are usual terminology. However, the exact term for the
spectrum representation used in this chapter is Periodogram, i.e., the squared DTFT of p[k].
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spectrum features, even when r is optimized. However, the idea behind the SRRCs have
inspired the use of Nyquist ISI criteria in other prototype filters design.
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Figure 3.1 SRRC prototype filter (K = 4, M = 32, and Lp = 129)

3.2.2 Gaussian Function

Gaussian functions are among the most critical functions in science. They are
deployed in different fields such as quantum mechanics, filtering in signal processing and
most notably in statistics. Concerning their usage as a prototype filter, let us present the
continuous Gaussian function as

gα(t) = (2α)1/4e−παt
2
, (3.17)

where α is the spreading factor. In terms of spectrum analysis, Gaussian functions preserve
their form in both frequency and time domains, as the Fourier transform of gα(t) yields
another Gaussian function. Hence, Gaussian functions are capable of delivering an isotropic
time-frequency response if α = 1. Despite being elementary, Gaussian functions are not
deployed as prototype filters in FBMC systems as they do not take into account the
operational requirements of such systems. Nevertheless, it is essential to present the
Gaussian functions as they are the basis of other prototype filters.

Figure 3.2 depicts the frequency and impulse responses for Gaussian prototype
filters with three different spreading factors. Noticeably, the bell-shape of the frequency
response cannot be observed due to the log scale of the plot. Also, the sidelobes and
the frequency response floor show up due to windowing effects. As the spreading factor
increases, the Gaussian pulse becomes narrower, while the spectrum expands throughout
the frequency domain.
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Figure 3.2 Gaussian prototype filter (K = 4, M = 32, and Lp = 129)

3.2.3 Extended Gaussian Function

Originally, the Extended Gaussian Function (EGF) was designed to be generated
by deploying the Isotropic Orthogonal Transform Algorithm (IOTA) (FLOCH et al., 1995)

Oa {x(t)} = x(t)
∞∑

i=−∞
|x(t− ai)|2

(3.18)

on a Gaussian function in both time and frequency domains. The IOTA is a transformation
capable of creating orthogonal pulses, as proved in Appendix C. Hence, the continuous
representation for EGF is

p(t) = F−1 {Oτ0 {F {Oν0 {gα(t)}}}} , (3.19)

where F {·} is the Fourier transform operator, τ0 is the signaling interval and ν0 is the
subcarrier spacing, which must comply with τ0ν0 = 1/2 for FBMC systems. In order to
obtain the discrete version of an EGF, one can sample it properly. Fortunately, an analytic
expression for (3.19) is provided in eq. (3) of (SIOHAN; ROCHE, 1998):

p[k] = 1
2

`k∑

`=1
d`,α,ν0


e
−πα

(
2τ0
M
− `
ν0

)2

+ e
−πα

(
2τ0
M

+ `
ν0

)2


×
mk∑

m=1
dm, 1

α
,ν0 cos

(
2πm k

τ0

)
,

(3.20)

where the values dm, 1
α
,ν0 are available in Table A.1 of (SIOHAN; ROCHE, 2000). Despite

being an approximation, authors claim that the proposed formula is capable of achieving
an accuracy of 10−19, which goes beyond the machine epsilon of a double data type, i.e.,
≈ 10−16.

Figure 3.3 exemplifies EGFs with the preset introduced previously. By comparing
Figures 3.3 and 3.2, one can observe that the IOTA changes the Gaussian waveforms
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Figure 3.3 EGF prototype filter (K = 4, M = 32, and Lp = 129)

dramatically in both time and frequency domains. The passband is reduced considerably,
approaching 1/M , i.e., the normalized frequency separation between adjacent subcarriers.
Still, EGFs offer neither low OoB emission nor fast spectrum decay compared to other
prototype filters. However, by tuning α, one can control the trade-off between reconstruction
and spectrum features.

3.2.4 Hermite Filter Prototype Filter

The Hermite filter was proposed by Haas and Belfiore (1997) and is composed by a
superposition of normalized Hermite functions, defined in Appendix D.2. This prototype
filter can be defined as

p(t) =
NH−1∑

`=0
H4`H4`(t) (3.21)

where H4` are the filter weights and H4`(t) is the Hermite function. Since Hermite functions
are orthogonal, they are proper for building the prototype filter through superposition.
Despite being defined as a continuous function, one can easily sample eq. (3.21) to obtain
the discrete representation.

In contrast to other methods, the Hermite prototype filter is designed based on the
ambiguity function of eq. (3.21), which can be expressed by

A(τ, ν) =
NH−1∑

`=0
H2

4`A4`,4`(τ, ν) +
NH−2∑

`=0

NH−1∑

i=`+1
H4`H4i

[
Re {A4`,4i(τ, ν)}

(
1− ej2πντ

)

+jIm {A4`,4i(τ, ν)} (1 + ej2πντ )] ,
(3.22)

where

Am,n(τ, ν) = 2m+n−1
2 π

m−n
2 n!e−π2 (τ2+ν2) (τ + jν)m−n ejπτνL(m−n)

n

[
π
(
τ 2 + ν2

)]
(3.23)

is the cross ambiguity function of two Hermite functions and L(i)
` (x) denotes the generalized

Laguerre polynomial, defined in Appendix D.3.
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In order to satisfy orthogonality between adjacent channels, the Hermite prototype
filter requires the following constraints:





A(0, 0) = 1
A(
√

2, 0) = 0
A(
√

2,
√

2) = 0
A(2
√

2, 0) = 0
A(2
√

2,
√

2) = 0

. (3.24)

Since the set of constraints in eq. (3.24) is symmetric in time and frequency, the ambiguity
function of the resulting filter is expected to be isotropic, as shown in Figure F.4.

By solving the non-linear system in eq. (3.24), the prototype filter weights H4` can
be obtained. Indeed, Haas and Belfiore (1997) originally solved eq. (3.24) considering the
superposition of NH = 5 Hermite functions, resulting in the weights presented in Table
A.2.

Despite imposing stringent orthogonality constraints that lead to a high symbol
reconstruction performance, the Hermite design does not take into account spectrum
concerns. Hence, spectrum containment is not expected to be among the best options.
Furthermore, one can observe that the Hermite design is similar to the EGF but much
less flexible as spectrum features can still be tuned by α.

Figure 3.4 depicts both the impulse and frequency response of the Hermite design.
Notice that the impulse response of the Hermite filter is similar to the EGF with α = 1.
However, the Hermite filter presents a slightly superior frequency response performance,
which is as expected since the EGF deploys the IOTA procedure, while the Hermite filter
is bound by ambiguity constraints, which are used to define lower frequency and time
spreads.

−60 −40 −20 0 20 40 60

0

0.05

0.1

0.15

0.2

0.25

k

p
[k

]

(a) Impulse Response

0 0.1 0.2 0.3 0.4 0.5
−150

−100

−50

0

ω/2π

∣ ∣ P
(e

j
ω

)∣ ∣2 [d
B

]

(b) Frequency Response

Figure 3.4 Hermite prototype filter (K = 4, M = 32, and Lp = 129)
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3.2.5 Mirabbasi-Martin Prototype Filter

To ensure fast spectrum decay throughout the stopband region, the Mirabbasi-
Martin prototype filter (MARTIN, 1998) focuses on minimizing the discontinuity in their
boundaries, while maintaining desirable reconstruction features for multicarrier applications
and ensuring a smooth pulse variation. This design uses the frequency sampling technique,
where the filter weights are samples of the frequency response of the prototype filter
(BELORUTSKY; SAVINYKH, 2016). Such a methodology is also adopted in window
projects, e.g., Hamming and Blackman. Nonetheless, these pulses are not optimized for
multicarrier applications.

Due to its fast spectrum decay and high performance for data reconstruction,
Mirabbasi-Martin prototype becomes the primary choice for the Phydias project (VIHO-
LAINEN et al., 2009), which aims to enable FBMC applications in wireless systems to
come. Indeed, such a filter is also known as the PHYDIAS filter when K = 4. Curiously,
both Martin and Bellanger have achieved the same design, with the same filter coefficients,
as can be observed in Section V of (BELLANGER, 2001) and in Table I of (MARTIN,
1998). The Mirabbasi-Martin prototype filter can be written as

p[k] = k0 + 2
K−1∑

`=1
k` cos

(
2π`
KM

k

)
, (3.25)

where the coefficients k` are available in Table A.3.
Figure 3.5 depicts the impulse and frequency response of the Mirabbasi-Martin

design. One of the most remarkable features of Mirabbasi-Martin design is its very fast
spectrum decay and low-level sidelobes. Hence, such filter is one of, if not the, most
widespread prototype filter for FBMC systems.
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Figure 3.5 Mirabbasi-Martin prototype filter (K = 4, M = 32, and Lp = 129)
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3.2.6 Discrete Prolate Spheroidal Sequences

The Prolate filter is a classic design that aims to maximize the energy within its
passband region. This design can be expressed by the following optimization problem:

ψψψ0,ωs = argmax
p

pHΓ(ωs)p

s.t. pHp = 1.

(3.26)

Since Γ(ωs) is symmetric, a straightforward solution comes by recalling the Rayleigh-Ritz
Theorem (HORN; JOHNSON, 1985), which guarantees the solution of (3.26) to be the
eigenvector associated with the largest eigenvalue of Γ(ωs). By denoting γ0 ≥ γ1 ≥ · · · ≥
γLp−1 > 0 the eigenvalues of Γ(ωs), and ψψψi,ωs the eigenvector associated to γi, the solution
of (3.26) is

ψψψ0,ωs =
[
ψ0,ωs [0] ψ0,ωs [1] · · · ψ0,ωs [Lp − 1]

]T
. (3.27)

Physically, γi represents the energy of ψi,ωs [k] within |ω| ≤ ωc, thus

0 ≤ γi ≤ 1. (3.28)

Consequently, the sequence ψ0,ωs [k] is the most selective filter for (3.26). It is also notewor-
thy mentioning that, the remaining filters ψi,ωs [k] are local optima, possessing less energy
within their passband than ψ0,ωs [k]. Indeed, the orthogonal family ψi,ωs [k] is also known as
the Discrete Prolate Spheroidal Sequences (DPSS) or the Slepian series (SLEPIAN, 1978).
Interestingly, the Slepian series is an excellent choice to interpolate smooth functions 2,
making it suitable for low OoB energy emission.

Figure 3.6 illustrates the impulse and frequency response of DPSSs with ωs = 2π/M .
Due to the IB energy maximization goal, one can observe that the spectrum of ψ0,ωs [k]
decays very abruptly around 1/M . Also, ψ0,ωs [k] resembles a Gaussian function, which
leads to near-optimal ξ. Notice that the sequences ψi,ωs , with i 6= 0, cannot be deployed
as prototype filters in FBMC systems as they are not low pass filters. However, the
complete Slepian set may be used to design other prototype filters, as discussed in the
next subsection.

3.2.7 Optimal Finite-Duration Pulse

As stated previously, the Prolate design is optimal in terms of minimizing the
energy outside the passband. However, symbol reconstruction requirements are not taken
into account in this design. From this perspective, (VAHLIN; HOLTE, 1994) propose the
OFDP design by deploying the Slepian sequence to provide a filter with low OoB emission
and competent symbol reconstruction capability. The OFDP can be written as

p[k] =
∑

i

α2iψ2i,2π/M [k], (3.29)

2refer to table 2 of (C.MOORE; CADA, 2004)
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Figure 3.6 DPSS prototype filter (K = 4, M = 32, and Lp = 129)

where the coefficients α2i can be found in Table A.4. Since the IB energy of ψ2i,2π/M , i.e.,
γ2i, decays at a high rate as can be observed in Figures 3 and 4 of (SLEPIAN, 1978),
truncation on α2i is acceptable for solving the problem.

Both the impulse and frequency responses of the OFDP prototype filter are presented
in Figure 3.7. After combining several DPSSs, the OFDP spectrum displays inferior
spectrum compared to the generator sequences. Nevertheless, since the OFDP accounts for
symbol reconstruction constraints, it delivers a far better symbol estimation, as will become
clear in the next section. The OFDP design also displays a more contained spectrum than
the EGF and the SRRC. However, the Mirabbasi-Martin prototype filter still overperforms
the OFDP, as the former presents a far faster spectrum decay.
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Figure 3.7 OFDP prototype filter (K = 4, M = 32, and Lp = 129)

3.2.8 Window-Based Designs

The idea behind window-based designs is the combination of a truncated sinc filter
and a window to compose a prototype filter. The sinc filter delivers a near-rectangular
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frequency response due to truncation effects. On the other hand, windows are classically
used in Fourier spectral analysis as a mean to control the trade-off between the sidelobe
levels and the main lobe spread (HARRIS, 1978). In this sense, the window-based prototype
filter can be described as (VIHOLAINEN et al., 2009)

p[k] = w[k] sinc
[
ωc
π
k
]
, (3.30)

where ωc is the cutoff frequency of the filter and w[k] is the window. Popular windows
are the rectangular, triangular or Bartlett, Hanning, Hamming and Kaiser. Since this
work will not discuss all available windows in literature, we recommend Chapter 7 of
(POULARIKAS, 1998) as a consulting material that covers a large number of windows.
Nevertheless, Table 3.1 offer windows that can be deployed to build different prototype
filters via the window-based design. Notice that, in Table 3.1, υ is the window parameter
and I0(x) is the 0th order modified Bessel Function.

Table 3.1 Window examples

Window type Expression

Rectangular w[k] = 1

Triangular w[k] = 1− 2 |k|
Lp

Parabolic w[k] = 1−
(

2 k
Lp

)2

Hann w[k] = 1
2

[
1 + cos

(
2π
Lp
k

)]

Hamming w[k] = 0.54− 0.46 cos
(

2π
Lp
k

)

Blackman w[k] = 0.42 + 0.50 cos
(

2π
Lp
k

)
+ 0.08 cos

(
4π
Lp
k

)

Riemann w[k] = sinc
(

2
Lp
k

)

Poisson w[k] = exp
(
−2υ
Lp
k

)

Hann-Poisson w[k] = 1
2

[
1 + cos

(
2π
Lp
k

)]
exp

(
−2υ
Lp
k

)

Cauchy w[k] = 1

1 +
(

2υ
Lp
k

)2

Gaussian w[k] = exp

−1

2

(
2υ
Lp
k

)2



Kaiser w[k] = 1
I0(πυ)I0


πυ

√√√√1−
(

2
Lp
k

)2


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Tuckey w[k] =





1, |k| ≤ Lp/2
1
2

[
1 + cos

(
π
k − υLp/2

(1− υ)Lp/2

)]
, otherwise

It is noteworthy mentioning that eq. (3.30) cannot be deployed plainly, as ωc should
be optimized in order to meet FBMC requirements. Hence, a line search to determine the
most suitable ωc can be carried out in order to provide a filter with high reconstruction
features or low sidelobes, for example. Notice however that some window designs will
require the optimization of an extra parameter, which is the case of Kaiser windows.
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Figure 3.8 Windowed prototype filters (K = 4, M = 32, and Lp = 129)

3.3 Performance Comparison

With the prototype filters and figures of merit presented, let us proceed with a
discussion/comparison between the filter designs presented in this Chapter. In this sense,
Table 3.2 presents all the aforementioned prototype filter and their respective performance,
according to the figures of merit presented in this chapter. In order to complement the
analysis herein conducted, Appendix G offers an alternative graphical representation of
Table 3.2, which should yield a more intuitive analysis.

In terms of SIR, the EGF, Hermite, OFDP, and Mirabbasi-Martin designs display
a reliable performance. Interestingly, one can tune the spreading factor of the EGF in
order to control its SIR, making such designs very popular, especially in works that discuss
channel estimation in FBMC systems. Other prototype filters present a considerably lower
performance, making them unreliable choices for FBMC systems.

Concerning the MSL, one can observe that the Gaussian function and the DPSSs
can offer low sidelobe levels. Although such filters present desirable spectrum performance,
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they cannot deliver high SIR levels. Thus, Gaussian and DPSSs are considered impractical
for FBMC multiplexing. Furthermore, the sidelobes of the Gaussian prototype filters only
arise due to truncation effects.

The OoB energy E(1/M) is a distinct feature of both DPSSs and Mirabbasi-Martin
designs. DPSSs offer low OoB energy emission for obvious reasons, as they are optimized
for such purpose. On the other hand, the design proposed by Mirabbasi and Martin (2003)
imposes fast spectrum decays for frequencies beyond 1/M , leading to reasonable low OoB
emissions. Curiously, OFDP shows an inferior OoB performance, even deploying DPSSs,
which are, technically, the optimal sequences in terms of OoB.

Gaussian function, EGF, and Hermite prototype filter and DPSS0 present near-
optimal pulse localization, as presented in Table 3.2. However, OFDP and Martin designs
still offer reasonable pulse localization. Noticeably, the DPSS0 displays a near-unity ξ, as
its pulse shape resembles a Gaussian function.

It is also noteworthy mentioning that the Hermite prototype filter is similar to
the EGF with α = 1, as both present isotropic responses and comparable performance.
However, EGF is a more flexible design as one can control the SIR level and the spectrum
of prototype filter by tuning α.

Table 3.2 Performance comparison of different Prototype Filter

Prototype SIR[dB] MSL[dB] E(1/M)[dB] ξ Dτ Dν

SRRC r = 0.25 17.5547 −25.0921 −31.7994 0.64680 0.57482 0.21404

SRRC r = 0.75 31.9021 −35.5074 −40.7018 0.86452 0.39284 0.23432

Gaussian α = 0.5 10.6439 −131.061 −34.0588 1.00000 0.39894 0.19947

Gaussian α = 1.0 21.2614 −245.060 −19.1404 1.00000 0.28209 0.28209

Gaussian α = 1.5 10.6291 −303.104 −11.1737 1.00000 0.19947 0.39894

EGF α = 0.5 33.7097 −58.208 −33.9538 0.87809 0.39618 0.22875

EGF α = 1.0 60.4696 −33.8005 −19.6972 0.97697 0.2854 0.28541

EGF α = 1.5 87.6698 −25.337 −14.7721 0.93878 0.24516 0.34576

Hermite 80.6075 34.0765 −20.1922 0.97965 0.2850 0.2850

DPSS0 3.85353 −96.4343 −96.3026 0.99853 0.56716 0.14051

DPSS2 1.45332 −59.2371 −60.0297 0.19888 1.2705 0.31494

DPSS4 3.50401 −33.3621 −33.0074 0.10804 1.7168 0.42903

OFDP 59.8554 −38.3323 −35.4478 0.93352 0.34659 0.24595

Martin 65.2550 −39.8603 −45.6141 0.88389 0.3882 0.23192

Rectangular 15.7067 −22.4116 −16.7218 0.43412 0.44382 0.41302

Bartlett 27.7637 −28.7543 −29.4394 0.86902 0.39518 0.23172

Hamming 16.5366 −44.0683 −15.9394 0.71223 0.29251 0.38197
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In order to complement the numerical results herein presented, readers can refer to
the Appendices for supplementary numerical results. Appendix F presents the ambiguity
function plots of the prototype filters presented throughout this work. Additionally,
Appendix G presents spider plots of the performance of the prototype filters studied in
this work.

3.4 Conclusions

Through the analysis of Table 3.2, we can conclude that the EGF, Hermite, Martin,
and OFDP designs are the most promising designs to be deployed in FBMC systems.
Indeed, the same conclusion has been widely widespread throughout other works, since
they are the predominant prototype filters deployed in FBMC systems. Unfortunately, pure
DPSSs offer outstanding spectrum features that outperform other prototype filters, but it
lacks SIR performance, compromising its reliability considerably. From this perspective,
Chapters 5 and 6 are devoted to the design of prototype filters capable of achieving superior
performance compared to those found in the literature.
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4 Channel Estimation and
Equalization

Since wireless channels can affect the received signal considerably, extra processing
is demanded to deal with this effect. From this perspective, this chapter focuses on signal
processing techniques to overcome such issue, i.e., channel estimation and equalization.
Notice that channel estimation alone does not compensate the channel effect per se, but
it is a requirement to execute channel equalization and symbol detection. Since wireless
channels distort the transmitted signal differently in each frequency, proper frequency
compensation must be performed to enable symbol reconstruction at the receiver side.
Thus, this chapter presents a brief introduction of both channel estimation and equalization
techniques for FBMC systems, considering SISO and MIMO structures.

4.1 Channel Estimation

Channel estimation plays an important role when reconstructing a message trans-
mitted through a wireless channel. In the presence of fading, channel frequency response
distorts the transmitted data, requiring channel compensation, i.e., equalization at the
receiver. Thus, the receiver requires the knowledge of the Channel State Information (CSI)
to design a proper equalization in order to retrieve the transmitted data. By distributing
data through different subchannels, multicarrier systems can be designed to make each
subchannel frequency flat, making equalization considerably easier. Hence, multicarrier
systems can deploy single-tap equalizers, also making channel estimation easier, as only
one channel coefficient must be estimated for each subcarrier.

Since OFDM is an orthogonal scheme, channel estimation is straightforward as each
subcarrier frequency response can be estimated as proceeded in single carrier transmission.
In short, the transmitter sends a pilot sequence known by the receiver and, at the
receiver side, the signal is divided by its respective pilot, generating the channel estimate.
Unfortunately, OFDM channel estimation techniques cannot be deployed directly in FBMC
systems. Since FBMC is orthogonal only in the real field, intrinsic imaginary interference
is expected and must be appropriately dealt with for a successful channel estimation.

Generally speaking, channel estimation for FBMC systems can be categorized
into two main groups: preamble-based and scattered-based estimation. As the name
suggests, preamble-based channel estimation deploys a pilot preamble at the beginning
of each transmission frame to enable channel estimation. Many authors have proposed
different preamble-based methods aiming to reduce the interference and or the length of
the preamble. For example, Lélé et al. (2008a) deploys guard symbols to protect the pilot
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symbols from imaginary interference, whereas (AMINI; FARHANG-BOROUJENY, 2010;
SAEEDI-SOURCK et al., 2013) aim to reduce intrinsic imaginary interference by inserting
null pilot-symbols. As an alternative, scattered-pilot channel estimation mixes pilots with
data symbols throughout a transmission frame. The most straightforward option to reduce
interference generated by scattered-pilots is disabling the data symbols surrounding pilot
symbols. Indeed, such an approach is a poor choice since spectral efficiency is considerably
compromised. From this perspective, Stitz et al. (2010) proposes the Auxiliary Pilot
method. This method deploys a dummy symbol in an adjacent position to the pilot,
aiming to cancel its imaginary interference. Another scattered-pilot approach is developed
by Lélé et al. (2008c), in which pilots are surrounded by data symbols coded in such a
manner to reduce the interference experienced by the pilot symbol. A more sophisticated
approach is proposed by Cui et al. (2016), which combines auxiliary pilots with the coding
methodology proposed by Lélé et al. (2008c) and is known as the Coded Auxiliary Pilot
channel estimation.

Despite the large number of options, FBMC channel estimators can be overper-
formed by their OFDM counterparts. Aiming to overcome the imaginary interference,
FBMC channel estimators are prone to suffer from performance losses. For example, the
usage of auxiliary pilots increases the power required to transmit pilots and dummy
symbols. Moreover, depending on the prototype filter, coded scattered-pilots can demand
large code matrices to mitigate the interference, increasing the computational complexity
dramatically. As a final example, the deployment of long guard periods can jeopardize
spectral efficiency.

From this perspective, this section discusses the most classical preamble-based
channel estimators for FBMC systems, i.e., POP and IAM. Initially, preamble-based
channel estimators are presented for SISO systems and are extended for MIMO usage in
the sequel. Since this is not the main topic of the work, this chapter does not intend to
offer an in-depth survey on FBMC channel estimators. Hence, this section introduces the
basic idea behind FBMC channel estimation, which is primordial for understanding the
overall operation of FBMC systems.

4.1.1 Pilot Transmission and Imaginary Interference

In order to discuss channel estimation methods for FBMC systems, let us first
discuss how pilots are transmitted and how imaginary interference takes place at the
receiver side. Notice that such a discussion is primordial for understanding how each
channel estimation works and how they behave.
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4.1.1.1 Pilot Transmission

First, recall the multiplexed FBMC signal described in eq. (2.8), i.e.,

s[k] =
∞∑

n=−∞

M−1∑

m=0
bm,npm,n[k], (4.1)

where bm,n is the pilot symbol for the mth subcarrier of the nth time-slot. By correlating
the received signal s[k] with the pulse pm0,n0 [k], we can retrieve bm0,n0 :

〈s[k], pm0,n0 [k]〉 = bm0,n0 +
∑

(m,n) 6=(m0,n0)
bm,n 〈pm,n[k], pm0,n0 [k]〉 . (4.2)

Up to this point, attention was concentrated only on the FBMC multiplexing.
However, the channel effect can affect the overall signal considerably at the reception if
the channel is frequency-selective. Thus, by adding the channel effect into eq. (4.1), the
received signal is given by

x[k] =
∑

`

h[`]s[k − `] + η[k], (4.3)

where h[`] is the channel frequency response of the mth subcarrier and η[k] is the additive
noise. For simplicity, consider that each subchannel is time-invariant and frequency-flat.
Thus, eq. (4.3) can be rewritten as

x[k] =
∞∑

n=−∞

M−1∑

m=0
Hmbm,npm,n[k],+η[k], (4.4)

where
Hm =

∑

`

h[`]e−j 2π
M
m` (4.5)

is the frequency response of the mth subcarrier. Despite x[k] representing the overall
received signal, it is far more useful and efficient to process the received signal at a lower
rate. In order to obtain the received signal at a lower rate, one can deploy an analysis
filter bank, which outputs

ym0,n0 = 〈x[k], pm0,n0 [k]〉 (4.6)

for the m0th subcarrier of the n0th time-slot.

4.1.1.2 Imaginary interference

As one can observe in eq. (4.2), both real and imaginary interference takes place
when the receiver reconstructs the pilot sequence. However, real interference is negligible
with the deployment of prototype filters with high SIR levels. On the other hand, imaginary
interference is intrinsic, and its level is much higher than real interference. Thus, by ignoring
the real self-interference of eq. (4.2), the following approximation can be derived:

〈s[k], pm0,n0 [k]〉 ≈ bm0,n0 + j“bm0,n0 , (4.7)
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where
“bm0,n0 = Im





∑

(m,n)6=(m0,n0)
bm,n 〈pm,n[k], pm0,n0 [k]〉



 (4.8)

is the imaginary interference experienced by the reconstructed symbol of the m0th sub-
carrier of the n0th time-slot. By analyzing eq. (4.8), one can observe that the imaginary
interference “bm0,n0 is directly related to its adjacent symbols and the prototype filter itself.
However, such interference is suppressed by taking the real part of the desired symbol, as
depicted in Figures 2.2 and 2.8.

By adapting the results provided by Kofidis et al. (2013), the imaginary interference
generated by am0,n0 to its direct neighborhood is

b̆m0+1,n0 = +jam0,n0e
−j 2π

M

Lp−1
2

Lp−1∑

k=0
p2[k]ej 2π

M
k, (4.9)

b̆m0−1,n0 = −jam0,n0e
−j 2π

M

Lp−1
2

Lp−1∑

k=0
p2[k]ej 2π

M
k, (4.10)

b̆m0,n0+1 = +jam0,n0(−1)m0
Lp−1∑

k=M/2
p[k]p

[
k − M

2

]
, (4.11)

b̆m0−1,n0−1 = +jam0,n0(−1)m0
Lp−1∑

k=M/2
p[k]p

[
k − M

2

]
, (4.12)

b̆m0−1,n0−1 = −am0,n0(−1)m0e−j
2π
M

Lp−1
2

Lp−1∑

k=M/2
p[k]p

[
k − M

2

]
ej

2π
M
k, (4.13)

b̆m0−1,n0+1 = −am0,n0(−1)m0e−j
2π
M

Lp−1
2

Lp−1∑

k=M/2
p[k]p

[
k − M

2

]
ej

2π
M
k, (4.14)

b̆m0+1,n0−1 = −am0,n0(−1)m0e−j
2π
M

Lp−1
2

Lp−1∑

k=M/2
p[k]p

[
k − M

2

]
ej

2π
M
k, (4.15)

b̆m0+1,n0+1 = −am0,n0(−1)m0e−j
2π
M

Lp−1
2

Lp−1∑

k=M/2
p[k]p

[
k − M

2

]
ej

2π
M
k, (4.16)

where one can observe both even and odd symmetry in the interference elements. Thus,
by combining such eq. (4.9)-(4.16), one can estimate the imaginary interference at any
given position, provided the prototype filter and the adjacent pilot symbols are known.

It is also noteworthy mentioning that, by combining (4.6) and (4.7), the output of
the analysis filter bank can be written as

ym0,n0 ≈ Hm

(
bm0,n0 + j“bm0,n0

)
+ ηm0,n0 , (4.17)

where
ηm0,n0 = 〈η[k], pm0,n0 [k]〉 . (4.18)
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4.1.2 POP Channel Estimation

The POP is one of the simplest methods for channel estimation in FBMC systems.
In this method, two adjacent pilot symbols are processed in order t generate the channel
estimate. Consider the reception of two adjacent symbols ym1,n1 and ym2,n2 in a noiseless
scenario, which can be described by




ym1,n1 = Hm1

(
bm1,n1 + j“bm1,n1

)

ym2,n2 = Hm2

(
bm2,n2 + j“bm2,n2

) . (4.19)

The POP method assumes and requires that Hm1 ≈ Hm2 . Notice that such an assumption
is entirely plausible if the pair of pilots are sequential and transmitted over the same
subchannel, e.g., ym1,n1 and ym1,n1+1. In this case, the POP requires only that each
subchannel is invariant during the transmission of the pair of pilots.

If eq. (4.19) is split into real and imaginary parts, one can derive the system




Re {ym1,n1} =
(
bm1,n1 −R“bm1,n1

)
Re {Hm1}

Im {ym1,n1} =
(
Rbm1,n1 − “bm1,n1

)
Re {Hm1}

Re {ym2,n2} =
(
bm2,n2 −R“bm2,n2

)
Re {Hm1}

Im {ym2,n2} =
(
Rbm2,n2 − “bm1,n2

)
Re {Hm1}

, (4.20)

where
R = Im {Hm1}

Re {Hm1}
. (4.21)

By combining eq. (4.20) and (4.21), one can observe that the real part of the channel
estimate is given by

Re
{
Ĥm1

}
= Re {ym1,n1}+RIm {ym1,n1}

bm1,n1(1 +R2) , (4.22)

the imaginary part of the channel estimate is given by

Im
{
Ĥm1

}
= RRe

{
Ĥm1

}
(4.23)

and the ratio between the imaginary and real parts of the channel is:

R = bm2,n2Re {ym1,n1} − bm1,n1Re {ym2,n2}
bm1,n1Re {ym2,n2} − bm2,n2Re {ym1,n1}

. (4.24)

At this point, it becomes clear that the POP method does not require the estimation
of the imaginary interference at the receiver side. Therefore, computational complexity is
reduced considerably. However, one must recall that POPs is not intended for time-variant
and/or non-flat channels, as it assumes that the pair of pilots are faded by the same
channel coefficient.

As an example, Figure 4.1 depicts the recommended preamble for POP channel
estimation (LÉLÉ et al., 2008a). Notice that the pilot is sent during the first time-
slot, whereas its pair is a null symbol transmitted during the second time-slot. Thus,
the correspondent pair also serves as a guard interval to mitigate the interference level
generated by the data symbols.



94 Chapter 4. Channel Estimation and Equalization

0 1 2 3 4

0

1

2

M − 1

b0,0

b1,0

b2,0

...

bM−1,0

0

0

0

...

0

a0,2

a1,2

a2,2

...

aM−1,2

a0,3

a1,3

a2,3

...

aM−1,3

a0,4

a1,4

a2,4

...

aM−1,4

· · ·

· · ·

· · ·

· · ·

Time Index

Frequency Index

Preamble Data

Figure 4.1 POP preamble, where bm,0 = −bm−1,0 and b0,0 = ±max
(
ANp

)

4.1.3 IAM-1 Channel Estimation

By analyzing eq. (4.17), one can conclude that

Ĥm = ym0,n0

bm0,n0 + j“bm0,n0

= Hm + ηm0,n0

bm0,n0 + j“bm0,n0

(4.25)

is the most straightforward solution. Nevertheless, it is noteworthy mentioning that such
a channel estimate requires the evaluation of the imaginary interference elements “bm0,n0 .
Fortunately, the imaginary interference can be evaluated with the aid of eq. (4.9)-(4.16).
However, the downside of IAM-1 is the high computational complexity for long pilot
sequences and/or a large number of subcarriers. Another interesting point to notice is
the fact that high imaginary interference levels can mitigate the noise effect, as the noise
power in eq. (4.25) is inversely proportional to bm0,n0 + j“bm0,n0 .

Differently from FBMC, OFDM channel estimation is straightforward given its
full orthogonality that does not add any additional interference. As discussed previously,
FBMC systems are orthogonal in the real field and intrinsic imaginary interference always
takes place during symbol reconstruction. Thus, such interference must be taken into
account in order to estimate the channel state properly.

A large variety of IAM schemes is available in the specialized literature. However,
their main differences lie on their pilot preamble. One of the most straightforward solutions
is proposed by Lélé et al. (2008a) and consists of deploying PAM symbols during three
time-slots. Such a preamble/method is known as the IAM-1 and is depicted in Figure (4.2).
Notice that such a preamble takes three time-slots, which is equivalent to 3/2 OFDM
symbols1.

1Recall that one OFDM symbol is equivalent to two FBMC. Hence, 3 FBMC
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Figure 4.2 IAM-1 preamble, where bm,n ∈ ANp

4.1.4 IAM-2 Channel Estimation

As an alternative, (LÉLÉ et al., 2008a) also suggests the IAM-2 method, which
deploys a preamble composed by three time-slots with null symbols at the first and
third time-slots. For the second slot, the sign of each symbol alternates through all the
subcarriers, i.e., bm,1 = −bm−1,1. In order to mitigate the noise effect, the pilot level is set
to the maximum value allowed by the system, which is constrained by the modulation
order of the system, i.e., bm,1 = ±max

(
ANp

)
.
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Figure 4.3 IAM-2 preamble, where bm,1 = −bm−1,1 and b0,1 = ±max
(
ANp

)

Interestingly, the deployment of the preamble depicted in Figure 4.3 nullify the
imaginary interference experienced by the pilots transmitted in the second time-slot. Since



96 Chapter 4. Channel Estimation and Equalization

the interference is negligible, i.e., “bm,1 ≈ 0, the channel estimation becomes

Ĥm = ym0,n0

bm0,n0

= Hm + ηm0,n0

bm0,n0

, (4.26)

which does not require the estimation of the interference term “bm,1. Despite the complexity
reduction, the imaginary interference or pseudo-pilots can be evaluated offline before
the channel estimation. Thus, there is no computational complexity overhead for this
method. However, the main disadvantage of the IAM-2 preamble is the high PAPR of the
multiplexed signal s[k], as the pilots in the second time-slot are periodically distributed
through all the subcarriers. Therefore, the IAM-2 performance can be significantly limited
depending on the power amplifier deployed by the FBMC system.

4.1.5 IAM-R, IAM-I and IAM-C

The most straightforward way to improve the performance of IAM-2 channel
estimation is to improve the Signal-to-Noise Ratio (SNR) level of the estimation proposed
in eq. (4.25). This can be achieved by increasing the level of the imaginary interference
“bm0,n0 . In order to increase the level of the pseudo-pilot “bm0,n0 , the second time-slot of
the IAM-2 (Figure 4.3) preamble must be optimized. In this sense, (LÉLÉ et al., 2008b)
proposes the IAM-R method, which is the IAM-2 method with a re-optimized preamble.

Further improvements are proposed by Lélé et al. (2008d) and are achieved by also
allowing imaginary pilots in the preamble. The method known as IAM-I allows random
Np-PAM symbols in the second time-slots under some rules:

i) the symbols in the preamble are organized throughout the subcarriers in triples;

ii) each triple has the same magnitude, but their sign is randomly chosen;

iii) the central term of the triple is always imaginary, while the remaining symbols are
real.

Thus by deploying the aforementioned method, the SNR of the channel can be increased,
leading to performance improvements over other IAM channel estimation methods.

Another SNR improvement can be achieved by deploying the IAM-C preamble,
which is also proposed by Lélé et al. (2008d). In this method, the preamble is very similar
to the IAM-R preamble. However, imaginary symbols are introduced in the same positions
described in the IAM-I preamble.

Despite improving the SNR, the IAM-R, IAM-I and IAM-C tend to present a poor
PAPR performance as remarked by Kofidis and Katselis (2011). This behavior is caused
by the increase of the pseudo-pilot level and the deterministic and/or periodic nature of
the preambles. Notice that the PAPR effects are more evident in IAM-R and IAM-C due
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to the deterministic nature of their preamble. On the other hand, the PAPR effects of the
IAM-I are milder due to their random nature. However, it is noteworthy mentioning that
despite being less recurrent, high PAPR realization still occur in the IAM-I pilot signal.

In order to provide a more comprehensive overview of the available preambles for
FBMC channel estimation, Table 4.1 summarizes the aforementioned methods. Thus, such
a table presents the length of the preamble, the number of guard symbols, the definition
of the preamble and an illustrative example with M = 8 and 2-PAM or 4-PAM random
symbols.

Finally, one can extend the aforementioned preamble-based channel estimation
techniques by following the steps described by Kofidis and Katselis (2011) and Kofidis et
al. (2013).
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Table 4.1 A summary of pilots/preambles deployed in FBMC preamble-based channel estimation, where b is a random Np-PAM symbol

Method Length Guard Definition Example

POP 2 PAM symbols 1 PAM symbols bm,n =





(−1)m max
(
ANp

)
, m = 0, 1, · · ·M − 1, n = 0

0, otherwise

+1 0

−1 0

+1 0

−1 0

+1 0

−1 0

+1 0

−1 0

IAM-1 3 PAM symbols 0 PAM symbols bm,n =





b, m = 0, 1, · · ·M − 1, n = 0, 1, 2

0, otherwise

+1 +3 −1

+3 +3 −1

−1 +3 +3

+1 −3 +1

−3 +1 +3

−1 −1 −1

−1 −3 +3

+1 −1 +3
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Table 4.1 A summary of pilots/preambles deployed in FBMC preamble-based channel estimation

Method Length Guard Definition Example

IAM-2 3 PAM symbols 2 PAM symbols bm,n =





(−1)m, m = 0, 1, · · ·M − 1, n = 1

0, otherwise

0 +1 0

0 −1 0

0 +1 0

0 −1 0

0 +1 0

0 −1 0

0 +1 0

0 −1 0

IAM-R 3 PAM symbols 2 PAM symbols bm,n =





±max
(
ANp

)
, m = 0, n = 1

±max
(
ANp

)
, m = 1, n = 1

−bm−2,n, m = 2, 3, · · ·M − 1, n = 1

0, otherwise

0 +1 0

0 −1 0

0 −1 0

0 +1 0

0 +1 0

0 −1 0

0 −1 0

0 +1 0
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Table 4.1 A summary of pilots/preambles deployed in FBMC preamble-based channel estimation

Method Length Guard Definition Example

IAM-I 3 PAM symbols 2 PAM symbols bm,n =





jmod(m,2)b, m = 0, 1, · · ·M − 1, n = 1

0, otherwise

0 +3 0

0 +j3 0

0 −3 0

0 −j1 0

0 −1 0

0 −j1 0

0 +3 0

0 −j3 0

IAM-C 3 PAM symbols 2 PAM symbols bm,n =





±jmod(m,2) max
(
ANp

)
, m = 0, n = 1

±jmod(m,2) max
(
ANp

)
, m = 1, n = 1

−bm−2,n, m = 2, 3, · · ·M − 1, n = 1

0, otherwise

0 +1 0

0 −j 0

0 −1 0

0 +j 0

0 +1 0

0 −j 0

0 −1 0

0 +j 0
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4.1.6 A Brief Numeric Comparison

In this section, we offer a brief numeric comparison between the FBMC channel
estimation methods presented throughout this section. The methods will be compared
according to their achieved channel estimate Normalized Mean-Squared Error (NMSE),
defined by

NMSEH = 1
M

M−1∑

m=0
E




∣∣∣Ĥm −Hm

∣∣∣
2

|Hm|2


 , (4.27)

under the simulation scenario described in Table 4.2. For further reference, we also include
the Least Squares (LS) channel estimation performance for OFDM. Notice that the chosen
scenario deploys an FBMC system with M = 64 subcarriers, an overlapping factor of
K = 4 and a Mirabasi-Martin prototype filter. Alternatively, the OFDM system deploys
almost the same parameters, except the usage of a CP of length M/8. Finally, the adopted
channel is frequency-flat for each subchannel, where the coherence band is three times
larger than the subcarrier bandwidth.

Table 4.2 Parameters deployed for the channel MSE numeric comparison

SISO
M = 64, K = 4, Lp = 257
No CP
Mirabbasi-Martin Prototype Filter

FBMC

POP, IAM-1, IAM-2, IAM-R, IAM-I and IAM-C Channel Estimation
SISO
M = 64
12.5% of CP

OFDM

LS Channel Estimation

Channel

Rayleigh

Exponential PDP
(CHAYAT, 1997)

E
[
|h[k]|2

]
= 1− e−1/τrms

e−(1+10τrms)/τrms
e−`/τrms

` = 0, 1, · · · 10τrms

90th Percentile Coherence Band
(HAMPTON, 2014, eq. (4.31))

Bc,90 = 1/(50τrms)

Subchannel band Bsc = 2/M
Selectivity Index ηB = Bc,90/Bsc = 3

Figure 4.4 depicts the NMSE performance of both FBMC and OFDM channel
estimators under the scenario described in Table 4.2. The performance achieved by most
FBMC estimators is superior under low to moderate SNR levels. In this case, the IAM-2,
IAM-I, IAM-R and the IAM-C channel estimators outperform the OFDM reference due to
the their optimized preambles, which are optimized to increase the power of the pseudo-pilot
and improve the SNR without the need of extra transmission power. However, an NMSE
performance floor is established under high SNR for IAM channel estimators due to the
intrinsic interference generated by adjacent pilots and/or data symbols. Unlike the noise,
the effect of the intrinsic interference cannot be eliminated by an SNR increase, establishing
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an NMSE floor for the IAM methods. Despite presenting an inferior performance compared
to most IAM estimators for low to moderate SNR, the POP scheme does not depend
on the evaluation of imaginary interference terms and presents a milder performance
degradation in high SNR levels.
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Figure 4.4 Channel estimate NMSE for FBMC and OFDM
systems

4.2 Equalization

This section discusses how to proceed with channel equalization in FBMC systems
through basic, but effective techniques. As the wireless channel tends to distort the
transmitted signal significantly, compensation is required to enable symbol reconstruction
at the receiver side. In order to execute such compensation, channel estimates are required
and can be obtained via the methods discussed in the previous section of this chapter.
Hence, this section presents channel equalization for both SISO and MIMO systems
operating with FBMC multiplexing, which is executed after channel estimation at the
receiver side.

4.2.1 Equalization Detection for SISO Systems

In order to nullify the channel effects, one can perform the single-tap ZF equalization

ãm,n = Re
{
ym,n
Hm

}
. (4.28)

Notice that the post equalized symbol is still affected by the interference, which can
be eliminated by considering only the real part of ym,n/Hm. Alternatively, a multi-tap
equalization can be proceeded if the subchannels are not flat. In this sense, equalization
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can be proceed at a low rate using ym,n (IHALAINEN et al., 2011), i.e.,

ãm,n = Re
{
Lw−1∑

`=0
wm,`ym,n−`

}
, (4.29)

where wm,i are the weights of an Lw-tap equalizer, which can be optimized according to
the ZF or MMSE criteria. Notice that there are several equalization alternatives, including,
for example, time-based algorithms (IKHLEF; LOUVEAUX, 2009a) and adaptive filtering
schemes (CHEN; MAEHARA, 2017). Unfortunately, each method tends to use different
notations, making it difficult to standardize the equalization description.

4.2.1.1 MIMO Detection for Frequency-Flat Subchannels

Provided each subchannel is frequency-flat or even mildly selective, any MIMO
detection scheme available from literature can be deployed to reconstruct symbols at the
receiver side of a MIMO-FBMC system. Hence, eq. (2.40), i.e.,

ym,n = Hm (am,n + j“am,n) + ηm,n (4.30)

is solved to retrieve the transmitted symbols am,n. However, one must take into account the
imaginary interference j“am,n during the detection procedure. For plain linear processing
techniques, imaginary interference can be ignored as it can be vanished after taking the
real part of the equalization result. As an example, by taking the real part of the ZF
equalization, one can completely eliminate the interference terms j“am,n.

Unfortunately, not all detectors can be directly extended for MIMO-FBMC as
interference affects the received signal. In this sense, eq. (4.30) can be rewritten as a real
system:


Im {ym,n}
Re {ym,n}




︸ ︷︷ ︸
rym,n

=

 Re {Hm} Im {Hm}
−Im {Hm} Re {Hm}




︸ ︷︷ ︸
rHm


“am,n
am,n




︸ ︷︷ ︸
ram,n

+

Im {ηm,n}
Re {ηm,n}




︸ ︷︷ ︸
rηm,n

, (4.31)

which also brings the advantage of a more standardized presentation. Since the goal of the
detection is to retrieve am,n, “am,n can be ignored by converting eq. (4.31) into a triangular
system through the QR decomposition. Hence, applying the QR decomposition into rHm

leads to:
rHm = rQm rRm, (4.32)

where rQm is orthonormal and rRmupper triangular. Since rQm is orthonormal 2, multiplying
it by rym,n, i.e., rQH

m rym,n leads to the block-wise system:

rQH
m rym,n =


ry(a)

m,n

rrym,n


 =


rR

(a)
m rR(b)

m

0 rrRm




“am,n
am,n


+


rη

(a)
m,n

rrηm,n


 . (4.33)

2
rQH

m rQm = I
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Therefore, such a procedure isolates the signal from the interference and the system

rrym,n = rrRmam,n + rrηm,n (4.34)

can be solved through classical MIMO detection.
Aiming to provide a brief overview of MIMO detection, Table 4.3 presents classical

and prominent MIMO detectors. Notice that some detectors presented in Table 4.3 were
adapted for MIMO-FBMC usage, but can be easily modified for MIMO-OFDM operation.
Further details on MIMO detection are provided in (KOBAYASHI et al., 2014) and
(KOBAYASHI et al., 2015). Moreover, Appendix H.7 presents scripts for some detectors
displayed in Table 4.3.

Table 4.3 MIMO-FBMC detection

Detector Details

ML
(CHANG; CHANG, 2017)

The ML detector is the optimum solution for solving (2.40) and can be described by:

ã = argmin
am,n

∥∥
rrym,n − rrRmam,n

∥∥2

s.t. am,n ∈ ANT
Np

.

Such a detector evaluates
∥∥
rrym,n − rrRmam,n

∥∥2 considering all combinations of am,n,
choosing the option with the smallest norm. Since there are NNT

p combinations, the
complexity increases dramatically for large MIMO systems.

SD
(HASSIBI; VIKALO, 2005)
(AGRELL et al., 2002)

The SD is a tree search algorithm with near-ML performance and reduced complexity.
It ignores less likely candidates that are outside of a sphere of radius d, which is based
on the SNR of the signal, i.e.,

ã = argmin
am,n

∥∥
rrym,n − rrRmam,n

∥∥2

s.t.
∥∥
rrym,n − rrRmam,n

∥∥2
< d2

am,n ∈ ANT
Np

.

Since it ignores less likely symbol candidates, complexity can be reduced significantly,
especially in high SNR scenarios.

K-Best
(MONDAL et al., 2008)
(WONG et al., 2002)

In order to reduce complexity, K-Best considers only the K most probable symbol
candidates for each antenna. Hence, KNt combinations are tested rather than NNt

p .
However, K must be chosen properly to provide low to moderate complexity, while
not degrading error rate performance. Unlike SD, K-Best search presents a constant
computational load and uniform data path computation.
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Detector Details

SDP-Based Detector
(LUO et al., 2010)
(MYAMOTO; ABRÃO, 2013)
(NEGRÃO et al., 2016)

By observing that

∥∥
rrym,n − rrRmam,n

∥∥2 ∝
[

aTm,n 1
]

 rrR

T
m rrRm −rrR

T
m rrym,n

−rry
T
m,n rrRm 0




︸ ︷︷ ︸
L


am,n

1




︸ ︷︷ ︸
v

,

one can recast the ML problem to be solved via SDP:

Ṽ = argmin
V

Tr (LV)

s.t. min
{
ANp

}2 1 ≤ diag(V) ≤ max
{
ANp

}2 1

[V]NT +1,NT +1 = 1

V � 0,

where V = vvT . Notice that the problem described previously is a relaxed version
as the rank-1 constraint is substituted by the semi-positiveness requirement. Since
Ṽ = ṽṽT contains the transmitted symbols, one must decouple the desired vector. Two
possible choices to decouple symbols are the rank-1 approximation and the Gaussian
randomization.

ZF
(BAI; CHOI, 2014)
(WINTERS et al., 1994)

One of the simplest linear detectors for MIMO V-BLAST systems, the ZF deploys the
Moore-Penrose pseudo-inverse matrix to estimate the transmitted symbols:

ãm,n = Re
{

H†mym,n
}

= Re
{(

HH
mHm

)−1 HH
mym,n

}
.

MMSE
(BAI; CHOI, 2014)
(WINTERS et al., 1994)

Aiming to improve the ZF performance, MMSE takes into account the noise effect on
the overall transmission:

ãm,n = Re
{(

HH
mHm + N0

Es
I
)−1

HH
mym,n

}
.

SIC-Based Detectors
(WUBBEN et al., 2001)

The strategy of SIC-based detectors is to use the triangular system

rrym,n = rrRmam,n + rrηm,n

to detect symbols and cancel interference. Hence, the last symbol is detected, sliced
and its interference is removed on the next layers. This procedure is repeated upwards
until all symbols are detected, and is known as the ZF-SIC detector. Notice that the
SIC procedure can also be deployed with the MMSE metric by deploying the extended

channel matrix
[
rrH

T
m

√
N0/EsINT

]T
.

OSIC-Based Detectors
(WUBBEN et al., 2003)
(KOBAYASHI; ABRÃO, 2016)

The main difference between SIC and OSIC detectors is the deployment of the ordered
QR decomposition. Through this modified decomposition, symbols with higher SNR
are detected first, reducing error propagation and improving performance.
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Detector Details

LR-Based Detectors
(MA; ZHANG, 2008)
(WUBBEN et al., 2004)
(LENSTRA et al., 1982)

By deploying the Lenstra-Lenstra-Lovász (LLL) algorithm, the receiver can detect
symbols with a near-orthogonal channel matrix

rr̃Rm = rrRm rrTm,

where rrTm is a unimodular matrix, i.e., a matrix with integer entries and a determinant
with unitary absolute values,

∣∣
rrTm

∣∣ ∈ {±1,±j}. Hence, eq. (2.40) can be rewritten as:

rrym,n = rrRmam,n + rrηm,n

= rrRm rrTm

(
rrT
−1
m am,n

)
+ rrηm,n

= rr̃Rmzm,n + rrηm,n.

Eq. (4.3) can be solved with linear detection. As an example, the ZF solution for eq.
(4.3) is

z̃m,n = rr̃R
†
m rrym,n.

After the equalization LR-symbols are quantized and converted back to their original
domain. It is noteworthy mentioning that LR can also be combined with MMSE metric
as well as other detection techniques such as SIC, OSIC, and Chase-list.

Chase List-Based Detectors
(WATERS; BARRY, 2005)

Similar to SIC-based detectors, the Chase List repeats the detection considering differ-
ent last-antenna symbols candidates [am,n]NT

. Since the last element of am,n is more
prone to generate a higher error propagation, repeating its detection can minimize er-
rors. Since it is a relatively simple detector, it can also be combined with both LR and
SIC techniques.

4.2.1.2 Multi-tap MIMO Equalization

For frequency-flat subchannels scenarios, the previous MIMO detectors are suit-
able for reconstructing data at the receiver side. However, they may present deficient
performance when operating under frequency-selective subchannels. As an alternative to
circumvent such a issue, the FBMC system can operate using a multi-tap equalizer. By
deploying multiple taps, such equalizers can overcome subchannel selectivity. From this
perspective, multi-tap equalization is a flexible choice, enabling the receiver to choose the
number of taps properly accordingly to the frequency selectivity of each subchannel.

In particular, for FBMC systems, Ihalainen et al. (2011) propose a multi-tap
equalizer based on the frequency sampling technique. The frequency sampling technique
sets the equalizer coefficients properly to assume a value to compensate the frequency
response in specific target points. Despite its flexibility, the multi-tap equalizer proposed
by Ihalainen et al. (2011) cannot be combined with all of the detection methods presented
previously, as only linear methods are compatible.

For the sake of simplicity, let us describe the multi-tap MIMO equalizer considering
an odd length Lw. In this sense, the goal is to design a series of Lw matrices to equalize
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the received signal ym,n:

ãm,n = Re
{
Lw−1∑

`=0
Wm,`ym,n−`

}
, (4.35)

where Wm,i are the taps of the equalizer. In particular, Ihalainen et al. (2011) proposed a
design where the equalizer is based on Lw frequency points for each subchannel. Hence,
each subchannel is divided into Lw evenly distributed frequency target points

Hm,(`), ` = 0, 1, · · ·Lw − 1, (4.36)

which are used to design the frequency-domain equalization matrices Gm,(`). Two possible
and popular equalization matrices are the ZF

Gzf
m,(`) =

(
HH
m,(`)Hm,(`)

)−1
HH
m,(`) (4.37)

and the MMSE
Gmmse
m,(`) =

(
HH
m,(`)Hm,(`) + N0

Es
INT

)−1
HH
m,(`). (4.38)

The final step of the design is the conversion of the matrices Gm,(`) into Wm,`.
Unfortunately, plain Discrete Fourier Transform (DFT) cannot be deployed as the equal-
ization of each subchannel is evaluated individually. Such conversion must be proceeded
through the linear transformation




Wm,0

Wm,1
...

Wm,Lw




=




D11 D1,2 · · · D1,Lw

D21 D2,2 · · · D2,Lw
... ... . . . ...

DLw,1 DLw,2 · · · DLw,Lw




−1

·




Gm,(0)

Gm,(1)
...

Gm,(Lw−1)



, (4.39)

where
D`,k = exp

[
−j 2π

Lw + 1
(Lw − 1− 2`) (Lw − 1− 2k)

4

]
INT . (4.40)

4.3 Conclusions

Throughout this Chapter, it was possible to understand how imaginary interference
affects the transmission of FBMC directly, leading to incompatibilities between signal
processing techniques of FBMC and OFDM systems. In particular, this Chapter discussed
preamble-based channel estimation techniques, channel equalization, and MIMO detection
for FBMC systems. In this sense, it was observed that channel estimation in FBMC has
its peculiarities and different mechanisms to minimize the interference during the signal
processing. Moreover, this Chapter also introduced a MIMO detection strategy to estimate
the transmitted symbols from the imaginary interference, enabling full compatibility of
classical MIMO detectors for FBMC systems. Nevertheless, such an advantage comes
at the price of a higher complexity since a pre-processing stage that requires a matrix
decomposition carried out before MIMO-FBMC symbol detection.
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5 OFDP-SDP Design

In this chapter, we propose a prototype filter design that deploys DPSSs as its basis
and takes into account near-perfect symbol reconstruction and OoB energy suppression as
the optimization criteria. Since the proposed filters share some features with the OFDP,
they will be referred to as the OFDP-SDP prototype filter. Despite sharing similarities,
the proposed methodology aims to design prototype filters via convex optimization. More
specifically, the prototype filter design is stated as a non-convex QCQP, which is relaxed
into an SDP for a more straightforward solution.

In particular, we aim to design short length prototype filters (K ≤ 3) with near-
perfect symbol reconstruction with the aid of SDP. The deployment of short length
prototype filters is a twofold gain. First, shorter pulses introduce a lower delay at the
output of an FBMC system, as highlighted in eq. (26) of (SIOHAN et al., 2002). Second,
longer prototype filters may generate interference that spans several adjacent symbols,
degrading the overall performance. An example of such behavior is the Interference
Approximation Method and the Pair of Pilots (LÉLÉ et al., 2008a) channel estimation
for FBMC systems. Their performance is affected by adjacent interference produced by
the prototype filter. Numerical results show that prototype filters derived via the SDP
problem provides a much better symbol reconstruction compared with other filters such
as the EGF.

5.1 Proposed Design

This Chapter proposes a design, which reinterprets and extends the OFDP design
introduced by Vahlin and Holte (1994). In short, the OFDP design aims to provide the
optimal filter in terms of OoB emission, while taking into account perfect reconstruction of
the transmitted data. At this point, it is important to highlight some features and flaws of
the original design. Originally, the resulting OFDP is obtained by sampling a continuous
sum of Prolate Functions. Also, the resulting optimization problem is solved by using the
Euler-Lagrange equation. Specifically, one must solve the set of equations (indexed by the
pairs (m,n))

2
∫ T

−T
p(t)

sin
[

2π
τ0

(t− s)
]

π(t− s) dt

=
∑

m,n

λm,n [p(t− nτ0) + p(t+ nτ0)] cos
(4π
τ0
mt
) (5.1)

where
p(t) =

∑

`

α2`ψ2`(t), (5.2)
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α` are the filter weights, ψ2` are prolate functions, T is the continuous pulse length, τ0 is
the FBMC signaling interval.

However, a more in-depth analysis reveals that perfect reconstruction, modeled
by an equality constraint, cannot be achieved. Indeed, the equality constraint for perfect
reconstruction is assumed for modeling the problem. Nonetheless, such a constraint is
violated, as the authors measure an interference level on the resulting OFDP. Furthermore,
as the formulated problem is not convex, there is no guarantee that the provided solution
is a global optimum.

5.1.1 Objective Function

In order to obtain an even-symmetric prototype filter around (Lp − 1)/2, let us
consider the matrix

Ψ =
[
ψ0,2π/M ψ2,2π/M · · · ψ2(N−1),2π/M

]
(5.3)

to be the concatenation of N even indexed Slepian sequences. Through such a matrix, we
define the resulting prototype filter as the linear transformation

p = Ψc, (5.4)

where
c =

[
c0 c1 · · · cN−1

]T
(5.5)

is the vector containing the weights of the prototype filter.
Consequently, we can define the objective function of the OFDP problem as

E(ωc) = cTΨT
[
ILp − Γ (ωc)

]
Ψc. (5.6)

Hence, by taking (5.6) as the objective function, we aim to determine the weights c2i which
minimize the OoB energy emission.

5.1.2 FBMC Symbol Interference

In order to design an FBMC prototype filter with near-perfect reconstruction
properties, let us recall that symbol reconstruction in a noiseless scenario may be proceeded
through

ãm0,n0 = Re {〈s[k], pm0,n0 [k]〉}

= am0,n0 +
∑

(m,n) 6=(m0,n0)
am,nRe {〈pm,n[k] |pm0,n0 [k]〉} .

(5.7)

Noticeably, eq. (5.7) highlights the presence of self-interference, which should be minimized
in order to enable data reconstruction at an FBMC receiver. In this sense, let us define
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the interference terms

εm,n = Re {〈pm,n[k] |p0,0[k]〉}
= cos

[
π
2 (m+ n)

] ∞∑

k=−∞
p
[
k − nM2

]
p[k] cos

(2π
M
mk

)
.

(5.8)

Due to the characteristics of (5.8), one can enumerate the following properties:

εm,n =





1 m = n = 0 (5.9a)
0, |n| >

⌈
Lp
M/2

⌉
− 1 (5.9b)

0, odd m+ n (5.9c)
εm,−n (5.9d)
−εM−m,n, 1 ≤ m ≤M/2− 1. (5.9e)

Eq. (5.9a) is the energy of the prototype pulse p[k]. εm,n is null since p[k] has a finite
length of Lp, as prescribed by (5.9b). The terms εm,n are also null for odd m+n, given the
phase-shift ejπ/2(m+n) adopted in eq. (2.8). Finally, the symmetric features of (5.8) render
both properties (5.9d) and (5.9e).

Considering the properties described in eq. (5.9a) to (5.9e), we can define the set
of pairs

E =





(m,n)

∣∣∣∣∣∣∣∣∣∣∣∣

0 ≤ m ≤M/2
0 ≤ n ≤

⌈
Lp−1
M/2

⌉
− 1

m+ n even
m+ n 6= 0





, (5.10)

as the set of non-redundant interference elements εm,n of p[k]. Thus, E is the smallest set
of double capable of representing the SIR provided in (3.1).

5.1.3 Interference Constraints

As the OFDP design takes into account the reconstruction features in an FBMC
transmission, such concern must be incorporated into the optimization problem. In this
sense, let us define the time-shift operator Πn, which is a nilpotent matrix with entries

[Πn]i,j =





1, j = i+ nM/2

0, otherwise
. (5.11)

We also define the diagonal matrix Σm with entries

[Σm]k,k = cos
[2π
M
mk

]
. (5.12)

Through eq. (5.11) and (5.12), the interference elements εm,n can be rewritten in matrix
form as

εm,n = cos
[
π

2 (m+ n)
]
pT (ΣmΠn) p. (5.13)
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Conveniently, one can take advantage of (5.9d) and rewrite eq. (5.13) as

εm,n = cos
[
π

2 (m+ n)
]
pT

(
ΠT
nΣT

m + ΣmΠn

2

)
p. (5.14)

Since εm,n is obtained from a symmetric matrix, such a matrix is guaranteed to present a
real spectrum, which is desirable for the optimization problem.

As a final step, we combine the linear transformation (5.4) with eq. (5.14) in order
to provide the final form for the interference elements

εm,n = cos
[
π

2 (m+ n)
]
cTΨT

(
ΠT
nΣT

m + ΣmΠn

2

)
Ψc. (5.15)

5.1.4 Resulting Optimization Problem

Considering both the IB energy and the interference elements, the proposed design
can be described by the following optimization problem:

c∗ = argmin
c

cTΨT
[
ILp − Γ (ωc)

]
Ψc

s.t.
∣∣∣∣∣c
TΨT

(
ΠT
nΣT

m + ΣmΠn

2

)
Ψc

∣∣∣∣∣ ≤ ε0

(m,n) ∈ E

cTc = 1.

(5.16)

Through the optimization problem (5.16), the vector c must be optimized in order to
minimize the OoB band emission, while tolerating a maximum interference level ε0, which
controls the interference level, and hence the SIR expressed in (3.1). An additional equality
constraint is required in order to make the prototype filter energy unitary; otherwise, the
solution assumes the trivial form c = 0N×1.

Unfortunately, the optimization problem (5.16) is a non-convex QCQP, as the
equality constraint is not affine and the inequality constraints do not compose a convex
set of functions, given the absolute value inequalities. Hence, there may be multiple
local optimums, making it hard to solve such a problem efficiently. In fact, applying the
Karush-Kuhn-Tucker (KKT) conditions to a non-convex QCQP may not even lead to a
local optimum (LU et al., 2011).

In order to circumvent the non-convexity of (5.16), one can recast such a problem
as the following SDP:

C̃∗ = argmin
C

Tr
{
ΨT

[
ILp − Γ (ωc)

]
ΨC

}

s.t
∣∣∣∣∣Tr

[
ΨT

(
ΠT
nΣT

m + ΣmΠn

2

)
ΨC

]∣∣∣∣∣ ≤ ε0

(m,n) ∈ E

Tr (C) = 1

C � 0.

(5.17)
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After obtaining the SDP solution of (5.17), namely C̃∗ = c̃∗ (c̃∗)T , the actual
solution c̃∗ must be extracted. Notice however that C̃∗ is not guaranteed to be a rank-1
matrix, making such problem a relaxation. Two popular choices to extract the solution from
C̃∗ are the rank-1 approximation and the Gaussian Randomization (PALOMAR; ELDAR,
2009). Through the rank-1 approximation, the principal component of C̃∗ is extracted from
the solution c̃∗. In other words, c̃∗ is the eigenvector associated with the largest eigenvalue
of C̃∗. As an alternative, the Gaussian randomization takes samples from a Gaussian
random vector with a null mean and C̃∗ covariance, xi ∼ N (0, C̃∗), choosing as the
solution the feasible sample with the lowest cost. As expected, the Gaussian randomization
presents a massive and unpractical computational cost in large scale problems, as one must
sort and check the sample vector feasibility. Since ci is a continuous variable it is very hard
to pick up a feasible sample vector randomly. Notice that the Gaussian randomization is
more commonly applied in optimization problems with discrete variables, e.g, a Boolean
Quadratic Problem, where a feasible candidate can be easily generated by rounding the
vector sample. Hence, the rank-1 approximation is a better trade-off in terms of complexity
and the quality of the solution, provided C̃∗ is a low-rank matrix.

Since the optimization problem (5.17) is a relaxation of (5.16), there is no guarantee
of achieving the optimal solution. However, SDP relaxation has been applied successfully
in many problems related to communication systems and signal processing, besides being
efficiently solved in polynomial time (LUO et al., 2010; MATTINGLEY; BOYD, 2010).
Furthermore, interpreting the OFDP problem as an SDP may provide flexibility in such
a design, since other constraints and modifications can be incorporated. Typically, SDP
problems are solved efficiently by recasting them as Second-Order Cone Program (SOCP)
and deploying specialized interior-point algorithms (LOBO et al., 1998).

5.1.5 Complexity of the OFDP Design

Concerning the size of the optimization problem (5.17), one may immediately
observeN variables and one equality constraint. Furthermore, the number of pairs contained
in the set E is

|E| = 1
2

(
M

2 + 1
)⌈

Lp
M/2

⌉
− 1. (5.18)

This implies that the optimization problem (5.17) presents 2 |E| inequality constraints.
Hence the worst case complexity order required to solve (5.17) is

O


max

[
N,

(
M

2 + 1
)⌈

Lp
M/2

⌉
− 1

]4√
N log

(1
κ

)
 , (5.19)

where κ is the solution accuracy (LUO et al., 2010). Although the problem posed in (5.17)
can be solved reasonably fast, the computation time is not a critical exceedingly concern,
as this optimization problem can be solved offline and prior to the operation of the FBMC
system.
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5.2 Numerical Results

The numerical results presented herein were obtained with the aid of the modeling
framework CVX (GRANT; BOYD, 2014) in conjunction with the solver MOSEK 8.0
(APS, 2017). Specifically, MOSEK solves SDP problems by deploying the primal-dual
interior-point method algorithm described in (ANDERSEN et al., 2003), which is based
on the Nesterov-Todd method (TODD et al., 1998). Other solver options such as Sedumi
and SDPT3 are also embedded into CVX, but our tests showed them to be less stable and
slower than MOSEK. Also, given the low complexity costs, we extracted the final solution
of the SDP problem by using the rank-1 approximation, as the principal component of C̃∗

always presented more than 97% of the energy of such a matrix.
As stated previously, this chapter focuses on prototype filters with shorter lengths,

e.g., K ≤ 2. However, the developed methodology was extended for comparison purposes.
Therefore, the numerical results herein presented take into account Lp = KM samples,
where the overlapping factor is K = {1, 2, 3}. Indeed, we have extended the analysis for
the condition K = 3 to evaluate the effectiveness of the proposed design methodology.
Furthermore, we set a stringent tolerable interference level of ε0 = 10−12 in order to
provide a near-perfect symbol reconstruction. Since our proposed design application is
focused on multicarrier application, a straightforward choice for the cutoff frequency is
ωc = 2π/M where the short prototype filter condition applies. Also, the optimization
problem will be solved for different numbers of subcarriers, M = {8, 16, 32, 64, 128} as
the performance of prototype filters based on DPSSs varies significantly depending on
the number of subcarriers1. Table 5.1 summarizes all the parameters values deployed
in the numerical analysis, whereas Appendix A presents the weights obtained for each
optimization setup.

Table 5.1 Optimization setup for different overlapping factors K

K
Parameter

1 2 3

ε0 10−12 10−12 10−12

ωc
2π
M

2π
M

2π
M

N KM
2

KM
2 8

In the following subsections, we present both the impulse and frequency responses
for the proposed design, the OFDP and the EGF. Furthermore, aiming to conduct a
proper numeric comparison, we present the SIR, MSL, Dτ , Dν , the Heisenberg factor and
the out of band energies for 2π/M and 4π/M for the three prototype filter options.

1This behavior was observed in Table II of (SIOHAN et al., 2002)
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5.2.1 Prototype Filters with K = 1

Figure 5.1 presents both the impulse and frequency responses of the proposed
prototype filter design and the EGF for an overlapping factor of K = 1. Notice that the
latter prototype filter was chosen for this comparison as it is regarded as one of the leading
choices in FBMC systems to come due to its high symbol reconstruction capability, tuned
by the spreading factor α (DOHLER; NAKAMURA, 2016). Unfortunately, (VAHLIN;
HOLTE, 1994) did not provide the prototype filter weights for K = 1, and the description
of the solution of the optimization problem lacks the information needed to remount the
exact scenario idealized by the authors. Hence, the OFDP provided by the original design
could not be simulated.

In terms of performance, one can observe in Tables 5.2 and 5.3 that the proposed
OFDP-SDP design achieved a much higher SIR than the EGF while maintaining similar
spectral performance. Furthermore, it is noteworthy mentioning that the SIR levels vary
according to the number of subcarriers in both OFDP-SDP and EGF cases.

5.2.2 Prototype Filters with K = 2

Noticeably, the original and the proposed OFDP designs present similar pulse
shapes for K = 2, as one can observe in Figure 5.2. However, differences in the power
spectrum are noticeable, especially for the first sidelobes, as presented in Figure 5.2b.

Despite their near-identical aspect, the OFDP and the proposed solution perform
differently in terms of symbol reconstruction, as can be observed in Tables 5.5 and 5.6.
First, it can be observed that the proposed prototype filter achieves a much higher SIR
than the OFDP design, whereas the MSL perfomance is slightly inferior. Regarding the
remaining figures of merit, substantial differences cannot be observed. By analyzing Table
5.4, one can conclude that the EGF presents a large spread in the frequency domain,
which is a consequence of its symbol reconstruction quality. Furthermore, one can observe
that the EGF presented similar MSL levels, a near-optimal Heisenberg factor and slightly
higher OoB emissions.

5.2.3 Prototype Filters with K = 3

Figures 5.3a and 5.3b present both the impulse and frequency responses for the
OFDP, OFDP-SDP and the EGF with an overlapping factor ofK = 3. Differently from the
previous case (K = 2), the OFDP and the proposed prototype filter presented significant
differences in the impulse and frequency responses. Notice that the frequency response of
the proposed filter presents a faster decay up to ω/2π = 0.05 while presenting a slower
decay for ω/2π ≥ 0.05. Furthermore, one can observe that the EGF presents a much larger
OoB emission in comparison to the other solutions.
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Tables 5.5 and 5.6 presents the performance of the OFDP designs and the EGF. In
general, both prototype filters achieve similar performances when it comes to the OoB
energy and the MSL. However, the OFDP obtained via SDP achieves a far superior SIR,
enabling such a pulse to operate over any SNR, without adding any negative impact on
the data transmission of an FBMC system. Provided α is appropriately tuned, the EGF
may present a high SIR level, even surpassing the original OFDP design. Nevertheless, an
EGF prototype filter with a high spreading factor may present a low performance in terms
of spectrum containment, as both the IB energy and the MSL levels are relatively high.
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Figure 5.1 Time and frequency representations for OFDP and EGF pulses (K = 1,
M = 64, and Lp = 64)

Table 5.2 EGF performance for K = 1

M SIR[dB] MSL[dB] Dτ Dν ξ E
(

2π
M

)
[dB] E

(
4π
M

)
[dB]

8 77.112 -18.178 0.220 0.454 0.796 -10.793 -17.798
16 78.966 -18.235 0.216 0.471 0.778 -10.580 -17.364
32 80.582 -18.234 0.216 0.472 0.777 -10.574 -17.367
64 81.796 -18.229 0.216 0.472 0.776 -10.570 -17.371
128 82.598 -18.227 0.216 0.473 0.775 -10.568 -17.372

Table 5.3 Proposed prototype filter performance for K = 1

M SIR[dB] MSL[dB] Dτ Dν ξ E
(

2π
M

)
[dB] E

(
4π
M

)
[dB]

8 262.901 -22.758 0.289 0.329 0.837 -17.707 -24.218
16 262.414 -23.060 0.287 0.376 0.738 -17.336 -23.052
32 266.396 -23.135 0.287 0.450 0.616 -17.246 -22.797
64 264.591 -23.153 0.287 0.570 0.486 -17.224 -22.736
128 246.974 -23.158 0.287 0.755 0.368 -17.218 -22.721
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Figure 5.2 Time and frequency representations for OFDP and EGF pulses (K = 2,
M = 64, and Lp = 128)

Table 5.4 EGF performance for K = 2

M SIR[dB] MSL[dB] Dτ Dν ξ E
(

2π
M

)
[dB] E

(
4π
M

)
[dB]

8 77.777 -18.143 0.220 0.454 0.796 -10.789 -17.784
16 77.522 -18.181 0.216 0.471 0.778 -10.581 -17.337
32 77.380 -18.181 0.216 0.472 0.777 -10.579 -17.333
64 77.290 -18.182 0.216 0.472 0.777 -10.579 -17.333
128 77.250 -18.182 0.216 0.472 0.777 -10.579 -17.333

Table 5.5 OFDP performance for K = 2

M SIR[dB] MSL[dB] Dτ Dν ξ E
(

2π
M

)
[dB] E

(
4π
M

)
[dB]

8 45.408 -32.653 0.329 0.265 0.911 -27.093 -31.245
16 75.576 -32.717 0.328 0.274 0.883 -26.870 -30.673
32 57.915 -32.727 0.328 0.290 0.837 -26.816 -30.555
64 55.934 -32.748 0.328 0.317 0.765 -26.802 -30.526
128 55.498 -32.748 0.328 0.366 0.662 -26.799 -30.519

Table 5.6 Proposed prototype filter performance for K = 2

M SIR[dB] MSL[dB] Dτ Dν ξ E
(

2π
M

)
[dB] E

(
4π
M

)
[dB]

8 247.429 -31.463 0.328 0.267 0.909 -27.072 -31.281
16 242.197 -31.790 0.328 0.274 0.884 -26.946 -30.749
32 245.090 -31.865 0.328 0.288 0.840 -26.918 -30.640
64 250.045 -31.883 0.328 0.315 0.770 -26.911 -30.614
128 253.981 -31.887 0.328 0.362 0.670 -26.910 -30.607
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Figure 5.3 Time and frequency representations for OFDP and EGF pulses (K = 3,
M = 64, Lp = 192)

Table 5.7 EGF performance for K = 3

M SIR[dB] MSL[dB] Dτ Dν ξ E
(

2π
M

)
[dB] E

(
4π
M

)
[dB]

8 80.951 -18.141 0.220 0.454 0.796 -10.789 -17.784
16 81.172 -18.180 0.216 0.471 0.778 -10.580 -17.330
32 81.202 -18.180 0.216 0.472 0.777 -10.578 -17.333
64 81.209 -18.181 0.216 0.472 0.777 -10.578 -17.333
128 81.209 -18.181 0.216 0.472 0.777 -10.578 -17.333

Table 5.8 OFDP performance for K = 3

M SIR[dB] MSL[dB] Dτ Dν ξ E
(

2π
M

)
[dB] E

(
4π
M

)
[dB]

8 42.293 -36.733 0.325 0.257 0.952 -29.312 -44.557
16 65.697 -36.582 0.324 0.259 0.948 -29.228 -43.620
32 54.571 -36.546 0.324 0.259 0.947 -29.207 -43.443
64 52.806 -36.537 0.324 0.260 0.945 -29.202 -43.401
128 52.420 -36.535 0.324 0.261 0.941 -29.200 -43.391

Table 5.9 Proposed prototype filter performance for K = 3

M SIR[dB] MSL[dB] Dτ Dν ξ E
(

2π
M

)
[dB] E

(
4π
M

)
[dB]

8 44.833 -51.884 0.381 0.234 0.894 -41.569 -42.987
16 49.593 -41.020 0.368 0.238 0.909 -39.727 -46.567
32 58.907 -38.758 0.347 0.246 0.932 -35.524 -51.111
64 58.135 -38.510 0.344 0.248 0.934 -34.997 -51.736
128 57.932 -38.510 0.344 0.248 0.933 -34.958 -51.856
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5.3 Conclusions

In this Chapter, we have proposed a methodology to design prototype filters
deploying DPSSs and the relaxation of a QCQP problem into SDP. Initially, the designed
prototype filters were expected to perform similarly to OFDPs as both pulses deploy DPSSs
and share the same optimization criteria. Nevertheless, numerical results demonstrate that
our methodology achieved a far superior SIR than OFDP provided by the original work,
while maintaining similar spectrum features for small overlapping factors, i.e., K = {1, 2}.
On the other hand, superior spectrum features were achieved by our design for K = 3.
Hence, such a design can be useful not only for the OFDP filter design, as it can be
extended by modifying the optimization problem or even the set of sequences to compose
the prototype filter.
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6 Convex Optimization Prototype
Filter Design

Following the concepts presented in the previous chapter, we now propose a pro-
totype filter design deploying convex optimization instead of relying on SDP relaxation.
Instead of only taking into account symbol reconstruction constraints, the methodology
introduced in this chapter also considers spectrum. Initially, the proposed design is written
as a non-convex QCQP which is relaxed into a convex QCQP guided by a line search. As
a result, we deploy the proposed method to design three prototype filters that provide
high-performance symbol reconstruction and superior spectrum features. Numerical results
corroborate the effectiveness of the proposed filters by analyzing them from the perspective
of different metrics.

6.1 Proposed Design

In this section, we develop a methodology for designing prototype filters via convex
optimization. Through this design, we aim to minimize the OoB energy emission, while
providing a high-performance symbol reconstruction and maintaining a fast spectrum
decay. The description of the proposed design begins by defining the filter expression as a
linear transformation. In the sequel, we provide the objective function expression, i.e., the
OoB energy. Furthermore, we present a full discussion on the FBMC interference elements,
which are used to ensure a high SIR prototype filter. The constraints required to achieve a
prototype filter with fast spectrum decay are also offered. Finally, we cast the problem as
a non-convex QCQP, which, in its turn, is relaxed into a convex QCQP guided by a line
search. Since we aim to deploy convex optimization techniques in our design, we provide a
brief proof of the convexity of each component of the optimization problem.

6.1.1 Filter Expression

In order to model the prototype filter, let us define the matrix

F =
[
f0 f1 · · · fN−1

]
. (6.1)

to be the aggregation of N sequences, where

fi =
[
fi[0] fi[1] · · · fi[Lp − 1]

]T
(6.2)

is a vector with unitary norm ‖fi‖2 = 1. Hence, let us express the prototype filter as the
linear transformation

p = Fc, (6.3)
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where
c =

[
c0 c1 · · · cN−1

]T
(6.4)

are the coefficients to be optimized.
Throughout this chapter, we consider two families of sequences to be deployed as

fi[k]1. First, we consider fi[k] as the DPSS, i.e.,

fi[k] = ψ2i,ωs [k]. (6.5)

As an alternative, a family of cosine sequences can also be deployed:

fi[k] =





1√
KM + 1

, i = 0
√

2
KM + 2 cos

( 2πi
KM

k
)
, i = 1, 2, · · ·N − 1

. (6.6)

As a result, N does not need to assume a large value, as high values of N may increase the
frequency content in the OoB region. Therefore, it can also be noted that the deployment
of the linear transformation (6.3) is fortunate as it reduces the number of variables from
Lp to N , where, in general, N << Lp.

6.1.2 Energy Expression

By combining eq. (3.7) and (6.3), one may rewrite the energy concentrated within
the stopband region as

E(ωc) = cT FT
[
ILp − Γ(ωc)

]
F

︸ ︷︷ ︸
Q0

c, (6.7)

which is an appropriate choice as it is a quadratic convex function, given Q0 is a positive
semidefinite matrix. A straightforward way of proving that Q0 is positive semidefinite
is by recalling that E(ωc) is an energy measurement, i.e., a non-negative value. Thus, if
E(ωc) is non-negative, Q0 is positive semidefinite. Since Q0 is positive semidefinite, eq.
(6.7) is convex (LU et al., 2011, sec. 1).

6.1.3 FBMC Interference Elements

As observed in eq. (5.7), the quality of the symbol reconstruction depends on the
prototype filter, which needs to be designed to provide low distortion levels and enable
near-perfect reconstruction. To simplify the representation of the interference for our
problem, let us define

εm,n = Re {〈pm,n[k] |p0,0[k]〉}
= cos (φm,n)

∞∑

k=−∞
p
[
k − nM2

]
p[k] cos

(2π
M
mk

) (6.8)

1One can deploy other sequences as long as they are (near) orthogonal, symmetrical around (Lp−1)/2.
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as the distortion or interference introduced by the symbol am,n to the symbol a0,0.
Based on (6.8), five straightforward, yet very useful, properties can be listed:

i ε0,0 represents the pulse energy;

ii εm,n is an even sequence concerning the index n, i.e., εm,n = εm,−n;

iii εm,n is odd circular symmetric concerning the index m, i.e., εm,n = −εM−m,n, for
1 ≤ m ≤M/2− 1;

iv Given the finite length of the prototype filter, εm,n = 0 for |n| >
⌈
Lp
M/2

⌉
− 1;

v Given the cosine term, εm,n = 0 case m+ n is odd.

Thus, taking into account properties ii, iii and iv, let us define

E =





(m,n)

∣∣∣∣∣∣∣∣∣∣∣∣

0 ≤ m ≤M/2
0 ≤ n ≤

⌈
Lp−1
M/2

⌉
− 1

m+ n even
m+ n 6= 0





(6.9)

to be the set of distortion elements εm,n which are not strictly null, but can eventually
become zero, or assume a negligible value depending on the prototype filter design. Given
the symmetry of εm,n, we omitted the redundant elements in order to propose an efficient
optimization problem.

6.1.3.1 Matrix Form

In order to model the interference elements εm,n in matrix form, two matrices need
to be defined. First,

[Πn]i,j =





1, j = i+ nM/2

0, otherwise
(6.10)

are the entries of the nilpotent matrix Πn, responsible for shifting the sequence p[k] by
nM/2 samples. The second matrix, Σm, incorporates the cosine term of the summation of
eq. (6.8) and is defined as

Σm = diag
{

cos
(2π
M
mk

)}

k=0,1,··· ,Lp−1
. (6.11)

Initially, we can rewrite eq. (6.8) as

εm,n = pT [cos(φm,n)ΣmΠn]
︸ ︷︷ ︸

Q(0)
m,n

p. (6.12)

Notice that since Σm is diagonal and Πn is nilpotent, Q(0)
m,n is also nilpotent for n 6= 0.

Conversely, case n = 0, the spectrum of Q(0)
m,n lies on the diagonal of Σm, as Σm is diagonal
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and Π0 = ILp . Thus, Q(0)
m,n is not a set of semipositive matrices making εm,n to be a

non-convex set.
For a better manipulation in the optimization problem to come, εm,n can be

expressed using a Hermitian symmetric matrix. By noting that εm,−n = pT
(
Q(0)
m,n

)T
p and

εm,−n = εm,n, eq. (6.8) can be expressed as

εm,n = pT



Q(0)
m,n +

(
Q(0)
m,n

)T

2




︸ ︷︷ ︸
Q(1)
m,n

p. (6.13)

Since Q(1)
m,n is a Hermitian matrix, it yields real eigenvalues. Unfortunately, the exact

eigenvalues of Q(1)
m,n, given n 6= 0, cannot be tracked analytically. However, one can observe

that
∑

`

∣∣∣∣
[
Q(1)
m,n

]
i,`

∣∣∣∣ ≤ 1, i 6= `. (6.14)

Hence, the Gershgorin Theorem (HORN; JOHNSON, 1985) guarantees that the eigenvalues
are within the interval

ρ
(
Q(1)
m,n

)
∈ [−1, 1] (6.15)

In terms of the coefficients ci, the interference element εm,n can be written as

εm,n = cTFTQ(1)
m,nFc

= cTQ(2)
m,nc.

(6.16)

Again, Q(2)
m,n is Hermitian and with eigenvalues that cannot be defined analytically for any

pair (m,n). Nevertheless, one can also realize that ρ
(
Q(2)
m,n

)
∈ [−1, 1], by analyzing the

numerical radius of Q(2)
m,n.

6.1.3.2 Self-Interference Constraints

In order to manage the self-interference level generated by the prototype filter, the
proposed problem is constrained to a maximum interference level of ε0

|εm,n| =
∣∣∣cTQ(2)

m,nc
∣∣∣ ≤ ε0, (m,n) ∈ E . (6.17)

Notice that the absolute value must be taken, since εm,n can assume both real and negative
values. Unfortunately, the constraint presented in (6.17) is non-convex since +Q(2)

m,n and
−Q(2)

m,n cannot be positive semidefinite simultaneously.

6.1.3.3 Eigenvalues Shift

The eigenvalues of Q(2)
m,n can be manipulated by adding the term δρcTFTFc and

subtracting δρ from eq. (6.17), leading to




cT
[
+Q(2)

m,n + δρFTF
]
c− δρ ≤ ε0

cT
[
−Q(2)

m,n + δρFTF
]
c− δρ ≤ ε0

, (m,n) ∈ E , (6.18)
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which is valid if, and only if, the energy of the prototype filter is unitary, i.e., cTFTFc = 1.
In order to provide a more compact notation, let us rewrite eq. (6.18) as





cTQ(3a)
m,nc ≤ ε0 + δρ

cTQ(3b)
m,nc ≤ ε0 + δρ

, (6.19)

where
Q(3a)
m,n = +Q(2)

m,n + δρFTF (6.20)

and
Q(3b)
m,n = −Q(2)

m,n + δρFTF. (6.21)

Considering the spectrum of Q(2)
m,n and that both FTF and Q(2)

m,n are Hermitian,
one can easily observe that

ρ
(
Q(3a)
m,n

)
∈
[
δρρmin

(
FTF

)
− 1, δρρmax

(
FTF

)
+ 1

]
(6.22)

by recalling the Weyl’s Inequality. A particular case takes place if F is orthonormal, where

ρ
(
Q(3a)
m,n

)
∈ [δρ − 1, δρ + 1] , (6.23)

which is the case if F is a Slepian basis, as defined in eq. (6.5). However, if F is composed
by a cosine sequences, as the ones in eq. (6.6), such matrix is only near-orthogonal, making
the eigenvalues of FTF very close to the unit. Hence, there exists a non-negative value
of δρ which shifts all eigenvalues of Q(3a)

m,n to a positive value, making this matrix positive
semidefinite. Similarly, we can also conclude that Q(3b)

m,n is also positive definite for a given
value of δρ. Hence, both entries of eq. (6.19) are convex, as both Q(3a)

m,n and Q(3b)
m,n are

positive semidefinite (BOYD; VANDENBERGHE, 2004).

6.1.4 Spectrum Decay

As practical FBMC systems deploy windowed pulses, spectrum decay may stagnate,
specially if the boundaries of the prototype filter are not null. Thus, the samples at the
boundaries of the prototype filter should assume values as low as possible to ensure a fast
spectrum decay. In this sense, let us define

p[k] = cTuk, (6.24)

where
uk =

[
f0[k] f1[k] · · · fN−1[k]

]T
. (6.25)

Thus, at the boundaries of the filter, we impose the constraint
∣∣∣cTuk

∣∣∣ ≤ u0, k ∈ K, (6.26)

where K is the set of indexes of the boundaries samples we wish to limit to a maximum
level u0. Since the prototype filter is symmetrical, i.e., p[k] = p[Lp− 1− k], one does not
need to constraint the amplitude of the pulse from both sides.
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6.1.5 Resulting Optimization Problem

By taking eq. (6.7) as the objective function and eqs. (6.19) and (6.26) as constraints,
the resulting problem can be written:

c∗ = argmin
c

cTQ0c

s.t. cTQ(3a)
m,nc ≤ ε0 + δρ, (m,n) ∈ E

cTQ(3b)
m,nc ≤ ε0 + δρ, (m,n) ∈ E

∣∣∣uTk c
∣∣∣ ≤ u0, k ∈ K

cTFTFc = 1.

(6.27)

Unfortunately, the problem posed in (6.27) is non-convex as the equality constraint is
quadratic instead of affine (BOYD; VANDENBERGHE, 2004). Hence, despite

E(π) = ‖p‖2
2 = cTFTFc, (6.28)

i.e., the prototype filter energy, being a convex function, ‖p‖2
2 = 1 is not a convex constraint,

which leads to a non-convex optimization problem. The most straightforward way of solving
such a problem is by casting it as an SDP (LU et al., 2011). However, the SDP relaxation
requires decoupling the solution through methods such as the rank-1 approximation or
the Gaussian randomization. However, rank-1 may provide a poor final solution if the
SDP solution is not a low-rank matrix. On the other hand, Gaussian randomization may
converge slowly, besides being highly complex as the random vector solution must be
projected into the constraints and checked if it is a feasible point. Therefore, this part of
the work will focus on a different relaxation approach.

6.1.6 Convex QCQP Relaxation

As an alternative to circumvent the non-convexity of eq. (6.27), let us propose a
relaxation in order to obtain a convex QCQP. First, consider the norm inequality

‖c‖2 ≤ ‖c‖1 ≤
√
N ‖c‖2 . (6.29)

One can observe that there is a value of ζ such as

‖c‖2 = ‖c‖1
ζ

. (6.30)

By analyzing (6.29), one can observe that eq. (6.29) is valid for

1 ≤ ζ ≤
√
N. (6.31)

Taking the previous observation, we propose exchanging the norm-2 equality con-
straint by a norm-1 equality

‖c‖1
ζ

= 1Tc
ζ
, (6.32)



6.2. Numerical Results 127

where 1 is a vector of ones. Notice that, eq. (6.32) holds if ci ≥ 0, which can be obtained
by a proper choice of F. As a rule of thumb, fi[k] is chosen to be symmetrical around
(Lp − 1)/2, i.e.,

[F]`,i = [F]Lp+1−`,i , 1 ≤ ` ≤
⌊
Lp
2

⌋
, (6.33)

where fi[k] = [F]k+1,i for 0 ≤ k ≤ Lp − 1. Also, the central sample of f must be positive:

[F]⌈Lp
2

⌉
,i
> 0 (6.34)

Such features can be observed, for example, in Mirabbasi-Martin, OFDP and Hermite
designs if their respective functions are properly scaled.

Therefore, a relaxed QCQP can be cast from eq. (6.27) and (6.32):

c(ζ) = argmin
c

cTQ0c

s.t. cTQ(3a)
m,nc ≤ ε0 + δ, (m,n) ∈ E

cTQ(3b)
m,nc ≤ ε0 + δ, (m,n) ∈ E

∣∣∣uTk c
∣∣∣ ≤ u0, k ∈ K

1Tc
ζ

= 1

c ≥ 0.

(6.35)

The convexity of (6.35) can be guaranteed as the Hessian of both the objective function
and the constraints are positive semidefinite, and, also, the equality constraint is affine
(LUO et al., 2010). Nevertheless, one must first track the value of ζ∗, for which ‖p‖2 is
as close as possible to the unity, leading to a near-optimal solution. In this sense, the
associated line search problem

ζ∗ = argmin
ζ

∣∣∣1− cT (ζ)FTFc(ζ)
∣∣∣
2

s.t. 1 ≤ ζ ≤
√
N

(6.36)

can be performed to track the optimal value of ζ. One can observe that the line search posed
in eq. (6.36) requires the solution/evaluation of eq. (6.35). Also, the objective function
of (6.36) must reach very small values to satisfy ‖p‖2 = 1. Hence, once ζ∗ is found, the
relaxed solution

c̃∗ = c(ζ∗) (6.37)

is established.

6.2 Numerical Results

In this section, we offer numerical results to corroborate the effectiveness of the
proposed filter design methodology. First, we define the optimization setup for three
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proposed prototype filters. After that, we provide a brief explanation of the tools deployed
to solve the proposed optimization problem. Finally, we offer a performance comparison
between the filters obtained through the proposed methodology versus the EGF, OFDP
and Martin prototype filters.

6.2.1 Optimization Setup

In order to exemplify the effectiveness of the proposed design, we solve (6.36)
using three different configurations referred to hereafter as Type-I, Type-II and Type-
III prototype filters. All the three set of parameters are summarized in Table 6.1. It is
noteworthy mentioning that we choose an overlapping factor K = 4, as it enables achieving
filters with high performance for both SIR and spectrum measurements. Compared to
the previous chapter, which focused on shorter prototype filters with a very high SIR
performance the design proposed in this Chapter aims to achieve both a relatively high
spectrum and symbol reconstruction performance. Furthermore, M = 32 was chosen to
enable a better spectrum visualization. However, we must highlight at this point that the
proposed design is also capable of handling other values of M .

Type-I configuration deploys 2K DPSS with a passband of ωs = 2π/M to build
the prototype filter, reasonably stringent interference tolerance ε0 and near-null border
samples. On the other hand, Type-II and Type-III filters are built through the summation
of K+1 cosines. Type-II imposes a higher reconstruction constraint, while Type-III focuses
on a very fast spectrum decay. Furthermore, we set δ = 2 as it can easily make Q(3a)

m,n

and Q(3b)
m,n positive semidefinite, according to eq. (6.22). Concerning ωc, it is noteworthy

mentioning that such a parameter is set around 2π/M , given the subcarrier bandwidth
and separation. For Type-II and III, we set a more stringent ωc to reduce the spectrum
level within adjacent subcarriers.

Table 6.1 Optimization parameters setup for the proposed method considering K = 4,
M = 32, and Lp = 129

Parameter Type-I Type-II Type-III

N 2K K + 1 K + 1

ωc
2π
M

K
N

2π
M

K
N

2π
M

ε0 2 · 10−4 8 · 10−5 2 · 10−4

u0 10−12 10−12 10−12

K {0, 1} {0} {0, 1}

δρ 2 2 2

fi[k] Slepian sequences, eq. (6.5) Cosine sequences, eq. (6.6) Cosine sequences, eq. (6.6)

The solution for the proposed design with the configurations described in Table
6.1 takes two phases. First, the master problem (6.36) is solved by using the Golden
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search, whereas the slave problem (6.35) was solved through MOSEK 8.0. For this class of
problem, MOSEK casts the original QCQP as a SOCP, which is solved by the interior-
point algorithm described in (ANDERSEN et al., 2003). In order to achieve an easier
implementation, (6.36) was parsed into MATLAB using the modeling language CVX. The
solution of the proposed problem, i.e., the weights of the filters, are provided in Appendix
B, where some additional observations are offered.

6.2.2 Prototype Filter Performance Analysis

In Fig. 6.1, one can observe both the impulse and frequency responses of the
prototype filters obtained via the proposed convex optimization problem. As for the impulse
response, all prototype filters are very similar. Nevertheless, the frequency response of
Type-I, Type-II and Type-III are very distinguishable, besides presenting small sidelobes
and fast spectrum decay. In particular, Type-I and Type-III presented a very expressive
spectrum decay, compared with Type-II. However, by promoting a comparison among
Type-I, Type-II, Type-III, EGF, OFDP, and Martin prototype filters, one concludes that
the proposed pulses achieved a superior spectrum decay with small sidelobes. Indeed, one
may also observe that Type-II and Mirabbasi-Martin prototype filters are very similar,
but the former presented smaller sidelobes.
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Figure 6.1 Type-I, II and III pulses (K = 4, M = 32, and Lp = 129)

Let us now proceed a more precise analysis by deploying the figures of merit
discussed in Section 3.1. In this sense, Table 6.22 summarizes the figures of merit of the
proposed prototype filters versus the EGF, OFDP, and Martin. Initially, one can observe
that the EGF design provides a poor spectrum and a variable SIR performance tuned by
α. In this sense, high values of α lead to a high SIR but a poorer spectrum, while the
opposite holds, where α = 1 is typically considered a good trade-off. Moreover, Martin

2The best filter value for each parameter is highlighted in green, while the worst is marked in red; the
EGF with α = 1/2 and α = 2 were not marked in red or green due to their poor symbols reconstruction
versus spectrum performance trade-off.
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Filter presents a solid performance, with a high SIR and a good spectrum performance,
i.e., small sidelobes, fast energy decay and low frequency spread. However, such filter
resulted in the poorest Heisenberg factor. Despite outperforming the EGF in terms of
spectrum, the OFDP design performed poorly, including the OoB energy. Concerning the
proposed prototype filters, Type-I delivers a reasonably high SIR and a very competitive
spectrum performance. Interestingly, Type-II filter showed a slightly superior performance,
in almost all aspects, than Martin prototype filter, making it an attractive choice. It is
worth mentioning that Type-II filter spectrum superiority over the Martin prototype filter
comes by its slightly reduced passband ωc = K

M
2π
M
. Furthermore, Type-II filter deploys an

extra tone (N = K + 1) when compared with the Martin filter (K tones), improving the
symbol reconstruction. Finally, Type-III presented a similar SIR performance to Type-I
and the smallest MSL. However, the OoB energy E(2π/M) is among the highest.

Table 6.2 Prototype filters comparison considering K = 4, M = 32, and Lp = 129.

Prototype Filter SIR[dB] MSL[dB] Dk Dν ξ E
( 2π
M

)
[dB] E

( 4π
M

)
[dB]

EGF (α = 1/2) 33.733 −58.208 0.396 0.229 0.878 −33.954 −48.812

EGF (α = 2) 114.481 −21.376 0.228 0.399 0.874 −12.461 −20.670

EGF (α = 1) 60.498 −33.801 0.285 0.285 0.976 −19.697 −33.504

Martin 65.237 −39.860 0.388 0.232 0.883 −45.614 −70.604

OFDP 59.865 −38.332 0.346 0.246 0.933 −35.448 −62.288

Type-I 52.746 −43.635 0.364 0.239 0.915 −42.301 −82.958

Type-II 68.090 −47.678 0.379 0.234 0.897 −50.087 −72.934

Type-III 51.252 −58.729 0.348 0.244 0.934 −35.200 −100.569

To complement the OoB energy measurements presented in Table 6.23, Fig. 6.2
portrays the OoB energy for a broad range of frequencies. Through such a figure, one can
observe how fast the energy decays throughout the spectrum. Hence, faster decays indicate
high spectrum efficiency and lower interference to adjacent bands.

6.2.3 BER Performance

As observed previously, the proposed prototype filters can offer high performance
in terms of SIR and spectrum containment. However, we also present the performance
in terms of BER of an FBMC system in more contemporary application scenarios. In
this sense, we chose a point-to-point MIMO-FBMC system (ROTTENBERG et al., 2017)
deploying Nt transmit antennas and Nr receive antennas using V-BLAST topology, i.e.,
spatial multiplexing mode. Furthermore, symbols are equalized via a ZF MIMO equalizer

3The best filter for each parameter is highlighted in green, while the worst is marked in red. The EGF
with α = 1/2 and α = 2 were excluded not marked in red or green due to their poor symbol reconstruction
versus spectrum performance trade-off.
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Figure 6.2 OoB Energy emission for prototype filters considering K = 4, M = 32, and
Lp = 129

with Lw taps proposed in (IHALAINEN et al., 2011), which is more flexible than other
methods such as (CHEN; MAEHARA, 2017) since the equalizer does not require a flat
channel response. The performance of the system was evaluated in a frequency-selective
Rayleigh channel considering three different scenarios described in Table 6.3. Notice that
the radio channel of Scenarios [A] and [C] are reasonably frequency selective, whereas
Scenario [B] can be considered frequency flat per subcarrier.

The system herein described operates in a selective Rayleigh channel with an
exponential power delay profile (CHO JAEKWON KIM; KANG, 2010) with an RMS delay
spread τrms and no antenna correlation. Considering that each subcarrier takes a band of
Bsc = 2/M and taking the 90th percentile coherence bandwidth Bc,90 = 1/(50τrms), eq.
(4.31) of (HAMPTON, 2014), we define the ratio between such numbers to be

ηB = Bc,90

Bsc

, (6.38)

which are used to parameterize the channel selectivity. Furthermore, we make no use of
CP in order to provide a higher spectral efficiency.

Fig. 6.3 depicts the BER performance for all configurations and a wide normalized
SNR (Eb/N0) range. Observing the results for Scenario [A], we can conclude that even a 7
taps equalization was unable to compensate the channel effect properly under a high SNR
regime, introducing a BER floor. Yet in this configuration, we can also observe that the
BER floor level is proportional to Dν , where, for example, the EGF filter performed poorly
due to its higher frequency dispersion. For Scenario [B], all filters performed similarly
in the analyzed Eb/N0 range. Hence, despite differences in terms of the measured SIR,
the proposed prototype filters seem to be suitable in practical scenarios. For Scenario [C],
diversity improved the BER considerably, making possible the usage of a single tap filter
for channel equalization.
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At this point, it is noteworthy mentioning that the BER floor can be established
in two cases. The first case is the BER floor generated due to the subcarrier frequency
selectivity which took place in Scenario [A]. The other BER floor level is dictated by the
self-interference of the prototype filter, which can be measured using the SIR parameter. In
Scenario [A], one could lower the BER floor level by increasing the number of subcarriers
or, conversely, by deploying a longer equalizer. However, such BER floor never surpasses
the one dictated by the self-interference of the prototype filter.

Despite possessing different SIR levels, all the prototype filters presented similar
BER performance in each analyzed scenario, as depicted in Fig. 6.3. Performance differences
in Scenario [B] and [C] should arise only in higher Eb/N0 level, which would require much
more demanding computational resources. However, filters with extremely high SIR levels
may not be required as systems typically do not operate in an Eb/N0 level around
70 − 100[dB], where self-interference should take place. Despite Type-I and Type-III
possessing lower SIR levels, they do not introduce noticeable performance losses in the
presented Eb/N0 range, which covers most practical application scenarios. Thus, the
keypoint of this analysis is to demonstrate that the proposed prototype filters impose no
symbol reconstruction drawbacks, while offering a considerable spectrum improvement,
making them an interesting choice for current and future applications.

6.3 Conclusions

In this chapter, we proposed a prototype filter design framework capable of providing
high symbol reconstruction performance and desirable spectral features. The main difference
between the proposed design methodology and other available options is its solution method
based on convex optimization. In this sense, we were able to write such a complex design

Table 6.3 Prototype filters comparison

MIMO V-BLAST, Nt ×Nr (ROTTENBERG et al., 2017)
FBMC multiplexing, No CP, M = 64, K = 4, Lp = 257
Uncoded 8-PAM, equivalent to 64QAM in OFDM

System

Lw-taps Zero-Forcing Equalizer (IHALAINEN et al., 2011)

Channel

Rayleigh

Exponential PDP
(CHAYAT, 1997)

E
[
|h[k]|2

]
= 1− e−1/τrms

e−(1+10τrms)/τrms
e−`/τrms

` = 0, 1, · · · 10τrms

90th Percentile Coherence Band
(HAMPTON, 2014, eq. (4.31))

Bc,90 = 1/(50τrms)

Subchannel band Bsc = 2/M
Selectivity Index ηB = Bc,90/Bsc

[A] 4× 4, Lw = 7, ηB = 3
[B] 4× 4, Lw = 1, ηB = 30Scenario
[C] 4× 6, Lw = 7, ηB = 3
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Figure 6.3 BER performance for different prototype filter choices

into a convex QCQP problem guided by a line search, which benefits from powerful
available optimization tools. As a result, we proposed three prototype filters. The Type-I
and Type-III filters presented very fast spectrum decays, with the MSL ranging from
−45 to −58[dB] and reasonably high SIR values. On the other hand, the Type-II filter
demonstrated to be slightly superior, in almost all aspects, than the Mirabbasi-Martin
design, which is a standard prototype filter choice for FBMC systems. Thus, the proposed
design methodology has demonstrated to be both flexible and effective, given the superior
spectrum performance achieved by the proposed prototype filters.
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7 Theoretical Error Probability of
FBMC Systems

As observed in previous Chapters, the prototype filter choice is a critical point to
be addressed when designing FBMC systems. Since the deployment of different prototype
filters yields different SIR levels, symbol reconstruction performance, i.e., BER performance
is expected to be different. Despite the effects of the prototype filter on the overall
performance of FBMC transmissions being extensively studied, the provision expressions
for Bit Error Probability (BEP) have been ignored so far. This topic remained ignored
as prototype filters can be designed to achieve high SIR levels, meaning marginal effects
on the BER performance. Moreover, one can also deploy SIR or distortion measurements
to assess the effectiveness of the prototype filter on the overall transmission of an FBMC
system qualitatively. However, the provision of closed-form BEPs has not been proposed
due to their non-trivial solution. From this perspective, the main contribution of this
chapter lies in the provision of analytic expressions of BEP for FBMC systems, regardless
of the prototype filter option. Hence, as an effective contribution and novelty, we quantify
the prototype filter effect on the BER performance of an FBMC system, which was known
only qualitatively until now.

7.1 The Single Carrier Case

In order to provide a comprehensive presentation of the subject, let us present
first the single carrier case for calculating the BEP of the transmission of PAM symbols.
Initially, this section briefly discusses the Np-PAM modulation. In the sequel, the BEPs
are derived considering a single carrier transmission of Np-PAM symbols over AWGN as
well as frequency-flat Rayleigh channels.

7.1.1 PAM Modulation

By deploying PAM, data symbols are constrained to the alphabet

ANp = {−Np + 1,−Np + 3, · · · , Np − 1} , (7.1)

meaning that only the in-phase component is deployed. Furthermore, one can easily infer
that each Np-PAM symbol can deliver

Nb = log2(Np) (7.2)

bits by using an average symbol energy of

Es =
N2
p − 1
3 . (7.3)
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7.1.2 BEP for Single Carrier PAM Transmission over AWGN
Channels

First, consider the simplest scenario: the transmission of PAM symbols over an
AWGN channel. Such a transmission can be modeled as

x = a+ η, (7.4)

where a is the transmitted Np-PAM symbol and η is the additive noise described by the
Probability Density Function (PDF)

fη(y) = 1√
πN0

e
− y2
N0 , (7.5)

where N0 is the noise power density. Furthermore, one can rewrite the noise power in
terms of the normalized SNR γb

1 based on eq. (7.2) and (7.3), i.e.,

N0 =
N2
p − 1

3 log2 Npγb
. (7.6)

A classical and straightforward approximation for evaluating the BEP of PAM
symbols corrupted by additive noise is given by Proakis and Manolakis (2000):

P awgn,pam
b (γb) ≈

2 (Np − 1)
Np log2 Np

∫ ∞

1
fη(z)dz. (7.7)

Despite being very simple, eq. (7.7) only considers symbol errors caused by adjacent symbols.
Moreover, eq. (7.7) approximates the BEP as the Symbol Error Probability (SEP) divided
by the number of bits. Thus, such expression considers that symbols are misestimated at
the same rate of the bits.

By solving eq. (7.7) considering an AWGN channel, one can obtain the approximated
BEP of an Np-PAM transmission over an AWGN channel:

P awgn,pam
b (γb) ≈

2 (Np − 1)
Np log2 Np

Q



√√√√6 log2 Np

N2
p − 1 γb


 . (7.8)

where
Q(y) = 1√

2π

∫ ∞

y
e−

z2
2 dz (7.9)

is the tail distribution of a standard normal distribution. Notice that an exact BEP
expression is far more complex as all error combinations must be taken into account.
Fortunately, Cho and Yoon (2002) offer the exact expression considering Np-PAM Gray
coded symbols:

P awgn,pam
b (γb) = 1

Np log2 Np

log2 Np∑

k=1

(1−2−k)Np−1∑

i=0
wi,k,Np

∫ ∞

2i+1
fη(z)dz, (7.10)

1Bit energy per noise energy.
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where
wi,k,Np = (−1)bi2k−1/Npc

(
2k−1 −

⌊
i2k−1

Np

+ 1
2

⌋)
. (7.11)

In particular, the transmission over AWGN channels leads to the exact BEP

P awgn,pam
b (γb) = 2

Np log2 Np

log2 Np∑

k=1

(1−2−k)Np−1∑

i=0
wi,k,NpQ


(2i+ 1)

√√√√6 log2 Np

N2
p − 1 γb


 . (7.12)

7.1.3 BEP for Single Carrier PAM Transmission over
Frequency-Flat Rayleigh Channels

By considering that symbol transmission takes place over frequency-flat Rayleigh
channels, the transmission model presented in (7.4) must be rewritten as

x = ha+ η, (7.13)

where h is the complex-valued channel coefficient.
Since the channel fades the signal randomly, one must consider all the possible

values h can take in order to evaluate the average BEP. Thus, the overall BEP is obtained
by the integral

P ray,pam
b (γb) =

∫ ∞

0
f|h|2(z, γb)P awgn

b (z)dz, (7.14)

where
f|h|2(y, γb) = 1

γb
e
− y
γb u(y). (7.15)

is the PDF of the squared channel coefficient for a given normalized SNR γb.
By combining and solving eqs. (7.14) and (7.8), it can be concluded that an

approximation for the BEP of Np-PAM symbols transmitted over frequency-flat Rayleigh
channels is given by

P ray,pam
b (γb) ≈

Np − 1
Np log2 Np


1−

√
3 log2 Np
N2
p−1 γb

√
3 log2 Np
N2
p−1 γb + 1


 . (7.16)

Similarly, an exact formula can be obtained through eqs. (7.14) and (7.12):

P ray,pam
b (γb) = 1

Np log2 Np

log2 Np∑

k=1

(1−2−k)Np−1∑

i=0
wi,k,Np


1−

√
3(2i+1)2 log2 Np

N2
p−1 γb

√
3(2i+1)2 log2 Np

N2
p−1 γb + 1


 , (7.17)

which was proposed by Lopes et al. (2007).

7.2 The FBMC Case

Based on the foundation provided previously, this section builds up the closed-form
BEP expressions for FBMC systems over AWGN and frequency-flat Rayleigh channels.
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7.2.1 BEP for FBMC Transmission over AWGN Channels

For the FBMC case over AWGN, one must combine the multiplexed signal with
the effect of the additive noise, i.e.,

x[k] = s[k] + η[k], (7.18)

where η[k] ∼ CN (0, N0). Hence, the reconstruction of the n0th symbol of the m0th
subcarrier can be proceeded by combining eqs. (7.18) and (5.7), i.e.,

xm0,n0 = Re {〈x[k] |pm0,n0 [k]〉}
am0,n0

+
∑

n6=n0
m6=m0

am,nεm,n + Re {〈η[k] | pm0,n0 [k]〉}

= am0,n0 + ε0 + η0,

(7.19)

where ε0 is the overall interference experienced by am0,n0 . At this point, one can observe
that the easiest option to derive the BEP of an FBMC signal under AWGN signal is
achieved by

i. obtaining the PDF of the noise combined with the interference (ε0 + η0);

ii. deploying eq. (7.7) for an approximate BER expression or (7.12) for the exact BER
formula derivation.

7.2.1.1 PDF of the Noise plus Interference

By recalling that the resulting PDF of the sum of two random variables is the
convolution of both PDFs, i.e.,

fa+b(y) =
∫ ∞

−∞
fa(z)fb(y − z)dz. (7.20)

Thus, since the PDF of the nth PAM symbol of the mth subcarrier is modeled by

fam,n(y) = 1
Np

∑

am,n∈ANp
δ (y − am,n) (7.21)

and εm,n is deterministic, one may conclude that

fam,nεm,n(y) = 1
Np

∑

am,n∈ANp
δ (y − am,nεm,n) . (7.22)

Notice that the summation notation adopted in eqs. (7.21) and (7.22) provides a more
compact presentation. In this notation, the summation includes all the elements of the
Np-PAM set described in eq. (2.2).

According to eq. (7.19), the interference experienced at the receiver side (ε0) is
the combination of adjacent symbols am,n scaled by their respective interference elements
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εm,n. Hence, a series of convolutions must be evaluated in order to evaluate the PDF of ε0,
which leads to

fε0(y) = 1
N
|E ′|
p

∑

a0,−2K+1∈ANp
· · ·

∑

aM−1,2K−1∈ANp
δ


y −

∑

(m,n)∈E ′
am,nεm,n


 , (7.23)

where the last summation includes all the elements of E ′, which is defined by

E ′ =





εm,n

∣∣∣∣∣∣∣∣∣∣∣∣

0 ≤ m ≤M − 1
|n| ≤

⌈
Lp−1
M/2

⌉
− 1

m+ n even
m+ n 6= 0





(7.24)

Once more, such a notation was adopted in favor of a more compact presentation. Notice
that eq. (7.23) has a large number of coefficients as it takes into account all possible
combination of interfering elements am,nεm,n. In this sense, we limited the last summation
to the set E ′ in order to ignore null interfering elements and decrease the complexity of
the equation.
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fε0+η0(y) = 1
N
|E ′|
p

√√√√ 1
2π

6 log2 Np

N2
p − 1 γb

∑

a0,−2K+1∈ANp
· · ·

∑

aM−1,2K−1∈ANp
exp



−6 log2 Np

N2
p − 1 γb




y −
∑

(m,n)∈E ′
am,nεm,n

2




2


(7.25)

P awgn,fbmc
b (γb)≈

2 (Np − 1)
N
|E ′|+1
p log2 Np

∑

a0,−2K+1∈ANp
· · ·

∑

aM−1,2K−1∈ANp
Q



√√√√6 log2 Np

N2
p − 1 γb


1−

∑

(m,n)∈E ′
am,nεm,n




 (7.26)

P awgn,fbmc
b (γb) = 2

N
|E ′|+1
p log2 Np

∑

a0,−2K+1∈ANp
· · ·

∑

aM−1,2K−1∈ANp

log2 Np∑

k=1

(1−2−k)Np−1∑

i=0
wi,k,NpQ



√√√√6 log2 Np

N2
p − 1 γb


2i+ 1−

∑

(m,n)∈E ′
am,nεm,n




 (7.27)

P ray,fbmc
b (γb) ≈

Np − 1
N
|E ′|+1
p log2 Np

∑

a0,−2K+1∈ANp
· · ·

∑

aM−1,2K−1∈ANp




1−

2i+ 1−

∑

(m,n)∈E ′
am,nεm,n




√√√√√√√√√√√

6 log2 Np

N2
p − 1 γb


2i+ 1−

∑

(m,n)∈E ′
am,nεm,n




2
6 log2 Np

N2
p − 1 γb + 1




(7.28)

P ray,fbmc
b (γb) = 1

N
|E ′|+1
p log2 Np

∑

a0,−2K+1∈ANp
· · ·

∑

aM−1,2K−1∈ANp

log2 Np∑

k=1

(1−2−k)Np−1∑

i=0
wi,k,Np

×




1−

2i+ 1−

∑

(m,n)∈E ′
am,nεm,n




√√√√√√√√√√√

6 log2 Np

N2
p − 1 γb


2i+ 1−

∑

(m,n)∈E ′
am,nεm,n




2
6 log2 Np

N2
p − 1 γb + 1




(7.29)



7.2. The FBMC Case 141

It is noteworthy mentioning that the increasing number of elements on the PDF
of the summation of random variables can be observed in other random processes. For
example, this behavior can also be observed on the Bates and Irwin-Hall distributions
(MARENGO et al., 2017; BRADLEY; GUPTA, 2002), which consists of the summation of
an arbitrary number of uniform random variables.

Since fε0(x) is composed exclusively by Dirac delta functions, convolving it with
any other function is trivial as the Dirac Function is the neutral element for convolution
operation. Thus, the overall PDF of the noise plus interference can be expressed by (7.25).
Therefore, by combining eq. (7.25) with eq. (7.7), the approximate BEP for FBMC signals
over AWGN is obtained as (7.26). On the other hand, the exact BEP expression is obtained
by combining eqs. (7.25) and (7.12), resulting in eq. (7.27).

7.2.2 BEP for FBMC Transmission over Frequency-Flat
Rayleigh Channels

The received signal of an FBMC system operating over frequency-flat Rayleigh
channels can be expressed as

x[k] =
∞∑

`=0
h[`]s[k − `] + η[k], (7.30)

where h[k] is the channel impulse response, which fades the transmitted signal and may
introduce frequency selectivity. However, let us consider the simplifying assumption that
each subchannel is frequency-flat. Such an assumption is plausible as multicarrier systems
are typically designed to enable a simple one-tap per-subchannel equalization. Notice,
however, that multi-tap equalizers (IHALAINEN et al., 2005; WALDHAUSER et al.,
2008b; IHALAINEN et al., 2011) can be deployed as an alternative in scenarios where the
number of subcarriers is insufficient to lead to subchannel frequency-flatness.

Aiming to retrieve the conveyed data, the received signal is pre-processed using the
appropriate FBMC pulse, leading to

xm0,n0 = Re {〈x[k] | pm0,n0 [k]〉}

= Hm0


am0,n0 +

∑

n6=n0
m 6=m0

am,nεm,n


+ Re {〈η[k] | pm0,n0 [k]〉}

≈ Hm0 (am0,n0 + ε0) + η0,

(7.31)

where Hm0 is the frequency response of the m0th subcarrier. Notice that eq. (7.31) is an
approximation, as one must recall that the subchannels were considered frequency-flat.
Moreover, eq. (7.31) is composed of the faded symbol plus the interference and the additive
noise. From this perspective, the approximate BEP expression for an FBMC system
operating over frequency-flat Rayleigh channels can be obtained by integrating eq. (7.14)
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considering eq. (7.26), which leads to eq. (7.28), while the exact expression emerges from
the integration of eq. (7.14) considering eq. (7.27), yielding (7.29).

7.3 Numerical Results

This section presents the numerical results aiming to demonstrate the effectiveness
of the BEP expressions derived throughout this paper. In order to achieve such a goal,
we compare the derived BEP expressions with the simulated BER for the OFDM and
FBMC setups described in Table 7.1, considering both AWGN and frequency-flat Rayleigh
channels. For FBMC, two prototype filter were deployed, the EGF and the Mirabbasi-
Martin filter. Notice that the EGF (SIOHAN et al., 2002) was chosen as the prototype filter
due to its flexibility, which enables achieving different self-interference levels by tuning the
spreading factor α. This feature is useful to test the effectiveness of the derived expressions
under very distinct scenarios. In particular, the EGF set with α = 1.00 provides a large
SIR of 60.49 dB, enabling near-perfect symbol reconstruction. On the other hand, by
setting α = 0.25, the SIR of the EGF is reduced to 21.27 dB, leading to a poor BER
performance. Moreover, the Mirabbasi-Martin prototype filter is also deployed in this
comparison as it presents a high spectrum and symbol reconstruction performances. Indeed,
such a prototype filter is one of the most popular choices, being recommended in the
PHYDIAS project (VIHOLAINEN et al., 2009).

Table 7.1 Parameters for the FBMC system.

Parameter OFDM FBMC

Modulation order 64-QAM 8-PAM

Subcarriers, M 16 16

Cyclic Prefix M/8 0

Overlapping factor, K - 4

Filter length, Lp - MK + 1

Prototype Filter - EGF, α = {0.25, 1.00},
Mirabbasi-Martin

7.3.1 Complexity Considerations

Before presenting the BEP results, let us discuss the complexity of the derived
expressions. Despite not relying on complex functions, the main issue of the derived
expressions is the large number of terms of the summations. A more careful analysis
reveals that the BEP expressions in eq. (7.26), (7.27), (7.28) and (7.29) presents at
least N |E|+1

p terms. Hence, the summation of a huge number of terms is required in
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order to provide the theoretical BEP expression. As an example, evaluating the BEP
of the reasonably small system portrayed in Table 7.1 would require the evaluation of
approximately 3 · 10107 terms. However, the interference elements εm,n decay rapidly as
shown in Fig. 7.1. Therefore, let us restrain the set E to the 8 largest elements in order to
make the developed expressions feasible and therefore useful. Notice that even with the
limited set, the theoretical expressions require the summation of, at least, 16 · 106 elements.
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Figure 7.1 Ordered absolute values for the interference elements εm,n for the FBMC
system described in Table 7.1.

7.3.2 BER Performance

In Figures 7.2a and 7.2b, we present both the simulated BER and the theoretical
BEP for the FBMC system described in Table 7.1 considering an EGF prototype filter,
and AWGN and frequency-flat Rayleigh scenarios. With α = 1.00 the FBMC system
showed no apparent performance loss, whereas with α = 0.25, the BER performance is
considerably severed, leading to a BER floor around 10−3 in the Rayleigh scenario. Such
behavior is established due to the degradation of the prototype filter SIR, which dictates
the amount of self-interference generated by the prototype filter. However, it is important
to state that the prototype filter SIR improves as α increases, while the spectrum gets
increasingly poor. As an example, EGFs with α values of 0.5, 1 and 2 lead to SIR levels
of 33.73, 60.49 and 114.48 dB, respectively, whereas the OoB energy emission increases
gradually to −33.95, −19.69 and −12.46 dB.

In order to prove the effectiveness of the derived expression for any prototype filter,
Figures 7.3a and 7.3b compares the BER with the BEP for an FBMC system deploying a
Mirabbasi-Martin prototype filter (MIRABBASI; MARTIN, 2003) and the parameters
described in Table 7.1. Once more, the simulation and the analytically results depicted
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in Figures 7.3a and 7.3b are very close, proving the effectiveness of the proposed BEP
expressions. Moreover, since the Mirabbasi-Martin prototype filter presents a high SIR
level, ≈ 65.25 dB, performance losses were not observed in Figures 7.3a and 7.3b.
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Figure 7.2 Theoretical and simulated BER for the FBMC system described in Table
7.1 and with EGF prototype filter.
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Figure 7.3 Theoretical and simulated BER for the FBMC system described in Table
7.1 and with Mirabbasi-Martin prototype filter.

Regarding the effectiveness of the derived formulas, one can observe that such
expressions are very close to the simulation results. Despite reducing the size of the set
E considerably, such approximation led a small influence on the overall results, as εm,n
elements decay rapidly. Thus, the provided expression demonstrated to be effective to
predict the BER performance of FBMC systems operating over AWGN and Rayleigh
channels, regardless of the prototype filter choice.

Additionally, one can observe that the numerical results for OFDM match with
the BEP expressions provided in section 7.1. Compared to FBMC with EGF with α = 1
and Mirabbasi-Martin prototype filters, the BER performance of OFDM presents a small
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offset due to the deployment CP, which does not carry actual data, reducing the overall
SNR of the signal. On the other hand, prototype filters with low symbol reconstruction
performance, e.g., EGF with α = 0.25, can limit the BER performance of FBMC systems
operating under high SNR regime as observed in Figure 7.2b.

Aiming to complement the numerical results, we analyze the impact of the number
of elements of E ′ on the proposed BEP formulas. For such an analysis, the system described
in Table 7.1 is re-simulated considering an EGF prototype filter with α = 0.25 and limiting
the number of em,n to the largest terms with the number o interference elements being
limited to |E ′| = {1, 2, 4, 8}. Since the exact and approximated expressions are very close,
we present only the exact BEP expressions. Figures 7.4a and 7.4b presents the AWGN and
Rayleigh BEP expressions for different |E ′|. As |E ′| increases, the proposed BEP expressions
becomes closer and closer to the simulated BER performance. In this case, as |E ′| increases,
the BEP performance become higher as more interference elements are accounted in the
proposed expression. Moreover, if we consider only |E ′| = 1 or 2 interference elements, no
BEP floor was established in the simulated γb range for Rayleigh channels.
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7.4 Conclusions

Chapter 7 derived the theoretical BEP expressions for FBMC systems under AWGN
and frequency-flat Rayleigh channels, regardless of the prototype filter choice. Despite
the required computational processing, the provided formulas are exact. Fortunately, the
derived expressions are relatively accurate even when restricting the interference set E ′ to
the most significant values. Thus, such an approximation does not compromise the final
BEP prediction values. From this perspective, the numerical results demonstrate that the
proposed BEP expressions can adequately characterize the BER performance of FBMC
systems. Therefore, this chapter quantifies the effect of the prototype filter on the overall
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BER performance of FBMC systems, which until now was only known qualitatively in
terms of dependencies on SIR and distortion measurements.
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8 Conclusions and Final Remarks

Chapter 1 briefly introduces 5G requirements, services, and technologies, empha-
sizing FBMC as a potential 5G waveform. From this perspective, Chapter 2 describes
the FBMC multiplexing, including efficient polyphase implementations and their basic
formulation for wireless systems. Chapter 3 discusses various prototype filters and their
relation with FBMC transmission. In particular, the EGF, OFDP, and Mirabbasi-Martin
designs stand out as the most suitable prototype filters for FBMC systems. Closing the
first part of this work, Chapter 4 discusses processing techniques for channel estimation
and equalization. At this point, it becomes clear that, despite its advantages, FBMC
systems are not fully compatible with processing techniques employed in OFDM systems.
Furthermore, sophisticated FBMC processing techniques are more complex than OFDM
counterparts, e.g., MIMO detection and channel estimation.

Regarding the project of prototype filters, Chapter 5 proposes a more flexible
prototype filter design. Initially, this chapter states the filter design problem as the
minimization of the OoB energy emission, given reconstruction requirements and energy
constraint. Despite the objective function being convex, the constraints are non-convex.
Aiming to circumvent the non-convexity, the problem was relaxed into an SDP, resulting
in a prototype filter with far superior reconstruction features than other options available
in the literature.

Differently from Chapter 5, the design proposed in Chapter 6 focused on providing
filters with superior spectrum features. In order to achieve such goal, the design minimizes
the OoB energy emission, whereas boundary constraints were deployed to impose fast
spectrum decay. Of paramount importance, symbol reconstruction was also taken into
account by limiting the amount of self-interference generated by the prototype filter.
Moreover, a series of manipulations were conducted to convert the design into a convex-
QCQP guided by a line search. Thus, such a design was deployed to create three prototype
filters using both cosine and Slepian basis. Initial analysis points out that the proposed
filters provide a high-performance spectrum, but their symbol reconstruction capabilities
are not among the best. Despite favoring spectrum features over high prototype filter SIR
levels, simulations suggested no performance losses when using the proposed prototype
filters in a practical wireless application.

In Chapter 7, the effects of the prototype filters on the symbol reconstruction
of FBMC systems are discussed. In this sense, Chapter 7 offers exact closed-form BER
expressions that include the contribution of the prototype filter on the overall FBMC
signal transmission. Despite being exact, simulating such expressions is prohibitive due to
the number of terms. However, numerical results show that even with approximations, the
overall result is very close to the simulation results.
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The overall contributions of this work are the provision of an extensive discussion on
FBMC systems and a systematic design methodology of prototype filters. Despite covering
a reasonable amount of topics related to FBMC systems, there are many points observed
in this thesis that can still be explored to make FBMC systems even more attractive for
5G and wireless systems to come. Hence, future works may explore the following topics:

• Efficient equalization/detection structures As observed in 4, OFDM equaliza-
tion and detection techniques, for both SISO and MIMO systems, are not always
applicable for FBMC. Hence, there are many research opportunities to deal with
the imaginary interference on FBMC systems and possibly processing techniques
combined with polyphase components.

• Enhanced channel estimation techniques Similarly to equalization and detec-
tion, channel estimation in FBMC systems has its peculiarities and challenges. In
this sense, channel estimation techniques for FBMC systems can still improve their
performance in terms of spectral efficiency, PAPR and processing complexity.

• Extensions and modifications of the prototype filter designs proposed in
Chapters 5 and 6 The design methodologies proposed in this work can be further
explored, aiming to modify the optimization problem to incorporate new constraints
bounded to other figures of merit not used in this work. Furthermore, the usage of
other families of sequences is yet another possible study extension.

• Alternative and approximated FBMC BEP expressions Despite the BEP
equations proposed in Chapter 7 being exact, they rely on the summation of a massive
number of elements. An interesting possibility is to approximate the interference
PDF ε0 aiming to derive closed-form expressions that are less complex than the
proposed in this thesis, but yet very close to the actual result.
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ANNEX A – Prototype Filter
Weights

A.1 Extended Gaussian Function

The weights used to generate EGFs is obtained via

dk,α,ν0 =
`k∑

`=0
bk,`e

− πα

2ν2
0

(2`+k)
, (A.1)

where the weights bk,` are found in Table A.1. Moreover, bk,`k is the last element provided
on the kth row of Table A.1.

Table A.1 EGF weights bk,` (SIOHAN; ROCHE, 2000)

k bk,0 bk,1 bk,2 bk,3 bk,4 bk,5 bk,6 bk,7

0 +1 +3
4 +105

64 +675
256 +76233

16384 +457107
65536 +12097169

1048576 +7054315
4194304

1 −1 −15
8 −219

64 −6055
1024 −161925

16384 −2067909
1301072 −26060847

1048576

2 +3
4 +19

16 +1545
512 +9765

2048 +596277
65536 +3679941

262144 +394159701
16777216

3 −5
8 −123

128 −2289
1024 −34871

8192 −969375
131072 −51182445

4194304

4 +35
64 +213

256 +7797
4096 +56163

16384 +13861065
2097152 +87185895

8388608

5 − 63
128 − 763

1024 −13875
8192 −790815

262144 −23600537
4194304

6 +231
512 +1395

2048 + 02281
131072 +1434705

524288 +85037895
16777216

7 − 429
1024 −20691

32768 −374325
262144 −5297445

2097152

8 + 6435
16384 +38753

65536 +1400487
1048576 + 989593

4194304

9 −12155
32768 −146289

262144 −2641197
2097152

10 + 46189
131072 +277797

524288 +20050485
16777216

11 − 88179
262144 −2120495

4194304

12 + 676039
2097152 +4063017

8388608

13 −1300075
4194304

14 + 5014575
16777216
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A.2 Hermite Prototype Filter

Table A.2 Hermite prototype filter weights (HAAS; BELFIORE, 1997)

n Hn

0 1
4 −1.9324881 · 10−3

8 −7.3110588 · 10−6

12 −3.154209 · 10−9

16 +9.663413 · 10−12

A.3 Mirabbasi-Martin Prototype Filter

Table A.3 Mirabbasi-Martin prototype filter weights (MIRABBASI; MARTIN, 2003)

K k0 k1 k2 k3 k4 k5 k6 k7

3 1 −0.9114 +0.4114
4 1 −0.9719 +0.7071 −0.2351
6 1 −0.9972 +0.9413 −0.7071 +0.3373 −0.0744
8 1 −0.9998 +0.9315 −0.9270 +0.7071 −0.3748 +0.1168 −0.0152

A.4 Optimal Finite-Duration Pulse

Table A.4 OFDP prototype filter weights (VAHLIN; HOLTE, 1994)

K α0 α2 α4 α6 α8 α10 α12 α14 α16 α18

2 0.9785 0.2055 −0.0113 0.0147 −0.0007
3 0.9395 0.3282 0.0927 0.0308 −0.0015 −0.0024 0.0039 0.0002 −0.0034
4 0.9126 0.3841 0.1329 0.0426 0.0144 0.0005 −0.0052 −0.0019 0.0013 0.0010
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APPENDIX A – Prototype Filter
Weights for OFDP-SDP Design

Table A.1 OFDP-SDP Filter Weights for K = 1

i ci (M = 8) ci (M = 16) ci (M = 32) ci (M = 64) ci (M = 128)
0 +0.999997 +0.999989 +0.999986 +0.999985 +0.999985
2 +0.000546 +0.000922 +0.001017 +0.001041 +0.001047
4 +0.002061 +0.002888 +0.003051 +0.003089 +0.003098
6 +0.001153 +0.001315 +0.001367 +0.001381 +0.001385
8 +0.000000 +0.002069 +0.002025 +0.002010 +0.002007
10 +0.000000 +0.002003 +0.002121 +0.002136 +0.002140
12 +0.000000 +0.001457 +0.001721 +0.001763 +0.001772
14 +0.000000 +0.000934 +0.001320 +0.001374 +0.001386
16 +0.000000 +0.000000 +0.001021 +0.001080 +0.001093
18 +0.000000 +0.000000 +0.000804 +0.000867 +0.000881
20 +0.000000 +0.000000 +0.000642 +0.000710 +0.000724
22 +0.000000 +0.000000 +0.000517 +0.000590 +0.000605
24 +0.000000 +0.000000 +0.000417 +0.000498 +0.000512
26 +0.000000 +0.000000 +0.000334 +0.000424 +0.000439
28 +0.000000 +0.000000 +0.000262 +0.000365 +0.000380
30 +0.000000 +0.000000 +0.000189 +0.000317 +0.000333
32 +0.000000 +0.000000 +0.000000 +0.000277 +0.000293
34 +0.000000 +0.000000 +0.000000 +0.000243 +0.000260
36 +0.000000 +0.000000 +0.000000 +0.000215 +0.000232
38 +0.000000 +0.000000 +0.000000 +0.000191 +0.000208
40 +0.000000 +0.000000 +0.000000 +0.000170 +0.000188
42 +0.000000 +0.000000 +0.000000 +0.000152 +0.000170
44 +0.000000 +0.000000 +0.000000 +0.000136 +0.000155
46 +0.000000 +0.000000 +0.000000 +0.000122 +0.000142
48 +0.000000 +0.000000 +0.000000 +0.000109 +0.000130
50 +0.000000 +0.000000 +0.000000 +0.000098 +0.000119
52 +0.000000 +0.000000 +0.000000 +0.000087 +0.000110
54 +0.000000 +0.000000 +0.000000 +0.000078 +0.000102
56 +0.000000 +0.000000 +0.000000 +0.000068 +0.000094
58 +0.000000 +0.000000 +0.000000 +0.000059 +0.000088
60 +0.000000 +0.000000 +0.000000 +0.000050 +0.000082
62 +0.000000 +0.000000 +0.000000 +0.000038 +0.000076
64 +0.000000 +0.000000 +0.000000 +0.000000 +0.000071
66 +0.000000 +0.000000 +0.000000 +0.000000 +0.000067
68 +0.000000 +0.000000 +0.000000 +0.000000 +0.000062
70 +0.000000 +0.000000 +0.000000 +0.000000 +0.000059
72 +0.000000 +0.000000 +0.000000 +0.000000 +0.000055
74 +0.000000 +0.000000 +0.000000 +0.000000 +0.000052
76 +0.000000 +0.000000 +0.000000 +0.000000 +0.000049
78 +0.000000 +0.000000 +0.000000 +0.000000 +0.000046
80 +0.000000 +0.000000 +0.000000 +0.000000 +0.000043
82 +0.000000 +0.000000 +0.000000 +0.000000 +0.000041
84 +0.000000 +0.000000 +0.000000 +0.000000 +0.000039
86 +0.000000 +0.000000 +0.000000 +0.000000 +0.000037
88 +0.000000 +0.000000 +0.000000 +0.000000 +0.000035
90 +0.000000 +0.000000 +0.000000 +0.000000 +0.000033
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92 +0.000000 +0.000000 +0.000000 +0.000000 +0.000031
94 +0.000000 +0.000000 +0.000000 +0.000000 +0.000029
96 +0.000000 +0.000000 +0.000000 +0.000000 +0.000028
98 +0.000000 +0.000000 +0.000000 +0.000000 +0.000026
100 +0.000000 +0.000000 +0.000000 +0.000000 +0.000025
102 +0.000000 +0.000000 +0.000000 +0.000000 +0.000024
104 +0.000000 +0.000000 +0.000000 +0.000000 +0.000022
106 +0.000000 +0.000000 +0.000000 +0.000000 +0.000021
108 +0.000000 +0.000000 +0.000000 +0.000000 +0.000020
110 +0.000000 +0.000000 +0.000000 +0.000000 +0.000019
112 +0.000000 +0.000000 +0.000000 +0.000000 +0.000017
114 +0.000000 +0.000000 +0.000000 +0.000000 +0.000016
116 +0.000000 +0.000000 +0.000000 +0.000000 +0.000015
118 +0.000000 +0.000000 +0.000000 +0.000000 +0.000014
120 +0.000000 +0.000000 +0.000000 +0.000000 +0.000013
122 +0.000000 +0.000000 +0.000000 +0.000000 +0.000011
124 +0.000000 +0.000000 +0.000000 +0.000000 +0.000010
126 +0.000000 +0.000000 +0.000000 +0.000000 +0.000008

Table A.2 OFDP-SDP Filter Weights for K = 2

i ci (M = 8) ci (M = 16) ci (M = 32) ci (M = 64) ci (M = 128)
0 +0.977436 +0.978410 +0.978645 +0.978704 +0.978718
2 +0.210571 +0.205923 +0.204784 +0.204501 +0.204430
4 −0.009941 −0.010711 −0.010889 −0.010933 −0.010943
6 +0.011468 +0.012209 +0.012336 +0.012365 +0.012372
8 −0.006107 −0.004729 −0.004353 −0.004258 −0.004235
10 −0.001618 −0.003866 −0.004273 −0.004366 −0.004388
12 +0.002843 +0.001523 +0.001120 +0.001017 +0.000992
14 +0.000442 +0.002290 +0.002335 +0.002336 +0.002335
16 +0.000000 +0.001078 +0.001399 +0.001465 +0.001481
18 +0.000000 +0.000050 +0.000376 +0.000454 +0.000473
20 +0.000000 −0.000200 −0.000144 −0.000104 −0.000093
22 +0.000000 +0.000131 −0.000155 −0.000181 −0.000186
24 +0.000000 +0.000336 +0.000096 +0.000026 +0.000010
26 +0.000000 +0.000030 +0.000290 +0.000244 +0.000231
28 +0.000000 +0.000042 +0.000256 +0.000291 +0.000293
30 +0.000000 +0.000047 +0.000072 +0.000163 +0.000183
32 +0.000000 +0.000000 −0.000058 −0.000000 +0.000019
34 +0.000000 +0.000000 −0.000022 −0.000064 −0.000063
36 +0.000000 +0.000000 +0.000090 −0.000006 −0.000025
38 +0.000000 +0.000000 +0.000115 +0.000088 +0.000067
40 +0.000000 +0.000000 +0.000029 +0.000117 +0.000118
42 +0.000000 +0.000000 −0.000033 +0.000063 +0.000086
44 +0.000000 +0.000000 +0.000015 −0.000012 +0.000012
46 +0.000000 +0.000000 +0.000068 −0.000032 −0.000033
48 +0.000000 +0.000000 +0.000022 +0.000011 −0.000015
50 +0.000000 +0.000000 −0.000017 +0.000060 +0.000036
52 +0.000000 +0.000000 +0.000034 +0.000060 +0.000066
54 +0.000000 +0.000000 +0.000015 +0.000016 +0.000048
56 +0.000000 +0.000000 +0.000007 −0.000019 +0.000005
58 +0.000000 +0.000000 +0.000013 −0.000009 −0.000021
60 +0.000000 +0.000000 +0.000008 +0.000028 −0.000007
62 +0.000000 +0.000000 +0.000007 +0.000043 +0.000026
64 +0.000000 +0.000000 +0.000000 +0.000020 +0.000043
66 +0.000000 +0.000000 +0.000000 −0.000010 +0.000028
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68 +0.000000 +0.000000 +0.000000 −0.000009 −0.000001
70 +0.000000 +0.000000 +0.000000 +0.000017 −0.000014
72 +0.000000 +0.000000 +0.000000 +0.000031 −0.000001
74 +0.000000 +0.000000 +0.000000 +0.000013 +0.000022
76 +0.000000 +0.000000 +0.000000 −0.000008 +0.000030
78 +0.000000 +0.000000 +0.000000 −0.000003 +0.000015
80 +0.000000 +0.000000 +0.000000 +0.000018 −0.000005
82 +0.000000 +0.000000 +0.000000 +0.000020 −0.000010
84 +0.000000 +0.000000 +0.000000 +0.000001 +0.000004
86 +0.000000 +0.000000 +0.000000 −0.000007 +0.000020
88 +0.000000 +0.000000 +0.000000 +0.000009 +0.000020
90 +0.000000 +0.000000 +0.000000 +0.000017 +0.000006
92 +0.000000 +0.000000 +0.000000 +0.000003 −0.000007
94 +0.000000 +0.000000 +0.000000 −0.000005 −0.000004
96 +0.000000 +0.000000 +0.000000 +0.000009 +0.000009
98 +0.000000 +0.000000 +0.000000 +0.000011 +0.000017
100 +0.000000 +0.000000 +0.000000 −0.000002 +0.000011
102 +0.000000 +0.000000 +0.000000 +0.000002 −0.000001
104 +0.000000 +0.000000 +0.000000 +0.000010 −0.000006
106 +0.000000 +0.000000 +0.000000 −0.000001 +0.000002
108 +0.000000 +0.000000 +0.000000 +0.000004 +0.000012
110 +0.000000 +0.000000 +0.000000 +0.000004 +0.000012
112 +0.000000 +0.000000 +0.000000 +0.000002 +0.000003
114 +0.000000 +0.000000 +0.000000 +0.000003 −0.000005
116 +0.000000 +0.000000 +0.000000 +0.000002 −0.000002
118 +0.000000 +0.000000 +0.000000 +0.000002 +0.000008
120 +0.000000 +0.000000 +0.000000 +0.000002 +0.000011
122 +0.000000 +0.000000 +0.000000 +0.000002 +0.000005
124 +0.000000 +0.000000 +0.000000 +0.000002 −0.000003
126 +0.000000 +0.000000 +0.000000 +0.000001 −0.000003
128 +0.000000 +0.000000 +0.000000 +0.000000 +0.000005
130 +0.000000 +0.000000 +0.000000 +0.000000 +0.000009
132 +0.000000 +0.000000 +0.000000 +0.000000 +0.000005
134 +0.000000 +0.000000 +0.000000 +0.000000 −0.000002
136 +0.000000 +0.000000 +0.000000 +0.000000 −0.000002
138 +0.000000 +0.000000 +0.000000 +0.000000 +0.000004
140 +0.000000 +0.000000 +0.000000 +0.000000 +0.000008
142 +0.000000 +0.000000 +0.000000 +0.000000 +0.000004
144 +0.000000 +0.000000 +0.000000 +0.000000 −0.000002
146 +0.000000 +0.000000 +0.000000 +0.000000 −0.000002
148 +0.000000 +0.000000 +0.000000 +0.000000 +0.000004
150 +0.000000 +0.000000 +0.000000 +0.000000 +0.000007
152 +0.000000 +0.000000 +0.000000 +0.000000 +0.000002
154 +0.000000 +0.000000 +0.000000 +0.000000 −0.000002
156 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000
158 +0.000000 +0.000000 +0.000000 +0.000000 +0.000005
160 +0.000000 +0.000000 +0.000000 +0.000000 +0.000005
162 +0.000000 +0.000000 +0.000000 +0.000000 −0.000000
164 +0.000000 +0.000000 +0.000000 +0.000000 −0.000002
166 +0.000000 +0.000000 +0.000000 +0.000000 +0.000003
168 +0.000000 +0.000000 +0.000000 +0.000000 +0.000005
170 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
172 +0.000000 +0.000000 +0.000000 +0.000000 −0.000002
174 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
176 +0.000000 +0.000000 +0.000000 +0.000000 +0.000004
178 +0.000000 +0.000000 +0.000000 +0.000000 +0.000002
180 +0.000000 +0.000000 +0.000000 +0.000000 −0.000002



174 APPENDIX A. Prototype Filter Weights for OFDP-SDP Design

182 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
184 +0.000000 +0.000000 +0.000000 +0.000000 +0.000004
186 +0.000000 +0.000000 +0.000000 +0.000000 +0.000002
188 +0.000000 +0.000000 +0.000000 +0.000000 −0.000001
190 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
192 +0.000000 +0.000000 +0.000000 +0.000000 +0.000003
194 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000
196 +0.000000 +0.000000 +0.000000 +0.000000 −0.000001
198 +0.000000 +0.000000 +0.000000 +0.000000 +0.000003
200 +0.000000 +0.000000 +0.000000 +0.000000 +0.000002
202 +0.000000 +0.000000 +0.000000 +0.000000 −0.000001
204 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
206 +0.000000 +0.000000 +0.000000 +0.000000 +0.000002
208 +0.000000 +0.000000 +0.000000 +0.000000 −0.000001
210 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
212 +0.000000 +0.000000 +0.000000 +0.000000 +0.000002
214 +0.000000 +0.000000 +0.000000 +0.000000 −0.000001
216 +0.000000 +0.000000 +0.000000 +0.000000 +0.000002
218 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
220 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000
222 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
224 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000
226 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
228 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
230 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
232 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
234 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
236 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
238 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
240 +0.000000 +0.000000 +0.000000 +0.000000 +0.000001
242 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000
244 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000
246 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000
248 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000
250 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000
252 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000
254 +0.000000 +0.000000 +0.000000 +0.000000 +0.000000

Table A.3 OFDP-SDP Filter Weights for K = 3

i ci (M = 8) ci (M = 16) ci (M = 32) ci (M = 64) ci (M = 128)
0 +0.957496 +0.956053 +0.949855 +0.948972 +0.948899
2 +0.288312 +0.292721 +0.308339 +0.310240 +0.310387
4 −0.004557 +0.014057 +0.050492 +0.055095 +0.055532
6 +0.005317 +0.004917 +0.011235 +0.011967 +0.012007
8 −0.004371 −0.006708 −0.004763 −0.004522 −0.004468
10 +0.001670 −0.001909 −0.001761 −0.001571 −0.001533
12 −0.002147 +0.002055 +0.001068 +0.001016 +0.001001
14 +0.001722 +0.001718 +0.000328 +0.000293 +0.000285
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APPENDIX B – Prototype Filter
Weights for QCQP Design

The weights of the proposed prototype filter are presented in Table B.1.

Table B.1 Filter weights for Type-I, Type-II and Type-III configurations with K = 4,
M = 32, Lp = KM + 1

Type-I Type-II Type-III
c0 9.179317816790 · 10−1 5.016511380872 · 10−1 4.993086025524 · 10−1

c1 3.802162534407 · 10−1 6.897038048179 · 10−1 6.777473126670 · 10−1

c2 1.077526750194 · 10−1 5.039449735142 · 10−1 5.037266848356 · 10−1

c3 2.456277538185 · 10−2 1.795258480584 · 10−1 2.213401597940 · 10−1

c4 4.639914990515 · 10−3 9.191524770412 · 10−3 4.093046350246 · 10−2

c5 1.306778847145 · 10−3

c6 1.577770437750 · 10−3

c7 3.721905313771 · 10−4

In particular, if F is taken as a cosine basis (Type-II and Type-III) scaling the
number of subcarriers for a given overlapping factor K is an easier task due to the frequency
sampling feature of such basis. In this sense, even if the coefficients provided in Table
B.1 are derived for a specific value of M , one can still scale the prototype filter for larger
values of M . This can be achieve by correctly scaling the frequency components via

p[k] =
N−1∑

i=0
c′i cos

( 2π
KM

ik
)
, (B.1)

where

c′i =





1, i = 0√
2Lp
Lp + 1

ci
c0
, otherwise

. (B.2)
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APPENDIX C – IOTA:
Orthogonality Proof

First, let us apply the orthogonalization operator (3.18) on a continuous function
x(t), i.e.,

y(t) = Oτ0x(t). (C.1)

The operator Oτ0 divides the original function by a summation of shifted versions, leading
to the interesting property

∞∑

n=−∞
|y(t− nτ0)|2 = 1

τ0

∞∑

n=−∞

|x(t− nτ0)|2
∞∑

`=−∞
|x(t− nτ0 − `τ0)|2

= 1
τ0

∞∑

n=−∞
|x(t− nτ0)|2

∞∑

`=−∞
|x(t− `τ0)|2

= 1
τ0
.

(C.2)

By convoluting eq. (C.2) with a Dirac Comb, one may conclude that
[ ∞∑

n=−∞
δ(t− nτ0)

]
∗ |y(t)|2 = 1

τ0
. (C.3)

If the Fourier transform is applied to eq. (C.3), one can observe that
[

1
τ0

∞∑

n=−∞
δ(t− n/τ0)

]
F
{
|y(t)|2

}
= 1
τ0
δ(ν). (C.4)

By observing that F
{
|y(t)|2

}
= Ay(0, ν) and making ν = m/τ0 in eq. (C.4), the following

eq. may be derived:
Ay(0,m/τ0) = 0. (C.5)

Further manipulations can be carried out if one recalls that τ0ν0 = 1/2:

Ay(0, 2mν0) = 0. (C.6)

Hence, if one applies the operator Oτ0 in time domain, the original signal will be orthogonal
in the frequency domain. Similarly, if one applies the orthogonalization operator in the
frequency domain, one may conclude that

A′y(2nτ0, 0) = 0, (C.7)
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which is basically the Nyquist ISI criteria. Therefore, the complete IOTA implementation
provide a prototype filter that yields

Ap(2nτ0, 2mν0) = 0, (C.8)

which can provide perfect symbol reconstruction if, and only if, the prototype filter is a
non-truncated continuous function.
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APPENDIX D – Functions
Definition

D.1 Tail Distribution Function

The Q-Function or tail distribution function describes the probability of a normal
random variable with null mean and unitary variance, X ∼ N (0, 1), assuming a value
larger than x, i.e.,

Q(x) = Pr (X > x) , (D.1)

which leads to the integral form:

Q(x) = 1√
2π

∫ ∞

x
exp

(
−t

2

2

)
dt. (D.2)

Similarly, to the Q-Function, the complementary error function also describe
probabilities related to normal random variables. But in this case, with a random variable
of variance 1/2, leading to the relation

erfc(x) = 1− 2Q
(√

2x
)
, (D.3)

or
Q(x) = 1

2 − erfc
(
x√
2

)
, (D.4)

Notice that authors deploy both the complementary error function and the Q-Function
and the choice of one or another is a mere preference matter.

D.2 Hermite Functions

Let us define the Hermite function through the recursive formula

Hn(x) = exp
(
−x2

)
dn

dxn
exp

(
−x2

)
, (D.5)

which, in contrast, is different from Hermite polynomials by a e−x2/2 factor.
For convenience, let us also define the normalized Hermite function as

H′n(x) = Hn

(√
2πx

)
, (D.6)

which aids the description of the Hermite prototype filter. Moreover, we also provide the
closed form expression for the normalized Hermite functions for n ∈ {0, 4, 8, 12} in Table
D.1
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Table D.1 Normalized Hermite Functions H′n(x) for n ∈ {0, 4, 8, 12}
n H′n(x)
0 16 exp

(
−πx2) (4π2x4 − 6πx2 + 3/4

)

4 256 exp
(
−πx2) (16π4x8 − 112π3x6 + 210π2x4 − 105πx2 + 105/16

)

8 4096 exp
(
−πx2) (64π6x12 − 1056π5x10 + 5940π4x8 − 13860π3x6 + 51975/4π2x4 − 31185/8πx2 + 10395/64

)

12 65536 exp
(
−πx2) (256π8x16 − 7680π7x14 + 87360π6x12 − 480480π5x10 + 1351350π4x8 − 1891890π3x6 + 1182431.25π2x4 − 253378.125πx2 + 2027025/256

)

D.3 Generalized Laguerre Polynomials

The generalized or associated Laguerre polynomials is the family of orthogonal
polynomials that are the solution of

x
d2y

dx2 + (α + 1− x) dy
dx

+ ny = 0, (D.7)

which is a second order differential equation known as Laguerre’s equation. The solution
of (D.7) can be obtained via the recursive formula

Lαn(x) = 1
n!e
−xx−α

dn

dxn

(
xn+αe−x

)
, (D.8)

known as Rodrigues Formula. Fortunately, a closed form expression is available:

Lαn(x) =
n∑

`=0

(−1)`x`
`!(n− `)!

n∏

i=`+1
(i+ α). (D.9)
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APPENDIX E – Multirate
Processing Basics

In this section, basics on multirate processing are presented aiming to aid readers
to deploy such concepts on signal processing of FBMC systems.

E.1 Expansion/Up-Sampling

An expander is a device capable of increasing the rate of its input signal. The
representation of the such a device is presented in Figure E.1 and its output can be written
as

y[k] =





x

[
k

N

]
, k = iN, where i ∈ Z

0, otherwise
, (E.1)

where x[k] is the input signal, y[k] is the output signal and N is an integer that represents
the expansion rate of the block. By analyzing eq. (E.1), the expander block increases the
rate of the input signal by inserting N − 1 zeroes between samples of x[k].

x[k] ↑ N y[k]

Figure E.1 Expander Block Diagram

E.1.1 Example I

As an example, Figure E.2 depicts the expansion of a triangular pulse with N = 2.
Notice that the expander inserts one null point between each pair of adjacent samples of
the input signal, as highlighted in blue.

k

x[k]

(a) Input signal

k

y[k]

(b) Output signal

Figure E.2 Up-sampling example for N = 2
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E.1.2 Z-Transform and Spectrum

Concerning the spectrum, one can observe that the Z-Transform of the output
signal of an expander is

Y (z) =
∞∑

`=−∞
y [`] z−`

=
∞∑

`=−∞
x

[
`

N

]
z−`

∣∣∣∣∣∣
`←N`

=
−∞∑

`=−∞
x

[
`

N

] (
zN
)`

= X
(
zN
)
.

(E.2)

By recalling that the DFT can be easily obtained from eq. (E.2) by making z = ejω, one
can also observe that the spectrum period becomes 2π/N . Hence, the spectrum of the
output signal is compressed throughout the frequency domain. In order to illustrate such
behavior, Figure E.3 exemplifies how a input signal with a triangular spectrum is affected
by the expansion procedure. It is worthy note mentioning that Figures E.2 and E.3 are
not related directly as the triangular shape was used in both cases for simplicity.
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(b) Output signal

Figure E.3 Spectrum for an up-sampler with N = 2

E.2 Decimation/Down-Sampling

Conversely from the expansion/up-sampling, the decimation procedure reduces the
number of samples, i.e.,

y[k] = x[Mk], (E.3)

where x[k] is the input signal, y[k] is the output signal and M is an integer that represents
the decimation rate of the block. Hence, by analyzing eq. (E.3), one can infer that the
decimator takes only one sample of M sequential samples, whereas the remaining samples
are discarded.
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x[k] ↓ M y[k]

Figure E.4 Decimator Block Diagram

E.2.1 Example II

Figure E.5 depicts the decimation procedure applied, once more, to a triangular
input signal. Since the decimation rate is M = 2, the decimator block eliminates the odd
indexed samples highlighted in red.

k

x[k]

(a) Input signal

k

y[k]

(b) Output signal for M = 2

Figure E.5 Down-sampling example

E.2.2 Z-Transform and Spectrum

In order to obtain the spectrum of the decimated signal, let us multiply the input
signal by a Dirac comb with a a rate of M samples:

x′[k] = x[k]
∞∑

`=−∞
δ (k −M`) . (E.4)

By deploying the Dirac comb, samples that would be discarded by the decimator are
zeroed prior to the decimation procedure itself. Despite x[k] and x′[k] being different, their
decimation lead to the same result. As a second step, eq. (E.4) can be rewritten by using
the Discrete Fourier Series (DFS) representation for the Dirac comb

x′[k] = x[k]
M−1∑

m=0
ej

2π
M
mk. (E.5)

Since eq. (E.5) can be interpreted as the sum of M frequency shifts (modulation) of x[k],
the Z-transform of x′[k] can be expressed as: (E.5):

X ′(z) = 1
M

M−1∑

m=0
X
(
ze−

2π
M
m
)
. (E.6)

By considering x′[k] the expanded signal of y[k], one can observe that:

X ′(z) = Y (zM), (E.7)
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as presented previously in eq. (E.2). Therefore, by using the dual form of eq. (E.7), i.e.,

Y (z) = X(z1/M), (E.8)

the decimated signal of x[k] can be written as

Y (z) = 1
M

M−1∑

m=0
X
(
z1/Me−j

2π
M
m
)

(E.9)

Differently from the expander, the spectrum of the output signal of a decimator spreads
throughout the frequency domain. Figure E.6 depicts how the decimator affects the
spectrum of a input signal with a triangular spectrum.
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Figure E.6 Spectrum for an down-sampler with M = 2

E.3 Polyphase Decomposition

Through the Polyphase Decomposition, a digital filter of length Lp can be split into
M filters with a lower number of taps. In this sense, let us apply the Z-Transform of p[k]:

P (z) =
Lp−1∑

k=0
p[k]z−k. (E.10)

By deploying the Polyphase Decompostion, the Z-Transform of the filter can be written as

P (z) =
M−1∑

m=0
Gm(zM)z−m, (E.11)

where
Gm(z) =

K−1∑

`=0
p[m+ `M ]z−`. (E.12)

Notice that such a procedure split the original filter into M filters of length bLp/Me, which
is particularly advantageous for implementing filter-banks efficiently.
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E.4 Noble Identities

According to the Noble identities (VAIDYANATHAN, 1993), one can reverse the
order of the filtering and the expander/decimator, as illustrated in Figures E.7 and E.8.

x[k] ↓ M P (z) y[k]

(a) Implementation 1

x[k] P (zM) ↓ M y[k]

(b) Implementation 2

Figure E.7 Down-sampling Noble identities

x[k] P (z) ↑ N y[k]

(a) Implementation 1

x[k] ↑ N P (zN) y[k]

(b) Implementation 2

Figure E.8 Up-sampling Noble identities
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APPENDIX F – Ambiguity
Function

The ambiguity function of a pulse p(t) is a bi dimensional function that describes
the effects of a Doppler shift ν on a receiver equipped with a matched filter, which can be
described by

Ap(τ, ν) =
∫ ∞

−∞
p(t)p∗(t− τ)e−j2πντdt. (F.1)

An useful interpretation comes by visualizing the ambiguity function as a auto-correlation
function that covers both the time and frequency domains. In fact, it is easy to observe
that Ap(τ, 0) is the auto-correlation of a pulse p(t), while Ap(0, 0) describes the total power
of the prototype filter. Also, the ambiguity function can be used to describe the Nyquist
ISI criteria as Ap(nτ0, 0) = δ(n) coincides with such constraint.

As an alternative use, the ambiguity function can be deployed to visualize the
time-frequency spreading features of a prototype function. In this sense, a prototype filter
can be considered well-contained in time if its ambiguity function experiences a fast decay
around τ = 0. Similarly, if Ap(τ, ν) falls quickly along the ν-axis, then p(t) presents a
concentrated spectrum. However, as pointed out, prototype filters cannot be concentrated
in both frequency and time domains according to the Heisenberg Uncertainty Principle.
Hence, optimal concentration on both time and frequency domains occurs when ξ = 1.
In this sense, if one normalizes both ν and τ axis, the ambiguity function will yields an
isotropic response for near unitary ξ prototype filters.

In the following sections, we provide the contour plot of the prototype filters
discussed in Chapter 3. Ten plot levels are displayed in an Hue, Saturation, Value (HSV)
color gradient for each ambiguity function plot, where the preset levels are shown when

Ap(τ, ν) ∈ {0.0316, 0.0458, 0.0664, 0.0962, 0.1395, 0.2021, 0.2929, 0.4244, 0.6150, 0.8913} .

Also, the axis of Ap(τ, ν) are normalized with τ0 and ν0 in order to provide a better
ambiguity function visualization.
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F.1 Squared-Root-Raised-Cosine
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Figure F.1 Ambiguity function for SRRC prototype filters (K = 4, M = 32, and

Lp = 129)

F.2 Gaussian Function
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Figure F.2 Ambiguity function for Gaussian prototype filters (K = 4, M = 32, and
Lp = 129)
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F.3 Extended Gaussian Function
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Figure F.3 Ambiguity function for EGF prototype filters (K = 4, M = 32, and
Lp = 129)

F.4 Hermite Prototype Filter
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Figure F.4 Ambiguity function for Hermite prototype filter (K = 4, M = 32, and
Lp = 129)
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F.5 Discrete Prolate Spheroidal Sequences
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Figure F.5 Ambiguity function for DPSS prototype filters (K = 4, M = 32, and
Lp = 129)

F.6 Optimal Finite-Duration Pulse
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Figure F.6 Ambiguity function for OFDP prototype filter (K = 4, M = 32, and
Lp = 129)
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F.7 Mirabbasi-Martin Prototype Filter
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Figure F.7 Ambiguity function for Mirabbasi-Martin prototype filter (K = 4, M = 32,
and Lp = 129)

F.8 Windowed Designs

−4 −2 0 2 4
−4

−2

0

2

4

τ/τ0

ν
/
ν

0

(a) Rectangular window

−4 −2 0 2 4
−4

−2

0

2

4

τ/τ0

ν
/
ν

0

(b) Triangular window

−4 −2 0 2 4
−4

−2

0

2

4

τ/τ0

ν
/
ν

0

(c) Hanning window

Figure F.8 Ambiguity function for windowed prototype filters (K = 4, M = 32, and
Lp = 129)
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F.9 OFDP-SDP
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Figure F.9 Ambiguity function for OFDP-SDP prototype filter (K = 3, M = 32, and
Lp = 96)

F.10 Type-I Prototype Filter
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Figure F.10 Ambiguity function for Type-I prototype filter (K = 4, M = 32, and
Lp = 129)
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F.11 Type-II Prototype Filter
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Figure F.11 Ambiguity function for Type-II prototype filter (K = 4, M = 32, and
Lp = 129)

F.12 Type-III Prototype Filter
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Figure F.12 Ambiguity function for Type-III prototype filter (K = 4, M = 32, and
Lp = 129)





195

APPENDIX G – Performance
Spider Plots

In order to complement the numerical results presented in Chapter 3, the following
figures in this appendix constitute an alternative representation of Table 3.2. In this
sense, spider plots, also known as radar charts, are used to display the performance of
each prototype filter discussed in Chapter 3. A spider plot is a multi-axis plot used to
characterize the parameters or behavior of a given set of data. In this case, we aim to
present the performance of each prototype filter in terms of SIR, MSL, OoB energy,
Heisenberg factor and time and frequency spreads. Notice, however, that such parameters
are remapped to represent performance in an increasing way. Hence, larger areas covered
by a spider plot mean higher global filter performance.
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Figure G.1 Performance spider plots for SRRC prototype filters (K = 4, M = 32, and

Lp = 129)

G.2 Gaussian Function
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Figure G.2 Performance spider plots for Gaussian prototype filters (K = 4, M = 32,

and Lp = 129)
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G.3 Extended Gaussian Function
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Figure G.3 Performance spider plots for EGF prototype filters (K = 4, M = 32, and

Lp = 129)

G.4 Hermite Prototype Function
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Figure G.4 Performance spider plots for Hermite prototype filter (K = 4, M = 32, and
Lp = 129)
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G.5 Discrete Prolate Spheroidal Sequence
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Figure G.5 Performance spider plots for DPSS prototype filters (K = 4, M = 32, and

Lp = 129)

G.6 Optimal Finite-Duration Pulse
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Figure G.6 Performance spider plots for OFDP prototype filter (K = 4, M = 32, and
Lp = 129)
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G.7 Mirabbasi-Martin Prototype Filter
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Figure G.7 Performance spider plots for Mirabbasi-Martin prototype filter (K = 4,
M = 32, and Lp = 129)
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Figure G.8 Performance spider plots for windowed prototype filters (K = 4, M = 32,

and Lp = 129)
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Figure G.9 Performance spider plots for OFDP-SDP prototype filter (K = 3, M = 32
and Lp = 96)
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Figure G.10 Performance spider plots for Type-I prototype filter (K = 4, M = 32 and
Lp = 129
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G.11 Type-II Prototype Filter
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Figure G.11 Performance spider plots for Type-II prototype filter (K = 4, M = 32,
and Lp = 129)
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Figure G.12 Performance spider plots for Type-III prototype filter (K = 4, M = 32,
and Lp = 129)
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APPENDIX H – MATLAB
Scripts

H.1 FBMC Transmultiplexer Scripts

H.1.1 Traditional Implementation

Script H.1 Matlab script for a classical FBMC implementation

function fbmc_transmux
%% Description : traditional FBMC transmux implementation

%% Basic Parameters
M = 64; %% Number of subcarriers
K = 4; %% Overlapping factor
Nq = 64; %% Modulation order (QAM)
Nd = 1000; %% Number of QAM symbols
Lp = M*K + 1; %% Fitler length
p = proto_egf ( M, K, Lp , 1.00 , 1/ sqrt (2) , 1/ sqrt (2)); %% Prototype filter

%% Filter bank
Lp = length (p); %% Filter length
g = fbmc_bank ( M, p ); %% Filter bank
[Da ,Db] = fbmc_delay_eval ( Lp , M, K ); %% Delay net
Phi = 1i.^ hankel ( 0:M-1, M -1:M -1+2* Nd -1 ); %% Phase shift

%% Transmux
d = qammod ( randi ([0 Nq -1] , [M Nd ]) , Nq , 0, 'gray ' ); %% QAM data
a = reshape ( [real(d);imag(d)], [M 2* Nd] ); %% QAM staggering
b = a .* Phi; %% Phase - shifted PAM symbols
s = fbmc_synthesis ( b, g ); %% Synthesis
xd = circshift ( s, [0 Db] ); %% Receiver delay
y = mc_fbmc_analysis ( xd , g ); %% Analysis
yd = circshift ( y, [0 -Da] ); %% Output " delay " shift
ah = real( yd (: ,1:2* Nd) .* conj(Phi) ); %% Remove phase shift
dh = ah (: ,1:2 :end) + 1i*ah (: ,2:2 :end); %% De - staggering
end
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H.1.2 Polyphase Implementation

Script H.2 Matlab script for a polyphase FBMC implementation

function fbmc_transmux_poly
%% Description : polyphase FBMC transmux implementation

%% Basic Parameters
M = 64; %% Number of subcarriers
K = 4; %% Overlapping factor
Nq = 64; %% Modulation order (QAM)
Nd = 1000; %% Number of QAM symbols
Lp = M*K + 1; %% Fitler length
p = proto_egf ( M, K, Lp , 1.00 , 1/ sqrt (2) , 1/ sqrt (2)); %% Prototype filter

%% Filter bank
Lp = length (p); %% Filter length
Gz2 = fbmc_bank_poly ( p, M ); %% Polyphase filterbank
[Da ,Db] = fbmc_delay_eval ( Lp , M, K ); %% Delay net
Phi = 1i.^ hankel ( 0:M-1, M -1:M -1+2* Nd -1 ); %% Phase shift

%% Transmux
d = qammod ( randi ([0 Nq -1] , [M Nd ]) , Nq , 0, 'gray ' ); %% QAM data
a = reshape ( [real(d);imag(d)], [M 2* Nd] ); %% QAM staggering
b = a .* Phi; %% Phase - shifted PAM symbols
s = fbmc_synthesis_poly ( b, Gz2 ); %% Synthesis
xd = circshift ( s, [0 Db] ); %% Receiver delay
y = fbmc_analysis_poly ( xd , Gz2 ); %% Analysis
yd = circshift ( y, [0 -Da] ); %% Output " delay " shift
ah = real( yd (: ,1:2* Nd) .* conj(Phi) ); %% Remove phase shift
dh = ah (: ,1:2 :end) + 1i*ah (: ,2:2 :end); %% De - staggering
end
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H.1.3 Filter Bank Functions

Script H.3 Matlab script for generating a FBMC filter bank

function g = fbmc_bank ( M, p )
%% Description : filter bank
% Output : g, filter bank
% Input : M, number of subcariers
% p, filter length

%% Filter length
Lp = length (p);

%% Synthesis filter
g = zeros (M,Lp);
k = 0:(Lp -1);
for m = 1:M

g(m ,:) = p .* exp( 1i*2* pi *(m -1)/M* ( k -(Lp -1) /2 ) ) ;
end

end

Script H.4 Matlab script for generating the polyphase components of a FBMC filter
bank

function [Gz2 ,Gz] = fbmc_bank_poly ( p, M )
%% Description : evaluates the polyphase components of a prototype filter p
% Output : Gz2 , polyphase components of p
% Gz , polyphase components of p
% Input : p, prototype filter
% M, number of subcariers

%% Filter length
Lp = length (p);

%% Polyphase components G(z)
Gz = zeros ( M, ceil(Lp/M) );
for m = 0:M -1

temp = p( m+1:M :end );
Gz(m+1 ,1: length (temp)) = temp;

end

%% Polyphase components G(z^2)
Gz2 = zeros (M ,2* ceil(Lp/M));
Gz2 (: ,1:2 :end) = Gz;
end
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H.1.4 Delay and Latency Functions

Script H.5 Matlab script for evaluating the ∆α and ∆β

function [Da ,Db] = mc_fbmc_delay_eval ( Lp , M, K )
%% Description : generates the EGF prototype filter with a spreading factor alpha
% Output : Da , latency
% Db , input delay
% Input : Lp , filter length
% M, number of subcariers
% K, overlapping factor

%% Delay and latency evaluation
if Lp > M*K +1

Db = M-mod(Lp ,M*K)+1;
Da = ( Lp - 1 + Db )/ (M/2);

else
Db = -(Lp -M*K -1);
Da = 2*K;

end
end
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H.1.5 FBMC Synthesis Functions

Script H.6 Matlab script for synthesizing a FBMC signal

function s = fbmc_synthesis ( b, g )
%% Description : FBMC signal synthesis
% Output : s, FBMC signal
% Input : b, input phase - shifted PAM symbols
% g, polyphase components of p

%% Input sizes
[M, Nsymb ] = size(b);
Lp = size( g, 2 );

%% Symbol expansion
b_exp = kron( b, [1 zeros (1,M/2 -1)] );

%% Synthesis filtering
s = zeros ( 1, Lp + M/2*( Nsymb ) -1 );
for m = 1:M

s = s + conv( g(m ,:) , b_exp (m ,:) );
end
end

Script H.7 Matlab script for synthesizing a FBMC signal via polyphase components

function s = fbmc_synthesis_poly ( b, Gz2 )
%% Description : FBMC signal synthesis
% Output : s, FBMC signal
% Input : b, input phase - shifted PAM symbols
% Gz2 , polyphase components of p

%% Sizes
[M,N] = size(b);
Lp = sum(sum(Gz2 (: ,1:2 :end)~=0));

%% Synthesis
s = zeros ( 1, (N+2* ceil(Lp/M) -1)*M/2 );
Phi0 = repmat ( exp (-1i*2* pi/M*[0:M -1] '*(Lp -1) /2) , [1 N] );
x1 = ifft( M * b .* Phi0 , M, 1);
for m = 1:M

temp2 = zeros ( 1, (N+2* ceil(Lp/M) -1)*M/2 );
temp2 (1:M/2 :end) = conv(x1(m ,:) ,Gz2(m ,:));
s = s + circshift ( temp2 , [0 m -1] );

end
end
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H.1.6 FBMC Analysis Functions

Script H.8 Matlab script for analyzing a FBMC signal

function bh = fbmc_analysis ( xd , g )
%% Description : FBMC signal synthesis
% Output : bh , estimated phase - shifted PAM symbol
% Input : xd , input FBMC signal properly with a proper delay
% g, filter bank

%% Input sizes
[M,Lp] = size(g);

%% Analysis
bh_exp = zeros ( M, length (xd)+Lp -1 );
for m = 1:M

bh_exp (m ,:) = conv( xd , fliplr ( conj(g(m ,:)) ) );
end
bh = bh_exp ( : ,1:(M/2) ^1 :end );
end

Script H.9 Matlab script for analyzing a FBMC signal via polyphase components

function bh = fbmc_analysis_poly (xd ,Gz2)
%% Description : FBMC signal analysis
% Output : bh , estimated phase - shifted PAM symbol
% Input : xd , input FBMC signal properly with a proper delay
% Gz2 , polyphase components of p

%% Sizes
M = size(Gz2 ,1);
Lp = sum(sum(Gz2 (: ,1:2 :end)~=0));

%% Synthesis
b0 = zeros (M, round ( length (xd)/(M/2))+2* ceil(Lp/M) -1);
for m = 1:M

temp = circshift ( xd , [0 m -1] );
b0(m ,:) = conv( temp (1:M/2 :end), Gz2(m ,:) );

end
Phi0 = repmat ( exp (-1i*2* pi/M*[0:M -1] '*(Lp -1) /2) , [1 ...

round ( length (xd)/(M/2))+2* ceil(Lp/M) -1] );
bh = M * ifft( b0 ,M ,1 ) .* Phi0;
end
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H.2 Prototype Filter Scripts

Script H.10 Matlab script for generating a SRRC prototype filter

function p = proto_srrc ( M, Lp , r )
%% Description : generates the Square -Root Raised Cosine prototype filter
% Output : p, prototype filter
% Input : M, number of subcariers
% Lp , filter length
% r, roll -off factor

%% Pulse evaluation
k = ( -(Lp -1) /2:(Lp -1) /2 );
p = ( 4*r/M*k.*cos( pi *(1+r)/M*k ) + sin( pi *(1 -r)/M*k ) ) ...

./ ( ( 1 - (4*r/M*k).^2 ) .* pi/M .*k );
p(k==0) = (pi+r*(4 - pi)) / pi;
p(k==+M/2) = 2*M * ( cos(pi*r/2) -2*r*sin(pi*r/2) ) / ( pi*M*(1 -4*r^2) );
p(k==-M/2) = 2*M * ( cos(pi*r/2) -2*r*sin(pi*r/2) ) / ( pi*M*(1 -4*r^2) );

%% Energy Normalization
p = p / norm( p );
end

Script H.11 Matlab script for generating a Mirabbasi-Martin prototype filter

function p = proto_martin ( M, K, Lp )
%% Description : generates the Mirabbasi - Martin prototype filter
% Output : p, prototype filter
% Input : M, number of subcariers
% K, overlapping factor
% Lp , filter length

%% Weights
switch K

case 3
k = [1 -.91143783 + .41143783 ];

case 4
k = [1 -.97195983 .70710681 -.23514695 ];

case 5
k = [1 -.99184131 + .86541624 -.50105361 + .12747868 ];

case 6
k = [1 -.99722723 + .94136732 -.70710681 + .3373834 -.07441672 ];

case 8
k = [1 -.99988389 + .99315513 -.92708081 ...

+ .70710681 -.37486154 + .11680273 -.01523841 ];
end

%% Puse Evaluation
p = ones (1,Lp);
n = (0:Lp -1) - (Lp -1) /2;
for ii = 2:K

p = p + 2 * abs(k(ii)) * cos( 2* pi*n/(K*M) * (ii -1));
end

%% Energy Normalization
p = p / norm( p );
end
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Script H.12 Matlab script for generating a DPSS prototype filter

function p = proto_prolate ( Lp , fc , n )
%% Description : generates the DPSS prototype filter
% Output : p, prototype filter
% Input : Lp , filter length
% fc , cut -off frequency [0 ,1]
% n, p is the n-th DPSS [1,Lp]

%% Slepian Matrix
wc = 2* pi*fc /1;
P = zeros (Lp ,Lp);
for k = 1: Lp

for l = 1: Lp
P(k,l) = sinc( ((k -1) -(l -1))*wc/pi ) * wc/pi;

end
end

%% Slepian Series
[p,~] = eig( P );
p = fliplr (p);

%% Energy Normalization
p = p(:,n). ';
if sum(p) <0

p = -p;
end

%% Energy Normalization
p = p/norm(p);
end

Script H.13 Matlab script for generating a OFDP prototype filter

function p = proto_ofdp ( M, K, Lp )
%% Description : generates the OFDP prototype filter
% Output : p, prototype filter
% Input : M, number of subcariers
% K, overlapping factor
% Lp , filter length

%% Weights
switch K

case 2
a = [ .9785 .2055 -.0113 .0147 -.0007 -.0033 -.0012 ];

case 3
a = [ .9395 .3282 .0927 .0308 -.0015 -.0024 .0039 .0002 -.0034 ];

case 4
a = [ .9126 .3841 .1329 .0426 .0144 .0005 -.0052 -.0019 .0013 .0010 ];

end

%% Slepian Series
f = dpss( Lp , Lp/M, 2* length (a) ). ';

%% Pulse evaluation
p = zeros ( 1, Lp );
for ii = 1: length (a)

phi = f(2*(ii -1) +1 ,:) * ( -1) ^(ii -1);
phi = phi / sqrt(phi*phi ');
p = p + a(ii)*phi;

end

%% Energy Normalization
p = p / norm( p );
end
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Script H.14 Matlab script for generating a Gaussian prototype filter

function p = proto_exp ( M, Lp , alpha )
%% Description : generates the EGF prototype filter with a spreading factor alpha
% Output : p, prototype filter
% Input : M, number of subcariers
% K, overlapping factor
% Lp , filter length
% alpha , spreading factor

%% Sampling period
Ts = sqrt (2) / (M/2);

%% Time
t = (-(Lp -1) /2:(Lp -1) /2) * Ts;

%% Pulse eval
p = ( 2* alpha )^.25 * exp( -pi * alpha * t. ^2 );

%% Energy Normalization
p = p / norm( p );
end

Script H.15 Matlab script for generating a EGF prototype filter

function z = proto_egf (M,Lp ,alpha ,v0 ,t0)
%% Description : generates the EGF prototype filter with a spreading factor alpha
% Output : p, prototype filter
% Input : M, number of subcariers
% K, overlapping factor
% Lp , filter length
% alpha , spreading factor
% v0 , FBMC frequency separation
% t0 , FBMC time separation
% notice that t0*v0 =1/2

%% Sampling interval
Ts = t0 / (M/2);
t = ( -(Lp -1) /2:(Lp -1) /2 ) * Ts;

%% Pulse evaluation
y = zeros (1,Lp);
for l = 0:14

y = y + dh(l ,1/ alpha ,t0) * cos( 2* pi*l*t/t0 );
end
z = zeros (1,Lp);
for k = 0:14

z = z + 1/2 * dh(k,alpha ,v0) *( g(alpha ,t+k/v0) + g(alpha ,t-k/v0) ) ;
end
z = z .* y;

%% Normalization
z = z / norm(z);
end

function ga = g(alpha ,t)
ga = (2* alpha )^.25 * exp( -pi* alpha *t. ^2 );

end

function d = dh( k, alpha , v0 )

b = [ 1 3/4 105/64 675/256 76233/16384 457107/65536 12097169/1048576 7054315/4194304;
-1 -15/8 -219/64 -6055/1024 -161925/16384 -2067909/1301072 -26060847/1048576 0;

3/4 19/16 1545/512 9765/2048 596277/65536 3679941/262144 394159701/16777216 0;
-5/8 -123/128 -2289/1024 -34871/8192 -969375/131072 -51182445/4194304 0 0;

35/64 213/256 7797/4096 56163/16384 13861065/2097152 87185895/8388608 0 0;
-63/128 -763/1024 -13875/8192 -790815/262144 -23600537/4194304 0 0 0;
231/512 1395/2048 202281/131072 1434705/524288 85037895/16777216 0 0 0;

-429/1024 -20691/32768 -374325/262144 -5297445/2097152 0 0 0 0;
6435/16384 38753/65536 1400487/1048576 989593/4194304 0 0 0 0;

-12155/32768 -146289/262144 -2641197/2097152 0 0 0 0 0;
46189/131072 277797/524288 20050485/16777216 0 0 0 0 0;

-88179/262144 -2120495/4194304 0 0 0 0 0 0;
676039/2097152 4063017/8388608 0 0 0 0 0 0;

-1300075/4194304 0 0 0 0 0 0 0;
5014575/16777216 0 0 0 0 0 0 0 ...

];

K = 14;
jk = floor ( (K-k)/2 );
d = 0;
for j = 0: jk

d = d + b(k+1,j+1) * exp( -pi* alpha /(2* v0 ^2) * (2*j+k) );
end
end
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Script H.16 Matlab script for generating a window based prototype filter

function p = proto_sinc ( Lp , fc , w )
%% Description : generates a window based prototype filter
% Output : p, prototype filter
% Input : Lp , number of subcariers
% w, window

%% Sinc Filter
k = (0:Lp -1) - (Lp -1) /2;
h = sinc( 2 * fc * k );

%% Prototype Filter
p = w .* h;

%% Energy Normalization
p = p / norm( p );
end

Script H.17 Matlab script for generating a Hermite prototype filter

function h = proto_hermite (M,K,Lp)
%% Description : generates the Hermite prototype filter
% Output : p, prototype filter
% Input : M, number of subcariers
% K, overlapping factor
% Lp , filter length

%% Sampling time
t0 = 1/ sqrt (2);
Ts = t0 / (M/2);
t = ((0:Lp -1) - (Lp -1) /2) * Ts;

%% Pulse Evaluation
h = +1 .0000000e -0 * exp(-pi*t. ^2) ...

-1.9324881e -3 * 16* exp(-pi*t. ^2).* ( 4* pi ^2* t. ^4 -6*pi*t. ^2 +3/4 ) ...
-7.3110588e -6 * 256* exp(-pi*t. ^2).* ( 16* pi ^4* t. ^8 -112* pi ^3* t. ^6 ...

+210* pi ^2* t. ^4 -105* pi*t. ^2 +105/16 ) ...
-3.1542096e -9 * 4096* exp(-pi*t. ^2).* ( 64* pi ^6* t. ^12 -1056* pi ^5* t. ^10 ...

+5940* pi ^4* t. ^8 -13860* pi ^3* t. ^6 +51975/4* pi ^2* t. ^4 -31185/8* pi*t. ^2 +10395/64 )...
+9 .6634138e -13 * 65536* exp(-pi*t. ^2).* ( 256* pi ^8* t. ^16 -7680* pi ^7* t. ^14 ...

+87360* pi ^6* t. ^12 -480480* pi ^5* t. ^10 +1351350* pi ^4* t. ^8 -1891890* pi ^3* t. ^6 ...
+1182431 .25*pi ^2* t. ^4 -253378 .125*pi*t. ^2 +2027025/256 );

%% Pulse Normalization
h = h/norm(h);
end
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H.3 Prototype Filter Merit Figures Scripts

Script H.18 Matlab script example for evaluating the performance of a Mirabbasi-
Martin prototype filter

function merit_example
%% Description : SIR evaluation of a Martin prototype filter

%% Prototype filter
M = 64;
K = 4;
Lp = K*M + 1;
p = proto_martin ( M, K, Lp );

%% Figures of merit
SIR = mc_fbmc_merit_sir ( p, M )
MSA = mc_fbmc_merit_msa ( p )
E0 = mc_fbmc_merit_oob ( p, 1/M )
[xi ,Dk ,Dnu] = mc_fbmc_merit_heisen ( p )
end

Script H.19 Matlab script example for evaluating the SIR of a prototype filter

function SIR_db = fbmc_merit_sir ( p, M )
%% Description : returns the SIR of a prototype filter p
% Output : SIR_db , prototype filter SIR
% Input : p, prototype filter
% M, number of subcarriers

%% Evaluation of the interference elements
e = mat_interf_elements ( p, M );

%% SIR evaluation
SIR_db = 10* log10 ( 1 / ( sum(e(:).^2) -1 ) );
end
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Script H.20 Matlab script example for evaluating the MSL of a prototype filter

function MSA_db = fbmc_merit_msa ( p )
%% Description : returns the MSA of a prototype filter p
% Output : SIR_db , prototype filter SIR
% Input : p, prototype filter
% M, number of subcarriers

%% PSD evaluation
NFFT = 4096;
Pf = abs( fftshift ( fft( p, NFFT ) ) ).^2;
Pf = Pf / max(Pf);
Pf_db = 10* log10 (Pf);

%% MSA eval
Ph = Pf_db ( length ( Pf_db )/2 :end);
pk = findpeaks (Ph);
pk = pk(pk < -5);
if isempty (pk)

pk = -inf;
end
MSA_db = -pk (1);
end

Script H.21 Matlab script example for evaluating the OoB energy of a prototype filter

function Ewc0_db = fbmc_merit_oob ( p, fc )
%% Description : returns the OOB energy of a prototype filter p
% Output : Ewc0_db , OOB energy
% Input : p, prototype filter
% M, number of subcarriers
% fc , cutoff frequency

%% Filter length
Lp = length ( p );

%% Slepian matrix
G = mat_gamma ( Lp , fc );

%% OOB energy evaluation
Ewc0_db = 10* log10 ( p(:) ' * ( eye(Lp) - G ) * p(:) );
end
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Script H.22 Matlab script example for evaluating the Heisenberg factor of a prototype
filter

function [xi ,Dk ,Df] = fbmc_merit_heisen ( p )
%% Description : returns the Heisenberg factor and time/ frequency spreads of a pulse p
% Output : xi , prototype filter Heisenberg factor
% Dk , time spread
% Df , frequency spread
% Input : p, prototype filter

%% Prototype filter length
Lp = length (p);

%% Energy normalization
p = p /norm(p);

%% Time index
NFFT = Lp *16+1;
k = (0:Lp -1) - (Lp -1) /2;

%% Frequency
f = ( (0: NFFT -1) -(NFFT -1) /2 )/( NFFT -1);

%% PSD calc
Pf = zeros (1, NFFT);
for ii = 1: length (p)

n = k(ii);
Pf = Pf + p(ii) * exp( -1i*2* pi*f*n );

end
Pf = real(Pf);

%% Momentuns
mk = sum( k.*abs(p).^2 );
mf = trapz ( f, f.*abs(Pf).^2 );
Dk = sqrt( sum( (k-mk).^2.*abs(p).^2 ) );
Df = sqrt( trapz ( f, (f-mf).^2.*abs(Pf).^2 ) );

%% Heisenberg factor
xi = 1 / (4* pi*Dk*Df);
end
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H.4 Channel Estimation for FBMC Systems

Script H.23 Matlab script for generating different preambles for channel estimation for
FBMC systems

function ap = fbmc_ce_pilot_generation ( M, ce_method , Nq )
%% Description : IAM -R/I/C channel estimation
% Output : ap , pilots
% Input : M, number of pilots
% ce_method , channel estimation method
% Nq , QAM modulation order , Np=sqrt(Nq)

switch ce_method
case 'pop '

ap = zeros (M ,2);
ap (: ,1) = ( -1).^mod (1:M ,2);
ap = sqrt (2) * ap;

case 'iam1 '
ap = pammod ( randi ([0 sqrt(Nq) -1], [M 3]) , sqrt(Nq), 0, 'gray ' ) ;
ap = 1 / sqrt( 1/3*( sqrt(Nq)^2 -1) ) * ap;

case 'iam2 '
ap = zeros (M ,3);
ap (: ,2) = ( -1).^mod (1:M ,2);
ap = sqrt (3) * ap;

case 'iamr '
ap = zeros (M ,3);
AH = hadamard (M);
ap (: ,2) = AH (: ,4);
ap = sqrt (3) * ap;

case 'iami '
ap = zeros (M ,3);
p1 = pammod ( randi ([0 sqrt(Nq) -1], [1 ceil(M/3) ]) , sqrt(Nq), 0, 'gray ' );
p2 = repmat ( p1 , [3 1] ) * ( sqrt(Nq) -1 );
ap (: ,2) = p2 (1:M).' .* 1i.^mod (0:M -1 ,3). ';
ap = sqrt (3) * ap / sqrt( 1/3*( sqrt(Nq)^2 -1) );

case 'iamc '
ap = zeros (M ,3);
AH = hadamard (M);
ap (: ,2) = AH (: ,4) .* 1i.^mod (0:M -1 ,2). ';
ap = sqrt (3) * ap;

end
end
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Script H.24 Matlab script for POP channel estimation

function H = fbmc_ce_pop ( x, ap , Phi , p )
%% Description : IAM channel estimation
% Output : e, interference elements of p
% Input : x, received signal
% ap , transmitted pilot sequence
% p, prototype filter

%% Sizes
Lp = length (p);
M = size(ap ,1);
K = round ( Lp/M );

%% Prototype filter normalization
p = p/norm(p);

%% Pre - processing
[Da ,Db] = fbmc_delay_eval ( Lp , M, K ); %% Delay net
Gz2 = fbmc_bank_poly ( p, M ); %% Polyphase filterbank
xd = circshift ( x, [0 Db] ); %% Receiver delay
y = fbmc_analysis_poly ( xd , Gz2 ); %% Analysis
yd = circshift ( y, [0 -Da] ); %% Output " delay " shift
yd = yd( : ,1: size(ap ,2) ).*conj(Phi (: ,1: size(ap ,2)));

%% Channel estimation
H = zeros ( M, 1 );
for m = 0:M -1

y1r = real(yd(m+1 ,1));
y1i = imag(yd(m+1 ,1));
y2r = real(yd(m+1 ,2));
y2i = imag(yd(m+1 ,2));
a1 = real(ap(m+1 ,1));
a2 = imag(ap(m+1 ,2));
C = ( a2*y1r - a1*y2r ) / ( a1*y2i - a2*y1i );
H(m+1) = ( y1r + C*y1i ) / ( a1 *( 1 + C^2 ));
H(m+1) = H(m+1) + 1i*C*H(m+1);

end

end
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Script H.25 Matlab script for IAM-1 channel estimation

function H = fbmc_ce_iam1 ( x, ap , Phi ,p )
%% Description : IAM1 channel estimation
% Output : e, interference elements of p
% Input : x, received signal
% ap , transmitted pilot sequence
% p, prototype filter

%% Sizes
Lp = length (p);
M = size(ap ,1);
K = round ( Lp/M );

%% Prototype filter normalization
p = p/norm(p);
k = (0:Lp -1) - (Lp -1) /2;

%% Complex Interference elements
e = zeros ( M, round (Lp /(M)) );
for m = 0:M -1

for n = 0: round (Lp /(M/2) +1)
p1 = [p zeros (1,Lp)]. ';
p2 = circshift ([ p .* exp (1i*2* pi/M*m*k)...

* exp (1*1i*pi *(m+n)/2) zeros (1,Lp)], [0 M/2*n] ). ';
e(m+1,n+1) = ( p2 ' * p1 );

end
end
e = [ e 1* fliplr (e(: ,2 :end)) ];
e(1 ,1) =0;

%% Pilot zero -pad , if needed
% ap = ap .*conj(Phi (: ,1: size(ap ,2)));
if size(ap ,2) <size(e ,2)

ap1 = [ap zeros (M,size(e ,2) -size(ap ,2))];
else

ap1 = ap;
end

%% Imaginary pilot interference
[Da ,Db] = fbmc_delay_eval ( Lp , M, K ); %% Delay net
Gz2 = fbmc_bank_poly ( p, M ); %% Polyphase filterbank
b = ap.* Phi (: ,1: size(ap ,2)); %% PAM phase - shift
s = fbmc_synthesis_poly ( b, Gz2 ); %% Synthesis filter
sd = circshift ( s, [0 Db] ); %% Receiver delay
yd0 = fbmc_analysis_poly ( sd , Gz2 ); %% Analysis
yd0 = circshift ( yd0 , [0 -Da] ); %% Output " delay " shift
yd0 = yd0( : ,1: size(ap ,2) ).*conj(Phi (: ,1: size(ap ,2)));
ai = imag (( yd0));

%% Pre - processing
xd = circshift ( x, [0 Db] ); %% Receiver delay
y = fbmc_analysis_poly ( xd , Gz2 ); %% Analysis
yd = circshift ( y, [0 -Da] ); %% Output " delay " shift
yd = yd( : ,1: size(ap ,2) ).*conj(Phi (: ,1: size(ap ,2)));

%% Channel estimation
H = yd (: ,2) ./ yd0 (: ,2);
% H(: ,3) = mean(H ,2);

end
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Script H.26 Matlab script for IAM-2 channel estimation

function H = fbmc_ce_iam2 ( x, ap , Phi ,p )
%% Description : IAM2 channel estimation
% Output : e, interference elements of p
% Input : x, received signal
% ap , transmitted pilot sequence
% p, prototype filter

%% Sizes
Lp = length (p);
M = size(ap ,1);
K = round ( Lp/M );

%% Prototype filter normalization
p = p/norm(p);

%% Pre - processing
[Da ,Db] = fbmc_delay_eval ( Lp , M, K ); %% Delay net
Gz2 = fbmc_bank_poly ( p, M ); %% Polyphase filterbank
xd = circshift ( x, [0 Db] ); %% Receiver delay
y = fbmc_analysis_poly ( xd , Gz2 ); %% Analysis
yd = circshift ( y, [0 -Da] ); %% Output " delay " shift
yd = yd( : ,1: size(ap ,2) ).*conj(Phi (: ,1: size(ap ,2)));

%% Channel estimation
H = yd (: ,2) ./ ap (: ,2);
end
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Script H.27 Matlab script for IAM-R/I/C channel estimation

function He = fbmc_ce_iamr ( x, ap , Phi , p )
%% Description : IAM -R/I/C channel estimation
% Output : He , Channel estimate
% Input : x, received signal
% ap , transmitted pilot sequence
% p, prototype filter

%% Sizes
Lp = length (p);
M = size(ap ,1);
K = round ( Lp/M );

%% Prototype filter normalization
p = p/norm(p);

%% Imaginary pilot interference
[Da ,Db] = fbmc_delay_eval ( Lp , M, K ); %% Delay net
Gz2 = fbmc_bank_poly ( p, M ); %% Polyphase filterbank
b = ap.* Phi (: ,1: size(ap ,2)); %% PAM phase - shift
s = fbmc_synthesis_poly ( b, Gz2 ); %% Synthesis filter
sd = circshift ( s, [0 Db] ); %% Receiver delay
yd0 = fbmc_analysis_poly ( sd , Gz2 ); %% Analysis
yd0 = circshift ( yd0 , [0 -Da] ); %% Output " delay " shift
yd0 = yd0 (: ,1: size(ap ,2)).*conj(Phi (: ,1: size(ap ,2)));
ai = imag(yd0);

%% Pre - processing
xd = circshift ( x, [0 Db] ); %% Receiver delay
y = fbmc_analysis_poly ( xd , Gz2 ); %% Analysis
yd = circshift ( y, [0 -Da] ); %% Output " delay " shift
yd = yd (: ,1: size(ap ,2)).*conj(Phi (: ,1: size(ap ,2)));

%% Channel estimation
% He = yd (: ,2) ./ (ap (: ,2) +1i*ai (: ,2));
He = yd (: ,2) ./ (yd0 (: ,2));

end
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H.5 Error Probability for Single-Carrier Systems

H.5.1 AWGN

Script H.28 Matlab script for evaluating the approximated BER of a single-carrier
Np-PAM transmission over an AWGN channel

function Pe = pe_pam_awgn_approximation (ebn0 ,Np)
%% Description : Approx. BER for PAM transmission over AWGN channel
% Output : Pe , bit error probability
% Input : ebn0 , normalized SNR
% Np , modulation order

%% Number of bits
Nb = log2(Np);

%% Average Energy
Es = (Np ^2 -1) / 3;

%% Error probability evaluation
xx = Nb/Es * ebn0;
Pe = 2*(Np -1)/Np/Nb * qfunc ( sqrt (2* xx) );
end

Script H.29 Matlab script for evaluating the exact BER of a single-carrier Np-PAM
transmission over an AWGN channel

function Pe = pe_pam_awgn_exact (ebn0 ,Np)
%% Description : Exact BER for PAM transmission over rayleigh channel
% Output : Pe , bit error probability
% Input : ebn0 , normalized SNR
% Np , modulation order

%% Number of bits
Nb = log2(Np);

%% Average Energy
Es = (Np ^2 -1) / 3;

%% w function
w = @(i,k,Np) ( -1)^ floor (i*2^(k -1)/Np) * ...

( 2^(k -1) - floor (i*2^(k -1)/Np +1/2) );

%% Error probability evaluation
Pe = zeros (size(ebn0));

for k = 1: Nb
Pk = zeros (size(ebn0));
for i = 0:(1 -2^ -k)*Np -1

xx = (2*i+1) ^2 * Nb/Es * ebn0;
Pk = Pk + w(i,k,Np) * 2* qfunc ( sqrt (2* xx) );

end
Pe = Pe + 1/ Np/Nb*Pk;

end
end
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H.5.2 Rayleigh

Script H.30 Matlab script for evaluating the approximated BER of a single-carrier
Np-PAM transmission over an Rayleigh channel

function Pe = pe_pam_ray_approximation (ebn0 ,Np)
%% Description : Approx. BER for PAM transmission over Rayleigh channel
% Output : Pe , bit error probability
% Input : ebn0 , normalized SNR
% Np , modulation order

%% Number of bits
Nb = log2(Np);

%% Average Energy
Es = (Np ^2 -1) / 3;

%% Error probability evaluation
xx = Nb/Es * ebn0;
Pe = 2*(Np -1)/Np/Nb * 1/2 * ( 1-sqrt(xx)./sqrt(xx +1) );
end

Script H.31 Matlab script for evaluating the exact BER of a single-carrier Np-PAM
transmission over an Rayleigh channel

function Pe = pe_pam_ray_exact (ebn0 ,Np)
%% Description : Exact BER for PAM transmission over rayleigh channel
% Output : Pe , bit error probability
% Input : ebn0 , normalized SNR
% Np , modulation order

%% Number of bits
Nb = log2(Np);

%% Average Energy
Es = (Np ^2 -1) / 3;

%% w function
w = @(i,k,Np) ( -1)^ floor (i*2^(k -1)/Np) * ...

( 2^(k -1) - floor (i*2^(k -1)/Np +1/2) );

%% Error probability evaluation
Pe = zeros (size(ebn0));
for k = 1: Nb

Pk = zeros (size(ebn0));
for i = 0:(1 -2^ -k)*Np -1

xx = (2*i+1) ^2 * Nb/Es * ebn0;
Pk = Pk + 1/ Np * w(i,k,Np) * ( 1-sqrt(xx)./sqrt(xx +1) );

end
Pe = Pe + 1/ Nb*Pk;

end
end
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H.6 Error Probability for FBMC Systems

H.6.1 AWGN

Script H.32 Matlab script for evaluating the approximated BER of an FBMC Np-PAM
transmission over an AWGN channel

function Pe = pe_fbmc_awgn_approximation ( ebn0 , Np , mu )
%% Description : Approx. BER for PAM transmission over AWGN channel
% Output : Pe , bit error probability
% Input : ebn0 , normalized SNR
% Np , modulation order

%% Number of bits
Nb = log2(Np);

%% Average Energy
Es = (Np ^2 -1) / 3;

%% Error probability evaluation
Pe = zeros (size(ebn0));
for l = 1: length (mu)

a = Nb/Es * ebn0;
c = 1 - mu(l);
Pe = Pe + 2*(Np -1)/Np/Nb * qfunc ( real(c) * sqrt( 2*a ) ) ;

end
Pe = Pe / length (mu);
end
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Script H.33 Matlab script for evaluating the exact BER of an FBMC Np-PAM trans-
mission over an AWGN channel

function Pe = pe_fbmc_awgn_exact ( ebn0 , Np , mu )
%% Description : Exact BER for FBMC PAM transmission over AWGN channel
% Output : Pe , bit error probability
% Input : ebn0 , normalized SNR
% Np , modulation order
% mu , symbol + interference elements combinations

%% Number of bits
Nb = log2(Np);

%% Average Energy
Es = (Np ^2 -1) / 3;

%% W function
w = @(i,k,Np) ( -1)^ floor (i*2^(k -1)/Np) *...

( 2^(k -1) - floor (i*2^(k -1)/Np +1/2) );

%% Error Probability
ebn0 = ebn0 (:). ';
Pe = zeros (log2(Np),length (ebn0));
for k = 1: log2(Np)

for i = 0:(1 -2^ -k)*Np -1
for l = 1: length (mu)

a = Nb/Es * ebn0;
c = (2*i+1) - mu(l);
Pe(k ,:) = Pe(k ,:) + w(i,k,Np) * 2* qfunc ( c * sqrt( 2*a ) ) ;

end
end

end
Pe = sum( Pe , 1 ) / ( Np * log2(Np) * length (mu) );
Pe = real(Pe);
end
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H.6.2 Rayleigh

Script H.34 Matlab script for evaluating the approximated BER of an FBMC Np-PAM
transmission over an Rayleigh channel

function Pe = pe_fbmc_ray_approximation ( ebn0 , Np , mu )
%% Description : Approx. BER for PAM transmission over Rayleigh channel
% Output : Pe , bit error probability
% Input : ebn0 , normalized SNR
% Np , modulation order

%% Number of bits
Nb = log2(Np);

%% Average Energy
Es = (Np ^2 -1) / 3;

%% Error probability evaluation
Pe = zeros (size(ebn0));
for l = 1: length (mu)

a = Nb/Es * ebn0;
c = 1 - mu(l);
Pe = Pe + 2*(Np -1)/Np/Nb * 1/2 * ( 1 - sqrt(a).* real(c) ./ sqrt(a.*c. ^2+1) ) ;

end
Pe = Pe / length (mu);
end
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Script H.35 Matlab script for evaluating the exact BER of an FBMC Np-PAM trans-
mission over an Rayleigh channel

function Pe = pe_fbmc_ray_exact ( ebn0 , Np , mu )
%% Description : Exact BER for FBMC PAM transmission over Rayleigh channel
% Output : Pe , bit error probability
% Input : ebn0 , normalized SNR
% Np , modulation order
% mu , symbol + interference elements combinations

%% Number of bits
Nb = log2(Np);

%% Average Energy
Es = (Np ^2 -1) / 3;

%% W function
w = @(i,k,Np) ( -1)^ floor (i*2^(k -1)/Np) *...

( 2^(k -1) - floor (i*2^(k -1)/Np +1/2) );

%% Error Probability
ebn0 = ebn0 (:). ';
Pe = zeros (log2(Np),length (ebn0));
parfor k = 1: log2(Np)

for i = 0:(1 -2^ -k)*Np -1
for l = 1: length (mu)

a = Nb/Es * ebn0;
c = (2*i+1) - mu(l);
Pe(k ,:) = Pe(k ,:) + w(i,k,Np) * ( 1 - sqrt(a).*c ./ sqrt(a.*c. ^2+1) ) ;

end
end

end
Pe = sum( Pe , 1 ) / ( Np * log2(Np) * length (mu) );
Pe = real(Pe);
end
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H.6.3 Interference Elements

Script H.36 Matlab script for evaluating the interference elements of a given prototype
filter

function E = calc_ee ( p, M )
%% Description : Returns the interference elements of p
% Output : e, interference elements of p
% Input : p, prototype filter
% M, number of subcarriers

%% Filter Normalization
p = p/norm(p);

%% Filter length and overlaping factor
Lp = length (p);
K = round (Lp/M);

%% Discrete time indexes
k = (0:Lp -1) - (Lp -1) /2;

%% Interference matrix eval.
E = zeros (M ,4*K -1);
for m = 0:M -1

for n = -2*K +1:1:2*K -1
p1 = [p zeros (1,Lp)]. ';
p2 = circshift ([ p.*exp (1i*2* pi/M*m*k)*exp (1i*pi *(m+n)/2) zeros (1,Lp)], [0 ...

-M/2*n -0]). ';
E(m+1,n+2*K) = real(p2 ' * p1);

end
end
end

Script H.37 Matlab script for evaluating all the combinations between the interference
elements and PAM symbols

function mu = calc_mu ( ac , E )
%% Description : Exact BER for FBMC PAM transmission over Rayleigh channel
% Output : mu , symbol + interference combinations
% Input : ac , Modulation Alphabet
% E, FBMC interference elements
% mu , symbol + interference elements combinations
E = E(:) ';

%% Number of interference elements
Ni = length (E);

%% Modulation order
Np = length (ac);

%% Combinations between symbols and interference elements
a = permn (ac , Ni) .* repmat (E ,[ Np^Ni 1]);
mu = sum(a ,2). ';
end
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H.7 MIMO Detection

H.7.1 ML

Script H.38 Matlab script for the ML detector

function sh = mimo_fbmc_sd ( H, x, Np , r )
%% Description : SD detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector
% Np , modulation order (PAM symbols )
% r, sphere squared radius

%% Number of Tx antennas
Nt = size(H ,2);

%% Symbol alphabet
c = pammod ( 0:(Np -1) , Np );

%% Extended real system
H = [real(H) imag(H);-imag(H) real(H)];
x = [imag(x);real(x)];

%% Segregate imaginary interference
[Q,R] = qr(H ,0);
y = Q '*x;
R = R(end +1-Nt :end ,end+1-Nt :end);
y = y(end +1-Nt :end);

%% SD detection
sh = zeros (Nt ,1);
sdc( sh , 0, Nt )

%% Nested SD core function
function sdc( s, e0 , l )
%% Description : Recursive SD core function
% Input : s, current symbol vector
% e0 , previous squared error
% l, current detection layer
for ii = 1: length (c) %% SD tree sharch ( symbol alphabet )

s(l) = c(ii); %% Current symbol candidate for the lth layer
e = e0 + abs( y(l) - R(l ,:)*s ).^2; %% Error evaluation / update
if( e < r ) %% Is the candidate inside the sphere ?

if(l~=1) %% Last detection layer ?
sdc(s,e,l -1); %% Run SD for the next layer

elsh
r = e; %% Sphere radius update
sh = s; %% New vector solution

end
end

end
end
end
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H.7.2 SD

Script H.39 Matlab script for the SD detector

function sh = mimo_fbmc_sd ( H, x, Np , r )
%% Description : SD detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector
% Np , modulation order (PAM symbols )
% r, sphere squared radius

%% Number of Tx antennas
Nt = size(H ,2);

%% Symbol alphabet
c = pammod ( 0:(Np -1) , Np );

%% Extended real system
H = [real(H) imag(H);-imag(H) real(H)];
x = [imag(x);real(x)];

%% Segregate imaginary interference
[Q,R] = qr(H ,0);
y = Q '*x;
R = R(end +1-Nt :end ,end+1-Nt :end);
y = y(end +1-Nt :end);

%% SD detection
sh = zeros (Nt ,1);
sdc( sh , 0, Nt )

%% Nested SD core function
function sdc( s, e0 , l )
%% Description : Recursive SD core function
% Input : s, current symbol vector
% e0 , previous squared error
% l, current detection layer
for ii = 1: length (c) %% SD tree sharch ( symbol alphabet )

s(l) = c(ii); %% Current symbol candidate for the lth layer
e = e0 + abs( y(l) - R(l ,:)*s ).^2; %% Error evaluation / update
if( e < r ) %% Is the candidate inside the sphere ?

if(l~=1) %% Last detection layer ?
sdc(s,e,l -1); %% Run SD for the next layer

elsh
r = e; %% Sphere radius update
sh = s; %% New vector solution

end
end

end
end
end
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H.7.3 ZF

Script H.40 Matlab script for the ZF detector

function sh = mimo_fbmc_zf ( H, x, Np )
%% Description : ZF detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector
% Np , modulation order (PAM symbols )

%% ZF detection
sh = inv( H' * H ) * H' * x;

%% PAM slicing
sh = pamdemod ( sh , Np , 0, 'gray ' );
sh = pammod ( sh , Np , 0, 'gray ' );
end

Script H.41 Matlab script for the ZF-SIC detector

function sh = mimo_fbmc_zf_sic ( H, x, Np )
%% Description : ZF -SIC detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector
% Np , modulation order (PAM symbols )

%% Number of Tx antennas
Nt = size(H ,2);

%% Extended real system
H = [real(H) imag(H);-imag(H) real(H)];
x = [imag(x);real(x)];

%% Segregate imaginary interference
[Q,R] = qr(H ,0);
y = Q '*x;
R = R(end +1-Nt :end ,end+1-Nt :end);
y = y(end +1-Nt :end);

%% SIC detection
sh = sic( R, y, Np );
end
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Script H.42 Matlab script for the ZF-OSIC detector

function sh = mimo_fbmc_zf_osic ( H, x, Np )
%% Description : ZF -OSIC detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector
% Np , modulation order (PAM symbols )

%% Number of Tx antennas
Nt = size(H ,2);

%% Extended real system
H = [real(H) imag(H);-imag(H) real(H)];
x = [imag(x);real(x)];

%% Segregate imaginary interference
[Q,R,P] = sqrd(H);
y = Q '*x;
R = R(end +1-Nt :end ,end+1-Nt :end);
P = P(end +1-Nt :end ,end+1-Nt :end);
y = y(end +1-Nt :end);

%% SIC detection
sh = sic( R, y, Np );

%% Re - ordering
sh = P * sh;
end

Script H.43 Matlab script for the ZF-LR-SIC detector

function sh = mimo_fbmc_zf_lr_sic ( H, x )
%% Description : ZF -LR -SIC detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector

%% Number of antennas
Nt = size( H ,2 );

%% Extended real system
H = [real(H) imag(H);-imag(H) real(H)];
x = [imag(x);real(x)];

%% Segregate imaginary interference
[Q,R] = qr(H ,0);
y = Q '*x;
R = R(end +1-Nt :end ,end+1-Nt :end);
y = y(end +1-Nt :end);

%% Lattice reduction
[Qr ,Rr ,T] = clll(eye(Nt),R);

%% SIC detection
y = Qr ' * y;
zh = sic_lr ( Rr , T, y );

%% LR domain conversion
sh = T * zh;
end
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Script H.44 Matlab script for the ZF-LR-OSIC detector

function sh = mimo_fbmc_zf_lr_osic ( H, x )
%% Description : ZF -LR -OSIC detector for MIMO V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector

%% Number of antennas
Nt = size( H ,2 );

%% Extended real system
H = [real(H) imag(H);-imag(H) real(H)];
x = [imag(x);real(x)];

%% Segregate imaginary interference
[Q,R,P] = sqrd(H);
y = Q '*x;
R = R(end +1-Nt :end ,end+1-Nt :end);
P = P(end +1-Nt :end ,end+1-Nt :end);
y = y(end +1-Nt :end);

%% Lattice reduction
[Qr ,Rr ,T] = clll(eye(Nt),R);

%% SIC detection
y = Qr ' * y;
sh = sic_lr ( Rr , T, y );

%% Re - ordering
sh = P * sh;
end
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H.7.4 MMSE

Script H.45 Matlab script for the MMSE detector

function sh = mimo_fbmc_mmse ( H, x, Np , EBN0_db )
%% Description : MMSE detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector
% Np , modulation order (PAM symbols )
% EBN0_db , Eb/N0 in dB

%% Number of TX antennas
Nt = size(H ,2);

%% Number of bits per symbol
Nb = log2(Np);

%% Average symbol energy
Es = 2/3 * (Np -1);

%% Noise energy
N0 = Es * Nt / Nb / 10^( EBN0_db /10);

%% MMSE detection
sh = inv( H' * H + N0/Es*eye(Nt) ) * H' * x;

%% PAM slicing
sh = pamdemod ( sh , Np , 0, 'gray ' );
sh = pammod ( sh , Np , 0, 'gray ' );
end
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Script H.46 Matlab script for the MMSE-SIC detector

function sh = mimo_fbmc_mmse_sic ( H, x, Np , EBN0_db )
%% Description : MMSE -SIC detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector
% Np , modulation order (PAM symbols )
% EBN0_db , Eb/N0 in dB

%% Number of TX antennas
Nt = size(H ,2);

%% Number of bits per symbol
Nb = log2(Np);

%% Average symbol energy
Es = 2/3 * (Np -1);

%% Noise energy
N0 = Es * Nt / Nb / 10^( EBN0_db /10);

%% Number of Tx antennas
Nt = size(H ,2);

%% Extended real system
H = [real(H) imag(H);-imag(H) real(H)];
x = [imag(x);real(x)];

%% Extended matrix
H = [H ; sqrt(N0/Es)*eye (2* Nt) ];
x = [x; zeros (2*Nt ,1) ];

%% Segregate imaginary interference
[Q,R] = qr(H ,0);
y = Q '*x;
R = R(end +1-Nt :end ,end+1-Nt :end);
y = y(end +1-Nt :end);

%% SIC detection
sh = sic( R, y, Np );
end
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Script H.47 Matlab script for the MMSE-OSIC detector

function sh = mimo_fbmc_mmse_osic ( H, x, Np , EBN0_db )
%% Description : MMSE -OSIC detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector
% Np , modulation order (PAM symbols )
% EBN0_db , Eb/N0 in dB

%% Number of TX antennas
Nt = size(H ,2);

%% Number of bits per symbol
Nb = log2(Np);

%% Average symbol energy
Es = 2/3 * (Np -1);

%% Noise energy
N0 = Es * Nt / Nb / 10^( EBN0_db /10);

%% Number of Tx antennas
Nt = size(H ,2);

%% Extended real system
H = [real(H) imag(H);-imag(H) real(H)];
x = [imag(x);real(x)];

%% Extended matrix
H = [H ; sqrt(N0/Es)*eye (2* Nt) ];
x = [x; zeros (2*Nt ,1) ];

%% Segregate imaginary interference
[Q,R,P] = sqrd(H);
y = Q '*x;
R = R(end +1-Nt :end ,end+1-Nt :end);
P = P(end +1-Nt :end ,end+1-Nt :end);
y = y(end +1-Nt :end);

%% SIC detection
sh = sic( R, y, Np );

%% Re - ordering
sh = P * sh;
end
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Script H.48 Matlab script for the MMSE-LR-SIC detector

function sh = mimo_fbmc_mmse_lr_sic ( H, x, Np , EBN0_db )
%% Description : MMSE -LR -SIC detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector
% Np , modulation order (PAM symbols )
% EBN0_db , Eb/N0 in dB

%% Number of TX antennas
Nt = size(H ,2);

%% Number of bits per symbol
Nb = log2(Np);

%% Average symbol energy
Es = 2/3 * (Np -1);

%% Noise energy
N0 = Es * Nt / Nb / 10^( EBN0_db /10);

%% Extended real system
H = [real(H) imag(H);-imag(H) real(H)];
x = [imag(x);real(x)];

%% Extended matrix
H = [H ; sqrt(N0/Es)*eye (2* Nt) ];
x = [x; zeros (2*Nt ,1) ];

%% Segregate imaginary interference
[Q,R] = qr(H ,0);
y = Q '*x;
R = R(end +1-Nt :end ,end+1-Nt :end);
y = y(end +1-Nt :end);

%% Lattice reduction
[Qr ,Rr ,T] = clll(eye(Nt),R);

%% SIC detection
y = Qr ' * y;
zh = sic_lr ( Rr , T, y );

%% LR domain conversion
sh = T * zh;
end
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Script H.49 Matlab script for the MMSE-LR-OSIC detector

function sh = mimo_fbmc_mmse_lr_osic ( H, x, Np , EBN0_db )
%% Description : MMSE -LR -OSIC detector for MIMO -FBMC V-BAST
% Output : sh , estimated signal
% Input : H, channel matrix
% x, received signal vector
% Np , modulation order (PAM symbols )
% EBN0_db , Eb/N0 in dB

%% Number of TX antennas
Nt = size(H ,2);

%% Number of bits per symbol
Nb = log2(Np);

%% Average symbol energy
Es = 2/3 * (Np -1);

%% Noise energy
N0 = Es * Nt / Nb / 10^( EBN0_db /10);

%% Extended real system
H = [real(H) imag(H);-imag(H) real(H)];
x = [imag(x);real(x)];

%% Extended matrix
H = [H ; sqrt(N0/Es)*eye (2* Nt) ];
x = [x; zeros (2*Nt ,1) ];

%% Segregate imaginary interference
[Q,R,P] = sqrd(H);
y = Q '*x;
R = R(end +1-Nt :end ,end+1-Nt :end);
P = P(end +1-Nt :end ,end+1-Nt :end);
y = y(end +1-Nt :end);

%% Lattice reduction
[Qr ,Rr ,T] = clll(eye(Nt),R);

%% SIC detection
y = Qr ' * y;
zh = sic_lr ( Rr , T, y );

%% LR domain conversion
sh = T * zh;

%% Re - ordering
sh = P * sh;
end
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H.7.5 Auxiliary Functions

Script H.50 Matlab script for the sorted QR decomposition

function [Q,R,P] = sqrd(H)
%% Description : sorted QR decomposition for MIMO -FBMC systems
% Input H: input matrix
% Output Q: orthogonal matrix
% R: upper triangular matrix
% P: permutation matrix for ordering

%% Number of Tx antennas
Nt = size(H ,2);

%% Matrices init.
R = zeros (Nt);
P = eye(Nt);
Q = H;

%% Initial col. norm
E = sum(abs(Q).^2);
E(1: Nt /2) = 0;

%% SQRD algorithm
for k = 1: Nt

temp = E;
temp = temp(k:Nt);
%% Sorting : weakest channel (H col.) first
[~,i] = find( E(: ,:) == min(temp) );
%% Swapping columns
Q(: ,[i k]) = Q(: ,[k i]);
R(: ,[i k]) = R(: ,[k i]);
P(: ,[i k]) = P(: ,[k i]);
E(: ,[i k]) = E(: ,[k i]);
%% Norm of the kth column
%R(k,k) = sqrt(E(:,k));
R(k,k) = sqrt(sum(abs(Q(:,k)).^2));
%% Normalizing kth collumn of Q
Q(:,k) = Q(:,k)/R(k,k);
%% Gram - Schimidt process
for j = k+1: Nt

R(k,j) = Q(:,k)' * Q(:,j);
% Removing qk projection from qj vector ( orthogonalization process )
Q(:,j) = Q(:,j) - R(k,j) * Q(:,k);
E(:,j) = E(:,j) - abs(R(k,j))^2;

end
end
end
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Script H.51 Matlab script for the complex LLL algorithm

function [Q,R,T] = clll(Q,R)
%% Description : Complex LLL algorithm for lattice reduction
% Output : Q, LR
% R, modulation order
% T, modulation order
% Input : Q, orthonormal matrix of the channel matrix
% R, triangular matrix of the channel matrix
Nt = size(Q ,2);
d = 3/4;
T = eye(Nt);
k = 2;
while k <= Nt

for n = k -1: -1:1
u = round ( R(n,k)/R(n,n) );
if u~=0

R(1:n,k) = R(1:n,k) - u * R(1:n,n);
T(:,k) = T(:,k) - u * T(:,n);

end
end
if d*abs(R(k-1,k -1))^2 > ( abs(R(k,k))^2 + abs(R(k-1,k))^2 )

R(: ,[k k -1]) = R(: ,[k -1 k]);
T(: ,[k k -1]) = T(: ,[k -1 k]);
a = R(k-1,k -1) / norm(R(k -1:k,k -1));
b = R(k,k -1) / norm(R(k -1:k,k -1));
O = [a' b; -b a];
R(k -1:k,k -1: Nt) = O * R(k -1:k,k -1: Nt);
Q(:,k -1:k) = Q(:,k -1:k) * O ';
k = max(k -1 ,2);

else
k = k + 1;

end
end
end

Script H.52 Matlab script for the SIC

function sh = sic( R, y, Np )
%% Description : SIC algorithm
% Output : sh , estimated signal
% Input : R, triangular matrix channel matrix
% y, modified recieved signal vector
% Np , modulation order

%% Number of TX antennas
Nt = size(R ,2);

%% SIC
sh = zeros (Nt ,1);
sh(Nt) = y(Nt) / R(Nt ,Nt);
sh(Nt) = pamdemod ( sh(Nt), Np , 0, 'gray ' );
sh(Nt) = pammod ( sh(Nt), Np , 0, 'gray ' );
for ii = Nt -1 : -1 : 1

for jj = ii +1: Nt
sh(ii) = sh(ii) + R(ii ,jj) * sh(jj);

end
sh(ii) = ( y(ii) - sh(ii) ) / R(ii ,ii);
sh(ii) = pamdemod ( sh(ii), Np , 0, 'gray ' );
sh(ii) = pammod ( sh(ii), Np , 0, 'gray ' );

end
sh = real(sh);
end
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Script H.53 Matlab script for the SIC in LR-based detectors

function zh = sic_lr ( R, T, y )
%% Description : SIC algorithm
% Output : zh , estimated signal
% Input : R, triangular matrix channel matrix
% y, modified recieved signal vector
% Nq , modulation order

%% Number of TX antennas
Nt = size(R ,2);

%% LR domain slicing
r = (1+0*1 i) * inv(T) * ones (1*Nt ,1);

%% SIC
zh = zeros (Nt ,1);
zh(Nt) = y(Nt) / R(Nt ,Nt);
zh(Nt) = 2 * round ( ( zh(Nt) - r(Nt) ) / 2 ) + r(Nt);
for ii = Nt -1 : -1 : 1

for jj = ii +1: Nt
zh(ii) = zh(ii) + R(ii ,jj) * zh(jj);

end
zh(ii) = ( y(ii) - zh(ii) ) / R(ii ,ii);
zh(ii) = 2 * round ( ( zh(ii) - r(ii) ) / 2 ) + r(ii);

end
end
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Script H.54 Matlab script for multi-tap MIMO equalization using frequency sampling
technique

function ah = fbmc_eq_mimo_fs ( Lw , Ht , y, Phi , g )
%% Description : Multi -tap equalizer for FBMC systems
% Output : ah , estimated symbols
% Input : Lw , number of pilots
% Ht , MIMO channel impulse response
% y, received signal
% g, filter bank

%% Frequency Sampling FBMC equalization
[M,Nd] = size(Phi);
Lp = size(g ,2);
K = round (Lp/M);
[NR ,NT ,~] = size(Ht);
Nd = Nd /2;
D = dmat(Lw ,NT);
Da = fbmc_delay_eval ( Lp , M, K );

%% Eq
ahi = zeros (NT ,size(y ,2)+Lw -1,M);
ah = zeros (NT ,2*Nd ,M);
for m = 1:M

%% Sub channel fourier
Hfi = zeros (NR ,NT ,Lw);
for ii = 1: NR

for jj = 1: NT
ht = squeeze (Ht(ii ,jj ,:));
Hfi(ii ,jj ,:) = calc_ch (ht (:) ,m,Lw ,g);

end
end
%% Equalizer (freq)
Wf = zeros (NT*Lw ,NR);
for ii = 1: Lw

ind = (ii -1)*NT + (1: NT);
Wf(ind ,:) = ( Hfi (:,:,ii) '*Hfi (:,:,ii) ) \ Hfi (:,:,ii) ';

end
%% Equalizer (time)
Wt = D \ Wf;
%% Convolution
for ii = 1: Lw

ind = (ii -1)*NT + (1: NT);
ahi (:,:,m) = ahi (:,:,m) + Wt(ind ,:) * circshift ( [ y(:,:,m) zeros (NR ,Lw -1)], ...

[0 (ii -1)] );
end
ahi (:,:,m) = circshift ( ahi (:,:,m), [0 -(Lw -1) /2-Da] );
ah(:,:,m) = ahi (: ,1:2*Nd ,m) .* repmat ( conj(Phi(m ,:)), [NT 1] );
ah(:,:,m) = real(ah(:,:,m));

end
end

function [D,A] = dmat(L,NT)
P = (L -1) /2;
A = zeros (L,L);
Omg = 2* pi /(L+1) * (-P:P);
for jj = 1:L

A(jj ,:) = exp( -1i*(-P:P)*Omg(jj) );
end
D = kron( A, eye(NT) );

end

function hf = calc_ch (ht ,m,Lw ,g)
%%
[M,Lp] = size(g);
K = round (Lp/M);
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[~,Db] = fbmc_delay_eval ( Lp , M, K );

%% Signal gen
s = conv( [1 zeros (1,M/2 -1)], g(m ,:)); %% Synthesis ...

( impulse input )
x = conv(s,ht); %% Transmission

%% No channel
xd1 = circshift ( s, [0 Db] ); %% Receiver delay
y1 = conv( xd1 , conj( fliplr ( g(m ,:) ) ) ); %% Analysis
H1 = myfft ( y1 (1:M/2 :end)/2, Lw);

%% No channel
xd2 = circshift ( x, [0 Db] ); %% Receiver delay
y2 = conv( xd2 , conj( fliplr ( g(m ,:) ) ) ); %% Analysis
H2 = myfft (y2 (1:M/2 :end)/2,Lw);

%% Resultant channel
hf = H2./H1;

end

function yf = myfft (y,Lw)
yf = zeros (1,Lw);
Omg = -(Lw -1) /2:(Lw -1) /2;
for kk = 1: length (y)

yf = yf + y(kk) * exp( -1i*2* pi *( Omg /( Lw +1) )*(kk -1) );
end
end
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