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We are not provided with wisdom, we must discover it for ourselves,
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Resumo

A detecção é uma etapa importante durante a recuperação da informação trans-
mitida no lado do receptor. Porém, a solução ótima Maximum-Likelihood (ML)
verifica todas as combinações possíveis (solução por força bruta) para encontrar o
vetor solução resultando em alta complexidade computacional sendo pouco ade-
quada para aplicações práticas. Nessa dissertação de Mestrado, duas abordagens
são consideradas buscando melhorar o compromisso entre complexidade e desem-
penho: os algoritmos heurísticos e a otimização convexa. O primeiro trabalho
é focado na aplicação de duas técnicas heurísticas evolutivas chamadas Parti-
cle Swarm Optimization (PSO) e Differential Evolution (DE) na detecção em
sistemas Multiple Input Multiple Output combinados com Orthogonal Frequency
Dvision Multiplexing (MIMO-OFDM) em cenários com correlação espacial entre
as antenas, sendo a performance dos detectores e a complexidade computacional
são caracterizadas. O segundo trabalho é uma extensão do primeiro e aborda a
utilização de detectores híbridos que são uma combinação entre detectores line-
ares com os algoritmos heurísticos. Com os detectores híbridos, a convergência
dos algoritmos é acelerada e, consequentemente, a complexidade computacional é
reduzida substancialmente, enquanto mantém performance similar aos detectores
heurísticos puros utilizando o PSO e DE. No terceiro trabalho, o framework de
otimização convexa é considerado no contexto de sistemas Massive MIMO (M-
MIMO) com grande número de antenas. O trabalho é dividido em duas partes
principais. Na primeira, foram considerados detectores formulados como Linear
Programming (LP) e Quadratic Programming (QP) e Semidefinite Programming
(SDP) analisados em cenários realistas considerando erro na estimativa do canal,
correlação espacial, carregamento do sistema e diferentes ordens de modulação.
Na segunda parte, a utilização de algoritmos projetados é proposta para resolver
o detector formulado como QP, a complexidade computacional dos algoritmos é
caracterizada em termos de Floating Point Operations (flops), e a influência de
características específicas do sistema M-MIMO, particularmente o channel har-
dening), na redução do número de iterações dos algoritmos projetados é ilustrada
através de simulações numéricas.

Palavras-chave: 1. Sistemas de Telecomunicações; 2. Sistemas MIMO-OFDM;
3. Sistemas Massive MIMO; 4. Sistemas MIMO de Larga Escala; 5. Detectores;
6. Heurística; 7. Otimização Convexa.





Abstract

The detection task is a crucial and demanding step in order to correctly recover
the transmitted information on the receiver side in the presence of interference
from the other antennas. However, the Maximum-Likelihood (ML) detector,
which is the optimal solution, checks all the possible combinations (brute-force
solution) in order to find the best solution vector and due to its high computa-
tional complexity, it is unsuitable for practical applications. In this Dissertation,
two different approaches are considered aiming to improve the performance com-
plexity trade-off: heuristic algorithms and convex optimization. The first work
investigates the application of two different evolutionary heuristics namely Par-
ticle Swarm Optimization (PSO) and Differential Evolution (DE) in detection
considering a Multiple Input Multiple Output Orthogonal Frequency Division
Multiplexing system (MIMO-OFDM) operating under spatial correlation between
antennas. The performance of the algorithm and its computational complexity
are characterized. The second work extends the first considering hybrid detec-
tors, which is a combination of linear and heuristic detectors aiming to reduce
the number of iterations, hence reducing the computational complexity, while
providing similar performance compared with PSO and DE detectors. In the
third work, the convex optimization framework is considered in a Massive MIMO
(M-MIMO) scenario with large number of antennas. The work is divided in two
main parts. In the first part, detectors are formulated as Linear Programming
(LP), Quadratic Programming (QP) and Semidefinite Programming (SDP) are
evaluated numerically in realistic scenarios considering error in the channel es-
timate, spatial correlation, system loading and different modulation orders. In
the second part, projected algorithms are considered to solve the detector formu-
lated as a QP, the computational complexity further characterized in terms of
FloatingPoint Operation (flops) and the influence of specific characteristics of
the M-MIMO system, particularly the channel hardening, in the reduction of the
number of iterations in the projected algorithms are illustrated through numerical
simulations.

Keywords: 1. Telecommunication Systems; 2. MIMO-OFDM; 3. Massive
MIMO; 4. Large Scale MIMO Systems; 5. Detectors; 6. Heuristics; 7. Convex
Optimization.
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1 Introdução

Sistemas de telecomunicações estão presentes no dia-a-dia durante a utilização de

telefones celulares e computadores conectados com a internet, stream de vídeos,

e muitas outras aplicações. Em telecomunicações, exitem três tópicos recorrentes

que continuam através das épocas (MARZETTA et al., 2016): há um crescente au-

mento na demanda de taxas de transferência de dados; o espectro de frequências é

limitado e se torna cada vez mais escasso e, por consequência, há uma necessidade

em se desenvolver esquemas de comunicação cada vez mais eficientes espectral e

energeticamente.

Para se atingir maiores eficiências espectrais e/ou maior confiabilidade na re-

cepção dos sinais, pode-se lançar mão de esquemas de transmissão Multiple Input

Multiple Output (MIMO). Os sistemas MIMO chamaram a atenção na década de

90 em trabalhos como em (FOSCHINI, 1996; TELATAR, 1999), os quais demons-

traram as vantagens em se utilizar sistemas com múltiplas antenas e a viabilidade

de se alcançar altas taxas de eficiência espectral. Os sistemas MIMO podem ser

classificados em modo multiplexagem (aumento da eficiência espectral) e modo

diversidade (melhoria na confiabilidade do sinal detectado). No modo multiple-

xagem, informações diferentes são enviadas pelas várias antenas do transmissor

resultando em uma maior taxa da transmissão de dados.

Ao enviar um sinal de transmissão através de um meio não guiado, o mesmo

fica sujeito à interferência, distorções e atenuações causadas pelo canal de comuni-

cação. Particularmente para o efeito da seletividade em frequência, a Orthogonal

Frequency Division Multiplexing (OFDM) pode ser utilizada. Quando devida-

mente projetado, o sistema OFDM com um número de subportadoras grande o

suficiente para atingir a condição de flat-fading, a seletividade em frequência pode

ser combatida; um exemplo ilustrando o efeito do Power Delay Profile (PDP)

pode ser observado na Fig. 1.1. Especificamente, o modelo exponencial IEEE

802.11 foi considerado (CHO et al., 2010) chamado de ideal na figura da esquerda,

enquanto os pontos simulação foram gerados multiplicando o PDP por amostras

de canal fading aleatórias. Através da resposta em frequência, observa-se que se
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o número de subportadoras for aumentado, a atenuação em cada uma delas se

tornaria praticamente plana (flat fading).
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Figura 1.1: Ilustração do PDP no domínio do tempo e da frequência.
Parâmetros considerados foram τrms = 51 ns, BW = 20 MHz, N = 16

subportadoras.

Um diagrama de blocos do sistema OFDM é apresentado na Fig. 1.2. Foi con-

siderado um esquema OFDM clássico em banda-base descrito na literatura, por

exemplo, em (GOLDSMITH, 2005). No transmissor, representado pela Fig. 1.2(a),

o modulador OFDM utiliza uma modulação digital, aqui considerada QAM e

realiza a conversão paralelo para serial (bloco P/S); a Inverse Discrete Fourier

Transform (IDFT) é aplicada e o cyclic prefix (CP) é adicionado; o sinal passa

pela conversão serial-paralelo (bloco S/P), e o sinal finalmente é transmitido. No

receptor da Fig. 1.2(b), o sinal recebido passa por demodulador OFDM, composto

de conversor serial-paralelo, seguido de Discrete Fourier Transform (DFT). O CP

é descartado, o sinal é serializado, e posteriormente demapeado pela respectiva

modulação digital. O OFDM pode ser combinado com as múltiplas antenas resul-

tando no sistema MIMO-OFDM, mantendo as características dos dois sistemas;

o sistema MIMO-OFDM foi considerado nos dois primeiros trabalhos.

Quando o número de antenas do sistema MIMO atinge a ordem de dezenas,

centenas ou mesmo unidades de milhares, o sistema é denominado massiveMIMO

(M-MIMO) ou Large Scale MIMO (LS-MIMO) (CHOCKALINGAM; RAJAN, 2014),

termos utilizados de maneira intercambiável ao longo desta Dissertação. Essa to-

pologia é promissora e um dos candidatos para a quinta geração (5G) de telefonia
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Figura 1.2: Diagrama de blocos de um transmissor e receptor OFDM.

móvel (GUPTA; JHA, 2015; Shafi et al., 2017). O uso de grande número de antenas

pode trazer melhorias de eficiência energética e espectral, os efeitos de fading e o

ruído térmico tendem a desaparecer, a interferência entre usuários dentro de uma

célula é reduzida (MARZETTA, 2010), dentre outras vantagens.

Nessas condições, novos desafios construtivos surgem e alguns fenômenos co-

meçam a prevalecer no sistema, sendo esta uma área de pesquisa recente com

muitos cenários a serem estudados; assim, o sistema M-MIMO foi considerado no

terceiro trabalho. Ademais, o uso de algumas técnicas que são interessantes para

avaliação de sistemas MIMO tradicionais com poucas antenas tornam-se inviá-

veis, como o detector de máxima verossimilhança (Maximum Likelihood - ML),

uma vez que o detector ML realiza uma busca exaustiva a partir da combinação

de todos os símbolos possíveis transmitidos, considerando todas as antenas de

transmissão e de recepção. Estratégias para superar estas limitações foram pro-

postas no terceiro trabalho: o problema da detecção é relaxado e o framework de

otimização convexa é considerado. Essa área apresenta uma sólida teoria e ampla

literatura disponível, por exemplo, (BOYD; VANDENBERGHE, 2004; ANTONIOU;

LU, 2007), e alguns algoritmos são propostos e aplicados em problemas de larga

escala com grande número de variáveis, como em (BERTSEKAS, 1981; SCHMIDT;

KIM; SRA, 2011; KIM; SRA; DHILLON, 2010).

O trabalho é organizado como segue. O capítulo 2 traz detalhes sobre o

sistema MIMO-OFDM considerado. A seção 2.1 aborda o primeiro trabalho no

qual algoritmos heurísticos evolucionários Particle Swarm Optimization (PSO) e

Differential Evolution (DE) são aplicados ao problema da detecção em sistemas

MIMO-OFDM em cenários com correlação espacial entre as antenas. A calibração
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dos parâmetros de entrada (FILHO; SOUZA; ABRAO, 2012) das técnicas heurísti-

cas evolucionárias consideradas neste trabalho (PSO e DE) foram realizadas; a

performance dos detectores é avaliada em termos de Bit-Error-Rate (BER) e a

complexidade em quantidade de Floating Point Operations (flops), definidos

como sendo equivalente a uma soma, subtração, multiplicação ou divisão (GO-

LUB; LOAN, 2013). A complexidade computacional dos algoritmos heurísticos

evolucionários aplicados ao problema de detecção dependem principalmente da

quantidade de iterações/gerações e do número de partículas/indivíduos utilizados

nos algoritmos PSO/DE.

A seção 2.2 detalha o segundo trabalho, onde detectores híbridos combinando

detectores lineares e algoritmos heurísticos são propostos visando reduzir o nú-

mero de iterações/gerações. Foram avaliadas via simulação Monte-Carlo as com-

binações de detectores lineares Matched Filter (MF) e Minimum Mean Square

Error (MMSE) com as heurísticas PSO e DE no segundo estágio de detecção.

A calibração de parâmetros de entrada do estágio heurístico foi executada nova-

mente para cada um dos detectores híbridos. Através das simulações Monte Carlo,

o número de iterações/gerações dos detectores híbridos foi reduzido substancial-

mente em comparação às estratégias heurísticas puras e, consequentemente, a

complexidade computacional é diminuída, mantendo desempenhos em termos de

BER semelhantes aos detectores heurísticos. Em outras palavras, o compromisso

desempenho-complexidade foi melhorado substancialmente.

O capítulo 3 descreve uma terceira configuração de detecção, o qual consi-

dera um cenário uplink em sistemas M-MIMO, com terminais móveis dos usuários

com uma única antena. O trabalho é dividido em duas partes. Na primeira, a

performance de detectores formulados a partir de Linear Programming (LP) uti-

lizando norma `1 (LP`1) e norma infinito (LP`∞), Quadratic Programming (QP)

e Semidefinite Programming (SDP) é avaliada em um cenário realista degradado

por correlação espacial, erro na estimativa do canal, diferentes carregamentos do

sistema (incremento na relação número de usuários e número de antenas) e a per-

formance para diferentes ordens de modulação QAM (Quadrature and Amplitude

Modulation) são obtidas através de simulações Monte Carlo utilizando solvers

(linprog, lsqlin, CVX configurado com SDPT3). Na segunda parte, a aplicação

de algoritmos específicos (algoritmos projetados) para a formulação QP foram

propostos e caracterizados, sendo que o QP foi escolhido por apresentar um me-

nor número de variáveis desconhecidas (complexidade menor) e bom desempe-

nho. Uma das características dos algoritmos projetados é que sua convergência

depende do condicionamento do Hessiano e, para o detector em M-MIMO formu-
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lado como QP, o Hessiano é idêntico a Gram matrix. Apesar de H ser uma matriz

com elementos aleatórios, em cenários M-MIMO com grande número de antenas,

o comportamento dos autovalores de HTH tende a ser determinístico e seguir a

lei de Marcenko-Pastur, dada através de (CHOCKALINGAM; RAJAN, 2014)

fλ(λ) =

(
1− 1

K
M

)+

δ(λ) +

√
(λ− a)+(b− λ)+

2π K
M
λ

, (1.1)

com a = (1−
√

K
M

)2, b = (1+
√

K
M

)2, δ(λ) denotando a função delta de Kronecker,

e a função (.)+ = max(., 0), K denotando o número de usuários e M o número

de antenas da estação rádio-base. A função pode ser visualizada na Fig. 1.3,

onde fλ(λ) é avaliada para os diferentes carregamentos do sistema K
M

considera-

dos. O condition number é calculado como a divisão entre o máximo e o mínimo

autovalor. Conforme o carregamento diminui, a Gram matrix se torna bem con-

dicionada pois os autovalores mínimos λmin vão se afastando cada vez mais de

zero (CHOCKALINGAM; RAJAN, 2014).
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Figura 1.3: Comportamento dos autovalores da Gram matrix de acordo com a
lei de Marcenko-Pastur.

Por fim, no capítulo 4 as conclusões e observações são apresentadas, e no

Apêndice A, os trabalhos desenvolvidos durante o Mestrado são incluídos.



6 1 Introdução



7

2 Detecção em Sistemas
MIMO-OFDM

A modelagem do sistema considerado no primeiro e no segundo trabalho é apre-

sentada aqui. O diagrama de blocos do sistema MIMO-OFDM ponto-a-ponto

operando em modo multiplexagem é apresentado na Fig. 2.1. No transmissor,

o stream de bits é multiplexado entre as Nt antenas do transmissor e recebido

pelas Nr antenas do receptor, passando por blocos de transmissor e receptor do

sistema OFDM clássico descritos na seção 1; após o bloco de recepção OFDM

estão localizados os detectores, que são o foco deste trabalho.

M
u
x

OFDMtx

OFDMtx

Detectores:

Linear

Heurı́stico

Hı́brido

OFDMrx

OFDMrx

B
i
t
s

B
i
t
s

...

1

Nt

...

1

Nr

Figura 2.1: Diagrama de blocos do sistema MIMO-OFDM.

O sistema MIMO-OFDM pode ser representado matematicamente por (GORE,

2003)

y[n] = H[n]x[n] + z[n], (2.1)

sendo y[n],H[n],x[n], z[n] o sinal recebido, a matriz de canal, os símbolos trans-

mitidos e o ruído aditivo para cada subportadora, respectivamente, e n = 0, . . . , N−
1 o índice das N subportadoras.

Buscando alcançar altos níveis de eficiência, o canal MIMO geralmente é

considerado em um ambiente com alto espalhamento (isotrópico) e modelado se-

guindo uma distribuição Rayleigh independente (MARZETTA et al., 2016), porém,

isso pode não ocorrer na prática. Como rule-of-thumb, o canal fading indepen-

dente é assumido quando a distância de separação entre as antenas é maior que

a metade do comprimento de onda (HAMPTON, 2014). Quando essa distância

não é respeitada, por exemplo, por limitações de espaço do hardware, ocorre a
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correlação espacial. O canal correlacionado utilizando o modelo de Kronecker é

representado por

H[n] =
√
RrG[n]

√
RH
t , (2.2)

sendo Rr,Rt as matrizes de correlação do receptor e do transmissor, respecti-

vamente, e G[n] é uma matriz com elementos independentes e identicamente

distribuídos (iid).

As duas configurações ULA e URA diferem na construção da matriz de cor-

relação. Para a ULA, a matriz de correlação é dada da forma (ZELST; HAMMERS-

CHMIDT, 2002)

Rt = Rr =




1 ρ ρ4 . . . ρ(Nt−1)2

ρ 1
...

ρ4 ρ 1 ρ4

...
...

... . . . ρ

ρ(Nt−1)2 . . . ρ4 ρ 1




, (2.3)

sendo ρ ∈ [0, 1] o índice de correlação entre as antenas, e, assumiu-se Nt = Nr

por simplicidade.

Para a URA, considerando um arranjo de antenas de tal forma a Nr = NxNy,

onde Nx e Ny representam a quantidade de antenas nas direções do eixo-x e do

eixo-y da região planar, respectivamente. Assumindo que a correlação do eixo-x

denotado por Rx não depende do eixo-y e vice-versa para a matriz de correlação

do eixo-y Ry, a matriz de correlação é expressa por (LEVIN; LOYKA, 2010)

Rt = Rr = Rx ⊗Ry. (2.4)

As matrizes de correlação do receptor e do transmissor são o resultado do produto

de Kronecker entre as matrizes de correlação ULA para o eixo-x e eixo-y.

No primeiro trabalho são considerados os detectores lineares e heurísticos,

com Uniform Linear Array (ULA) e Uniform Rectangular Array (URA) para a

correlação espacial nas antenas do transmissor e receptor. No segundo trabalho,

os detectores lineares, heurísticos e híbridos são comparados em um cenário com

antenas em um arranjo ULA.
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2.1 Detectores MIMO-OFDM Heurísticos Evolu-
cionários

No primeiro trabalho, o problema da detecção é abordado utilizando algoritmos

heurísticos evolucionários PSO e DE. Apesar de terem sido abordados em outros

trabalhos como em (KHAN; NAEEM; SHAH, 2007; SEYMAN; TASPINAR, 2014; TRI-

MECHE et al., 2013), a calibração dos parâmetros para uma seleção mais adequada

dos parâmetros de entrada (FILHO; SOUZA; ABRAO, 2012) bem como a caracte-

rização considerando diferentes arranjos de antenas (ULA e URA) caracterizam

contribuições deste trabalho.

As heurísticas PSO e DE foram escolhidas por sua simplicidade. O PSO é

baseado no comportamento social de pássaros em bando (KENNEDY; EBERHART,

1995), apresentando parâmetros de entrada c1, c2, w chamados de fatores cog-

nitivos, sociais e de inércia, respectivamente; cada partícula é associada a uma

posição, e as posições são atualizadas em cada iteração. Os fatores cognitivos

estão associados às posições pessoais (personal best); valores altos indicam que as

partículas têm mais independência para explorar novas áreas da região de busca,

enquanto fatores sociais estão associados à melhor posição do enxame (global

best), e valores altos priorizam a busca ao redor da melhor posição global do

enxame; o w pode ser uma constante, ou uma função linear ou não-linear depen-

dente do número de iterações, cumprindo o papel de balancear a busca global e

local (SHI; EBERHART, 1998); a estratégia adotada neste trabalho foi a não-linear

decrescente da forma 0.99w, com o algoritmo priorizando a busca global (em áreas

maiores do espaço de busca) no início e com o passar das iterações, o peso tende

para a busca local ao redor do global best.

A heurística DE é baseada em uma população de indivíduos ι que evoluem a

partir de operações de mutação, crossover e seleção, produzindo novos indivíduos

com o passar das gerações do algoritmo (STORN; PRICE, 1997). Durante a muta-

ção, os vetores de mutação são gerados combinando a diversidade da população

de indivíduos ponderada pelo fator de mutação Fmut, assim, visando aumentar

a diversidade dos vetores, os vetores de mutação ν são amalgamados aos indiví-

duos ι durante a operação de crossover gerando os vetores de crossover ψ. Na

etapa de seleção, a próxima geração é definida avaliando ψ e ι através da fitness

function selecionando aqueles que proporcionam o menor valor (problema é de

minimização). A fitness function é baseada na distância Euclidiana (KHAN; NA-

EEM; SHAH, 2007; SEYMAN; TASPINAR, 2014; TRIMECHE et al., 2013) e utilizada

para a avaliação da qualidade das soluções geradas em cada iteração/geração dos
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algoritmos PSO/DE.1

2.1.1 Resultados Numéricos

Os parâmetros utilizados durante as simulações numéricas MCS são apresentados

na tabela 2.1. Durante as simulações, considerou-se o conhecimento perfeito do

canal e a alocação igualitária de potência entre as antenas (equal power allocation,

EPA), sem linha de visada (non-line of sight, NLOS).

Tabela 2.1: Parâmetros das simulações com o sistema MIMO-OFDM e as
heurísticas puras.

Parâmetro Valor
OFDM

Largura de banda BW 20MHz
Ordem da modulação 4-QAM
Delay spread, τrms 51ns
# Subportadoras N 64
(∆B)c 3.125MHz
Planicidade (∆B)c

BW/N
10
MIMO

# Antenas, Nt ×Nr 4× 4
Detectores MIMO-OFDM ML, ZF, MMSE, PSO e DE
Índice de correlação espacial ρ ∈ [0; 0.5; 0.9]
Arranjo das antenas Linear (ULA); Retangular (URA)

Detectores Heurísticos
Espaço de busca [-1; 1]
Dimensionalidade Ndim 2Nt

População e indivíduos Npop = Nind = 5Ndim = 40
Iterações e gerações Niter = Ngen = 100

Detector PSO
Cognitive factor c1 4
Social factor c2(ρ) 1 (0) 0.5 (0.5) 1 (0.9)
Inertia w(ρ) 1.5 (0) 1.5 (0.5) 3.5 (0.9)

Detector DE
Fator de crossover Fcr(ρ) 0.6 (0) 0.6 (0.5) 0.8 (0.9)
Fator de mutação Fmut(ρ) 0.6 (0) 0.8 (0.5) 1.8 (0.9)

A escolha dos parâmetros de entrada dos algoritmos heurísticos podem in-

fluenciar os resultados de desempenho do sistema estudado, se escolhidos de ma-

1Apesar do algoritmo DE apresentar etapas com nomenclatura semelhante ao Genetic Algo-
rithm (GA), eles são algoritmos distintos. O GA (GOLDBERG, 1989) utiliza uma terminologia
mais próxima da teoria de Darwin; cada indivíduo possui genes. As etapas do GA incluem a
reprodução onde, de forma parecida com a seleção natural, os indivíduos melhor avaliados pela
fitness function tem mais chances de serem escolhidos para passar seus genes para a próxima
geração. Durante a etapa de crossover, dois parentes têm uma certa quantidade (escolhida ale-
atoriamente) de genes trocados entre si. A operação de mutação provoca alterações aleatórias
nos genes de alguns indivíduos.
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neira incorreta (BONYADI; MICHALEWICZ, 2017; CLERC; KENNEDY, 2002; TRE-

LEA, 2003). Aqui, os parâmetros de entrada foram determinados através de simu-

lações Monte Carlo, conforme ilustrado nas Figs. 2.2 e 2.3, onde o desempenho

do sistema MIMO-OFDM é dado em termos de BER, parâmetros de entrada dos

algoritmos PSO e DE aplicados na detecção em sistemas MIMO-OFDM ponto-

a-ponto, com quantidade suficiente de subportadoras para atingir a condição de

flat-fading.

O procedimento de calibração de parâmetros de entrada adotado para os

algoritmos heurísticos evolutivos é similar ao apresentado em (FILHO; SOUZA;

ABRAO, 2012). Um parâmetro por vez é alterado e aquele que proporciona o

melhor desempenho (menor BER) é escolhido, repetindo o procedimento para

os demais parâmetros, conforme ilustrado na Fig. 2.2(a). Na Fig. 2.2(b), o

comportamento com o passar das iterações do PSO é ilustrado, sendo possível

notar que a quantidade de iterações é maior para níveis de Eb/N0 maiores, ficando

em torno de 50 iterações na condição Eb/N0 = 15 dB para atingir a convergência,

a partir do qual o aumento do número de iterações não provoca melhoria de

desempenho significativo.

De maneira similar, os parâmetros de entrada do algoritmo DE aplicado ao

problema de detecção MIMO-OFDM foram calibrados, conforme ilustrado na Fig.

2.3(a); para este algoritmo evolucionário, os parâmetros de entrada analisados são

os fatores de mutação Fmut e de crossover Fcr. A convergência do DE é mostrada

na Fig. 2.3(b); observou-se um comportamento semelhante ao PSO, necessitando

de mais iterações quando se aumenta Eb/N0, e cerca de 50 iterações para atingir

convergência completa na condição Eb/N0 = 15 dB.

Após a calibração dos parâmetros, o desempenho do sistema foi simulado,

para os diferentes níveis de correlação espacial entre as antenas do transmissor

e do receptor, conforme apresentado na Fig. 2.4. É possível observar que a

correlação espacial deteriora a performance dos detectores, incluindo o ML. Os

detectores utilizando as heurísticas DE e PSO apresentam melhor desempenho se

comparados aos detectores lineares para os três cenários de correlação espacial.

Para o índice de correlação mais alto, ρ = 0.9, o detector Zero Forcing (ZF)

oferece desempenho proibitivamente deteriorado, mesmo aumentando Eb/N0, en-

quanto os detectores heurísticos apresentam performance próxima do MMSE até

cerca de 12 dB, ultrapassando o desempenho do detector linear MMSE com o

aumento de Eb/N0 nas regiões de média e elevada SNR. Comparando a perfor-

mance dos dois arranjos uniformes de antenas, ULA e URA, o URA apresentou

performance levemente melhor do que o ULA para alta Eb/N0 e média correlação
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Figura 2.2: Calibração dos parâmetros de entrada do algoritmo PSO aplicado
na detecção em sistemas MIMO-OFDM.

espacial ρ = 0.5. Observa-se que a correlação na configuração URA é um pouco

mais agressiva pois a quantidade de antenas próximas umas das outras é maior,

e apesar disso a performance foi parecida com a ULA.

A complexidade computacional relativa é apresentada na Fig. 2.5. A comple-

xidade computacional do detector ML depende da dimensionalidade do problema,

i.e., cresce exponencialmente com a quantidade de antenas do transmissor e po-

linomialmente com a ordem da modulação QAM. A figura da esquerda mostra

a redução da complexidade computacional em relação ao detector ML. Observa-

se que os detectores MIMO-OFDM lineares apresentam a maior redução (são
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Figura 2.3: Calibração dos parâmetros de entrada do algoritmo DE aplicado
na detecção em sistemas MIMO-OFDM.

menos complexos), seguidos do detector utilizando PSO e depois o DE. Na fi-

gura da direita, é mostrado o aumento da complexidade em relação ao detector

ZF. Observa-se que a complexidade computacional relativa do MMSE é bastante

próxima da complexidade do ZF. Os detectores heurísticos PSO, seguido do DE

apresentam aumento da complexidade em relação ao ZF, e o detector ML apre-

senta um aumento bastante rápido e proibitivo com o aumento do número de

antenas do sistema. Finalmente, pode-se concluir que as duas estratégias heurís-

ticas analisadas são promissoras em termos de complexidade computacional no

contexto massive MIMO (Nt >= 64), dado que a complexidade relativa decresce
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Figura 2.4: Performance dos detectores em um sistema MIMO-OFDM para os
arranjos de antenas ULA e URA.

com o aumento do número de antenas na BS, porém é necessário investigar em

termos de desempenho para uma efetiva implementação neste contexto.

2.1.2 Conclusões Parciais: Detectores MIMO-OFDM Heu-
rísticos Puros

O foco do primeiro trabalho foi a aplicação das heurísticas PSO e DE como de-

tectores em sistemas MIMO-OFDM com correlação espacial. De maneira geral,

o aumento da correlação provoca a degradação do desempenho dos detectores;
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Figura 2.5: Complexidade computacional relativa para os detectores em
sistema MIMO-OFDM em cenário ponto-a-ponto, considerando 4-QAM e

I = 50 iterações tanto para o DE quanto para o PSO.

foram observadas diferenças marginais de performance entre a configuração ULA

e URA. Além disso, foram exploradas questões como a escolha dos parâmetros

de entrada do PSO e DE; a quantidade de iterações é bastante semelhante (foi

utilizado o valor I = 50 para gerar a Fig. 2.5), porém há uma diferença de comple-

xidade devido à etapa de seleção do DE, sendo necessário aplicar a fitness function

tanto para o vetor de crossover quanto para os indivíduos, enquanto o PSO ava-

lia apenas as partículas, as quais possuem a mesma dimensão Ndim dos vetores

de indivíduos. Ambos os detectores MIMO-OFDM heurísticos apresentaram de-

sempenho superior aos detectores lineares; dentre os heurísticos evolucionários, o

PSO apresentou um melhor compromisso entre complexidade e desempenho pois

é capaz de atingir desempenho semelhante ao DE com menor complexidade.

2.2 Detectores Híbridos

A complexidade computacional dos detectores heurísticos utilizando PSO e DE

estudados no primeiro trabalho depende diretamente da quantidade de iterações

I necessárias para cada uma das heurísticas. Com isso em mente, no segundo

trabalho dessa Dissertação de Mestrado, detectores híbridos combinando detec-

tores lineares e heurísticos são propostos visando reduzir a quantidade de itera-

ções; ou, de modo equivalente, melhorar ainda mais o compromisso desempenho-

complexidade. Os detectores híbridos são comparados em termos de performance

(BER) e complexidade (número de flops) aos lineares e aos heurísticos conside-
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rando um sistema MIMO-OFDM ponto-a-ponto operando em modo multiplexa-

gem com correlação espacial e antenas em configuração ULA.

Nas heurísticas DE e PSO aplicadas na detecção, a população e as posi-

ções iniciais foram geradas aleatoriamente (KENNEDY; EBERHART, 1995; STORN;

PRICE, 1997) seguindo uma distribuição uniforme dentro da região de busca que,

por sua vez, depende da constelação da modulação digital; durante as simulações

numéricas, a modulação 4-QAM foi considerada, e portanto o espaço de busca foi

limitado ao intervalo [−1; 1].

Para os detectores híbridos, é realizada a combinação dos detectores linea-

res e os heurísticos de modo que um detector linear é estabelecido no primeiro

estágio, seguido por um detector heurístico evolutivo no segundo estágio de de-

tecção. Assim, no segundo estágio, a população e as posições iniciais são geradas

ao adicionar números aleatórios com distribuição gaussiana N (0, 1) nas soluções

produzidas pelos detectores lineares. Conforme ilustrado na seção a seguir, atra-

vés de simulações numéricas MCS, a utilização de um ponto inicial razoavelmente

próximo da solução (que são os símbolos transmitidos) fez com que a quantidade

de iterações dos algoritmos híbridos fosse reduzida se comparada com as soluções

heurísticas e, consequentemente, apresente uma complexidade computacional me-

nor.

Dessa forma, duas diferentes estratégias para a escolha da população e das

posições iniciais consideradas neste trabalho são:

• nos detectores com heurística, a utilização de inicialização aleatória se-

guindo uma distribuição uniforme dentro da região de busca;

• detectores híbridos que utilizam informações de detectores lineares para a

geração da população e das posições iniciais. As combinações de detectores

lineares e heurísticos avaliadas foram PSO-MF, PSO-MMSE, DE-MF e DE-

MMSE.

2.2.1 Resultados Numéricos

Simulações numéricas MCS foram realizadas tendo em vista comparar o desem-

penho e complexidade de detectores lineares, heurísticos e híbridos em sistemas

MIMO-OFDM ponto-a-ponto operando em modo multiplexagem em cenários com

diferentes níveis de correlação espacial com antenas em arranjo ULA. Além disso,

assumiu-se conhecimento perfeito do canal e alocação de potência igualitária. Os

parâmetros considerados são apresentados na tabela 2.2. Os detectores foram
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analisados observando o compromisso entre desempenho (avaliado em BER) e

complexidade computacional (avaliado em termos de flops).

Tabela 2.2: Parâmetros das simulações com o sistema MIMO-OFDM
comparando os detectores híbridos.

Parâmetro Valor
OFDM

Largura de banda BW 20MHz
Ordem da modulação 4-QAM
Delay spread, τrms 51ns
# Subportadoras N 64

MIMO
# Antenas, Nt ×Nr 4× 4
Detectores MIMO-OFDM ML, ZF, MMSE, PSO, PSO-MF,

PSO-MMSE, DE, DE-MF, DE-MMSE
Índice de correlação espacial ρ ∈ [0; 0.5; 0.9]

Detectores Heurísticos e Híbridos
Espaço de busca [-1; 1]
Dimensionalidade Ndim 2Nt

População e indivíduos Npop = Nind = 5Ndim = 40
Detector PSO

Cognitive factor c1 4
Social factor c2(ρ) 1 (0) 0.5 (0.5) 1 (0.9)
Inertia w(ρ) 1.5 (0) 1.5 (0.5) 3.5 (0.9)

Detector PSO-MF
cmf

1 4
cmf

2 (ρ) 0.5 (0) 0.5 (0.5) 1 (0.9)
wmf(ρ) 1.5 (0) 2 (0.5) 2.5 (0.9)

Detector PSO-MMSE
cmmse

1 (ρ) 3.5(0) 4(0.5) 4(0.9)
cmmse

2 (ρ) 0.5 (0) 0.5 (0.5) 0.5 (0.9)
wmmse(ρ) 2 (0) 3 (0.5) 3 (0.9)

Detector DE
Fator de crossover Fcr(ρ) 0.6 (0) 0.6 (0.5) 0.8 (0.9)
Fator de mutação Fmut(ρ) 0.6 (0) 0.8 (0.5) 1.8 (0.9)

Detector DE-MF
Fmf

mut(ρ) 2 (0) 2 (0.5) 2 (0.9)
Fmf

cr (ρ) 0.8 (0) 0.7 (0.5) 0.9 (0.9)
Detector DE-MMSE

Fmmse
mut (ρ) 1.7 (0) 2 (0.5) 2 (0.9)
Fmmse

cr (ρ) 0.6 (0) 0.7 (0.5) 0.8 (0.9)

A calibração dos parâmetros de entrada pode influenciar no desempenho dos

detectores; assim, o procedimento descrito no primeiro trabalho para as heurís-

ticas evolutivas, ilustradas em Fig. 2.2(a) e Fig. 2.3(a), foi aplicado para os

detectores híbridos, conforme ilustrado na Fig. 2.6 e Fig. 2.7.

Através das figuras, é possível notar que existem determinados valores ou
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Figura 2.6: Calibração dos parâmetros de entrada dos detectores híbridos
PSO-MF, PSO-MMSE.

faixa de valores de parâmetros que são mais adequados (apresentam menor BER)

do que outros, e que tais parâmetros podem ser diferente entre os detectores

heurísticos e detectores híbridos (por exemplo, observando o fator Fmut do DE

com o do DE-MF), e inclusive diferentes dependendo do nível de correlação espa-

cial. Os gráficos comparando a convergência dos detectores com heurística e os

híbridos são apresentados na Fig. 2.8(a) e 2.8(b). Tais figuras ilustram o com-

portamento dos algoritmos com o passar das iterações. É possível notar que os

detectores híbridos PSO-MF, PSO-MMSE, DE-MF e DE-MMSE necessitam de

uma quantidade menor de iterações (Ihyb ≈ 15) para atingir um desempenho de
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Figura 2.7: Calibração dos parâmetros de entrada dos detectores híbridos
DE-MF, DE-MMSE.

BER reduzido, enquanto os detectores heurísticos necessitam de cerca de I ≈ 50

iterações, conforme observado também no primeiro trabalho.

Após a calibração dos parâmetros de entrada dos detectores, o desempenho

dos detectores híbridos foi simulado. A Fig. 2.9 mostra a performance dos detec-

tores lineares MF e MMSE, da heurística PSO e dos detectores híbridos, PSO-MF

e PSO-MMSE com quantidade diferente de iterações. Para o PSO-MF, nota-se

que Ihyb = 15 é suficiente para atingir performance similar ao detector com PSO

e ρ = 0; para o PSO-MMSE, a melhoria em performance é mais expressiva, e
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Figura 2.8: Convergência dos detectores híbridos PSO-MF, PSO-MMSE.

mesmo com I = 10 é suficiente para atingir uma performance superior ao PSO.

Já a Fig. 2.10 mostra a performance dos detectores híbridos DE-MF e DE-MMSE.

A performance dos detectores híbridos apresentam desempenho superior ao DE,

e foi observada pouca diferença de performance entre o DE-MF e o DE-MMSE

para Ihyb acima de 10 iterações.

A Fig. 2.11 sumariza o desempenho dos detectores analisados. Nela, é possí-

vel observar que o detector MIMO-OFDM híbrido PSO-MMSE apresenta perfor-

mance mais próxima ao ML. De fato, os detectores híbridos apresentam perfor-

mance melhor do que os detectores heurísticos PSO e DE para ρ = 0 e ρ = 0.5,
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Figura 2.9: Desempenho dos detectores híbridos PSO-MMSE e PSO-MF com
parâmetros de entrada calibrados em sistema MIMO-OFDM com correlação.

enquanto o DE-MF e DE-MMSE apresentam performance similar para ρ = 0.9,

e o PSO-MF apresenta uma performance próxima porém levemente pior que os

detectores heurísticos.

Já a complexidade computacional dos detectores estudados é apresentada na

Fig. 2.12. Como esperado, o ML apresenta a maior complexidade computacional,

enquanto o MF apresenta a menor complexidade, seguido do MMSE. Os detecto-

res híbridos apresentam complexidade computacional menor do que as heurísticas

PSO e DE.
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Figura 2.10: Performance dos detectores híbridos DE-MMSE e DE-MF com
parâmetros de entrada calibrados em sistema MIMO-OFDM com correlação.

2.2.2 Conclusões Parciais: Detectores MIMO-OFDM Hí-
bridos

Nesse segundo trabalho, detectores híbridos que combinam detectores lineares

e heurísticos são estudados. Através de simulações numéricas MCS, a quan-

tidade de iterações para que os detectores híbridos atingissem a convergência

foi menor que as heurísticas evolutivas puras e, consequentemente, apresenta-

ram complexidade computacional menor. As combinações de detectores lineares

e heurísticos avaliadas foram PSO-MF, PSO-MMSE, DE-MF e DE-MMSE. O
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Figura 2.11: Desempenho em BER de diferentes detectores em um sistema
4-QAM MIMO-OFDM com correlação espacial.
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Figura 2.12: MIMO-OFDM Complexity considering an increasing number of
antennas for linear, heuristic and hybrid detectors in a point-to-point scenario;

Nt = Nr, Ndim = 2Nt, Npop = Nind = 5 ·Ndim, I = 50, Ihyb = 15.

PSO-MMSE apresentou a melhor performance durante as simulações; o DE-MF e

DE-MMSE apresentaram desempenho parecido, enquanto o PSO-MF apresentou

performance próxima porém pior em termos de BER. Dessa forma, os detectores

MIMO-OFDM híbridos analisados foram capazes de melhorar o compromisso de-

sempenho complexidade, proporcionando performance melhor ou muito próxima

dos detectores com heurísticas evolutivas puras PSO e DE, apresentando uma

complexidade computacional menor.



24 2 Detecção em Sistemas MIMO-OFDM



25

3 Detecção em Sistemas MIMO
de Larga Escala

Em sistemas LS-MIMO, alguns efeitos começam a aparecer, como o channel har-

dening, onde a Gram matrix HTH se torna bem condicionada. Alguns detectores

propostos na literatura buscam reduzir a complexidade computacional aproxi-

mando a inversa da matriz, por exemplo, com as séries de Neumann (WU et

al., 2014), porém com a performance degradada com o aumento do número de

usuários (TANG et al., 2016; MANDLOI; BHATIA, 2017) . Outra característica im-

portante é que detectores lineares apresentam desempenho quase ótimo (RUSEK

et al., 2013) quando o número de antenas M da Base Station (BS) é muito maior

que o número de usuáriosK, porém a utilização deK muito pequeno pode limitar

a capacidade do sistema (CHOCKALINGAM; RAJAN, 2014).

No terceiro trabalho desta Dissertação, o problema da detecção é relaxado e o

framework de otimização convexa é considerado. Esta metodologia de otimização

convexa apresenta uma sólida teoria e ampla literatura disponível, por exemplo,

(BOYD; VANDENBERGHE, 2004; ANTONIOU; LU, 2007), e alguns algoritmos são

propostos e aplicados em problemas de larga escala com grande número de variá-

veis, como em (BERTSEKAS, 1981; SCHMIDT; KIM; SRA, 2011; KIM; SRA; DHILLON,

2010).

O terceiro trabalho é dividido em duas partes. Na primeira, o problema da

detecção M-MIMO é apresentado como diferentes problemas de otimização, espe-

cificamente o LP com a norma `1 (LP`1) (CUI; HO; TELLAMBURA, 2006), o LP uti-

lizando norma infinita `∞ (LP`∞), a formulação QP (ELGHARIANI; ZOLTOWSKI,

2016) e SDP, um detector bem definido na literatura (SIDIROPOULOS; LUO, 2006;

NEGRAO; MUSSI; ABRAO, 2016). A performance dos detectores é caracterizada

através de simulações numéricas MCS em cenários realistas compostos de erro

na estimativa do canal, correlação espacial, carregamento do sistema e ordem de

modulação, buscando apresentar uma extensiva análise explorando diferentes as-

pectos do sistema. Na segunda parte, os algoritmos projetados foram aplicados à
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formulação QP; adicionalmente uma análise de complexidade computacional em

termos de flops é desenvolvida, evidenciando que diferentes carregamentos do

sistema alteram a taxa de convergência dos algoritmos considerados neste estudo.

3.1 Detectores com Otimização Convexa

Nesta seção são mostrados a modelagem matemática do sistema LS-MIMO e

também os detalhes da formulação dos detectores com otimização convexa. Con-

siderando a representação em valores reais de um sistema LS-MIMO uplink onde

cada usuário possui apenas uma antena, o sistema pode ser representado por

y = Hx + z, (3.1)

sendo y e z ∈ R2M ,x ∈ R2K e H ∈ R2M×2K o sinal recebido, ruído aditivo com

variância σ2
z , os símbolos transmitidos e a matriz do canal, respectivamente. Os

valores K e M denotam o número de usuários e o número de antenas da BS.

No cenário realista considerado, a correlação espacial em configuração ULA

foi considerada através do modelo de Kronecker (HAMPTON, 2014), construída

da forma

H =
√

RMH
√
RK , (3.2)

sendo H,RM e RK a matriz com os coeficientes relacionados ao small-scaling fa-

ding independentes e identicamente distribuídos (iid), e as matrizes de correlação

da BS e dos usuários.

A matriz de correlação espacial das antenas da BS RM é a mesma da relação

(2.3), e assumiu-se que RK = I pois os usuários são autônomos e não dependem

uns dos outros.

Além disso, o erro na estimativa do canal também foi considerado, represen-

tado por

H̃ =
√

1− τ 2H + τN, (3.3)

cada elemento da matriz N segue uma distribuição N (0, 1) e τ ∈ [0, 1] é o parâ-

metro de qualidade da estimativa do canal, onde τ = 0 representa o conhecimento

perfeito e τ = 0.1 erro de 10%.
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3.1.1 Quadratic Programming

Para recuperar a informação, o detector ML pode ser escrito como o problema

de otimização
min
x

‖y −Hx‖2
p

s.t. x ∈ B,
(3.4)

onde os símbolos B são relacionados à modulação digital, por exemplo, para

16-QAM, B = {−3;−1; 1; 3}, e p representa a norma. Note que o problema é

denominado Integer Programming, pois x assume apenas valores inteiros.

Um procedimento usual visto em alguns trabalhos como (CUI; HO; TELLAM-

BURA, 2006; SIDIROPOULOS; LUO, 2006; Zhang; Lu; Gulliver, 2007) é relaxar o

problema transformando a restrição inteira em uma restrição de caixa (box cons-

traint). Utilizando p = 2, o Quadratic Programming (QP) pode ser escrito

como
min
x

xTHTHx− 2yTHx

s.t. b1 ≤ x ≤ b2,
(3.5)

onde o termo yTy foi omitido pois não altera o ponto ótimo, b1 = −3,b2 =

3 para o caso da 16-QAM. Observa-se que o Hessiano da função objetivo da

formulação QP resulta na Gram matrix HTH, que assume um papel importante

na convergência dos algoritmos projetados.

3.1.2 Linear Programming

Considerando o problema de otimização (3.4), agora sem o quadrado na função

objetivo
min
x

‖y −Hx‖p

s.t. b1 ≤ x ≤ b2,
(3.6)

é possível obter diferentes detectores considerando diferentes normas p. Especifi-

camente:

• LP com norma `1 (LP`1): o problema da detecção (3.6) pode ser expresso

como um linear programming (CUI; HO; TELLAMBURA, 2006)

min
x, t

1T t

s.t. −t ≤ y −Hx ≤ t,

b1 ≤ x ≤ b2,

(3.7)
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• LP com norma `∞ (LP`∞): seguindo um procedimento similar ao da

norma `1, o problema de minimização da norma `∞ pode ser convertido

para um LP, procedimento chamado de Chebyshev approximation (BOYD;

VANDENBERGHE, 2004). Aplicando ao problema detecção em sistemas M-

MIMO, o seguinte detector é obtido:

min
x, t

t

s.t. − 1t ≤ y −Hx ≤ 1t,

b1 ≤ x ≤ b2.

(3.8)

3.1.3 Semidefinite Programming

O detector utilizando a SDP é bem definido na literatura e conhecido por apresen-

tar bom desempenho. Reorganizando os termos, a função objetivo do problema

(3.5) pode ser expressa como

xTHTHx− 2yTHx =
[
x 1

] [HTH −HTy

−yTH 0

][
x

1

]
= xsdpLxsdp.

Para a formulação SDP, é importante reconhecer que (LUO et al., 2010)

xsdpLxsdp = Trace(xsdpLxsdp) = Trace(Lxsdpx
T
sdp) = Trace(LX),

onde a matriz X deve possuir rank um e ser uma matriz semidefinida positiva,

condição denotada por X � 0. Relaxando a restrição de rank, o detector com

SDP pode ser formulado como (SIDIROPOULOS; LUO, 2006)

min
X

trace(LX)

s.t. X � 0,

X(Nsdp, Nsdp) = 1,

bB
2

1 ≤ X(i, i) ≤ bB
2

2 ,

(3.9)

onde a matriz X Nsdp × Nsdp é a variável desconhecida a ser otimizada, Nsdp =

2K + 1, o indexador i = 1, . . . , Nsdp − 1 e os escalares bB21 e bB22 representam os

limites superior e inferior do conjunto B2. Os limitantes das restrições de desi-

gualdade podem ser interpretados da seguinte forma: ao invés da variável x que

originalmente dependia da constelação B, a variável de otimização da formulação

SDP é uma matrizX relacionada ao quadrado de x e, consequentemente, depende

do quadrado da constelação B2. Por exemplo, para uma 16-QAM, o conjunto se
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torna B2 = {1, 9}, bB21 = 1 e bB22 = 9.

O método para a extração do vetor solução da matriz X foi a aproximação

por rank-1 (LUO et al., 2010),

x?SDP = v1

√
λ1, (3.10)

onde λ1 denota o maior autovalor e v1 o seu respectivo autovetor.

3.2 Algoritmos Projetados

Os algoritmos implementados em solvers visam resolver uma vasta gama de pro-

blemas (general-purpose), porém, podem ser custosos computacionalmente (KIM;

SRA; DHILLON, 2010). O algoritmo two-metric projection (TMP) foi concebido

considerando uma estrutura particular de problema de otimização, propondo re-

solver problemas com restrições simples (simple constraints), por exemplo, res-

trições em que a variável desconhecida é não-negativa, e restrições de caixa (box

constraints). Dependendo da matriz de direção Dn escolhida, o TMP pode se

tornar diferentes algoritmos. Os algoritmos considerados neste trabalho foram:

1. Dn = I, resultando no Projected Gradient (PG) (SCHMIDT; KIM; SRA, 2011);

2. Dn = (∇2f(x))
−1

= (HTH)−1, com a direção sendo a inversa do Hessiano,

resultando no algoritmo Projected Newton (PN) (BERTSEKAS, 1981);

3. Dn =
1

diag(∇2f(x))
, utilização da inversa da diagonal do Hessiano, cha-

mado de Diagonally Scaled Projected Gradient (DSPG);

4. Aproximação da inversa do Hessiano utilizando séries de Neumann, cha-

mado de Projected Newton with Neumman Approximation (PNNA).

O algoritmo PN é descrito em detalhes em (BERTSEKAS, 1981) e também no

Apêndice A.3. É possível notar que o PN, algoritmo que resolve problemas com

restrições, especificamente, com simple constraints, apresenta grandes semelhan-

ças com a sua versão que resolve problemas sem restrições, o método de Newton

(Newton’s Method, NM). Ambos são algoritmos iterativos, a direção é dada pelo

inverso do Hessiano, e executam uma busca em linha para definir um passo (step

size) para a próxima iteração. Os algoritmos param quando encontram um ponto

crítico. Numericamente, foi considerado um certo εn calculado a partir do pa-

râmetro de entrada ε, cujo valor foi ajustado através de simulações numéricas,
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junto com os parâmetros de busca em linha βtm e σtm, conforme ilustrado na

próxima seção.

3.3 Resultados Numéricos

Os resultados numéricos são divididos em duas partes. Na primeira, o desempe-

nho dos detectores formulados no framework de otimização convexa LP`1, LP`∞,

QP e SDP são avaliados em termos de BER. Na segunda, os algoritmos projeta-

dos são aplicados e caracterizados através de números de iterações Niter e número

de execuções de busca em linha miter para encontrar a solução do QP.

3.3.1 Avaliação de Desempenho

Na primeira parte, simulações MCS foram realizadas para caracterizar a perfor-

mance dos detectores para LS-MIMO dentro do framework de otimização convexa

avaliados em diferentes condições de operação, conforme sintetizado na tabela 3.1.

Tabela 3.1: Parâmetros utilizados para as simulações em sistema M-MIMO.

Parâmetro Valor

Número de antenas na BS, M 128
Número de usuários, K 128
Ordem de modulação 16-QAM
Detectores LS-MIMO ZF, MMSE,

LP `1, LP `∞, QP, SDP
LP, QP e SDP solvers linprog, lsqlin, CVX (SDPT3)

Condições do canal ρ e τ 0
Cenários

Qualidade da estimação de canal, τ [0; 0.05; 0.10]
Correlação de antena, ρ [0; 0.5; 0.9]
Número de usuários, K [128; 96; 64; 32]
Ordem de modulação [4; 16; 64] QAM

Na Fig. 3.1, erros na estimativa do canal de 5% e 10% são considerados.

O desempenho é comprometido para todos os detectores, enquanto um compor-

tamento similar ao observado no cenário com estimativa perfeita do canal: o

SDP apresenta o melhor desempenho, seguido do QP, LP`∞, LP`1, e os lineares

MMSE e ZF.

A Fig. 3.2 mostra o impacto da correlação espacial entre as antenas. No geral,

a performance foi deteriorada para média correlação ρ = 0.5. Para o ambiente

com alta correlação espacial ρ = 0.9, a performance é severamente comprometida,



3.3 Resultados Numéricos 31

0 10 20

SNR (dB)

10
-2

10
-1

B
E

R

i) τ = 0.00

0 10 20

SNR (dB)

10
-2

10
-1

ii) τ = 0.05

ZF

MMSE

QP

LP l1

LP l∞

SDP

0 10 20

SNR (dB)

10
-2

10
-1

iii) τ = 0.10

Figura 3.1: Desempenho com erro na estimativa do canal.

apresentando BER próxima e acima de 0.3 em ambiente com SNR de 20 dB para

todos os detectores estudados.
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Figura 3.2: Desempenho com correlação espacial.

Para a Fig. 3.3, o carregamento do sistema K
M

foi alterado mudando o número

de usuários do sistema enquanto o número de antenas da BS é mantido constante.

Neste cenário, os detectores lineares apresentam comportamento quase ótimo

(RUSEK et al., 2013), ficando bastante próximo do desempenho dos detectores

QP e SDP. Os detectores com LP apresentaram alteração de comportamento

em relação aos cenários anteriores, pois LP`1 apresentou desempenho melhor em

relação ao LP`∞ com a redução do carregamento do sistema.
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Figura 3.3: Desempenho variando carregamento do sistema.

Na Fig. 3.4, a mudança na ordem da modulação QAM é explorada numeri-

camente. Para o cenário com baixa ordem de modulação 4-QAM, a melhora do

desempenho do SDP em relação ao QP e demais detectores é mais evidente; além

disso, o desempenho dos detectores com LP`1 e LP`∞ ficam bastante próximos,

comportamento diferente do observado para modulações de alta ordem 16-QAM

e 64-QAM, onde o desempenho do LP`∞ é superior ao LP`1.
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Figura 3.4: Desempenho com diferentes ordens de modulação QAM.

A partir dos gráficos apresentados nesta seção, nota-se que o SDP apresenta a

melhor performance (com exceção do cenário com alta correlação ρ = 0.9, onde a

performance de todos os detectores é severamente prejudicada) nas configurações

consideradas, e a melhora da performance em relação ao QP é mais evidente
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para modulação 4-QAM. O detector QP apresentou performance satisfatória com

resultados superiores aos detectores M-MIMO lineares ZF e MMSE e os detectores

LP`1 e LP`∞ nos diferentes cenários estudados. Dessa forma, a formulação QP

foi avaliada utilizando os algoritmos projetados que exploram a estrutura do

problema de otimização, e caracterizado numericamente na próxima seção.

3.3.2 Caracterização dos Algoritmos Projetados

Na segunda parte do terceiro trabalho, os algoritmos projetados são caracteriza-

dos de duas formas, observação do comportamento com o aumento do número

de usuários e número de antenas constante, e no segundo cenário, o comporta-

mento quando o carregamento é constante e a dimensionalidade do problema é

aumentada. Os parâmetros considerados durante as simulações são apresentados

na tabela 3.2. Algumas referências sugerem valores para os parâmetros da busca

em linha como βtm = 0.5 e σtm = 10−4 (BERTSEKAS, 1981), porém não apre-

sentam justificativa para esta escolha; aqui, tais parâmetros são obtidos através

de simulações numéricas utilizando a mesma a metodologia sistemática para a

escolha dos parâmetros de entrada descrita no primeiro e no segundo trabalho.

Tabela 3.2: Parâmetros da simulação para os algoritmos projetados.

Parâmetro Valores

M 128
K 128

SNR 15 dB
Detectores QP, MMSE

Algoritmos para QP PN, PNNA, DSPG, PG
Intervalos

γ ∈ [0; 1.5]
βTM ∈ [0.1; 0.9]
σTM ∈ [0.1; 0.4]

ε ∈ [0.5; 0.0001]
Cenários

Usuários K [128; 96; 64; 32]
Carregamento constante K

M
= 1

4
M = [128; 256]

A Fig. 3.5 ilustra o comportamento para os diferentes parâmetros de busca

em linha βtm e σtm; a variável ε está associada ao critério de parada dos algoritmos

projetados (anexo 3, equação 25) e sua influência foi observada apenas para o PN,

ressaltando que a quantidade de iterações Nmax = 5 é pequena e não é suficiente

para que os algoritmos atinjam a performance MMSE.

A influência de ε é melhor representada na Fig. 3.6, onde a performance dos
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algoritmos projetados para cenários com diferente número de usuários é mostrada,

junto com as curvas do detector MMSE e as informações de Niter que representam

a quantidade de iterações necessárias para o critério de parada ser atingido. Na

Fig. 3.6(a), nota-se que valores de ε = 0.5 causam a parada prematura dos algo-

ritmos DSPG, PNNA e PG pois o desempenho ainda melhoraria se os algoritmos

rodassem por mais iterações. Na Fig. 3.6(b), o segundo round de simulações

para escolha de ε é ilustrado, onde alguns dos valores são reduzidos para ε = 0.1

(parâmetros calibrados presentes na tabela 3.3), e os valores de Niter são mais

adequados, pois a performance em BER praticamente não se alteraria, mesmo

se os algoritmos projetados fossem executados por mais iterações. Nota-se que,

com a redução do carregamento do sistema, há uma redução do número de ite-

rações Niter, que está diretamente associado a complexidade computacional dos

algoritmos projetados.
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Figura 3.5: Calibração dos parâmetros βtm, σtm e ε.
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Figura 3.6: Convergência dos algoritmos projetados variando o carregamento
do sistema, considerando M = 128 e SNR = 15 dB.

Na Fig. 3.7, o comportamento dos algoritmos projetados é caracterizado

analisando a situação onde o número de variáveis desconhecidas (usuários K) é

aumentado mantendo o carregamento do sistema em K
M

= 1
4
. A escolha dos parâ-

metros βtm, σtm e ε foi definida novamente através de simulações numéricas ilus-

tradas pela Fig. 3.7(a). A convergência dos algoritmos projetados é apresentada

na Fig. 3.7(b); nota-se que quando K é aumentado mantendo o carregamento

do sistema constante, o número de iterações para atingir a convergência Niter

permanece praticamente inalterado.
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Tabela 3.4: Parâmetros ajustados dos algoritmos projetados para o cenário
com carregamento constante. A ordem é [PN; DSPG; PNNA; PG].

Parameter M = 256, K = 64

γ [0; 0; 0; 0]
βTM [0,5; 0,5; 0,5; 0,5]
σTM [0,3; 0,2; 0,2; 0,2]

ε [0.1; 0.1; 0.1; 0.1]
Niter [4; 8; 6; 8]
miter [2.29; 2.11; 2.50; 10.11]

3.4 Complexidade computacional

Na primeira parte do terceiro trabalho, o desempenho foi avaliado em BER para

diferentes detectores formulados utilizando otimização convexa e, durante as im-

plementações, foi empregado o uso de solvers linprog e lsqlin do Matlab (MA-

TLAB, a, b), e o SDP3 (TÜTÜNCÜ; TOH; TODD, 2003) selecionado através do CVX

(GRANT; BOYD, 2014). Nota-se que tanto o QP quanto o LP podem ser resolvi-

dos utilizando algoritmos de pontos interiores (ANTONIOU; LU, 2007; NOCEDAL;

WRIGHT, 2006); tais algoritmos resolvem um sistema linear de equações em cada

iteração, consequentemente, a complexidade computacional é cúbica (ELGHARI-

ANI; ZOLTOWSKI, 2016; LAU et al., 2009), a mesma dos detectores lineares. Já

para o SDP, algumas implementações específicas de algoritmos de pontos interi-

ores sugerem uma complexidade computacional da ordem de O(K3.5) (MA et al.,

2008; LUO et al., 2010). As informações sobre os detectores utilizando otimização

convexa, o tamanho do problema e a complexidade são sintetizadas na tabela

3.5. Confrontando com o desempenho em BER obtido na seção anterior, nota-se

que o SDP apresentou um bom desempenho porém com um custo computacional

por iteração elevado; já o QP apresentou o segundo melhor desempenho entre

os detectores estudados e a menor quantidade de variáveis desconhecidas em sua

formulação.

Tabela 3.5: Tamanho do problema em termos do número de variáveis
desconhecidas e as respectivas complexidades para os detectores em LS-MIMO.

Detector # Variáveis Restrições Complexidade

QP (3.5) 2K 4K O(NiterK
3)

LP`1 (3.7) 2K + 2M 4M + 4K O[Niter(K +M)3]
LP`∞ (3.8) 2K + 1 4M + 4K O[Niter(K + 1)3]
SDP (3.9) (2K + 1)2 4K + 1 O(NiterK

3.5)

Para a segunda parte, a complexidade computacional dos algoritmos projeta-
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(a) Calibração dos parâmetros para M = 256, carregamento do sistema
1
4 , SNR = 15 dB.
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Figura 3.7: Comportamento dos algoritmos projetados quando a
dimensionalidade do problema é aumentada.

dos é apresentada na Fig. 3.8. Na figura da esquerda, nota-se que a complexidade

computacional em número de flops dos algoritmos projetados é maior que a do

detector linear MMSE para os diferentes números de usuários e M = 128. Ou

seja, a performance dos algoritmos projetados supera a do MMSE (Fig. 3.6(b)),
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Figura 3.8: Número de flops para os detectores M-MIMO utilizando os
algoritmos projetados variando K, e na condição K/M constante.

ao custo de uma complexidade computacional maior, sendo o DSPG algoritmo

que apresenta a complexidade computacional mais próxima do MMSE. A figura

da direita mostra a complexidade computacional mantendo o carregamento do

sistema em 1
4
. Diferente da complexidade cúbica reportada na literatura para

os algoritmos de pontos interiores (ELGHARIANI; ZOLTOWSKI, 2016), os algorit-

mos projetados apresentam complexidade da ordem de O(NitermiterK
2), depen-

dendo diretamente do número de iterações Niter até o critério de parada e do

número de execuções da busca em linha miter. Quando o número de usuários

é aumentado mas o carregamento é mantido constante, a quantidade de itera-

ções Niter praticamente não se altera, conforme observado durante simulações

numéricas e mostrado na Fig. 3.7. Através das simulações, observou-se que

para K = 64,M = 256, a complexidade computacional do DSPG começa a se

tornar menor que a do MMSE, conforme ilustrado na figura da direita. Dessa

forma, recomanda-se a utilização dos algoritmos projetados, particularmente o

DSPG, quando a condição Nitermiter < K puder ser satisfeita (por exemplo,

K = 64,M = 256) em que se obtem uma performance levemente melhor com

menor complexidade computacional comparado ao MMSE, ou em situações em

que a melhora de desempenho justifique o pequeno aumento de complexidade

computacional (por exemplo, K = 128,M = 128).
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3.5 Conclusões Parciais: Detectores LS-MIMO

No terceiro trabalho, o problema da detecção em sistemas M-MIMO é estudado

utilizando algoritmos de otimização convexa. Na primeira parte, as formulações

LP`1, LP`∞, SDP e QP são simuladas em um cenário realista composto de

erro na estimativa do canal, correlação espacial, alterações no carregamento do

sistema, e altas ordens de modulação QAM.

Foram consideradas duas situações para a caracterização dos algoritmos pro-

jetados.

• A primeira situação detalhou o comportamento dos algoritmos projetados

variando o carregamento do sistema K
M

alterando o número de usuários;

para carregamento baixo, gram matrix bem condicionada (Fig. 1.3). Fo-

ram monitorados o número de iterações até o critério de parada Niter e o

número de vezes em que a busca em linha foi computada miter. Com a

redução do carregamento, o número de iterações Niter é reduzido para todos

os algoritmos projetados.

• Após a implementação e o levantamento das expressões de complexidade,

os detectores lineares MIMO de larga escala dependem de K3, enquanto

os projetados dependem de NitermiterK
2. Dessa forma, foram realizadas

simulações aumentando-se o número de K de forma a observar se a condi-

ção Nitermiter < K ocorre ou não. Através das simulações, mantendo um

carregamento baixo 1
4
e o cenário K = 64,M = 256, o algoritmo DSPG foi

capaz de apresentar número de flops menor que o detector linear MMSE.
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4 Conclusões

A detecção do sinal é uma etapa fundamental para os sistemas de telecomuni-

cações, porém fundamentalmente o problema permanece NP-hard, e a solução

ótima ML apresenta alta complexidade computacional em quase todos os cená-

rios de interesse, sendo pouco adequada para aplicações práticas. Neste trabalho,

foram estudadas a utilização de algoritmos heurísticos evolutivos e a aplicação de

técnicas/procedimentos de otimização convexa no problema da detecção de dois

sistemas diferentes denominados de MIMO-OFDM e LS-MIMO.

O foco do primeiro trabalho foi a aplicação das heurísticas PSO e DE como

detectores em sistemas MIMO-OFDM com correlação espacial. De maneira geral,

o aumento da correlação provoca a degradação em performance dos detectores;

foram observadas diferenças marginais de performance entre a configuração ULA

e URA em um sistema com 4×4 antenas. Além disso, foram exploradas questões

como a escolha dos parâmetros de entrada do PSO e DE, visando uma compa-

ração justa entre as heurísticas. Ambos os detectores heurísticos apresentaram

desempenho melhor que os detectores lineares; entre os heurísticos, o PSO apre-

sentou um melhor compromisso entre complexidade e desempenho, pois é capaz

de atingir desempenho semelhante ao DE com menor complexidade.

No segundo trabalho, detectores híbridos, compostos de uma combinação en-

tre detectores lineares no primeiro estágio e heurísticos evolucionários no segundo

estágio, são estudados. Através de simulações numéricas, os detectores híbridos

apresentaram uma complexidade computacional menor. As combinações de de-

tectores lineares e heurísticos avaliadas foram PSO-MF, PSO-MMSE, DE-MF e

DE-MMSE. O PSO-MMSE apresentou a o melhor desempenho avaliado por meio

de simulações computacionais MCS. O DE-MF e DE-MMSE apresentaram de-

sempenho similares, enquanto o PSO-MF apresentou performance próxima porém

um pouco pior em termos de BER para a condição de alta SNR. Os detectores

híbridos são capazes de melhorar o compromisso entre desempenho e complexi-

dade, proporcionando performance melhor ou bastante próxima dos detectores

com as heurísticas PSO e DE e apresentando uma complexidade computacional
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menor.

No terceiro trabalho, o problema da detecção em sistemas M-MIMO foi estu-

dado utilizando algoritmos de otimização convexa. Na primeira parte, as formu-

lações LP`1, LP`∞, SDP e QP foram simuladas em um cenário realista composto

de erro na estimativa do canal, correlação espacial, alterações no carregamento

do sistema, e altas ordens de modulação QAM. Na segunda parte, os algoritmos

projetados foram aplicados na formulação QP. Para esta classe de algoritmos de

detecção, a complexidade computacional depende do número de iterações Niter e

do número de execuções da busca em linha miter. A utilização dos algoritmos pro-

jetados é recomendada em cenários onde Nitermiter < K para que a complexidade

computacional seja menor que a complexidade dos detectores lineares. Através

de simulações numéricas, constatou-se que a complexidade do DSPG é menor já

para cenários M = 256, K = 64, configuração em que o número de flops para o

DSPG já se mostrou menor que o MMSE.

4.1 Trabalhos Futuros

Algumas propostas de trabalhos futuros incluem:

• Em (CUI; HO; TELLAMBURA, 2006), a detecção em conjunto com a deco-

dificação são estudados para o detector com LP`1, e em (ELGHARIANI;

ZOLTOWSKI, 2016) a performance do QP também com codificação. Uma

possível proposta seria a investigação e comparação do funcionamento dos

detectores avaliados (LP`1, LP`∞, QP e SDP) utilizando estratégias de

codificação.

• Investigar a influência da escolha do ponto inicial; ao invés de iniciar os

algoritmos no meio da região feasible, utilizar, por exemplo, o detector

linear MF e verificar a taxa de convergência dos algoritmos projetados.

• Em (ELGHARIANI; ZOLTOWSKI, 2016) o QP é comparado com as heurísticas

Local Ascent Search e Reactive Tabu Search em cenário M-MIMO, porém

apenas a ordem de complexidade é analizada e foram considerados algo-

ritmos de pontos interiores. Uma possível investigação seria aprofundar a

análise de complexidade computacional em termos de flops e utilizando

DSPG, o algoritmo projetado que se mostrou mais promissor dentre os es-

tudados.

• Alguns trabalhos recentes estudam a utilização de técnicas de Machine Le-
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arning em aplicações em telecomunicações (O’Shea; Hoydis, 2017; Wang et al.,

2017; RAMANATHAN; JAYAKUMAR, 2017); sendo esse um campo de estudo

promissor a ser explorado.
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A.1 Efficient Detectors for MIMO-OFDM Sys-
tems under Spatial Correlation Antenna
Arrays

Título: Efficient Detectors for MIMO-OFDM Systems under Spatial
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Revista: Electronics and Telecommunications Research Institute (ETRI)
Status: Publicado
DOI: https://doi.org/10.4218/etrij.2018-0005
Qualis: A2 Qualis-Eng.IV CAPES

Neste trabalho, algoritmos heurísticos PSO e DE são aplicados para o pro-

blema da detecção em sistemas MIMO-OFDM em cenários com correlação espa-

cial entre as antenas. Questões como a escolha dos parâmetros de entrada do PSO

e DE, visando uma comparação justa entre as heurísticas são abordadas. De ma-

neira geral, o aumento da correlação provoca a degradação em performance dos

detectores; foram observadas diferenças marginais de performance entre a confi-

guração ULA e URA. Ambos os detectores heurísticos apresentaram desempenho

melhor que os detectores lineares; entre os heurísticos, o PSO apresentou um

melhor compromisso entre complexidade e desempenho, pois é capaz de atingir

desempenho semelhante ao DE com menor complexidade.
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This work analyzes the performance of implementable detectors for the multiple‐
input multiple‐output (MIMO) orthogonal frequency division multiplexing (OFDM)

technique under specific and realistic operation system conditions, including antenna

correlation and array configuration. A time‐domain channel model was used to eval-

uate the system performance under realistic communication channel and system sce-

narios, including different channel correlation, modulation order, and antenna array

configurations. Several MIMO‐OFDM detectors were analyzed for the purpose of

achieving high performance combined with high capacity systems and manageable

computational complexity. Numerical Monte Carlo simulations demonstrate the

channel selectivity effect, while the impact of the number of antennas, adoption of

linear against heuristic‐based detection schemes, and the spatial correlation effect

under linear and planar antenna arrays are analyzed in the MIMO‐OFDM context.

KEYWORD S
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1 | INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) is a
modulation scheme widely used in many communication sys-
tems, including several commercial applications such as wire-
less networks (Wi‐Fi 802.11) and cellular systems (LTE) [1].
In those systems, it is also common to combine the OFDM
with multiple‐input multiple‐output (MIMO), which can
improve the spectral efficiency of the system [2,3]. However,
to couple the OFDM to the MIMO system, it is necessary to
understand the basics of SISO channel and SISO‐OFDM.

Usually, inside an OFDM system, a large number N of
subcarriers is deployed in order to achieve a flat fading con-
dition on each subchannel. This is particularly important in
realistic scenarios, where the wireless channel introduces dis-
persion effects on the signal, creating selective channels. In

[4], a SISO‐OFDM system was simulated to show how the
number of subcarriers influences its performance on a multi-
path fading indoor channel based on the Saleh‐Valenzuela
model, but not considering the Doppler frequency.

In flat fading channels, the coherence bandwidth of the
channel ðΔBÞc is larger than W, the bandwidth of the sig-
nal. Hence, all frequency components of the signal experi-
ence the same magnitude of fading. On the other hand, in
frequency‐selective fading channels, (ΔB)c < W occurs. As
a consequence, different frequency components of the sig-
nal experience correlated fading.

In OFDM systems, to mitigate the intersymbol interfer-
ence (ISI) caused by multipath fading, it is necessary to
use a guard interval. The most used type of guard interval
on OFDM systems is the cyclic prefix (CP), as described
analytically in [5].
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One of the most recent well‐established data transmis-
sion structures is the multiple‐input multiple‐output
(MIMO) system, which uses multiple antennas at the trans-
mitter and receiver sides to transfer data over a wire or
wireless channels. MIMO systems are able to increase data
rates by means of multiplexing or to improve performance/
reliability through a diversity mode [6]. The data increase
can be achieved sending different data via different anten-
nas. By simultaneously sending the same data via multiple
antennas, the reliability is increased by exploiting diversi-
ties such as time and space diversity. In spatial multiplex-
ing, the signal that reaches at each receive antenna suffers
interference from the other Nt − 1 antennas, where Nt rep-
resents the number of transmitting antennas. Hence, the
purpose of demultiplexing‐detection schemes is to mitigate
the effects of the interference [7]. Hence, on the receiver
side, there are a large number of MIMO detection tech-
niques available. In this work, several MIMO‐OFDM
detectors are characterized and numerically evaluated under
specific but realistic channel and system scenarios, includ-
ing the maximum likelihood (ML), linear zero‐forcing
(ZF), and linear minimum mean‐square error (MMSE)
detectors. Moreover, two MIMO‐OFDM detectors based on
evolutionary heuristic approaches also have been analyzed,
namely, the particle swarm optimization (PSO) detector
and differential evolution (DE) detector.

Indeed, because the ML detector solution requires an
exhaustive search through all possible symbol combinations
[8], while linear closed solutions such as ZF and MMSE
result in a poor performance for highly correlated channels
[9], evolutionary heuristic algorithms are strong candidates
for producing better solutions than linear detectors, and
they result in reduced computational complexity compared
to ML because heuristic approaches do not evaluate all
possibilities.

The PSO algorithm has already been applied to solve the
detection problem in MIMO‐OFDM systems in [8,10]. In
[8], the PSO, and in [11], the binary PSO, were evaluated
and the numerical results of bit error rate (BER) and compu-
tational complexity were analyzed. In [10], the perfor-
mances of DE, PSO, and the genetic algorithm were
compared. On the other hand, in our work, the performance‐
complexity tradeoff of the evolutionary heuristic PSO and
DE MIMO‐OFDM detectors are analyzed under practical
and useful scenarios, that is, considering spatial correlated
channels and other linear conventional MIMO‐OFDM
detectors. The system model in a real‐valued representation
is considered while the selection procedure for the heuristic
input parameters of the PSO and DE algorithms are
addressed accordingly. Besides, to the best of our knowl-
edge, there are no studies considering a comparative analy-
sis of evolutionary heuristics and classical MIMO‐OFDM
detectors operating under spatial correlation antenna arrays.

The contribution of this work is threefold. First, we analyze
and compare the performance and implementability of several
MIMO‐OFDM detectors, including linear and evolutionary
heuristic approaches, operating under realistic system configu-
rations. Second, the influence of parameters related to the dis-
tance between the antennas, which determine the spatial
antenna correlation, is discussed; two antenna array configura-
tions are considered, the uniform linear array (ULA) [12] and
uniform rectangular array (URA) [13]. Last, a systematic pro-
cedure is developed and used to calibrate the input parameters
of both evolutionary heuristic PSO and DE detectors with the
aim of establishing a fair performance comparison between
the linear and heuristic MIMO‐OFDM detectors.

The rest of this work is organized as follows. In Sec-
tion 2, the OFDM system is revised and the TD channel
emulator is explored. The spatial channel correlation, ML,
ZF, MMSE, as well as the evolutionary heuristic PSO and
DE detectors are described in Section 3. Extensive numeri-
cal simulation results are analyzed in Section 5, including
reliability evaluation, the channel selectivity effect, BER
performance comparison regarding spatial correlation, mod-
ulation order, and sensibility analysis. Conclusions and
final remarks are offered in Section 6.

2 | OFDM TRANSMISSION AND
MIMO CHANNEL

OFDM is one type of multicarrier modulation that can be
easily implemented using discrete Fourier transform (DFT)
and its inverse (IDFT), or their equivalents, the fast Fourier
transform (FFT) and inverse FFT (IFFT). OFDM modula-
tion consists of parallel data transmission with some modu-
lation such as M‐QAM or M‐PSK applying an IFFT to
transform a signal in the FD into one in the TD. Thereafter,
the CP is added. Data are converted into an analog signal.
Finally, the signal is multiplied to a carrier by frequency fc
for transmission.

On the receiver side, signal r(t) represents the transmit-
ted signal s(t) corrupted by noise. Signal r(t) is multiplied
by cos (2πfct), passes through a low‐pass filter, is converted
to digital information, the CP is removed, and the serial
data is converted into parallel data. A DFT is performed,
the symbols are converted to serial symbols and demodu-
lated according to their respective scheme of modulation,
and the information bits can then be estimated.

In order to mitigate ISI, some strategies such as cyclic
suffix, silence, or the most common CP can be adopted.

CP consists of copying the last μ elements of the input
sequence s[n] and adding them to the start of s[n], where
h[n] = h[0], h[1], …, h[μ] represents a channel impulse
response of length μ + 1. After the CP addition, the
OFDM symbol becomes ~s½n�, with length [N + μ]. Observe
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that the CP is an overhead and does not carry any informa-
tion, which reduces the spectral efficiency.

The choice of the number of subcarriers N depends on
the channel characteristics. For the design of an OFDM
system, two properties of the channel are considered, which
are the maximum delay spread (τmax) and the maximum
Doppler frequency (fd). OFDM systems require that N must
be large enough so each subcarrier experiences a flat fading
condition. Each subcarrier has a bandwidth B that is smal-
ler than the system total bandwidth, centered at a frequency
ω1, ω2, …, ωn. Subcarriers with a bandwidth of B can be
overlapped at a maximum rate of 50%.

2.1 | MIMO‐OFDM system

The combination of an OFDM system with the use of mul-
tiple antennas at the transmitter and receiver results in a
MIMO‐OFDM system (Figure 1) with Nt transmit and Nr

receive antennas. A QAM modulator and multiplexing con-
figuration, where different data are sent through different
antennas resulting in higher data rates than single‐input sin-
gle‐output (SISO) channel configuration, have been consid-
ered.

On the transmitter side, the data feeds a serial‐to‐parallel
converter, resulting in Nt data streams that are modulated
in a similar way as OFDM SISO: the bit stream is modu-
lated, symbols are converted to parallel, IDFT is per-
formed, the CP is added, and the signal is multiplied by
the carrier with frequency fc and finally transmitted. On the
receiver side, the signal is converted to baseband, trans-
formed into digital, the CP is removed, the signals serve as
a MIMO detector, and finally, the symbols are demodu-
lated deploying QAM demodulator.

Because the OFDM technique allows parallel transmis-
sion over several subchannels, we can model a MIMO‐
OFDM system with N subcarriers in the TD as [14,15]:

y½n� ¼ H½n�x½n� þ z½n�; n ¼ 0; 1; . . . ;N � 1; (1)

where n is the subcarrier index, y½n�∈CNr�1 denotes the
received signals, H½n�∈CNr�Nt denotes the channel matrix
gains, x½n�∈CNr�1 denotes the transmit symbols, and
z½n�∈CNr�1 is Gaussian noise with zero mean and variance
σ2z .

Therefore, we can interpret a MIMO system for each
subcarrier, as illustrated in Figure 2. Thus, a MIMO‐
OFDM symbol block is composed of Nr × Nt OFDM sym-
bols. Finally, it is important to note that if the number of
subcarriers is insufficient to make the channel of each sub-
carrier flat, channel equalization cannot be implemented
correctly.

Implementable MIMO‐OFDM detectors operating in
realistic fading channels and practical system configuration
are discussed in Section 3.

3 | MIMO SPATIAL CORRELATION
AND LINEAR DETECTORS

3.1 | MIMO‐OFDM spatial correlation
model

In channel modeling, the correlation among transmit and/or
receive antennas is an important aspect to be considered in
realistic MIMO channels and systems [16]. To model and
evaluate the spatial antenna correlation, the Kronecker
operator is deployed as:

Hcorr½n� ¼
ffiffiffiffiffi
Rr

p
G½n�

ffiffiffiffiffiffiffi
RH

t

q
; (2)

where Hcorr[n] is the correlated channel of the nth subcar-
rier, uncorrelated channel matrix G is composed of inde-
pendent and identically distributed entries,

ffiffiffiffiffi
Rr

p
and

ffiffiffiffiffi
Rt

p
are the square root of the spatial correlation matrices at the
transmitter and receiver antennas, respectively.
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3.2 | Uniform linear antenna array (ULA)

A spatial correlation model for ULA was proposed in [12].
This model considers that the antennas are arranged
equidistantly, where dt and dr represent the spacing
between the transmitting and receiving antennas, respec-
tively. For simplicity of analysis, assuming the same num-
ber of antennas at the transmitter and receiver (Nt = Nr)
side, while the spatial correlation matrix of the transmitter
and receiver antennas are assumed to be equalffiffiffiffiffi
Rr

p ¼ ffiffiffiffiffi
Rt

p
. The spatial correlation matrix results Toeplitz,

being expressed by:

Rt ¼ Rr ¼

1 ρ ρ4 � � � ρðNt�1Þ2

ρ 1 ρ . .
. ..

.

ρ4 ρ 1 � � � ρ4

..

. ..
. ..

. � � � ρ
ρðNt�1Þ2 � � � ρ4 ρ 1

2
6666664

3
7777775

(3)

where ρ ∈ [0, 1] represents the normalized correlation
index between antennas.

3.3 | Uniform rectangular antenna array
(URA)

An approximation for the URA correlation model was pro-
posed in [13]. This model assumes that the URA matrix cor-
relation between the antennas is obtained from the
Kronecker product of 2 ULA correlation matrices. Consider-
ing an URA configuration on the XY plane with nx and ny
antenna elements along X and Y coordinates, respectively,
we have an array with n ¼ nx � nx antennas. Further, the
correlation between the elements along the X coordinate
does not depend on Y and is given by matrix Rx, and the
correlation along Y coordinate does not depend on X and is
given by matrix Ry. As a result, the Kronecker model
approximation for the URA correlation matrix is as follows:

Rr ¼ Rx � Ry; (4)

where ⊗ is the Kronecker product.

3.4 | Maximum likelihood (ML) MIMO
detector

The ML detector provides the best performance, but its
complexity makes it impractical for real applications. This
detector calculates all the possible symbols combinations
and chooses the one symbol vector x that provides the min-
imum Euclidian distance between the received data y and
the reconstructed data defined by the channel matrix H and
symbol‐vector candidate x. Hence, the estimated symbol ~x
can be mathematically expressed by

~x ¼ minxky�Hxk2: (5)

3.5. | Zero‐forcing (ZF) MIMO detector

Considering a MIMO system operating under multiplexing
mode, the data that reach the receptor are the linear super-
position of the signals of all the Nt antennas [7]. The ZF
detector ignores the additive noise z in (1) and solves the
linear system by multiplying the received signal by the
inverse matrix, which is defined, according to the Moore–
Penrose inverse, as:

Hy
zf ¼ ðHHHÞ�1HH : (6)

The estimated symbol is given by

~x ¼ Hy
zfy: (7)

3.6 | Minimum mean‐square error (MMSE)
MIMO detector

The MMSE detector considers the thermal noise channel
statistics. This method tries to minimize the squared
error between the true and estimated values of the trans-
mitted symbols, x and ~x, respectively [7] via optimiza-
tion

Hy
mmse ¼ minW Ekx�Wyk: (8)

Hence, solving this MMSE optimization problem, the
MIMO channel matrix results in the MMSE pseudoinverse
matrix described by

Hy
mmse ¼ HHHþ N0

Es
I

� ��1

HH ; (9)

where N0
Es

is the inverse of the signal‐to‐noise ratio (SNR).
Finally, the estimated symbol under linear MMSE MIMO
detection is obtained in the same way as in (7) and is give
by:

~x ¼ Hy
mmsey: (10)

4 | HEURISTIC‐BASED MIMO‐OFDM
DETECTORS

In this section, the heuristic PSO and DE algorithms are
described in the context of the MIMO‐OFDM detection
problem. The complex system model is described in a
well‐known equivalent real‐valued representation, for
example, in [17]. The deployment of the fitness function
to evaluate the candidate solution provided by heuristic
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algorithms is illustrated. PSO and DE algorithms are pre-
sented afterwards, while the input parameter tuning
problem for the evolutionary heuristic algorithms is
addressed.

4.1 | Real value representation

The MIMO‐OFDM system presented in (1) can be
represented using a real‐valued matrix and vectors in the
form

υ½n� ¼ H½n�γ½n� þ ξ½n�; (11)

with

H½n� ¼ RfH½n�g �JfH½n�g
JfH½n�g RfH½n�g

� �
; υ½n� ¼ Rfy½n�g

Jfy½n�g

� �
;

γ½n� ¼ Rfx½n�g
Jfx½n�g

� �
; ξ½n� ¼ Rfz½n�g

Jfz½n�g

� �
;

where H½n�∈R2Nr�1 is the real‐valued representation of the
channel matrix, vectors γ[n], ξ½n�∈R2Nr�1 are the real‐
valued representations of the received signal and additive
noise, respectively, and υ½n�∈R2Nr�1 is the real‐valued
original information.

4.2 | Fitness function

The fitness function evaluates the quality of the estimated
symbol and guides the evolutionary heuristic search on
the candidate‐solution feasible subspace. For the detection
problem, the fitness function is based on the Euclidean
distance between the received signal and the reconstructed
one [8,10,11]. Considering ζk, the kth candidate solution
of an evolutionary heuristic, namely a particle in PSO or
individual in DE, the fitness function is calculated as fol-
lows:

f ðζkÞ ¼ kυ½n� � H½n�ζkk2: (12)

For the detection problem, a minimization problem is con-
sidered, and lower values of the fitness function are
desired.

4.3 | PSO‐based detection algorithm

PSO was proposed by [18] considering a population‐
based approach, emulating bird flocking and fish school-
ing behavior. The PSO algorithm calculates the velocity
and position of each particle inside the swarm; using a
matrix representation [19], they are given, respectively,
by

V ¼ wVþ c1U1 � ðMpb � PÞ þ c2U2 � ðMgb � PÞ; (13)

and

P ¼ Pþ V; (14)

where ⊙ denotes the Hadamard product, w, c1, and c2
represent inertia, cognitive, and social factors, respec-
tively; U1 and U2 are random matrices with elements
following uniform distributions Ui ∼ U[0;1]; Mpb is a
matrix that stores the values of the personal best of each
particle and Mgb is a matrix constructed of the positions
of the global best particle pgb, given in the form Mgb ¼
½pgb � � � pgb�∈RNdim�Npop . Matrix P is a real‐valued matrix
representing positions, while V represents the particle
velocity matrix; explicitly,

P ¼ ½p1 . . . pNpop
�;V ¼ ½v1 . . . vNpop �∈RNdim�Npop ;

where vectors pk; vk ∈RNdim�1 with k = 1, … , Npop repre-
sent the position and velocity of the kth particle, with Npop

representing the population size and Ndim denoting the
dimensionality of the problem.

In order to avoid the possibly that the velocity vector
grows to infinity [20], a limitation of the velocity [–Vmax,
Vmax] [21] was considered, where Vmax represents the max-
imum achievable velocity of the Npop particles. Regarding
the inertia parameter, it can be a constant or a linear or
nonlinear function [22]. In this work, to give to the algo-
rithm exploitation ability at the beginning and exploration
for fine search near the solution [21], a strategy of decreas-
ing the inertia factor at each iteration by 0.99w is consid-
ered.

The initialization of both implemented PSO and DE
heuristic algorithms was the same; the position of the parti-
cles P and initial population in DE are generated randomly
following a uniform distribution inside the search space of
the problem [23]. These positions are set as the personal
best position of the particle in matrix Mpb. The fitness
function in (12) is evaluated (ζk = pk, k = 1, … , Niter), the
position of the particle that produces the lowest value
(since we are dealing with a minimization problem) is set
as the global best position pgb, and the matrix Mgb is
formed.

After evaluation of (13) and (14), matrices Mpb and
Mgb are updated (if needed) and the process is repeated
until the stop criteria is met. In our implementation, a stop
criterion based on a predefined maximum number of evalu-
ations Niter is used. Hence, after Niter iterations, the output
of the evolutionary heuristic algorithm is the vector of best
position pgb, which is the estimated symbol ~x in the
MIMO‐OFDM detection problem.
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Pseudocode summarizing the procedure for the evolution-
ary heuristic PSO algorithm is presented in Algorithm 1.

Algorithm 1. PSO

1: Input parameters: c1, c2, w, Npop, Niter

2: Generate initial positions P

3: Fitness function evaluation and initialization of Mpb and Mgb

4: for 1 to Niter do

5: Calculate velocity using (13)

6: Calculate position using (14)

7: Evaluate fitness function (12) for all particles pk

8: Update personal best matrix Mpb

9: Update global best matrix Mgb

10: Velocity limitation

11: Inertia factor reduction

12: end for

13: Output: pgp

4.4 | DE‐based detection algorithm

DE is an evolutionary population‐based heuristic that relies
on a population of individuals to find a global optimum.
The algorithm relies on the operations of mutation, cross-
over, and selection to produce more suitable individuals
through Ngen generations.

The DE algorithm was presented in [23] and operates as
follows. There are Nind ≥ 4 vectors of individuals that are
represented as ιk ∈RNdim�1; k ¼ 1; . . . ; Nind, where Ndim

represents the dimensionality of the problem. Here, follow-
ing the procedure defined in [23], the rand/1/bin strategy
is employed. Strategies to escape local optima that are
adopted in the DE‐based detector are described in the fol-
lowing.

4.4.1 | Mutation

The kth mutation vector υ is constructed as:

υk ¼ ιr1 þ Fmutðιr2 � ιr3Þ; (15)

where k ≠ r1 ≠ r2 ≠ r3 and k = 1, … , Nind. Variables r1,
r2, and r3 are integer random indexes uniformly distributed
inside the interval [1, 2, … , Nind] and Fmut ∈ [0, 2]
represents the mutation scale factor.

4.4.2 | Crossover

The kth crossover vector ψk(k = 1, … , Nind) is constructed
as follows. The ith element, i = 1, … , Ndim of the kth
crossover vector ψk is selected given the following rule:

ψ ik ¼ νik if rand ∈ ½0; 1� � Fcr or i ¼ r4
ιik if rand ∈ ½0; 1� > Fcr and i 6¼ r4

�
(16)

where rand ~U[0,1], r4 is uniformly distributed in the inter-
val [0;1], r4 is an integer randomly generated in the interval
[1, … , Ndim], and the crossover factor is defined by Fcr ∈
[0, 1]. As pointed out in [23], the crossover vector has at
least one element from the mutation vector, that is, i = r4.

4.4.3 | Selection

The next generation of individuals ιgk is constructed as fol-
lows:

ιgk ¼ ψk if f ðψkÞ < f ðιkÞ
ιk otherwise

�
: (17)

The fitness function in (12) evaluates ιk and ψk. Vectors
that produce more suitable values (smaller values) are
selected and a new generation of individuals is produced.

After the execution of Ngen iterations, the best individ-
ual, in other words, the individual corresponding to the
lowest value of the fitness function in (12) is the output of
the algorithm and the estimated symbol ~x of the MIMO‐
OFDM detection problem. Pseudocode synthesizing the DE
steps is presented in Algorithm 2.

Algorithm 2 DE

1: Input parameters: Fcr, Fmut, Nind, Ngen

2: Generate initial individuals

3: for 1 to Ngen do

4: Mutation using (15), k = 1, … , Nind

5: Crossover using (16), i = 1, … , Nind; k = 1, … , Nind

6: Select new individuals using (17), k = 1, … , Nind

7: end for

8: Output: best individual ι

4.5 | Input parameters

The choice of nonoptimal input parameter values could sub-
stantially degrade the performance results provided by the
heuristic algorithm in a given application, as studied in [24] for
the ant colony optimization algorithm. Besides, the PSO algo-
rithm also suffers from alteration of its convergence properties
when the input parameters are chosen incorrectly [20,25,26].
In the same way, the DE‐based algorithm has recommended
intervals of values to achieve fast convergence [23]. For
instance, the number of individuals must be Nind ∈ {5;10}Nind,
where Ndim is the problem dimension, as suggested in [23].

To fairly compare the selected evolutionary heuristic
algorithms, and since such an approach is sensible with
respect to the choice of the input parameter values, which
can differ substantially considering the nature of different
optimization problems, the input parameter tuning
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procedure here is obtained numerically and discussed in
Sections 5.1.1 and 5.1.2.

5 | NUMERICAL RESULTS

In this section, numerical simulation results of MIMO‐
OFDM system are discussed. Linear and evolutionary
heuristic detector performance subject to spatial antenna
correlation effect is compared.

5.1 | MIMO‐OFDM reliability evaluation

The parameters adopted in the Monte Carlo simulations are
shown in Table 1. Additionally, the system operates with

perfect channel state information (CSI). Performance of
such detectors is compared with the optimum maximum‐
likelihood (ML) MIMO‐OFDM detector. The total power
allocated was equally distributed (EPA) among the Nt

antennas in order to promote a fair comparison.
Specifically, in the MIMO‐OFDM detection problem

with heuristics, a 4‐QAM modulation format was considered,
with valid symbols defined by {–1+1j, –1–1j, 1+1j, 1–1j},
while the search space was limited to the interval of integer
values [±1]. The heuristic algorithm was applied to each sub-
carrier as presented in the model description in (11), resulting
in Ndim = 2Nt symbols to be estimated per subcarrier. For
the PSO detection algorithm, parameter Vmax = 1 was used
in the simulations, reflecting the dynamic range of each parti-
cle inside the search space [21].

5.1.1 | Input parameter calibration for PSO‐
aided MIMO‐OFDM detector

First, a round of simulations was executed to tune the PSO
input parameters. Here, these parameters were obtained
numerically over 100 simulation runs and averaged to obtain
the values in Figure 3. The start parameters were Npop = 40,
c1 = c2, w = 1, and Niter = 50. In Figure 3, the PSO input
parameters were altered considering a wide range of input
parameter values. The scenario assumed was 4 × 4, 4‐QAM
modulation MIMO‐OFDM, considering a system operating
in a medium‐high SNR, that is, Eb/N0 = 24 dB, and different
values of spatial correlation. Choosing PSO parameters that
provide small values of BER yielded the input parameters
shown in Table 1 and deployed in the numerical simulation
setup discussed in this section. Related to the population
size, even with a marginal decrease in BER, low values of
Npop are desirable because this parameter has a direct impact
in the computational complexity of the algorithm, as detailed
in Section 5.2.

In Figure 4, the convergence behavior for the PSO‐
based detector is analyzed. It can be observed that conver-
gence depends on the level of Eb/N0; the number of itera-
tions for convergence increases with SNR, from ≈ 25 to
50 iterations when Eb/N0 increases from 5 dB to 10 dB
and 15 dB. Moreover, high values of spatial correlation
(ρ = 0.9) seem to interfere substantially in the convergence
speed of the PSO algorithm applied in the MIMO‐OFDM
detection problem. After around 40 iterations, there are
small improvements in the solution (symbol detection) pro-
vided by PSO algorithm for any spatial correlation level.

5.1.2 | Input parameter calibration DE‐aided
MIMO‐OFDM detector

A similar procedure was carried out to find the best input
parameter values of the DE‐based detector in the context of

TABLE 1 MIMO‐OFDM simulation parameters

Parameter Value

OFDM

System bandwidth BW 20 MHz

Modulation order M 4‐QAM

Delay spread τrms 5 1ns

# subcarriers N 64

(ΔB)c 3.125 MHz

Subcarrier flatness ðΔBÞc
W=N 10

MIMO

# antennas Nt × Nr 2 × 2; 4 × 4; 8 × 8

Antenna array type Linear (ULA); rectangular (URA)

Spatial correlation index ρ∈ ½0; 0:5; 0:9�
Linear detectors ZF & MMSE

Heuristic detectors PSO & DE

Power allocation strategy EPA

Channel

Type NLOS rayleigh channel

CSI knowledge Perfect

Mobility (freq. Doppler) fd = 0 Hz

PSO detector

Population size Npop 40

Iterations Nmax 100

Search space [−1; 1]

Cognitive factor c1 4

Social factor c2(ρ) 1(0); 0.5(0.5); 1(0.9)

Inertia w(ρ) 1.5(0); 1.5(0.5); 3.5(0.9)

DE detector

# generation Ngen 100

Crossover factor Fcr(ρ) 0.6(0); 0.6(0.5); 0.8(0.9)

Mutation factor Fmul(ρ) 0.6(0); 0.8(0.5); 1.8(0.9)

# individuals Nind 40

576 | WILLIAM MARQUES GUERRA ET AL.



MIMO‐OFDM detection. This algorithm requires the
parameters to be inside the intervals Fcr ∈ [0, 1] and
Fmul ∈ [0, 2]. Moreover, Nind ≥ 4 and it is recommended
[23] that Nind be between 5Ndim and 10Ndim. The selected
input parameters values were chosen to be those that mini-
mize the BER and are presented in Table 1. Note that the
optimum mutation factor value increases with antenna cor-
relation index ρ. Figure 5 depicts the simulated BER
curves for a wide range of input parameter values, showing
the best values of such input parameters, that is, those val-
ues that minimize the BER. The calibration procedure is
finished when the range of those input parameters is nar-
rowed.

After the input parameter tuning procedure, the conver-
gence of the DE‐aided OFDM‐MIMO detector algorithm is
obtained, as depicted in Figure 6. Similar to the PSO con-
vergence behavior, the convergence of the DE detector
seems to be attained at around 40 iterations, being influ-
enced mainly by the Eb/E0 levels.

5.1.3 | Effect of spatial correlation on
performance

In this section, the numerical simulation results for the
BER performance were obtained under different correlation
index ρ values, which represents the antenna separation on
the transmitter and receiver sides, as depicted in Figure 7.
As inferred previously from Figures 4 and 3, the spatial
correlation deteriorates the BER performance; as ρ
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increases, the probability of error also increases. Under the
most highly correlated channels ρ = 0.9, the ZF detector
provides an unacceptable performance, even operating
within the high Eb/E0 region. The effect of degradation of
spatial correlation on the performance also influences the
ML detector's performance; however, the ML detector still
attains a suitable performance considering uncoded system,
at the cost of an enormous computational complexity.
Alternatively, considering low‐complexity evolutionary
DE‐based and PSO‐aided detectors under the ρ = 0 scenar-
io, PSO can outperform MMSE; however, in a highly cor-
related situation, this performance advantage becomes
marginal, while the DE‐based MIMO‐OFDM detector per-
forms marginally worse than MMSE for all SNR regions.
Hence, under medium or even highly correlated MIMO
channels, the linear MMSE and the PSO‐based detectors
represent good options regarding the performance‐complex-
ity tradeoff in MIMO‐OFDM systems.

Figure 8 explores the BER performance considering pla-
nar arrays (URA) instead of a ULA. For high Eb/E0, med-
ium ρ, and a low number of antennas (4 × 4), the planar
array configuration slightly outperforms the linear array
design for ZF, MMSE, and PSO detectors (compare the
BER performance of Figures 7 and 8). Note that the use of
a URA system implies a slightly higher correlation among
antennas compared to the ULA. Despite this, the URA per-
formance remains very similar to that of the ULA and is
even slightly better at high SNR.

5.1.4 | Sensitivity analysis

To compare the BER degradation with respect to array
antenna correlation, the sensitivity of the detectors’ perfor-
mance regarding the level of correlation can be defined as:

κscn ¼ log10 BERscn � log10 BERref ; (18)

where BERref represents the reference BER value, and
BERscn is the BER in a specific scenario, including spatial
correlation conditions or detector type.

For illustration purposes, two cases are studied: the
degradation in performance when comparing the BER of
each detector with respect to uncorrelated antennas (ρ = 0);
and the degradation using the ML detector as a reference,
since its performance is superior to that of the others. Fig-
ure 9 depicts both sensitivity scenarios.

κρ: In Figure 9A, the sensitivity considering the perfor-
mance of each detector at ρ = 0 as the correlation increases
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was numerically obtained. Hence, comparing the perfor-
mance degradation sensitivity for each detector at ρ = 0.5
and ρ = 0.9, one can conclude that ML's sensitivity to
increasing channel correlation is severely degraded com-
pared with that of the linear and heuristic detectors because
of its excellent performance under the ρ = 0 condition;
while for the ZF detector, the degradation is small, since it
already has poor performance compared to the other detec-
tors. In short, the four MIMO‐OFDM detectors are not
robust to the spatial correlation channel effect.

κml: In Figure 9B, sensitivity is shown, taking the
ML detector BER performance with ρ = 0 as reference
BERref. For medium correlation values (ρ = 0.5), the PSO
is most near to ML's sensitivity performance degradation,
and so κml has relatively low results. For ρ = 0.9, the ZF
detector performs poorly in terms of BER, resulting in a
high sensitivity index κml. The PSO‐aided detector is more
sensitive in terms of κρ because its BER varies more as
correlation increases, but less sensitive in terms of κml,
mainly for low and medium spatial correlation channel
indexes (ρ ≤ 0.5).

5.2 | Complexity analysis

To evaluate the complexity of the algorithms, the number of
floating point operations (FLOPs), defined as a floating
point addition, subtraction, multiplication, or division [27]
between real numbers, are considered. Here, both the Hermi-
tian and if conditional operators are disregarded. In a real
implementation, some platforms may use hardware‐based
random number generators, where an electric circuit pro-
vides the random numbers; hence, the FLOP cost for random
number generation was also disregarded in this analysis.

The FLOPs required for the main operations are sum-
marized in Table 2 and the full complexity expressions are
denoted by Υ. These values for the considered MIMO‐
OFDM detectors are presented in Table 3. To analyze the
detectors’ FLOP complexity for different numbers of anten-
nas, Figure 10 depicts the linear and heuristic detector
complexities assuming Ndim = 2Nt, Nt = Nr, and Nind =
Npop = 5Ndim, and considering the number of iterations
until convergence is obtained through simulations, as
shown in Figures 4 and 6.

The ML detector computes all possible input matrices
[6] resulting in the evaluation of (5) as M2Nt�1 times,
where M represents the modulation order, making it the
most computationally complex of the detectors considered.
It can be observed that the DE algorithm requires more
FLOPs than PSO since it evaluates two Npop times the fit-
ness function per iteration in (17) for individuals and cross-
over vectors. The complexity among the linear detectors is
almost the same, differing by a scalar–matrix multiplication
and matrix–matrix sum in (6) and (9).

Relative complexity is depicted in Figure 10. On the left
side, the complexity reduction relative to ML and linear/
heuristic detectors, evaluated as Υdet/Υml, are shown. All the
studied MIMO‐OFDM detectors decrease complexity with
respect to the ML detector. Note that PSO provides slightly
more reduction than DE, and linear detectors provide more
than the heuristics, at the cost of BER performance. On the
right side, the complexity increases relative to the linear
low‐complexity ZF MIMO‐OFDM detector Υdet/Υzf is
determined. Note that the linear MMSE detector has a

TABLE 3 Number of FLOPs per subcarrier for the MIMO‐
OFDM detectors, with H∈R2Nr�2Nt , υ∈R2Nr�1;Ndim ¼ 2Nt

Detector Number of operations

ΥZF(Nt, Nr) 16
3 N

3
t þ 4N3

t þ 32N2
t Nr þ 4NtNr � 2Nt

ΥMMSE(Nt, Nr) 16
3 N

3
t þ 8N2

t þ 32N2
t Nr þ 4NtNr

ΥPSOðNt;Nr;Npop; IÞ NpopIð8ntNr þ 20Nt þ 4Nr þ 7Þ
ΥDEðNt;Nr;Nind; IÞ NindIð16NtNr þ 12Nt þ 8Nr þ 14Þ
ΥMLðNt;Nr;MÞ M2Nt ð8NtNr þ 4Nr þ 7Þ

TABLE 2 Number of FLOPs for vector and matrix operations:
w∈Rq�1;A∈Rm�q;B∈Rq�p;C∈Rm�p;D∈Rq�q

Operation # FLOPS

Matrix‐matrix multiplication AB mp(2q − 1)

Matrix‐vector multiplication Aw m(2q − 1)

Matrix multiply‐add AB + C 2mpq

Square root
ffiffi�p

8

Matrix inversion using LU factorization of D [28] 2=3q3 þ q2

Norm‐2,
ffiffiffiffiffiffiffiffiffiffi
wTw

p
2q� 1þ 8

5
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FIGURE 10 Relative complexity of MIMO‐OFDM detectors
considering different numbers of antennas for linear and heuristic
detectors in a point‐to‐point scenario: Nt = Nr, Ndim ¼ 2Nt;Nind ¼
Npop ¼ 5Ndim; I ¼ 50;M ¼ 4:
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complexity that is near to that of ZF resulting in values
close to one, while the ML detector complexity increases
rapidly as the number of antennas increases. The heuristic
PSO detector increments complexity more slowly than the
DE detector at almost the same BER performance, offering
a good complexity tradeoff between computational com-
plexity vs performance, mainly when the number of anten-
nas increases (such as in massive MIMO systems).

6. | CONCLUSIONS

The analysis of an OFDM scheme was developed consider-
ing NLOS Rayleigh fading channel conditions. Extensive
simulations were deployed and suitable input parameters for
the evolutionary heuristics PSO and DE were chosen numer-
ically for the MIMO‐OFDM detection problem. The conver-
gence of a PSO‐based detector depends mainly on the Eb/N0

level, requiring more iterations as the SNR increases.
Spatial correlation degrades the performance of the ana-

lyzed MIMO‐OFDM detectors. For the uncorrelated sce-
nario (ρ = 0), the PSO‐aided detector outperforms linear
detectors ZF and MMSE. However, for high correlation
(ρ = 0.9), the PSO detector gain in terms of BER perfor-
mance becomes marginal. The performance degradation as
correlation increases is quantified by the sensitivity of the
detectors for different levels of correlation.

Planar antenna arrays marginally outperform the linear
array configurations for the ZF, MMSE, PSO, and DE
MIMO‐OFDM detectors considering high SNR operation
region and low number of antennas. When the number of
antennas increases, such outperformance may become
noticeable. Although the correlation among antennas is
slightly higher in the URA, this difference is not enough to
deteriorate the performance of the system.

Comparing the complexity of the detector algorithms,
the linear MMSE detector provides better performance than
the linear ZF for almost the same computational complex-
ity. Among the representative evolutionary heuristic
MIMO‐OFDM detectors, the PSO provides lower incre-
ments in complexity with respect to the DE detector, and
almost the same (similar) BER performance for all the sys-
tem and channel scenarios analyzed, both offering a suit-
able computational complexity vs performance tradeoff,
even under medium spatial antenna correlation levels.
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No segundo trabalho, os detectores híbridos, que são uma combinação entre

detectores lineares e heurísticos, são estudados. As combinações de detectores li-

neares e heurísticos avaliadas foram PSO-MF, PSO-MMSE, DE-MF e DE-MMSE.

O PSO-MMSE apresentou a melhor performance durante as simulações; o DE-MF

e DE-MMSE apresentaram desempenho parecido, enquanto o PSO-MF apresen-

tou performance próxima porém um pouco pior em termos de BER. Os detectores

híbridos são capazes de melhorar o compromisso entre desempenho e complexi-

dade, proporcionando performance melhor ou bastante próxima dos detectores

com as heurísticas PSO e DE e apresentando uma complexidade computacional

menor.
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Abstract

In this paper, we analyze the performance of evolutionary heuristic-aided lin-
ear detectors deployed in multiple-input–multiple-output (MIMO) orthogonal
frequency-division multiplexing (OFDM) systems, considering realistic operat-
ing scenarios. Hybrid linear-heuristic detectors under different initial solutions
provided by linear detectors are considered, namely, differential evolution and
particle swarm optimization. Numerical results demonstrated the applicability
of hybrid detection approach, which can improve considerably the performance
of minimum mean-square error and matched filter detectors. Furthermore, we
discuss how the complexity of the presented algorithms scales with the number
of antennas, besides of verifying the spatial correlation effects on MIMO-OFDM
performance assisted by linear, heuristic, and hybrid detection schemes. The
influence of the initial point in the performance improvement and complexity
reduction is evaluated numerically.

1 INTRODUCTION

Contemporary wireless communications systems, such as IEEE 802.11 and 4G LTE, deploy multicarrier modulation with
the aim of transmitting data over frequency-selective channels. In this sense, orthogonal frequency-division multiplexing
(OFDM) is the most popular choice and a suitable number of subcarriers are used to make subchannels frequency flat.
Moreover, dispersion and other phenomena introduce undesirable effects that may limit the overall performance of a
wireless system. From this perspective, Saeed et al1 discuss how the number of subcarriers affects the transmission of an
OFDM signal with equipped with a single antenna at both transmission sides transmitter-receiver (single input single
output [SISO]).

In the search of more efficient systems, multiple-input–multiple-output (MIMO) systems were proposed and able to
improve the spectral efficiency.2 However, such benefits also require more sophisticated electrical circuitry and signal pro-
cessing, which are needed to decouple signals from the different antennas.3 The system may increase the throughput using
multiplexing mode, where each antenna transmit different signals. Conversely, increasing the performance/reliability
requires the transmission of the same information and exploiting diversity. Those characteristics are limited to the
Diversity-multiplexing trade-off.4 Herein, the multiplexing mode is considered, where the signal of the other Nt − 1 trans-
mit antennas interferes each other. Thus, detection algorithms are required to reduce the effects of such interference5,6

and are studied throughout this work.
In order to attain high levels of efficiency, the MIMO system considers the assumption of rich scattering (isotropic)

scenario modeled as independent Rayleigh,7 which is not always entirely valid in real applications. A rule of thumb

Trans Emerging Tel Tech. 2018;e3495. wileyonlinelibrary.com/journal/ett © 2018 John Wiley & Sons, Ltd. 1 of 15
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is the approximation of half-wavelength of separation between antennas3 to achieve independent fading channels, but
this distance may not be always respected, for example, due to space limitation of the receiver hardware, resulting in
spatial correlation of the channel coefficients. In realistic scenarios, correlated models are good representations of field
measurements8 and thus considered in our numerical simulations.

Guerra et al9 discuss how the performance of SISO-OFDM systems scale with the number of subcarriers. In the
MIMO-OFDM context, the performance of zero forcing (ZF) and minimum mean-square error (MMSE) linear detectors
is analyzed under spatial correlation scenarios. This work extends the results reported in the work of Guerra et al.9 In
particular and different from the aforementioned work,9 herein, we propose a hybrid detection approach, where parti-
cle swarm optimization (PSO) and differential evolution (DE) evolutionary heuristics are combined with linear detectors
(two detection steps), aiming to improve performance with reduced increment in complexity.

In detection problem, the maximum likelihood (ML) is known to provide optimal performance; however, its high com-
putational complexity is prohibitive in real applications, specially when the problem dimension increases, eg, number of
antennas, constellation size and number of subcarriers. Heuristic algorithms provide alternative good solutions with rel-
atively low computational complexity. In the work of Khan et al,10 PSO-aided detection is considered in MIMO and in the
work of Trimeche et al11 to MIMO-OFDM systems, providing lower computational complexity compared to ML detector.
In the work of Seyman and Taspinar,12 heuristic approaches DE, genetic algorithm, and PSO are applied to detection in
MIMO-OFDM and performance in terms of bit error rate (BER) is evaluated. In the work of Khan et al,13 binary PSO is
applied to MIMO-OFDM and an algorithm considering the output of ZF-VBLAST is proposed and performance evaluated
numerically.

The contributions of this paper are as follows. We analyze the influence on BER performance and computational com-
plexity in terms of floating points operations (FLOPs) of different initial solution as input to the heuristic algorithms, ie,
we have analyzed distinct initialization, including random guess, linear detector outputs, such as matched filter (MF)
and MMSE solutions as input, while perform a comparison between those heuristic detectors in realistic scenario, ie,
under spatial correlation between antennas. Moreover, aiming to attain a fair performance-complexity comparison, the
input parameters of both heuristic strategies have been systematically chosen, since they directly impact on the algorithm
performance and complexity, as studied in the work of Filho et al.14

The remainder of this work is organized as follows. Section 2 revisits briefly the OFDM scheme. Descriptions for the
MIMO-OFDM system with spatial channel correlation are offered in Section 3. Moreover, Section 4 also describes the clas-
sical MIMO detectors and formulates heuristic aided detectors based on PSO and DE, including the hybrid linear-heuristic
approaches. Extensive numerical results are discussed in Section 5, where BER performance comparison considering
spatial correlation was systematically carried out. Besides, Section 5.3 carefully analyzes the resulting complexity of the
MIMO-OFDM detectors. Final remarks and conclusions are offered in Section 6.

Notation 1. Throughout this paper, lowercase and uppercase bold-faced letters represent vectors and matrices, respec-
tively. C and R represent the set of complex and real numbers; ℜ𝔢{.} and ℑ𝔪{.} represent the real and imaginary
parts of a complex number. Operators [.]H, ||.||, ◦ and ⊗ represent Hermitian, Frobenius norm, Hadamard product,
and Kronecker product, respectively. E{.} denotes expectation operator and ∼  ∈ [a, b] that a random variable
follows a uniform distribution inside a specified interval.

2 OFDM TRANSMISSION AND CHANNEL

A block diagram representing the MIMO-OFDM communication in multiplexing operation mode is exposed in Figure 1.
At the transmitter side, the stream of bits is distributed throughout Nt transmitting substreams. Here, classical OFDM

FIGURE 1 Multiple-input–multiple-output orthogonal frequency-division multiplexing (OFDM) block diagram
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modulation is considered and described as follows. The signal passes through the OFDMtx block that represents the OFDM
modulator, which includes the serial-to-parallel conversion, digital M-ary modulation, inverse discrete Fourier transform,
cyclic prefix addition, parallel-to-serial conversion, and the transmission of the signal through the wireless channel. At
the receiver, the signals of the Nr receive antennas are shifted to baseband, passed by the OFDM demodulator (OFDMrx),
which includes a serial-to-parallel followed by a discrete Fourier transform. Thus, cyclic prefix is discarded, the signal is
serialized, demodulated, and it finally feeds the detection block, which is the focus of this work. Note that linear, heuristic,
and hybrid detectors are discussed in more details in Section 4.

Among the different channel effects, the coherence time (Δt)c and the coherence band (ΔB)C may influence parameters
of an OFDM system. The coherence time scales directly with the maximum Doppler frequency while the mobility of a
wireless terminal may cause problems such as the carrier frequency offset,15 which is important for the performance of the
system but not the focus of this paper. The coherence bandwidth is dictated by power delay profile (PDP) of the channel,
which is measured empirically.3 More specifically, the coherence bandwidth is evaluated based on the estimation of the
delay spread of the PDP of a channel. This parameter influences directly on the number of subcarriers of the system,
because, to achieve the flat-fading on every subchannel, the condition Bsc ≪ (ΔB)C requires N to be sufficiently large.3

In special, this work deploys the IEEE 802.11b PDP model, which follows an exponential profile.15

3 MIMO- OFDM MULTIPLEXING MODE AND SPATIAL CORRELATION

Considering Nt and Nr transmit and receive antennas, respectively, the signal received in a MIMO-OFDM channel on
each subcarrier can be expressed as16

y[n] = H[n]x[n] + z[n], (1)

where y[n] ∈ CNr×1 is the vector of the received signal, H[n] ∈ CNr×Nt is the channel matrix, x[n] ∈ CNt×1 the transmitted
information, z[n] ∈ CNr×1 the Gaussian noise with zero mean and variance 𝜎2

z through n = 0, … ,N − 1 subcarriers.
In order to describe and evaluate spatial correlation between antennas, the Kronecker product is used as follows:

H[n] =
√

RrG[n]
√

RH
t , (2)

where G is an uncorrelated channel matrix composed by independent and identically distributed entries, Rr and Rt are
the spatial correlation matrices seen by the receiver and transmitter, respectively. The coefficients needed to construct the
correlation matrix and the arrangement of the antennas (linear, rectangular) influences the entries of correlation matrices
of the transmitter and receiver.

In the work of Van Zelst and Hammerschmidt,17 an antenna correlation model is proposed for uniform linear antenna
(ULA) array configurations. This model considers that the antennas are arranged equidistantly, where dt and dr represent
the spacing between the transmitting and receiving antennas, linearly arranged, respectively. To simplify the analysis, we
consider Nt = Nr, leading to Toeplitz symmetric correlation matrix

Rt = Rr =

⎡
⎢⎢⎢⎢⎢⎣

1 𝜌 𝜌4 · · · 𝜌(Nt−1)2

𝜌 1 ⋮
𝜌4 𝜌 1 𝜌4

⋮ ⋮ ⋮ ⋱ 𝜌
𝜌(Nt−1)2 · · · 𝜌4 𝜌 1

⎤
⎥⎥⎥⎥⎥⎦

, (3)

where 𝜌 ∈ [0, 1] denotes the correlation index between element antennas of a ULA array.

4 MIMO- OFDM DETECTORS

In this section, linear- and heuristic-based detectors are discussed in details. Heuristic procedure involves the definition
of a fitness function, deployed to evaluate the quality of the population/swarm and to decide which ones are more suitable
to solve a given problem (in this paper, MIMO-OFDM detection). Furthermore, the model is rewritten in an equivalent
real-valued representation and the PSO and DE heuristic procedures are detailed, while the utilization of different initial
solution (hybrid approach) is briefly described.
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4.1 ML detector
Aiming to perform optimal symbol estimation, ML detection requires an exhaustive search over all symbol vector com-
binations. However, optimal performance comes at high computational complexity, which is not feasible for real-world
systems. In the search, the vector offers the minimum Euclidean distance between the actual received signal y[n] and
the estimated reconstructed received signal H[n]x[n], assuming the transmission of a given candidate-signal vector x[n].
Hence, ML symbols estimation for MIMO-OFDM systems can be formulated as the following problem:

x̃[n] = min
x

||y[n] − H[n]x[n]||2. (4)

4.2 Linear detectors
Since MIMO channels introduce linear superposition between the transmitted signals, detection algorithms must be
deployed at the receiver side to mitigate inter-antenna interference while allowing the symbol reconstruction.15 In this
sense, the ZF is one of the simplest MIMO-OFDM equalizers, which uses the Moore-Penrose pseudo-inverse matrix to
decouple the transmitted symbol vector, ie,

H†
zf[n] = (H[n]HH[n])−1H[n]H . (5)

Alternatively, the MMSE linear detector considers the statistical distribution of the noise. Therefore, this detector
aims to minimize the distance between the actual transmitted signal and the estimated signal obtained through a linear
equalization matrix.2 Such optimization procedure can be defined by

H†
mmse[n] = min

W
E{||x[n] − Wy[n]||2}. (6)

Thus, solving Equation (6) leads to the MMSE closed-form solution

H†
mmse[n] =

(
HH[n]H[n] + N0

ES
I
)−1

HH[n]. (7)

where N0
ES

is the inverse of the signal-to-noise ratio (SNR).
As another option, the MF is a classical method that provides optimum performance in the additive white Gaussian

noise scenario and consists of the multiplication of the received signal by the transpose conjugate of the channel.
Finally, linear estimation can be generically described by

x̃[n] = Wlin[n]y[n], (8)

where Wlin[n] = H†
zf[n] for the ZF detection, Wlin[n] = H†

mmse[n] for the MMSE detection, and Wlin = HH[n] for the MF.

4.3 Fitness function
To facilitate the application of the heuristic methods, Equation (1) can be denoted as an equivalent real-valued represen-
tation as follows:

y[n] =
[
ℜ𝔢{y[n]}
ℑ𝔪{y[n]}

]
, H[n] =

[
ℜ𝔢{H[n]} −ℑ𝔪{H[n]}
ℑ𝔪{H[n]} ℜ𝔢{H[n]}

]
, (9)

x[n] =
[
ℜ𝔢{x[n]}
ℑ𝔪{x[n]}

]
, z[n] =

[
ℜ𝔢{z[n]}
ℑ𝔪{z[n]}

]
, (10)

where matrix H ∈ R2Nr×2Nt and vectors y[n] ∈ R2Nr×1, x[n], and z[n] ∈ R2Nt×1 are the real-valued representation of the
channel, received signal, sent information, and thermal noise, respectively.

For the detection problem, generally, the fitness function is defined based on the Euclidean distance between the
received signal and the estimated-reconstructed (candidate) symbol and is formulated as11-13

𝑓 (𝜻) = ||y[n] − H[n]𝜻||2, (11)

where 𝜁 denotes the entity that we want to evaluate, an specific position of particle in PSO and an individual in DE.
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4.4 Heuristic PSO-based detector
PSO is an evolutionary heuristic algorithm with adjustable parameters, such as cognitive and social factors (c1 and c2,
respectively), related to the behavior of bird flocking and fish schooling. Associated to each particle, there is a velocity
v ∈ RNdim×1, actual position p ∈ RNdim×1, and personal best position ppb ∈ RNdim×1 associated, which are updated at each
iteration of the algorithm as follows in matrix representation18:

V = wV + c1U1 ◦ (Mpb- P) + c2U2 ◦ (Mgb-P), (12)

P = P + V, (13)

where Ndim denotes the dimensionality of the problem, w is the inertia factor; U1 and U2 are matrices compounded
of elements ∼  [0, 1], P ∈ RNdim×Npop and V ∈ RNdim×Npop matrices store the position and velocity of Npop particles of
the swarm in each column, ie, P = [p1· · ·pNpop

] and V = [v1· · ·vNpop]. MPB is a matrix constructed with the personal
best position of each particle and the best position matrix is given by Mgb = [pgb· · ·pgb] ∈ RNdim × Npop, where vector
pgb ∈ RNdim×1 denotes the best position in the swarm, the global best (in a minimization problem, the position that
provides the lowest value of the fitness function).

The w coefficient introduced in the work of Shi and Eberhart19 can be a constant, linear, or nonlinear function, and
it balances the global and local exploitation depending on its value.20 Here, a nonlinear decreasing strategy of 0.99w is
considered. Regarding the velocity, to avoid a possible increase to infinity, it was limited to the interval [ −VMAX,VMAX],
with VMAX representing the maximum possible velocity value.20

After the execution of Niter times of the PSO algorithm (Algorithm 1), the output vector pGB corresponds to the detected
symbol using the PSO-aided detector x̃pso[n] in the MIMO-OFDM problem.

4.5 Heuristic DE-based detector
DE is a population-based heuristic proposed in the work of Storn and Price21 that relies on operations mutation, crossover,
and selection in order to avoid be trapped on local minima across the Ngen generations of the algorithm.

Consider 𝜾, 𝝂,𝝍 vectors with dimensions Ndim × 1 that represent the individuals, mutation, and crossover vectors,
while Nind is the number of individuals. The operations of the DE algorithm (Algorithm 2) operating with the strategy
rand/1/bin presented in the aforementioned work21 are synthesized in the following.

4.5.1 Mutation
At each iteration, the kth mutation vector is constructed as

𝝂k = 𝜾r1 + Fmut(𝜾r2 − 𝜾r3), (14)

where variables r1 ≠ r2 ≠ r3 ≠ k, k = 1, … ,Nind; r1, r2, r3 are integer random variables distributed as ∼  [1,Nind],
and Fmut ∈ [0, 2] is the parameter representing the mutation scale factor.
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4.5.2 Crossover
The crossover vector is created from individual and mutation vectors following the rule

𝜓ik =

{
𝜈ik, if rand ∈ [0, 1] ≤ Fcr or i = rk

𝜄ik, if rand ∈ [0, 1] > Fcr and i ≠ rk,
(15)

where rand ∼  ∈ [0, 1]; rk is an integer ∼  [1,Ndim] and Fcr ∈ [0, 1] is the crossover factor, one of the input parameters
of the algorithm.

4.5.3 Selection
The population of individuals of the next generation is selected by the following rule:

𝜾gk =

{
𝝍k, if 𝑓 (𝝍k) < 𝑓 (𝜾k)
𝜾k, otherwise.

(16)

Notice that, in order to select the next generation, the fitness function must evaluate both the individuals and the
crossover vectors, which reflects in the computational complexity of the algorithm.

After the execution of DE procedure Ngen times, the best individual 𝜾 corresponds to the detected (estimated) symbol
x̃DE[n] using the DE-aided detector in the MIMO-OFDM problem.

4.6 Hybrid detectors
To improve performance with a marginal increment on the computational complexity of the suboptimal MIMO-OFDM
detectors, two efficient hybrid linear-heuristic algorithms are proposed and evaluated in the sequel. Starting from an initial
solution provided by MMSE linear detector, a heuristic approach is applied in the subsequent stage aiming to improve the
BER performance. In such hybrid configuration, the initial population/swarm in DE/PSO is generated adding random
numbers with Gaussian distribution  (0, 1) to the initial solution.21

In this work, different initial guess solution are considered and numerical simulation is discussed under the perspective
of the performance-complexity trade-off. For that, numerical simulation results relating performance improvements and
complex reduction are pointed out. Three different initializations have been considered herein.

1. Random initialization: initial positions (in the PSO) and population (DE) are generated using random variables
uniformly distributed inside the search space.

2. Hybrid approach: two different initial points are performed, which are provided by linear detectors MF and MMSE,
while the respective symbol is considered as one variable input to the heuristic algorithms.

3. Perturbation on the MF/MMSE solutions: the initial position of particles and initial population of individuals are
obtained adding random Gaussian variables  (0, 1) to the initial solution provided by MF/MMSE detector.21

The influence of those points on the BER performance and complexity of the algorithm are explored in Section 5.
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TABLE 1 MIMO-OFDM simulation parameters

Parameter Value
OFDM

System bandwidth, BW 20 MHz
Constellation 4-QAM
Delay spread, 𝜏RMS 64 ns
Number of subcarriers, N 64

MIMO
Number of antennas, Nt × Nr 4 × 4
Spatial correlation index 𝜌 ∈ [0; 0.5; 0.9]
MIMO-OFDM detectors MF, ZF, MMSE, PSO, DE, PSO-MF,

PSO-MMSE, DE-MF, DE-MMSE
Power allocation strategy Equal power allocation

Channel
Type NLOS Rayleigh channel
CSI knowledge perfect

Heuristic Detectors Setup
Population size Npop = Nind 40
Search space [−1; 1]

Abbreviations: CSI, channel state information; DE, differential evolu-
tion; MF, matched filter; MIMO, multiple-input–multiple-output; MMSE,
minimum mean-square error; NLOS, non–line-of-sight; OFDM, orthogonal
frequency-division multiplexing; PSO, particle swarm optimization.

5 NUMERICAL RESULTS

Throughout this section, MIMO-OFDM systems are simulated considering realistic scenarios and different symbol detec-
tion. Specifically, linear, evolutionary heuristic, and linear-heuristic detectors performance subject to spatial antenna
correlation effect has been compared using BER and rates of convergence for heuristic and hybrid detector approaches.
Moreover, for the heuristic-based MIMO-OFDM detectors, the calibration of input parameters is conducted for each
heuristic algorithm and respective hybrid approaches and the convergence reduction is appointed. After finding the best
input parameter for each heuristic-based detector, the performance of the PSO and DE detectors are compared with
hybrid approaches, namely, PSO-MF, PSO-MMSE, DE-MF, and DE-MMSE considering correlation between antennas;
the performance of hybrid approaches is evaluated considering different number of iterations. Finally, the computational
complexity of the algorithms is compared in terms of number of operations.

Table 1 summarizes the simulation setup adopted in this work. Moreover, for a fair comparison, equal power allocation
was deployed throughout the transmitting antennas.

5.1 Input parameter calibration for heuristic-aided MIMO-OFDM detectors
As different parameters may influence in the convergence properties of the heuristic algorithms, they were obtained
numerically using the following procedure.14 Considering a set of start parameters, one by one is varied and the one that
provides the lowest BER is considered in the variation of next parameter. The illustration of the procedure executed for
PSO algorithm is presented in Figure 2 and for DE algorithm in Figure 3, considering different values of spatial correlation
and different initial points discussed in details in Section 4.6. Observe that different initializations result in different
initial parameters, which is more evident in the parameter Fmul for random and MF/MMSE initializations. Looking at
the convergence in Figure 2D, one can notice that, with MF and MMSE initialization, the number of iterations until
convergence is reduced in comparison with random initialization case and consequently the complexity of the algorithm;
as the Eb∕N0 value increases, more iterations are required. The start and final values after the calibration procedure for
both PSO and DE heuristic-based detectors are summarized in Tables 2 and 3.
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FIGURE 2 Calibration of input parameters values for 4-QAM 4 × 4 MIMO-OFDM PSO detection problem operating under medium-high
signal-to-noise ratio and different spatial correlation indexes. A, Calibration: varying parameters and evaluating performance; B, Calibration
of input parameter of PSO-MF algorithm; C, Calibration of input parameters considering PSO-MMSE algorithm; D, Convergence analysis for
4-QAM 4 × 4 MIMO-OFDM with PSO detector considering different values of Eb∕N0. BER, bit error rate; MF, matched filter; MIMO,
multiple-input–multiple-output; MMSE, minimum mean-square error; OFDM, multiple-input–multiple-output; PSO, particle swarm
optimization; ZF, zero forcing

5.2 Performance analysis
After input parameters calibration, the BER performance of the heuristic and hybrid MIMO-OFDM detectors was numer-
ically obtained. In Figures4A and 4B, the initial solution provided by the MMSE detector is considered. We observe that,
as the number of iterations increase, the MMSE solution is refined, and after 15 iterations, the improvement in BER per-
formance becomes marginal for both algorithms DE-MMSE and PSO-MMSE. In Figures 5A and 5B, a similar behavior is
observed. We note that the initial point influences the performance of PSO-based detectors: indeed, the PSO-MMSE pro-
vides better results in terms of BER than PSO-MF, but this effect is marginal for DE-MF and DE-MMSE, where similar
performance is achieved after 15 iterations.

In Figure 6, the performances of linear, heuristic, and hybrid MIMO-OFDM detection approaches are compared. We
observe that PSO-MMSE provides the nearest ML performance and that the hybrid approaches provide similar or bet-
ter approaches than conventional heuristics. For highly correlated scenarios, the overall performance is worsened. For
PSO-MMSE, the gain in performance is evident in contrast to other linear and heuristic detectors.
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(A) (B)

(C) (D)

FIGURE 3 Calibration of input parameters of DE heuristic applied to MIMO-OFDM detection for different values of correlation.
A, Calibration of input parameters of DE with uniformly random initialization; B, Calibration of input parameters of DE with MF
initialization; C, Calibration of input parameters of DE with MMSE initialization; D, Convergence of DE-aided detector for MIMO-OFDM
systems for different spatial correlation values. BER, bit error rate; DE, differential evolution; MF, matched filter; MIMO,
multiple-input–multiple-output; MMSE, minimum mean-square error; ZF, zero forcing

In general, spatial correlation degrades considerably the performance of all the studied detectors. However, hybrid
heuristic-linear MIMO-OFDM detectors are suitable choices for MIMO systems operating under low or even moderate
antenna correlation.

5.3 Complexity analysis
To analyze the complexity of the detection algorithms, the number of FLOPs among real numbers is considered. The
FLOPs are described as floating point addition, subtraction, multiplication, or division operations.22 In this evaluation,
Hermitian operator and if conditional step were disregarded. In practice, some platforms use hardware random number
generators, where an electric circuit provides random numbers generation, and so the FLOPs cost to generate random
numbers was also ignored.

Table 4 describes the number of FLOPs needed for the main operations considered herein, whereas in Table 5, the full
complexity expressions (𝛶 ) for the analyzed MIMO-OFDM detectors are shown. In Figure 7, the complexity is described
considering typical values, ie, Ndim = 2Nt;Nt = Nr;Nind = Npop = 5 · Ndim and admitting the number of iterations up to
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TABLE 2 Input parameters of particle
swarm optimization after calibration,
considering Eb∕N0 = 24 dB, different
initial points and spatial correlation

Parameter Value
Nstart

iter [100; 20]
cstart

1 2
cstart

2 2
wstart 1
Nrand

iter 100
crand

1 4
crand

2 (𝜌) 1 (0) 0.5 (0.5) 1 (0.9)
wrand(𝜌) 1.5 (0) 1.5 (0.5) 3.5 (0.9)
Nmf

iter ∈ [5; 25]
cmf

1 4
cmf

2 (𝜌) 0.5 (0) 0.5 (0.5) 1 (0.9)
wMF(𝜌) 1.5 (0) 2 (0.5) 2.5 (0.9)
Nmmse

iter ∈ [5; 25]
cmmse

1 (𝜌) 3.5(0) 4(0.5) 4(0.9)
cmmse

2 (𝜌) 0.5 (0) 0.5 (0.5) 0.5 (0.9)
wMMSE(𝜌) 2 (0) 3 (0.5) 3 (0.9)

TABLE 3 Input parameters of differential
evolution algorithm after calibration
considering Eb∕N0 = 24 dB, different
initial points and spatial correlation

Parameter Value
Nstart

gen [100; 20]

Fstart
mut 1

Fstart
cr 0.5

Nrand
gen 100

Frand
cr (𝜌) 0.6 (0) 0.6 (0.5) 0.8 (0.9)

Frand
mut (𝜌) 0.6 (0) 0.8 (0.5) 1.8 (0.9)

Nmf
gen ∈ [5; 25]

Fmf
mut(𝜌) 2 (0) 2 (0.5) 2 (0.9)

Fmf
cr (𝜌) 0.8 (0) 0.7 (0.5) 0.9 (0.9)

Nmmse
gen ∈ [5; 25]

Fmmse
mut (𝜌) 1.7 (0) 2 (0.5) 2 (0.9)

Fmmse
cr (𝜌) 0.6 (0) 0.7 (0.5) 0.8 (0.9)

the convergence obtained previously through simulations, as shown in Figure 2D, Figure 3D for the heuristic algorithms,
and for the hybrid algorithm in Figures 4 and 5.

From Table 5, it can be observed that DE algorithm requires more FLOPs than PSO since it evaluates 2Npop times the
fitness function per iteration in Equation (16) for individuals and crossover vectors. The complexity between the linear
detectors is almost the same, differing from each other by an scalar-matrix multiplication and matrix-matrix sum in
Equations (5) and (7). Moreover, observing the hybrid heuristic-linear MIMO-OFDM detector in Figures 4 and 5, the
improvement in performance starts to stagnate around 15 iterations, and so hyb = 15 has been considered as the number
of iterations of the hybrid algorithm to attain the best performance-complexity trade-off.
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(B)

(A)

FIGURE 4 Performance of the MMSE-hybrid algorithm considering uniform linear antenna array with different values of Eb∕N0, spatial
correlation and increasing number of iterations. A, Performance of hybrid algorithm PSO-MMSE; B, Performance of hybrid algorithm
DE-MMSE. BER, bit error rate; DE, differential evolution; MF, matched filter; ML, maximum likelihood; MMSE, minimum mean-square
error; PSO, particle swarm optimization

Heuristic detection algorithms produce better BER performance at the cost of an incremental computational complex-
ity compared with linear detectors ZF and MMSE, mainly due to the population/swarm size (around 5 to 10 · Ndim) and
the number of iterations necessary to attain convergence. In order to reduce the complexity, both hybrid linear-heuristic
algorithms combing MF/MMSE and evolutionary-heuristic techniques were analyzed. The PSO-MF provides computa-
tional complexity near the linear approaches for Nt = 256 antennas. PSO-MMSE has similar computational complexity
than DE-MF.
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(A)

(B)

FIGURE 5 Performance of the MF-hybrid algorithm considering uniform linear antenna with different values of Eb∕N0, spatial
correlation and increasing number of iterations. A, Performance of hybrid algorithm PSO-MF; B, Performance of hybrid algorithm DE-MF.
BER, bit error rate; DE, differential evolution; MF, matched filter; ML, maximum likelihood; MMSE, minimum mean-square error;
PSO, particle swarm optimization

Although linear MMSE and heuristic algorithms have slightly more computational complexity than other linear
approaches, there is also improvement in BER performance. Moreover, evolutionary heuristics may be more flexible to
be implemented in hardware. Parallelization, the possibility to deal with nondifferentiable and nonlinear functions21 and
the possibility to truncate the number of iterations to achieve different performance-complexity trade-offs in scenarios
that do not require very low levels of BER, for example, with MF hybrid, may be good choices for real applications.
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FIGURE 6 Bit-error-rate (BER) performance for 4-QAM 4 × 4 linear array (uniform linear antenna) antennas MIMO-OFDM for different
detectors under different values of spatial correlation and signal-to-noise ratio. DE, differential evolution; MF, matched filter; ML, maximum
likelihood; MIMO, multiple-input–multiple-output; MMSE, minimum mean-square error; PSO, particle swarm optimization; ZF, zero forcing

TABLE 4 Number of floating points operations (FLOPs),
considering vector and matrices
w ∈ Rq × 1,A ∈ Rm × q,B ∈ Rq × p,C ∈ Rm × p,D ∈ Rq × q

Operation # FLOPs

Square root
√
. 8

Norm-2,
√

wTw 2n − 1 + 8
Matrix-vector multiply Aw m(2q − 1)
Matrix-matrix multiply AB mp(2q − 1)
Matrix multiply-add AB+C 2mpq
Matrix inversion with LU factorization of D23 2∕3q3 + 2q2

TABLE 5 Number of floating points operations per subcarrier for the
multiple-input–multiple-output orthogonal frequency-division
multiplexing detectors, with H ∈ R2Nr×2Nt , y ∈ R2Nr×1, Ndim = 2Nt

Detector Number of Operations

ΥMF(Nt,Nr) 2Nt(4Nr − 1)
ΥZF(Nt,Nr) 16

3
N3

t + 4N2
t + 32N2

t Nr + 4NtNr − 2Nt

ΥMMSE(Nt,Nr) 16
3

N3
t + 8N2

t + 32N2
t Nr + 4NtNr

Υpso(Nt ,Nr ,Npop,) Npop(8NtNr + 20Nt + 4Nr + 7)
Υde(Nt,Nr ,Nind,) Nind(16NtNr + 12Nt + 8Nr + 14)
Υpso-mmse(Nt,Nr ,Npop,hyb) Υpso(Nt,Nr ,Npop,hyb) + Υmmse(Nt,Nr)
Υde-mmse(Nt,Nr ,Nind,hyb) Υde(Nt,Nr ,Nind,hyb) + Υmmse(Nt,Nr)
Υpso-mf(Nt,Nr ,Npop,hyb) Υpso(Nt,Nr , 1Npop,hyb) + Υmf(Nt,Nr)
Υde-mf(Nt,Nr ,Nind,hyb) Υde(Nt,Nr ,Nind,hyb) + Υmf(Nt,Nr)
Υml(Nt,Nr ,) 2Nt (8NtNr + 4Nr + 7)

: number of iterations for conventional algorithms; hyb: number of iterations for
the hybrid algorithm
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FIGURE 7 MIMO-OFDM complexity considering an increasing number of antennas for linear, heuristic, and hybrid detectors in a
point-to-point scenario; Nt = Nr ,Ndim = 2Nt,Npop = Nind = 5 · Ndim, = 50,hyb = 15. DE, differential evolution; FLOPs, floating points
operations; MF, matched filter; MIMO, multiple-input–multiple-output; ML, maximum likelihood; MMSE, minimum mean-square error;
OFDM, orthogonal frequency-division multiplexing; PSO, particle swarm optimization;
ZF, zero forcing

6 CONCLUSIONS

Extensive simulations were deployed and suitable evolutionary heuristic PSO and DE input parameter calibration were
chosen numerically aiming to find suitably and of practical interest solutions for the MIMO-OFDM detection problem.
Hybrid approaches considering MF and MMSE as initial solutions have been also considered, where the linear initial
solution is improved while the number of iterations of heuristic algorithms reduced.

Among the analyzed MIMO-OFDM detectors, the hybrid PSO-MMSE provided the near-ML performance for the con-
sidered scenarios, ie, 𝜌 = 0 (uncorrelated), 𝜌 = 5, and 𝜌 = 0.9. However, the BER performance has demonstrated
to be sensible to the initialization. For PSO-MF, the performance was similar to conventional PSO, with the advantage
of reduced number of iterations until convergence. For DE, almost the same BER performance was achieved using MF
and MMSE.

In terms of complexity, ZF and MMSE require almost the same number of FLOPs, although MMSE requires some
statistical knowledge of the channel condition. Among the heuristic detectors, DE requires more FLOPs in comparison
with the PSO, mainly because the number of fitness function evaluations is higher, since in DE, it is calculated for the 𝜾k
and 𝝍k, k = 1, … ,Nind per iteration of the algorithm, in comparison to Npop per iteration with PSO (in the simulations,
Npop = Nind).

To improve the complexity-performance trade-off, this work proposed and evaluated two linear-heuristic hybrid algo-
rithms suitable to solve the MIMO-OFDM detection problem. Starting from a solution obtained from the MMSE and MF
linear detectors, the DE and PSO heuristics were executed in order to further improve the BER performance while they
were able to improve substantially the performance-complexity trade-off even under low and medium spatial correlation
scenarios. Numerical simulations have demonstrated that, with both hybrid algorithms, the number of iterations required
to the convergence is reduced, achieving similar and slightly better performance in the DE and PSO-hybrid detectors
when compared to the conventional DE and PSO.
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No terceiro trabalho, o problema da detecção em sistemas M-MIMO foi estu-

dado utilizando algoritmos de otimização convexa. Na primeira parte, as formu-

lações LP`1, LP`∞, SDP e QP foram simuladas em um cenário realista composto

de erro na estimativa do canal, correlação espacial, alterações no carregamento

do sistema, e altas ordens de modulação QAM. Na segunda parte, os algoritmos

projetados são aplicados para a formulação QP. A complexidade computacional

depende do número de iterações Niter e do número de execuções da busca em

linha miter. A utilização dos algoritmos projetados é recomendada em cenários

onde Nitermiter < K para a complexidade computacional ser menor que a com-

plexidade dos detectores lineares. Através de simulações numéricas, constatou-se

que a complexidade do DSPG foi menor para cenários M = 256, K = 64, onde o

número de flops para o DSPG se mostrou menor que o MMSE.
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ABSTRACT One of the downsides of the massive Multiple Input Multiple Output (M-MIMO) system
is its computational complexity. Considering that techniques and different algorithms proposed in the
literature applied to conventional MIMO may be not well suited or readily applicable to M-MIMO
systems, in this work, the application of different formulations inside the convex optimization framework
are investigated. This work is divided in two parts. In the first part, Linear programming (LP), quadratic
programming (QP) and Semidefinite Programming (SDP) are explored in an M-MIMO environment with
high order modulation and under realistic channel conditions, i.e., considering spatial correlation, error
in the channel estimation, as well as different system loading. The bit-error-rate (BER) is evaluated
numerically through Monte Carlo simulations (MCS). In the second part, algorithms to solve the QP
formulation are explored and computational complexity in terms of floating-point operations (flops) are
compared with linear detectors. Those algorithms have interesting aspects when applied to our specific
problem (M-MIMO detection formulated as QP), such as the exploitation of the structure of the problem
(simple constraints) and the improvement of the rate of convergence due to the well-conditioned Gram
matrix (channel hardening). The number of iterations is higher when the number of users K becomes
similar to the number of base station antennas M (i.e., K ≈M ) than the case K �M ; the number of
iterations increases slowly as the number of users K and base station antennas M increases while keeping
a low system loading. The QP with projected algorithms presented better performance than MMSE when
K ≈ M , and promising computational complexity for scenarios with increasing K and low system
loading.

INDEX TERMS Massive MIMO communication, Low-complexity Detectors, Convex Optimization,
Linear Programming, Quadratic Programming, Semidefinite Programming.

I. INTRODUCTION

MULTIPLE input multiple output (MIMO) system
with large number of antennas, often called Mas-

sive MIMO (M-MIMO), or even large-scale MIMO (LS-
MIMO), is a promising technology where the great number
of antennas provides several advantages, such as improved
energy and spectrum efficiency, disappearance of thermal
and fading noise effects [1], [2], to name a few.

However, among the benefits, new problems arise. One of
the challenges in M-MIMO is the computational complexity
required to process the information from the great number
of antennas [2], [3]. This problem is even more accentuated

in the case of detection which is known for being a non-
polynomial (NP-hard) problem with optimal brute force
solution given by the maximum likelihood (ML) detector
that is unfeasible even for a not so high number of antennas,
users and modulation order combinations.

Although there are many techniques applied for con-
ventional MIMO, such as linear detectors with matched
filter (MF), zero forcing (ZF), minimum mean square error
(MMSE), tree-search based algorithms including sphere
decoding (SD), heuristics, detectors-based on convex op-
timization approach, and the possibility to combine with
transmit preprocessing techniques, e.g. precoding and cod-
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ing to further improve the performance, detection is still an
active field because most of the available algorithms apply to
conventional MIMO systems and may not be well suited or
readily applicable for M-MIMO systems (such as ML and
SD) [3]. Hence, new and innovative detection algorithms
must explore some of the specific features of M-MIMO
structure.

In a multiuser M-MIMO scenario with low number of
users and large number of antennas, linear detectors such
as ZF and MF are known for providing near-optimal per-
formance [4]. Some algorithms tries to explore the channel
hardening feature of the M-MIMO system that results in a
well-conditioned Gram matrix HHH [4], [5] approximating
the matrix inversion operation using techniques such as
Neumann series [6], the Gauss-Seidel algorithm [7], and
variations considering Newton algorithm such as [8], [9]
and Newton-Schultz [10]. However, in those scenarios, a
very small number of users K limits the potential gains
in spectral efficiency since the capacity is proportional to
the minimum between K and base station antennas M , i.e.,
min(K,M) [5] and, as the number of users increases, as in
ultra-crowded heterogeneous machine type communication
(mTC) and enhanced mobile broadband (eMBB) scenarios,
the reliability and the performance of such detectors deteri-
orate [8], [11].

Another strategy to avoid the ML solution is the use of
convex optimization algorithms, such as linear programming
(LP) [12], [13], quadratic programming (QP) [14]–[16]
and semidefinite programming (SDP) [17]–[20]. With the
relaxation of some constraints, detectors can be formulated
as convex optimization problems taking advantage of its
solid theory and extensive literature (e.g., [21]–[23]) and
making use of well-known polynomial-time algorithms [24],
many of them conceived and applied to solve large scale
problems [25]–[27].

Regard LP, a detection scheme is investigated considering
the `1-norm in conventional MIMO scenario with 8 × 8
antennas in [12]. The detection problem is reformulated first
as a mixed integer linear programming (MILP) and after, the
discrete constraint is relaxed and the problem is cast into LP,
which can be solved using interior point methods.

In [15], authors use a QP detector in an Orthogonal
Frequency Division Multiplexing (OFDM) context aiming
to reduce the interference among subcarriers, while in [14],
authors compare a QP and two other modified QP detectors
with heuristics LAS and RTS (heuristics are not the focus
of our paper) in an M-MIMO context. Although authors
consider spatial correlation and different modulation orders,
they do not explore error in the channel estimation and
different system loading scenario.

The SDP detector is well-known in the literature and
provides good performance results with an increased com-
putational cost. The formulation in [17] is simple compared
with other approaches [20]; it was tested for 16×16 MIMO
system [17], for a 40× 40 system [18], and for 128× 128
in [19], however only considering a symmetric system with

same number of antennas.
In order to solve LP, QP and SDP, interior-point algo-

rithms can be applied [22], [23]. Particularly, the Mehrotra’s
Predictor Corrector (MPC) is the usual choice, and has been
implemented in commands linprog, lsqlin in Matlab [28]–
[30] to solve LP and QP, and in SDP3 to solve SDP [31].
Generally, interior-point methods involve the solution of a
linear system of equations, hence have similar computational
complexity order compared to linear detectors [14], and even
greater in the case of SDP [18], [32].

General purpose solvers might be computationally expen-
sive [27]; some algorithms are created considering the struc-
ture of the formulated problem, for example, the Two Metric
Projection (TMP) [33] proposed to solve problems with
simple constraints, such as nonnegative and box constraints
[25]. With different scaling matrices, the TMP can become
a Projected Gradient (PG) [26] or Projected Newton (PN)
[25] algorithm (which are referred throughout the text as
projected algorithms). TMP is capable to solve constrained
problems similarly as its unconstrained counterpart and has
advantages over manifold suboptimization and active set
algorithms that require at least the number of constraints
to converge [25]. Some application of those projected algo-
rithms include large-scale problems arising in the machine
learning field [26], quasi-Newton variations applied to image
deblurring examples [27] and PG applied in beamforming
[34].

This work is structured in two parts: in the first, the
performance of different detectors formulated as optimiza-
tion problems LP, QP and SDP in an M-MIMO context
are studied in a variety of scenarios. In the second part,
observing that the QP formulation presents the least number
of variables, projected algorithms are applied to solve the
QP formulation and its characteristics observed through
numerical simulations.

The contributions of this work are threefold. a) An M-
MIMO detector based on LP formulation is proposed using
`∞-norm (LP`∞), and its performance-complexity trade-off
is compared with LP `1-norm (originally proposed in [12]
for conventional MIMO systems), QP and SDP-based detec-
tors. Those detectors are considered in the new large scale
MIMO context operating under realistic scenarios composed
by channel correlation, error in the channel state information
(CSI) estimation, and different number of users, including
(K �M ) and crowded scenarios (K ≈M ), and also under
different modulation orders. b) In the second part of the
work, we focus on the application of projected algorithms
to solve specifically the QP due to its reduced problem
size compared with LP and SDP formulations and suitable
performance. We characterize the application of solvers for
QP and unveils the influence of the condition number of
the Gram matrix (channel hardening effect) on the rate
of convergence through numerical simulations. c) We
have characterized both the convergence and complexity-
performance trade-off of the proposed efficient M-MIMO
detectors compared with the linear detectors under different
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system loading.
Our work differs from others presented in the literature;

for instance, in [35], the Newton’s Method (NM) is ap-
plied to LS-MIMO detection considering an optimization
problem formulation where the constraints are discarded,
hence solving an unconstrained problem. Herein, we use
TMP and variations including PN, an algorithm adapted to
solve constrained problems. In [8]–[10], NM and Newton-
Schultz iterative algorithms are applied to M-MIMO de-
tection problems in order to approximate the inverse of the
channel matrix; however, differently from these approaches,
we focus on the solution of an optimization problem.

The remainder of this paper is organized as follows.
In section II the system model is described. Mathematical
formulation of LP`1, LP`∞, QP, SDP-based M-MIMO
detectors are presented in section III. Specific algorithms
(solvers) applied to solve the optimization formulations LP,
QP and SDP are detailed in section IV. Simulation results
are divided in two parts. In the first part, the performance
of the detectors are analyzed in subsection V-A, while the
characterization and performance of projected algorithms
are presented in subsection V-B. Computational complexity
are analyzed in section VI. Final remarks and conclusions
are offered in section VII.

Notation: bold lower case and bold upper case letters a,A
represent column vectors and matrices, respectively. The ith
element of vector is written in italic ai, bold numbers denote
a vector of the number (for example 3 = [3 . . . 3]T ), and I
is the identity matrix.

II. UL M-MIMO SYSTEM MODEL

Considering a real-valued representation of an uplink (UL)
M-MIMO system operating in multiplexing mode with
single-antenna multiuser transmitters given by:

y = Hx + z, (1)

where y and z ∈ R2M ,x ∈ R2K and H ∈ R2M×2K rep-
resent the received signal, additive noise with variance σ2

z ,
transmitted information and channel matrix, respectively; K
represent number of user equipments (UEs), and M is the
number of base station (BS) antennas.

In real applications, the separation between antennas can
be smaller than half of the wavelength of the signal and
spatial antenna correlation may occur [36]. Here we consider
a uniform linear array (ULA) and the Kronecker model [36];
the correlated channel matrix is given by

H =
√

RMH
√

RK , (2)

where H,RM and RK represent the small-scale fading ma-
trix with independent and identically distributed (iid) entries,
the correlation matrices of the BS and UE, respectively. In

the multiuser scenario considered, the Toeplitz symmetric
matrix RM is given by [37]

RM =




1 . . . ρ(M−1)
2

...
. . .

...
ρ(M−1)

2

. . . 1


 , (3)

where ρ ∈ [0, 1] is the correlation factor and here RK = I,
because users are autonomous and far from each other
and, hence, not spatially correlated. Note that inside an
uncorrelated scenario, H = H.

Moreover, errors in the channel estimation are also con-
sidered as [38]

H̃ =
√

1− τ2H + τN, (4)

where N ∼ N (0, 1) and τ ∈ [0, 1] is the channel estimation
quality parameter; for instance, τ = 0 represents perfect
knowledge of CSI, τ = 0.1 means deviation of 10% in
average from the perfect channel estimation.

III. M-MIMO DETECTORS
In order to recover the transmitted information, the ML
detector denoted as the optimization problem

minimize
x

‖y −Hx‖2p
s.t. x ∈ B (5)

can be applied. The symbol B is related to the digital
modulation and represents the set of constellation symbols
(for a numerical example, 16-QAM has B = {±1;±3} in
the equivalent real-valued representation) and p denotes the
norm.

A. QUADRATIC PROGRAMMING
Equation (5) is an integer programming problem; in order to
solve it, the usual approach (e.g. [12], [15], [17]) is to relax
the integer constraint into a bound constraint considering
x a continuous variable. This results in a QP with linear
(affine) inequalities

minimize
x

‖y −Hx‖2p
s.t. b1 ≤ x ≤ b2, (6)

which, opening the quadratic term of the objective function
and reorganizing the constraints, becomes the problem

minimize
x

xTHTHx− 2yTHx

s.t.
[
I
−I

]
x ≤

[
b2

−b1

]
(7)

where the term yTy is omitted from the objective function
because it does not change the optimal point, b1 ∈ R2K

and b2 ∈ R2K are vectors of the lower and upper values
of the set B with b1 ≤ b2 (for example in 16-QAM,
b1 = −3 and b2 = 3). The problem in (6) is a QP, and can
also be called constrained least squares (CLS) [21] problem
or box constrained QP (BCQP) [39]. Problem (6) is the
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minimization of a quadratic function of x with Hessian in
the form of a symmetric and semidefinite positive Gram1

matrix HTH over a convex set (i.e., a polyhedron, which
is the intersection of a finite number of halfspaces and
hyperplanes), and hence, constitutes a convex optimization
problem that can be solved using well-known algorithms.
Notice that when the Hessian is indefinite, the problem
is nonconvex2 and can have stationary points and/or local
minima [23], [39], [41].

B. LINEAR PROGRAMMING
Observing that the norm operator is always nonnegative and
minimize the norm is equivalent to minimize the square
of the norm [21], the optimization problem (6) can be
equivalently expressed as

minimize
x

‖y −Hx‖p
s.t. b1 ≤ x ≤ b2. (8)

The problem (8) can be recast as LP in two different
ways depending on the norm, namely sum of absolute
residuals approximation for `1 norm (p = 1) and Chebyshev
approximation for `∞ norm (p =∞) [21].

1) LP with `1-norm
The detection problem (8) can be expressed in the LP form
[12]

minimize
x,t

1T t

s.t. −t ≤ y −Hx ≤ t

b1 ≤ x ≤ b2, (9)

where variables in the vector t ∈ R2M are the new
optimization variables, jointly with the original variables x.

Many solvers accept LP problems in a specific format
such as equality or inequality form. Redefining variables,
problem (9) can be expressed in the LP standard inequality
form

minimize
x`1

cT`1x`1

s.t. A`1x`1 ≤ b, (10)

where

c`1 =

[
0
1

]
,A`1 =




H −I
−H −I
I 0
−I 0


 ,x`1 =

[
x
t

]
,b =




y
−y
b2

−b1


 .

After the solution x?
`1

is found, the first 2K elements
corresponding to x are extracted and converted from real to
complex to form the estimated data symbols.

1Note that every Gram matrix is semidefinite positive [40, Theorem
7.2.10].

2The convexity of a function can be verified applying the second order
conditions over the objective function; e.g., for problem (7), ∇2f(x) =
HTH � 0.

2) LP with `∞-norm
Following a similar procedure, the LP detector based on `∞
norm is detailed. The cast to LP of the Chebyshev approx-
imation [21] including the constellation symbol constraint
becomes

minimize
x,t

t

s.t. −1t ≤ y −Hx ≤ 1t

b1 ≤ x ≤ b2. (11)

The problem (11) expressed in the standard inequality
form is

minimize
x`∞

cT`∞x`∞

s.t. A`∞x`∞ ≤ b, (12)

where:

c`∞ =

[
0
1

]
,A`∞ =




H −1
−H −1
I 0
−I 0


 ,x`∞ =

[
x
t

]
.

After the solution x?
`∞ is found, the last element is

discarded and the vector is converted from real to complex
to form the estimated symbol obtained through the LP`∞
detector.

C. SEMIDEFINITE PROGRAMMING
The SDP is a powerful mathematical method [18] that
has a competitive performance in MIMO detectors for
high order modulations because of its polynomial worst-
case complexity in contrast to ML that has an exponential
complexity depending on the constellation size [17]. Here
we consider [17] due to its simplicity and equivalence with
other representations [20].

Considering the relaxation of the rank restriction in SDP
formulation and the relaxation of the constellation symbols,
it is possible to reformulate the detection problem for
high-order modulation as the following SDP optimization
problem [17]:

minimize
X

trace(LX)

s.t. X � 0

X(N,N) = 1

bB
2

1 ≤ X(i, i) ≤ bB2

2 , (13)

where X is the N ×N unknown variable, N = 2K+1, the
index i = 1, . . . , N − 1, scalars bB

2

1 and bB
2

2 represent the
lower and upper limits of the set B2 (for example, 16-QAM
has a set B2 = {1, 9}, so bB

2

1 = 1 and bB
2

2 = 9) and

L =

[
HTH −HTy
−yTH 0

]
. (14)

The method considered here to extract the solution vector
from X is the rank-1 approximation [18],

x?
SDP = v1

√
λ1, (15)
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where λ1 denotes the maximum eigenvalue and v1 is its
associated eigenvector.

D. CLASSICAL LINEAR M-MIMO DETECTORS
For reference purpose, the classical linear detectors ZF and
MMSE are considered and the estimated symbol is given in
the form x̃ = Wliny. The matrix Wlin is expressed by:

Wlin =





(HTH)−1HT , ZF detector,(
HTH +

σ2
z

Es
I

)−1
HT , MMSE detector,

(16)
with Es denoting the symbol energy. The ZF M-MIMO
detector is obtained performing the pseudoinverse of the
channel matrix, while the MMSE M-MIMO detector re-
quires the second order channel statistics.

IV. SOLVERS FOR CONVEX OPTIMIZATION
In this section, algorithms usually implemented in general
purpose solvers for LP, QP and SDP formulations are
discussed. Algorithms implemented more frequently in sub-
section IV-A and the TMP exploring the simple constraints
is detailed in subsection IV-B.

A. INTERIOR-POINT METHODS
Interior point methods appeared as a polynomial complexity
approach to solve LP problems with efficiency better than
simplex [22]; those algorithms were extended and are also
capable to solve QP problems [22]–[24] and also SDP
problems [22].

Among different algorithms, for example, barrier method,
primal-dual path following, and the affine scaling method,
the MPC is one of the most efficient implementations [22],
[23] in this category; in Matlab platform, it is implemented
with commands lsqlin and linprog [28]–[30] to solve to
solve QP and LP, respectively. For SDP, the CVX, a package
for specifying and solving convex programs [42], [43],
was considered in the numerical simulations configured
to use the SDPT3 solver, which also employs an MPC
implementation [31].

Interior point methods solve a linear system of equations
at each iteration, and has similar computational complexity
order compared with linear detectors [14], [44] and is
more computationally intensive in the SDP case, where
specialized interior-point algorithms for SDP may require
O(K3.5) [18], [32].

Table 1 summarizes the number of unknowns, constraints
and computational complexity order of each formulation.
The SDP-based detector must find a matrix of unknowns,
and is the most complex among the studied detectors. The
number of unknowns in the LP`1 formulation depends on
M , which is large in M-MIMO systems and this impacts
on computational complexity. The number of unknowns is
similar between QP and LP`∞, however, as shown later
in section V, the performance of QP is better than LP`∞.
The QP formulation presents the least number of unknowns

TABLE 1: Problem size in terms of number of variables
and constraints and the associated complexity for M-MIMO
detectors.

Detector Variables Constraints Complexity

QP (6) 2K 4K O(NiterK
3)

LP`1 (10) 2K + 2M 4M + 4K O[Niter(K +M)3]
LP`∞ (12) 2K + 1 4M + 4K O[Niter(K + 1)3]

SDP (13) (2K + 1)2 4K + 1 O(NiterK
3.5)

and constraints and is a good candidate to be an efficient
detector with a good complexity-performance trade-off. In
the next subsection, the application of TMP in the QP-based
detector are detailed.

B. TWO-METRIC PROJECTION ALGORITHMS
The TMP method is of practical application when the
projection on the feasible set can be carrier easily [33], such
as the box constraints in the QP-based detector (6). We have
considered an initial3 and feasible vector x0 = 0 in the
middle of the feasible region (assuming a symmetric QAM
constellation around zero, i.e. a 16-QAM with {±1,±3}).
For different definitions of the direction matrix D, we can
obtain different algorithms, such as:

1) Dn = I, resulting in the PG method [26];
2) Dn =

(
∇2f(x)

)−1
= (HTH)−1, the PN algorithm

with complexity 2/3(2K)3 + 2(2K)2 to perform LU
factorization [21] for the matrix inverse calculation.

3) Dn =
1

diag(∇2f(x))
scaling the gradient with the

inverse of the diagonal, the Diagonally Scaled Pro-
jected Gradient (DSPG) method, which requires 2K
flops after the precomputation of the Hessian;

4) Approximation of the inverse of the Hessian us-
ing Neumann series namely Projected Newton with
Neumman Approximation (PNNA); under this ap-
proach it is affordable to consider 3 terms in the
expansion resulting in cubic complexity [6] of 16K3+
12K2 − 10 flops.

Note that there are many possible variations, such as
the approximation of Hessian (quasi-Newton method, e.g.,
BFGS [27]); approximations of the solution of the linear
system of equations named truncated Newton; different line
search algorithms can be employed beyond the Armijo-like
rule, the utilization of an initial point (also called warm-
start). Herein, we are not exhaustive, but trying promising
combinations.

The steps of the TMP algorithm with the PN variation
detailed in [25] are presented herein for completeness. When
Dn = (∇2f(x))−1 we have the PN; note the similarities
when compared with the unconstrained counterpart NM: it
is iterative, there is a search direction defined by matrix

3Note that depending on the constraints, more sophisticated strategies
may be required to choose a feasible initial point, for example, the solution
of an LP [44].
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Dn, a line search to find a step length αn and an updating
equation in a similar manner:

xn+1(αn) = [xn − αnDn∇f(xn)]#, (17)

with the operator [.]#

[ai]# =





bi2 if bi2 ≤ ai
ai if bi1 < ai < bi2
bi1 if ai ≤ bi1,

(18)

keeping the solution inside the feasible region (the box
constraints). At the nth iteration, the matrix Dn is diagonal
with respect to subset of indexes I#n defined as

dij = 0, ∀i ∈ I#n , j 6= i, (19)

and set of indexes are chosen such as

I#n =

{
i| bi1 ≤ xin ≤ bi1 + εn and

∂f(xn)

∂xi
>0 or

bi2 − εn ≤ xin ≤ bi2 and
∂f(xn)

∂xi
<0

}
(20)

with tolerance

εn = min{ε, ‖ [xn −MTM∇f(xn)]
# ‖2}, (21)

where MTM is a definite positive diagonal matrix that can
be fixed or vary at each iteration; herein, it was considered
as I as suggested in [25] for simplicity. The step length αn

is
αn = (βTM)mn (22)

where mn is the first m that attains the Armijo-like condi-
tion

f(xn)− f(x(βm
TM)) ≥ σTM



β

m
TM

∑

i/∈I#
n

∂f(xn)

∂xi
pin+

∑

i∈I#
n

∂f(xn)

∂xi
[
xin − xin(βm

TM)
]


 (23)

and variables σTM ∈ [0, 0.5], βTM ∈ [0, 1]; mn is nonnega-
tive and

pn = Dn∇f(xn). (24)

The algorithm terminates when a critical point xn+1 = xn is
found [25]. Numerically, here we consider that the algorithm
terminates if the condition holds approximately in the form

‖xn+1 − xn‖2 ≤ εn. (25)

The mentioned steps are synthetized in Algorithm 1.
After the stop criteria is attained, the solution vector xn is
converted from real to complex form of the estimated data
symbols. The computational complexity considered here is
flops. Matrix and vector operations and some factorizations
are found in [21, Appendix C]. Herein, the exponential oper-
ator [.]m and square root

√
[.] (for calculation of `2−norm)

are counted as 8 flops; if conditions are ignored, for
example in (18), since they are not mathematical operations

Algorithm 1 Projected Newton Method for problem (7).

1: Input parameters: σPN, βPN,Dn,x0, ε,Nmax, f(x),∇f(x)
2: Initialize n = 0,xn = x0, εn
3: while n ≤ Nmax do
4: Evaluate and store ∇f(xn) . 8K2

5: Evaluate tolerance (21) . 20K
6: Check indexes (20)
7: Zeroing some elements of Dn eq.(19)
8: Evaluate (24) . (4K2 − 2K), or 2K if Dn is diagonal
9: Line search (23) .

8K2 + 6K − 2 +miter(8K
2 + 10K + 10)

10: Next iteration point (17) . 10K
11: if condition (25) is attained then
12: Store n inside Niter

13: end if
14: end while
15: Output: xn

such as sum, subtraction, division, multiplication in the
definition of flop [45].

Similar terms in the objective function (7) and its gradient
∇f(x) can be precomputed and stored before entering
Algorithm 1; a fixed computational cost in evaluating HTH
results in 8K2M − 4K, the precomputation of HTy repre-
sents 8MK−2K and the sum after the multiplication by xn

spends 2K operations, resulting in a total of precomputation
complexity of Υfixed = 8K2M−4K+8MK. The evalua-
tion of the gradient ∇f(xn) = 2HTHxn− 2HTy requires
only the evaluation of a matrix-vector multiplication of xn

per iteration. Hence, the total computational complexity of
each algorithm is composed by a fixed amount Υfixed plus
the construction of Dn and an iterative amount of operations
described along Algorithm 1; the flops are summarized
in Table 2, along with the flops count for linear detector
MMSE, with Niter representing the number of iterations till
the condition (25) is attained and miter = 1 + mn, where
mn is the mean number of mn line search evaluations that
attains the condition (23) plus one because m = 0 is the
first evaluation.

Note that inside the projected algorithms only Υfixed

depends on M ; equations inside Algorithm 1 involve the
multiplication of matrices and vectors of size 2K and does
not depend on M . The most costly part of the projected
algorithms PN, PNNA, PG, DSPG applied to the M-MIMO
detection is due to (23) calculation, which requires the eval-
uation of the objective function Nitermiter times resulting
in a complexity order of O(NmaxmnK

2).
The variable Niter depends on the rate of convergence of

each algorithm. PN is described as the fastest and PG the
slowest among the studied projected algorithms; the rate of
convergence of PG algorithm is given by [33]

‖xn+1 − x?
QP‖2 ≤

max {‖1− αnλmin‖1, ‖1− αnλmax‖1} ‖xn − x?
QP‖2,

(26)

where λmin and λmax denote the minimum and maximum
eigenvalues of the Hessian matrix and x?

QP is the optimal
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TABLE 2: Number of FLOPs for considered algorithms.

M-MIMO Detector Number of Operations

ΥPN(K,M,Niter,miter) Υfixed + 16
3
K3 + 8K2 +Niter[20K2 + 34K − 2 +miter(8K2 + 10K + 10)]

ΥPNNA(K,M,Niter,miter) Υfixed + 16K3 + 12K2 − 10 +Niter[20K2 + 34K − 2 +miter(8K2 + 10K + 10)]
ΥPG(K,M,Niter,miter) Υfixed +Niter[16K2 + 38K − 2 +miter(8K2 + 10K + 10)]

Υ DSPG (K,M,Niter,miter) Υfixed + 2K +Niter[16K2 + 38K − 2 +miter(8K2 + 10K + 10)]
ΥMMSE(K,M) Υfixed + 16

3
K3 + 16K2

point for the QP formulation. Observing (26), the rate of
convergence depends on the eigenvalues of the Hessian,
which is the Gram matrix for QP,∇2f(x) = HTH. One can
expect that changing the eigenvalues of the Hessian using
different number of users K � M , the channel hardening
effect occur changing the matrix condition number and influ-
encing the rate of convergence of the projected algorithms.
In that way, the number of iterations Niter and evaluations
miter are obtained numerically in order to characterize the
full computational cost of the algorithm in section V.

Another detail to consider in the implementation is that
the PN requires the Hessian to be definite positive and,
in some scenarios, this condition may not be attained. So
modifications in the Hessian matrix should be considered
[22, Ch.5], where the Hessian is replaced by

∇̂2f(x) =
∇2f(x) + γI

1 + γ
(27)

before the calculation of the inverse in the matrix D)n
for PN, where large values of the regularization factor γ
approximates the NM to a Steepest Descent. The value of
γ was determined through numerical simulations.

V. NUMERICAL RESULTS
Monte Carlo simulations (MCS) were carried out to demon-
strate the effectiveness of the proposed detectors in terms
of performance-complexity trade-off; all the MCS have been
conducted under uncoded information scenarios. The relia-
bility of the studied detectors are presented in subsection
V-A, while the characterization and performance of the
projected algorithms are presented in subsection V-B.

A. PERFORMANCE EVALUATION
The main M-MIMO system parameters considered are pre-
sented in Table 3. A default set of parameters appears on the
top, and, for each scenario, one parameter is changed at time
in order to observe its effect on the system performance.
The optimization problems (6), (10), (12) were treated using
Matlab optimization solvers, lsqlin and linprog commands
for QP and LP, respectively. The problem (13) was solved
using CVX, a package for specifying and solving convex
programs [42], [43] configured to use the SDPT3 solver
[31].

In Fig.1, the BER performance for different values of
signal-to-noise ratio (SNR) is presented for different detec-
tors. Under uncorrelated scenarios and perfect CSI, the M-
MIMO detectors with convex optimization formulation (LP,

TABLE 3: M-MIMO System and Channel MCS parameters.

Parameter Value

Number of BS antennas, M 128
Number of UE terminals, K 128

Modulation order 16-QAM
Massive MIMO Detectors Conventional: ZF, MMSE,

LP `1, LP `∞, QP, SDP
LP, QP and SDP solver linprog, lsqlin, CVX (SDPT3)

Channel condition ρ and τ 0
Scenarios

Channel estimation quality, τ [0; 0.05; 0.10]
Antenna correlation, ρ [0; 0.5; 0.9]

Number of UE terminals, K [128; 96; 64; 32]
Modulation order [4; 16; 64] QAM

QP) presented better performance (lower BER) than linear
detectors ZF and MMSE. Moreover, among the convex
detectors, QP provided the best performance, followed by
LP`∞ and LP`1 formulations.

In Fig.1a, considering errors in CSI around 5 and 10%,
the BER performance was impaired for all detectors, while
a similar behavior in performance compared to perfect CSI
has been observed; SDP provides the best performance
among analyzed detectors followed by QP, LP`1, LP`∞
and linear detectors. Indeed, the linear detector ZF provides
the poorest performance among the studied detectors; its
performance is degraded even further with the increase of
the τ parameter.

Fig.1b exhibits the spatial antenna correlation impact on
the BER performance; when ρ = 0.5, the overall perfor-
mance is worsened; however, under extreme high correlated
scenarios, i.e., ρ = 0.9, the performance of SDP, QP, LP`1
and LP`∞ is worse than MMSE, while the LP`1 detector
exhibits similar performance compared to QP and SDP.

In Fig.1c where the number of users are changed, the
system loading K

M is reduced progressively and the perfor-
mance of linear detectors ZF and MMSE are significantly
improved, surpassing LP`1 and LP`∞ detectors and pro-
viding performance similar to QP and SDP detectors; and a
different behavior compared to previous scenarios (Figs. 1a
and 1b) is observed among LP detectors: as the number of
users is reduced, the performance of LP`1 surpasses LP`∞.

In Fig.1d, the modulation order was altered. In the low
order modulation 4-QAM scenario, the improvement in
performance of SDP compared with QP detector is more
evident; performance of SDP and QP are better than linear
detectors; moreover, the performance of LP`1 becomes very
similar to LP`∞, which is a different behavior compared
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FIGURE 1: Performance of 128× 128 M-MIMO detectors under realistic channel and intended system conditions: spatial
correlation, error in the channel estimation and reduced number of users (system loading) and digital modulation order.

with high order modulations (16-QAM and 64-QAM),
where LP`∞ provides superior performance compared with
LP`1.

In summary, although SDP provides the best performance,
this advantage is not very distinguishable compared with
QP performance with high order modulation, i.e., 16-QAM
in Figs. 1a, 1b, and 1c; it is more prominent in 4-QAM
presented in Fig.1d. The QP detector provides suitable BER
performance under scenarios with imperfect CSI, different
system loading, at low or medium level of spatial correla-
tion (ρ ≤ 0.5) and only a slightly worse in performance
than MMSE at the excessively correlated scenarios, i.e.
ρ = 0.9. In the next subsection, projected algorithms are
considered to solve the QP formulation in (7) focusing on
the computational complexity while their solution quality
and competitiveness are investigated and compared with the
linear detector MMSE.

B. PROJECTED METHODS IN LS-MIMO DETECTION

In this subsection, MCS are performed focusing on compu-
tational complexity and characterization of parameters Niter

and miter in order to investigate the competitiveness of the
projected algorithms applied to solve the QP formulation
against linear detectors. The chosen scenarios are the ones
that might interfere directly on the convergence properties
as shown in (26): scenarios with different system loading
K
M , including the intended use in LS-MIMO systems, where
a large number of BS antennas serve a small number of
users (K � M ) and also when K ≈ M e.g., in crowded
scenarios. First, numerical simulations were carried out in
order to choose adequate input parameters for PG, DSPG,
PNNA and PN algorithms. After that, the BER perfor-
mance (deploying tuned parameters for a fair comparison)
is computed and complexity compared in terms of flops.
Finally, the performance with different number of users but
a constant system loading is performed, to further evidence
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TABLE 4: Scenario parameters for the calibration of input
parameters for projected algorithms.

Parameter Value

M 128
K 128

SNR 15 dB
Detectors QP, MMSE

Algorithms for QP PN, PNNA, DSPG, PG
Initial Values

ε 10−2

βstart
TM 0.5
σstart

TM 0.3
Nstart

max 10
γstart 0
Nmax 5

Intervals
γ ∈ [0; 1.5]

βTM ∈ [0.1; 0.9]
σTM ∈ [0.1; 0.4]
ε ∈ [0.5; 0.0001]

Scenarios
Number of UE terminals, K [128; 96; 64; 32]

Constant K
M

= 1
4

M = [128; 256]

that the number of iterations Niter of projected algorithms
depends mainly on the relation K

M and the properties of the
Hessian, but not so much on the dimensionality K of the
QP problem.

1) Different Number of Users

Some algorithms are sensitive to the selection of input pa-
rameters, and an initial calibration may be required in order
to improve the convergence speed. In [46], a methodology is
proposed to tune the input parameters. Considering a certain
interval for each parameter, one parameter is varied at time
and the effect in performance is observed; the parameter
that produces an adequate performance is chosen and the
next input parameter is varied; two rounds of simulations
are executed till the input parameters are chosen. Here, a
similar procedure is deployed for γ, σTM, βTM, ε in order to
characterize Niter and miter for scenarios with different
system loading. Considering an initial set of parameters
depicted in Table 4, the procedure was executed first, for
different system loading varying K, and after, for constant
loading, changing both M and K.

In Fig. 2, the influence of the regularization factor γ
in (27) is observed, where the Hessian was substituted
by ∇̂2f(x) before the computation of Dn for PN and
PNNA. The effect of γ is distinguishable in the scenario
with K = M for PN where the increase in γ results
in better performance as shown in Fig. 2 i) and less line
search evaluations depicted in Fig. 2 ii); after γ = 1 the
improvements becomes smaller and so, γ = 1 is considered
for PN in the K = M scenario. Parameter γ does not seem
to influence the performance for the other scenarios and
other algorithms besides the PN, and also does not interfere
in miter shown in 2 iii) for K = 32, so the value γ = 0 is
considered for other algorithms and other scenarios.
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FIGURE 2: Influence of parameter γ for different simula-
tion scenarios considered.

In Fig.3, the calibration of parameters σTM, βTM and ε
are presented for K = M and K = M

4 ; the procedure was
also executed for K = 3M

4 and K = M
2 but omitted herein

for brevity. The left axis shows BER performance and the
right axis the search evaluations miter, which impacts on
the complexity. As βTM increases, the evaluations of miter

also increases, and more aggressively for PG. The parameter
σTM is related to the step size in (22) and different values
result in different performances for K = 128 and K = 32.

In the case of ε, Nmax = 5 is not sufficient to achieve an
MMSE performance for PG, DSPG and PNNA, and so, its
effect is not clearly observed; the exception is the PN where
the performance is slightly harmed when ε = 0.5. Therefore,
the rate of convergence is characterized (parameters Niter

and miter), and a second round of simulations are executed
with smaller values of ε. The information collected from
the simulations illustrated in Fig. 3 and the two rounds for
parameter ε shown in 4 is presented in Table 5.

Convergence for the M-MIMO detectors algorithms are
presented in Fig. 4, where the BER performance is depicted
as function of the number of iterations n. Adopted param-
eters are presented in Table 5. The number of iterations
Niter were stored in line 12 inside Algorithm 1 throughout
the MCS and rounded; miter represents the line search
evaluations, which is an internal step required to solve the
optimization problem with projected methods and causes a
direct impact on the number of flops in the final complexity
are also presented. Observe that Niter presented in the
Table is also depicted inside Fig. 4. In Fig. 4a, the first
round of ε is presented for the scenario with different
number of users; details about the MMSE performance
for each scenario are also presented. For DSPG, PNNA
and PG, the performance is similar to MMSE, however,
the value ε = 0.5 causes a premature termination of the
algorithm since their performance could be improved with
more iterations.
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TABLE 5: Tuned parameters for the simulations with different number of users. The order is [PN; DSPG; PNNA; PG].

Parameter K=128 K=96 K=64 K=32

γ [1; 0; 0; 0] [0; 0; 0; 0] [0; 0; 0; 0] [0; 0; 0; 0]
βTM [0.5; 0.2; 0.4; 0.6] [0.5; 0.4; 0.2; 0.2] [0.5; 0.6; 0.3; 0.4] [0.5; 0.3; 0.6; 0.3]
σTM [0.3; 0.1; 0.1; 0.3] [0.3; 0.4; 0.2; 0.1] [0.3; 0.3; 0.1; 0.2] [0.4; 0.2; 0.3; 0.1]

ε, round 1 [0.5; 0.5; 0.5; 0.5] [0.5; 0.5; 0.5; 0.5] [0.5; 0.5; 0.5; 0.5] [0.5; 0.5; 0.5; 0.5]
ε, round 2 [0.5; 0.1; 0.1; 0.1] [0.5; 0.1; 0.1; 0.1] [0.1; 0.1; 0.1; 0.1] [0.1; 0.1; 0.1; 0.1]

Niter [15; 29; 51; 37] [6; 20; 23; 19] [5; 15; 13; 12] [3; 7; 6; 8]
miter [6.49; 1.72; 4.01; 12.67] [4.09; 2.11; 2.51; 4.63] [2.89; 2.82; 2.40; 7.23] [2.61; 1.70; 2.94; 5.64]
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FIGURE 3: Performance varying the number of users in
order to choose σTM, βTM and ε parameters.

In Fig. 4b, the convergence of the algorithms are com-
pared. Two extreme situations are analyzed; the other sce-
narios K = 3M

4 and K = M
2 are interpolations between

them. A deeper analysis of the computational complexity
in terms of flops is presented in section VI, where the
complexity is compared with MMSE.
• For K = M = 128, PN algorithm with ≈ 15 iterations

can provide a better performance than MMSE with
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FIGURE 4: Rate of convergence of projected algorithms
applied to QP formulation with different number of users.

similar computational complexity order simply because
it requires the calculation of the inverse of the Hessian.
Neumann approximation for the inverse when K ≈M
is poor [6], and BER improvement of PNNA is slower
than PG and DSPG. The PG and DSPG require a
simpler Dn matrix (PG an identity, DSPG a diagonal
matrix) and after around 30 iterations, they achieve a
performance similar to PN.

• For K = 32 = M
4 , the performance of QP-based
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TABLE 6: Tuned parameters for the simulations with con-
stant system loading. The order is [PN; DSPG; PNNA; PG].

Parameter M = 256,K = 64

γ [0; 0; 0; 0]
βTM [0,5; 0,5; 0,5; 0,5]
σTM [0,3; 0,2; 0,2; 0,2]
ε [0.1; 0.1; 0.1; 0.1]

Niter [4; 8; 6; 8]
miter [2.29; 2.11; 2.50; 10.11]

detectors is almost the same achieved by the MMSE,
as shown previously in Fig.1c; the number of iterations
to achieve MMSE performance is reduced for all
algorithms. For PN, around 4 iterations are required.
Neumann approximation becomes more accurate with
the reduction of K

M [6]; in such low system loading
scenario, the convergence of PNNA is substantially
improved in comparison with K = 128, and less than
10 iterations are enough to provide MMSE-like BER;
for PG and DSPG, less than 10 iterations are sufficient
to achieve MMSE-like performance.

2) Constant System Loading
Here, simulations considering a constant system loading
are presented in order to observe the behavior of the
projected algorithms when the dimensionality of the prob-
lem increases (more users, more unknown variables in the
QP problem), while keeping a constant (and low) system
loading of K

M = 1
4 aiming to maintain the characteristic

of the channel hardening, i.e., a well-conditioned Hessian
HTH.

The convergence considering a constant system loading
K
M = 1

4 is presented in Fig.5. The procedure considered
in the previous simulations are also deployed here. The
input parameters σTM, βTM and ε are determined through
numerical simulations as shown in Fig. 5a and condensed
in Table 6, and the number of iterations Niter and line
search evaluations miter are obtained numerically; the Niter

is shown in Fig. 5b. A similar behavior is observed in the
scenario 128×32 (from previous subsection) and 256×64;
a reduced number of iterations (less than 10) are required
for the projected algorithms and is an indicative that the
method works in larger systems without great impacts on
the number of iterations and, consequently, in complexity.

Considering the values of Niter and miter obtained, the
computational complexity is further characterized in the next
section.

VI. COMPUTATIONAL COMPLEXITY
The computational complexity is analyzed in two parts.
In the first, SDP, QP, LP`1 and LP`∞ are compared in
terms of complexity order; in the second part, the projected
algorithms are evaluated in terms of flops and compared
with the linear detector MMSE.

Initially, a complexity comparison considering SDP, QP,
LP`1, LP`∞ and linear detectors presented in subsection
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FIGURE 5: Convergence and line search evaluations con-
sidering different number of BS and UE antennas, keeping
the system loading K

M constant.

V-A is considered using complexity metric given in terms
of O (big-O) notation, as shown in Table 1. The complexity
per iteration of SDP is the biggest, followed by LP`1;
LP`∞ and QP. The number of iterations for each detector
evaluated numerically is presented in Table 7. Combining
the information presented in those two tables, the SDP-
based detector provides a good performance with a high
complexity cost: each iteration costs more and Niter is
also greater than other detectors. LP`1 presents a cost per
iteration higher, however costs ≈ 3 iterations less than
LP`∞. Regard QP, its complexity per iteration is lower and
requires fewer Niter than other detectors providing suitable
trade-off among the performance of the studied M-MIMO
detectors.

Regard the impact of the modulation order, for SDP, Niter

increased for higher orders, however this behavior was not
observed for other detectors; only small fluctuations were
observed. For QP, Niter was around 8 to 9 iterations; for
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TABLE 7: Number of iterations for different detectors under
the condition SNR = 15 dB.

Detectors 4-QAM 16-QAM 64-QAM

LP`1 15.35 14.11 13.25
LP`∞ 17.24 16.49 16.04

QP 7.88 9.55 9.02
SDP 16.72 21.74 23.62

LP`∞ around 16 and 17 and for LP`1, Niter presented a
small reduction around 2 iterations (from 15 to 13) as the
modulation order increased.

In the second part, a more in-depth computational com-
plexity analysis for the projected algorithms described in
section V-B is developed considering the number of flops.
Using expressions from Table 2 and substituting the respec-
tive number of iterations Niter and line search evaluations
miter obtained in subsection V-B, the plots presented in Fig.
6 are obtained.

From Fig. 6 i) with K = 32, MMSE provides the
lowest number of flops. Although PG and DSPG have a
diagonal Dn matrix and similar Niter, the DSPG requires
a lower miter than PG, hence, a lower number of flops.
PN presented a low Niter however it also requires a matrix
inverse computation resulting in more complexity compared
with MMSE. Finally, Neumann approximation is poor for
large K and PNNA presented a slow convergence (high
Niter) resulting in higher complexity compared with PN
approach.

In Fig. 6 ii), the number of flops considering a con-
stant system loading is presented. Observing the flop-
complexity expressions, the matrix-vector operations re-
quired for MMSE (Υfixed) are also required for the other
algorithms, and the projected algorithms evaluates K2 oper-
ations Nitermiter times. So, the complexity order of MMSE
and projected algorithms, now considering the O notation,
is O(K3) and O(NitermiterK

2), respectively. Keeping the
proportion K

M = 1
4 , the computational complexity order of

DSPG would be lower than MMSE when Nitermiter < K.
Indeed, we see that the number of iterations does not affect
too much Nitermiter; hence, as K increases, the computa-
tional complexity approaches the MMSE complexity. Eval-
uating in terms of flops, the computational complexity for
DSPG was lower than MMSE for M = 256 and K = 64; in
other words, DSPG provides good BER performance with
low computational complexity in terms of flops.

VII. CONCLUSIONS AND REMARKS
In the first part of this work, M-MIMO detectors using four
promising optimization formulations, namely LP`1, LP`∞,
QP and SDP are analyzed considering high-order modula-
tion in realistic scenarios including spatial correlation, error
in CSI, different system loading and modulation order. The
SDP detector provided the best performance among the
studied detectors in a variety of scenarios; the exception was
the excessively high correlated scenario, ρ = 0.9, where
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FIGURE 6: Number of FLOPs for the LS-MIMO detectors
considering different system loading varying K users, and
with a constant K/M , increasing both UE and BS antennas.

the performance of all detectors were severely degraded,
and MMSE provided a slightly better performance. The
LP`∞ provided lower computational complexity per iter-
ation compared with LP`1 and a better performance under
imperfect CSI and medium correlation ρ = 0.5; however,
a worse performance for different system loading (K = 64
and K = 32), and similar performance for the low-order
modulation 4-QAM. The QP detector showed the lowest
complexity order per iteration and also better performance
compared with both LP`1 and LP`∞.

In the second part, projected algorithms, which explore
simple constraints of the formulated problem, were applied
to find the transmitted symbols of a M-MIMO detector
written as a QP problem. A methodology to determine the
line search parameters was applied and, through numerical
simulations, the improvements in the rate of convergence
of the algorithms (reduction of Niter) due to the well-
conditioned Gram matrix (channel hardening) were evi-
denced; the convergence is slower for K ≈ M than for
K � M . The computational complexity order of MMSE
and projected algorithms are O(K3) and O(NitermiterK

2),
respectively. The use of projected algorithms is suggested
in scenarios where Nitermiter < K, noting that Niter

increases slowly as K increases while K
M = 1

4 , as observed
during numerical simulations with K = 32,M = 128
and K = 64,M = 256. Hence, QP solved with DSPG
provided better performance than MMSE in scenarios with
K ≈ M and showed promising computational complexity
for scenarios with increasing K and low system loading.
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