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Resumo 
 
 
Este trabalho tem por objetivo discutir os problemas de alocação de taxa de  informação e 
potência em  redes  sem  fio de múltiplo acesso, bem  como apresentar diferentes métodos 
para  solucioná‐los.  Estes  dois  importantes  problemas  são  clássicos  na  literatura, uma  vez 
que a alocação de potência e espectro quando otimizadas implicam em uma maior vazão do 
sistema e tempo de vida das baterias dos terminais móveis. Com o intuito de resolver estes 
problemas  de  otimização,  três  ferramentas  diferentes  foram  empregadas:  o  equilíbrio  de 
Verhulst,  a  otimização  por  enxame  de  partículas  (particle  swarm  optimization,  PSO)  e  a 
teoria  de  jogos.  As  contribuições  deste  trabalho  incluem:  i)  extensão  do  algoritmo  de 
controle  de  potência  distribuído  (distributed  power  control  algorithm, DPCA)  baseado  no 
equilíbrio  de  Verhulst  para  sistemas  de múltiplas  taxas  e  com  coeficiente  de  aceleração 
adaptativo;  ii)  resolução  do  problema  de  alocação  de  taxa  com  restrições  de  potência 
máxima  e  do  problema  de  controle  de  potência  com  restrições  de  taxa  de  informação 
mínima utilizando o algoritmo PSO;  iii) estudo e otimização dos parâmetros de entrada do 
PSO para ambos problemas resolvidos;  iv) análise de aplicabilidade da teoria de  jogos para 
solucionar  o  problema  de  alocação  de  potência  com  restrições  de  taxa  de  informação 
mínima  em  redes  de múltiplo  acesso  com múltiplas  portadoras  em  diversos  cenários;  v) 
proposta  de  uma  solução  híbrida  utilizando  PSO  e  algoritmo  iterativo  de  water‐filling 
{iterative water‐filling algorithm,  IWFA),  a  fim de  tornar  a modelagem de  teoria de  jogos 
aplicável a sistemas de múltiplo acesso operando em cenários realistas. 
 
Palavras‐Chave:  Sistemas  CDMA.  CDMA  multi‐taxa.  Single‐lnput‐Single‐Output  (SISO). 

Alocação de potência e taxa. QoS. 
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Abstract 
 
 
This  work  aims  to  discuss  the  power  and  rate  allocation  problems  in  multiple  access 
networks, as well as present different methods to solve them. These important problems are 
classics, since optimizing power and spectrum allocation imply in a large system throughput 
and  increase of  the mobile  terminals batteries  lifetime.  In order  to  solve  these problems, 
three  tools were used:  the Verhulst equilibrium, swarm  intelligence and game  theory. The 
main  contributions  of  this work  include:  i)  extension  of  the  Verhulst  DPCA  for multirate 
systems  and  an  adaptive  acceleration  coeficient;  ii)  solve  the  power  allocation with  rate 
constraints  problem  and  the  throughput maximization  problem  using  the  particle  swarm 
optimization  technique;  iii)  input  parameters  optimization  for  the  PSO  algorithm;  iv)  an 
applicability  analysis  of  the  game  theoretic  approach  in  different  scenarios  to  solve  the 
power control problem in multi‐carrier multiple access networks; v) proposal of a new hybrid 
solution  combining  PSO  and  IWFA,  in  order  to  improve  the  game  theoretic  model 
applicability in multiple access systems operating in realistic scenarios. 
 
Keywords: Power‐rate allocation control. SISO multirate CDMA. QoS. 
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)')()*)7 *,8)%),*7 6')L$38-'%- ,)7%3);6O,*7 '$ )'%-3<*+$ [pmin; pmax]> - 7$; * 8-78*
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C$0$.(1")%"5 !"E*" *1( #*)+,& '" '$!%/$2*$+,& '" 0/&2(2$-$'('" O(P-"$EN 0(/( .(!&! !"1 -$)N(

'" 3$!('( " *1( '$!%/$2*$+,& O$." 0(/( .(!&! .&1 -$)N( '" 3$!('(B Q #*)+,& '" '$!%/$2*$+,& '"

0/&2(2$-$'('" '" O$." 0&'" !"/ '"!./$%( 0&/ 4*' +,-.5 67769:

f(x) =
x

σ2
0

exp

[
−x2 + A2

2σ2
0

]
I0

(
xA

σ2
0

)
, x ≥ 0  !"&$

&)'" A2
< ( 0&%R).$( '& !$)(- .&1 -$)N( '" 3$!('(5 I0(·) < ( #*)+,& S"!!"- '" &/'"1 @"/& " σ2

0 <

( 0&%R).$( '& 0/&."!!& (-"(%T/$& '" 3(-&/ /"(- U(*!!$()&B  2!"/3" >*" 0(/( A = 0 %"1F!" *1(

#*)+,& '" '$!%/$2*$+,& '" 0/&2(2$-$'('" '" O(P-"$ENB Q'$.$&)(-1")%"5 & #(%&/ O$." < '"V)$'& 0&/

4*' +,-.5 67769:

K :=
A2

2σ2
0

 !"'$

W& X(0D%*-& Y %&'&! &! 3(-&/"! '&! 0(/=1"%/&! *%$-$@('&! )&! '$3"/!&! .")G/$&! "!%,& '$!0&)D3"$!

)( #&/1( '" %(2"-(!B

 !"#$%&' ()*)+ Z '")&1$)('& E()N& '" 0/&."!!(1")%& &* #(%&/ '" "!0(-N(1")%& '& !$!%"1( XHIQ

( /(@,& ")%/" ( %(L( '" .N$0 " ( %(L( '" $)#&/1(+,&5 &* !"[(:

 i =
rc
ri

 !"($

 !"# rc $ % &%'% "# ()*+ " ,*,&#-% ./01 ,#!" -%* 2 34# % &%'% "# *!5 2-%67 8 9 +%"27 :0;<

 =%> 2 "% &%'% "# ()*+ $ 3, 84× 106 ()*+,  4 3, 84 0(+,8

 !"#$%&' ()*)+ 1 2#>%67 "% + &?!(*% "% + 2&%" 2% +#>% *!&#25#2?!(*% -%*, 24@" A(%22*#2 & *!&#25#2#!(#

+>4, ! *,# 2%&* B .C9DE $ % 2%F7 #!&2# %, + &?!(*%, " ,*!%> +#>% *!&#25#2?!(*% -%*,  24@" %!&#, "%



 ! "#$%&'($ )* +$,-.%/& %$0 1*2,3/'4*2 )* 5&6& 78./0& )* 9.:$30&'($  

 !"# $%&'(#) *&+& # i,-."# $-$/+.# ! & k,-."& -$012#+3& #+& 2# ! -!+  !-4+.3& 2#+5

Γi(k) =
pi(k)|gii(k)|2

U∑
j=1
j 6=i

pj(k)|gij(k)|2 + σ2
i (k)

,  !"#$

#6 ! p , & 2#3764.&  #- -.6&.- 3+&6-".3. #-8 σ2
, & 2#3764.&  # +$9 #  ! :$6 #)

 !"#$%&' ()*)+ ; +!%&'(# -.6&%1.63!+:!+764.& "&.- +$9 #8 <=>?8 , & +&@(# !63+! &- 2#3764.&-  #

-.6&% +!4!0. # !  # -.6&%  #- .63!+:!+!63!- "&.- # +$9 #  ! :$6 #8 "! . &- !" $" "!-"# .6-3&63!

&2A- &  !"# $%&'(#) B-3& +&@(# !" -.-3!"&- CDE; , 2#6 !+& & 2!%# F&6G#  ! 2+#4!--&"!63#8

"&3!"&3.4&"!63!5

δi(k) =  i
pi(k)|gii(k)|2

ρ
U∑

j=1
j 6=i

pj(k)|gij(k)|2 + σ2
i (k)

 !"%$

#6 ! p , & 2#3764.&  # -.6&% 3+&6-".3. #8 σ2
, & 2#3764.&  # +$9 #  ! :$6 # ! 0 < ρ < 1 , $" :&3#+

+!%&4.#6& # & 4#++!%&'(# 4+$@& & ", .&  &- -!H$764.&-  ! !-2&%G&"!63#8 &# !"2+!F#  ! 3,46.4&-  !

4&64!%&"!63#  ! .63!+:!+764.&8 !34) I.4& !J. !63! H$! !" -.-3!"&- CDE; G/ $"& +!%&'(#  .+!3& !63+!

C=>? ! <=>?  & & 2#+5

δi(k) =
 iΓi(k)

ρ
 !"&'$

 !"#$%&' ()*), ; 4&2&4. & !  ! $" 4&6&%  ! "K%3.2%# &4!--# 4#" 0&6 & W ! <=>? δ ,  & & 2#+

L !"##$#8 MNOPQ %$&' ()*!+ ,"-")."8 MNNRQ * /+ ,) 0"#"*!8 STMTU5

C = W log(1 + δ)  !"&&$

#6 ! δ , #03. # &3+&J,-  & !H$&'(# LS)NU) V"& J!@ H$! & 4&2&4. & !  !-4+.3& 6& !H$&'(# &63!+.#+ ,

$" %.".3!8 .)!) & 3&W& 3!A+.4& "/W."&8 , +!%!J&63! .64%$.+ $"& "! . &  .:!+!64.& & 2&+& -.-3!"&- +!&.-)

D!-3& :#+"&8 & !H$&'(# & -!F$.+ .6 .4& & 3&W& H$! # -.-3!"& 2# ! &3.6F.+  & # $" F&28 Λ8 !63+! #

%.".3! 3!A+.4# ! & 3&W&  ! .6:#+"&'(# +!&% L* /+ ,) 0"#"*!8 STMTU5

C = W log(1 +
δ

Λ
)  !"&!$

()* *+,-+* *./*+0.+12+* *+345 )63+*+12)75* 5* 789+3+12+* 635/:+;)* 23)2)75* 1+*2+ 23)/):<5" =*

635/:+;)* 953); ;57+:)75* :+>)175?*+ +; @51*87+3),45 ) ):5@),45 7+ 3+@.3*5* 15 $2%.6X"

 ! "#$%&'($ )* +$,-.%/& %$0 1*2,3/'4*2 )* 5&6& 78./0&

)* 9.:$30&'($

= 635/:+;) 7+ @51235:+ 7+ 652A1@8)B @5;5 2);/C; C @51<+@875 5 +1.1@8)75 15 2D2.:5 7+*2) *+,45B

>8*) +1@5123)3 5 ;+153 >):53 7+ 652A1@8) 6)3) @)7) 23)1*;8**53 7)75 .;) 2)E) 7+ 81953;),45 ;D18;)



 ! "#$%&'($ )* +$,-.%/& %$0 1*2,3/'4*2 )* 5&6& 78./0& )* 9.:$30&'($  

 !"# ! $%!&"%$ ' ( $") $%* )"+$" ,"!"- .!" #"!/01"# / !"23%+$" 4#/50") ," /$%)%6 78/9

min
U∑

i=1

N∑

k=1

pi(k),

!' '

N∑

k=1

ri(k) ≥ r∗i ∀i = 1, . . . , U :;'<=>

pi(k) ≤ pmax
i (k)

/+," pi(k) ?  4/$@+*% " ri(k)  $ A ,/ 3!3B#%/ i + n?!%) !35.4/#$ ,/# C r∗i ?  $ A ," %+&/#) 78/

)D+%)  !"# 2 # +$%, 4 # / 3!3B#%/ i " pmax
i (k)  4/$@+*% )BA%) 4/# !35.* + 0C U " N %+,%* )

#"!4"*$%1 )"+$" / +E)"#/ ," 3!3B#%/! " !35.* + %! +/ !%!$") ' F/$" G3" 4 # N > 1 / 4#/50") 

#"&"#".!"  !%!$") ! (H.HI(J "G3 +$/ 4 # N = 1 $# $ .!" ," #","! IKLHI(J' M3$# ) +"%# ,"

#"!$#%+2%#  4/$@+*% ,/ 4#/50") ") :;'<=> ? & 6"# 3!/ ," 3) 4/$@+*% )BA%) $/$ 0 4/# 3!3B#%/C

*/)/ !"23"9

min
U∑

i=1

N∑

k=1

pi(k),

!' '

N∑

k=1

ri(k) ≥ r∗i ∀i = 1, . . . , U :;'<N>

N∑

k=1

pi(k) ≤ pmax
i

M5!"#1" G3"  )5 !  5/#, 2"+! !8/ 2"# %! " !"#1") $ +$/ 4 # !%!$") ! */) $ A E+%* C %'"'

r∗i = r∗ ∀i = 1, . . . , U C */)/ )E0$%40 ! $ A !' M3$# &/#) ," "+* # # / 4#/50") ,"  0/* 78/ ,"

4/$@+*% */) #"!$#%7O"! ," $ A ," %+&/#) 78/ )D+%) ?  !!3)%# */)/  )?,%  / 0/+2/ ,/! N * + %!C

/3 !"- 9

min
U∑

i=1

pi,

!' ' ri ≥ r∗i ∀i = 1, . . . , U :;'<P>

pi ≤ pmax
i

/+," pi ?  4/$@+*% )?,% ,/ 3!3B#%/ iC ri " r∗i !8/C #"!4"*$%1 )"+$"C  $ A ," %+&/#) 78/ )?,% "  

$ A )?,%  01/Q " pmax
i  4/$@+*% )?,% )BA%) '

R) !%!$") ! HI(J */) )E0$%40 ! *?030 ! " )E0$%40 ! $ A ! ," %+&/#) 78/ ? %)4/#$ +$" G3" /

!%+ 0 ,/! 3!3B#%/! !"- ,"$"*$ ,/ */) 3) $ A ," "##/ ," 5%$ : !" #$$%$ $&"#C SRT> #"0 $%1 )"+$" 5 %A 



 ! "#$%&'($ )* +$,-.%/& %$0 1*2,3/'4*2 )* 5&6& 78./0& )* 9.:$30&'($  !

 !"#$%&' $()%&)* +, &'# *)-+"#"('# &) .'/01 2, *)&)# &) ,34("54' $6)##' $ 728 )#(9 &"*)($,)%()

4":$&$ $ /;<8 '=#)*!$&$ %' *)6)5('*1 >&"6"'%$4,)%()? $# *)#(*"@A)# &) ($B$ %'# 5*'=4),$#  C1DE0?

 C1DF0 )  C1DG0 ($,=H, )#(I' &"*)($,)%() 4":$&$# $ /;<81 J'*($%('? H 6'%!)%")%() +("4"K$* $ /;<8

6',' ,)&"&$ &) .'/ &) ($4 L'*,$ -+)  !"##$ %&!%"$ '(#)(*#+,? CMDMN #%-.%/" 01 234? CMDM=0O

δi(k) =  i
pi(k)|gii(k)|2

ρ
U∑

j=1
j 6=i

pj(k)|gij(k)|2 + σ2
i (k)

≥ δ∗i (k); ∀k = 1, . . . , N ) i = 1, . . . , U  C1DP0

'%&) δ∗i (k) H $ /;<8 ,Q%",$ $ #)* $("%:"&$1

J$*("6+4$*,)%()? ), #"#(),$# RST> 6', +,$ 5'*($&'*$

 

? ' !)('* &) 5'(U%6"$# V(",' H ' !$4'*

5$*$ ' -+$4 $# &)#":+$4&$&)# ),  C1DP0 ('*%$,W#) ":+$4&$&)#1 X=#)*!) -+)? &$&' $# 5'(U%6"$# &) ('&'#

'# +#+9*"'# )B6)(' i? H 5'##Q!)4 6$46+4$* $ 5'(U%6"$ V(",$ &) i 6',' #):+)O

p∗i =

(
δ∗i

 i|gii|2
)

ρ

U∑

j=1
j 6=i

pj|gij|2 + σ2
i


  C1DY0

Z,$ !)K -+) %I' [9 $5)4' ), *)#'4!)* ' 5*'=4),$ 5$*$ +, 3%"6' +#+9*"' &' #"#(),$? &)!)W#)

)#()%&)* $ )-+$@I'  C1DP0 5$*$ ('&'# '# +#+9*"'# '=()%&'W#) +, #"#(),$ 4"%)$* &$ L'*,$O

(I−H)p = η  C1D\0

'%&) H H &)]%"&' 6','O

Hij =





0, #) i = j

|gij|2δ∗i
|gii|2

, i 6= j

) η 6','O

ηT =

[
δ∗1σ

2
1

|g11|2
. . .

δ∗i σ
2
i

|gii|2
. . .

δ∗Uσ
2
U

|gUU |2
]

 C1D^0

<'() -+) $ 5$*("* &$ 2-+$@I'  C1D\0 H 5'##Q!)4 *)#'4!)* ' 5*'=4),$ &) 6'%(*'4) &) 5'(U%6"$ ),

*)&)# S/_RST> ) *)$**$%`$%&' $ ,)#,$ '=(U,W#) '# !$4'*)# &) 5'(U%6"$ V(",'# &)5)%&)%&' #',)%()

 N = 1



 ! "#$%&'($ )* +$,-.%/& %$0 1*2,3/'4*2 )* 5&6& 78./0& )* 9.:$30&'($   

 !" #$%!&'"  ' ()*+ ,-".$-./-'$ '  ' ()*+ $%#!0 p∗ = (I−H)−1η1 2'#'3"' #'&,45$& 67' p ≥ 08 9!,"

5$"! 5!-.&:&,! -;! '<,".' "!%7=;! 9$&$ ! 9&!>%'?$1 *$ "7>3"'=;! $ "'@7,& $ '<,".A-5,$  ' 7?$ "!%7=;!

9$&$ ! 9&!>%'?$  ' 5!-.&!%'  ' 9!.A-5,$ B  ,"57., $0

 ! !" #$%&'( )(*+, - #./$%012/- '- )(3&45( p∗

C 4?  ' $#$%,$& $ '<,".A-5,$  ' 7?$ "!%7=;! 9$&$ ! 9&!>%'?$  ' $%!5$=;!  ' 9!.A-5,$8 ,1'1 p∗ ≥ 08

";! -'5'"":&,!" $%@7-" 5!-5',.!" '<9!".!" $ "'@7,&1

 !"#$%&' ()()*  !"# $#%&'( )*#"&#"#H ∈ R
U×U

+*,!- ./.$.0%!- -1! &.#'- 01!20.3#%'4!- 56!-'%'4!-7

8 ".0!$'0#"# $#%&'( 01!20.3#%'4# 56!-'%'4#79

 !"#$%&' ()()( :$# $#%&'( 01!20.3#%'4# H ∈ R
U×U

; U ≥ 1; 8 ".0!$'0#"# $#%&'( &."*%<4./ -.=

>9 U = 1 . H = 0; !*

?9 .@'-%. *$# $#%&'( ". 6.&$*%#A1! T %#/ )*.=

TTHT =

(
A 0

B C

)

!0". A . C -1! $#%&'(.- )*#"&#"#-9 B#-! +!0%&C&'!; H 8 ".0!$'0#"# $#%&'( '&&."*%<4./9

 !"#$%&' ()()+ D.,# H *$# $#%&'( #&E'%&C&'# . λe *$ #*%!4#/!& ". H9 F 4.%!& +!/*0# v 8

".0!$'0#"! #*%!4.%!& .-)*.&"! ". H -.; . -!$.0%. -.; vTH = λev
T
9

 !"#$%&' ()(), D.,# H ∈ R
U×U

*$# $#%&'( #&E'%&C&'#9 G -8&'. ". H.*$#00 %.$ # -.3*'0%. I!&$#=

∞∑

q=0

Hq
DE1EFG

 !"#$%&' ()()- F +!0,*0%! ". #*%!4#/!&.- "'-%'0%!- ". *$# $#%&'( H 8 ".0!$'0#"! .-6.+%&! ".

H . ".0!%#"! 6!& σ(H)9 G- -.3*'0%.- 6&!6&'."#".- -1! 4C/'"#-=

>9 λ ∈ σ(H)⇒ λ ∈ σ(H); !0". λ &.6&.-.0%# ! +!$6/.@! +!0,*3#"! "! #*%!4#/!& λ9

?9 σ(H) = σ(HT )9

 !"#$%&' ()(). D.,# H ∈ R
U×U

*$# $#%&'( )*#"&#"#9 J.K0.2-. ρ : RU×U → R +!$!=

ρ(H) := max{|λ| : λ ∈ σ(H)}. DE1EHG

F 0L$.&! &.#/ ρ(H) 8 ".0!$'0#"! &#'! .-6.+%&#/ ". H



 ! "#$%&'($ )* +$,-.%/& %$0 1*2,3/'4*2 )* 5&6& 78./0& )* 9.:$30&'($  !

 !"#!$% &'&'(  !"! ! #!$"%& H '! ()*'%+,- ././01 2) ! 23"%) 4) 5)6#!'' 7-'8)"9)1 )'$,- (I−H)

3 %'8)"2:8); ) -2 2)96%'$)2 )'6'7%!4-2 2,- )<6%8!;)'$)2 = !"#$%"&' ()$&%"*+() &' ,+$-.1 .>>?@A

B/

∞∑
q=0

Hq
7-'8)"9)1

./ ρ(H) < 11

C/ lim
q→∞

Hq = 0

5)2$)2 7!2-2 8!;)A (I−H)−1 =
∞∑
q=0

Hq
/

 ! "#$! %&#'&()! ) !&*+$' !,# +%$-$.)"#! /)') /'#0)' )! 1#2"$34&! "& &5$!%621$) & +2$1$")"& ")

!#-+3,# /)') # /'#7-&() "& 1#2%'#-& "& /#%621$)8

 !"#!$% &'&') * !"#!$% +! ,!##"-./#"0!-1234 D)E! H 6#! #!$"%& %"")46$:8);/ F-9-1 )G%2$)

6# !6$-8!;-" λp ∈ σ(H) $!; <6)A

B/ λp = ρ(H) > 01 ) H-"$!'$-1 λp > |λ|, ∀λ ∈ σ(H)|λp 6= λI

./ J6$-8)$-")2 H-2%$%8-2 )2<6)"4-2 ) 4%")%$-2 H-4)# 2)" !22-7%!4-2 ! λpI

C/ K2 !6$-8)$-")2 !22-7%!4-2 ! λp 2,- L'%7-2 7-# #L;$%H;-2 H-2%$%8-2I

0/ λp 3 6#! "!%& 2%#H;)2 4! )<6!+,- 7!"!7$)":2$%7! 4) HI

M/ D) λ ∈ σ(H) ) λu = Hu H!"! !;96# u ≥ 01 u 6= 01 )'$,- λ = λp1 7-# 0 ")H")2)'$!'4- - 8)$-"

'6;-/

J H"-8! 4- $)-")#! 4)  )""-'NO"-P)'%62 H-4) 2)" )7-'$"!4! '!2 HQ9%'!2 360 ) 361 4- JHR'4%7) J )#

= !"#$%"&' ()$&%"*+() &' ,+$-.1 .>>?@/

9 :( "& &!%&2"&' # ;&#'&() <8<8= /)') ()%'$.&! '&"+%>0&$! ?& 2,#@2&*)%$0)!A +%$-$.)(#! ) B#'()

B')1) "# ;&#'&() "& C&''#2 D'#7&2$+!8

 !"#!$% &'&'5 */"#$% /#%6% +"  !"#!$% +! ,!##"-./#"0!-1234 D)E! H 6#! #!$"%& ',-N

')9!$%8!1 )'$,- λp = ρ(H) 3 6# !6$-8!;-" 4) H !22-7%!4- ! 6# !6$- !6$-8)$-" ',- ')9!$%8- p 6= 0/

J H"-8! H-4) 2)" )'7-'$"!4! '! HQ9%'! 363 4- JHR'4%7) J )# = !"#$%"&' ()$&%"*+() &' ,+$-.1

.>>?@/

E#( &!%&! 1#21&$%#! "&:2$"#! F /#!!>0&- 0&'$:1)' ) &5$!%621$) & ) +2$1$")"& "& +() !#-+3,# /)') #

!$!%&() -$2&)' &( ?<8G=A 1#(# !&*+&H



 !" #$%&'()% *+ ,%-./&0' + 1'2' 3 4'20506'/*% ' 7'6)% *% 809-+5'  !

 !"#!$% &'&'()  !"# H $%# %#&'() *+,-*!.#&(/# ! κ > 0 $% !01#2#'3 4%# 1,*5(6+, *!1!007'(# !

0$81(!*&! 9#'# :$! !;(0&# 0,2$6+, p ≥ 0< p 6= 0< !%=

(κI−H)p = η  !"!!#

9#'# :$#2:$!' η > 0< > :$! κ > ρ(H)3 ?0&, >< *# @:$#6+, AB3CDE< ,*5! κ = 1< !;(0&! 0,2$6+,

0!< ! 0,%!*&! 0! ρ(H) < 13 F!0&! 1#0, !;(0&! #9!*#0 $%# 0,2$6+, p :$! 9,5! 0!' ,G&(5# 9,'=

p = (κI −H)−1η3 H 9',/# 5!0&! &!,'!%# !0&7 !% A !"#$%"&' ()$&%"*+() &' ,+$-.< BIIJE ! K,(

'!9',5$)(5# # 0!.$('=

*#"+% $%%&'( )&* ( %+,&-.+ p ≥ 0 /(0(  !"!!# *12%3(" 4'( 5*6 )&* η 7 &' 5*3+0 /+%2325+8 2"*"

η > 08 9+:9,&2;%* ( /(0320 <* κp = Hp + η )&* Hp < κp" =+'+ p ≥ 0 * H 7 &'( '(3026 :.+

:*>(325( ?9( *52<*:3* )&*@ Hp ≥ 0" A%3+ '(:3*';%* (/*:(% %* κ > 0 * p > 0" $>+0( 9+:%2<*0* + 5*3+0

9+,&:( v ≥ 08 v > 08 &' (&3+5*3+0 *%)&*0<+ <* H (%%+92(<+ 9+' ρ(H)" B*,+ C*+0*'( !"!"D8 *%3*

(&3+5*3+0 *12%3*8 * /+03(:3+ vTHp = ρ(H)vTp" B+0 9+:%*>&2:3*8 Hp < κp ⇒ ρ(H)vTp < κvTp"

B*,+ E(3+ )&* p > 0 * vT ≥ 08 * 9+:%*)&*:3*'*:3* vTp > 08 %*>&* )&* ρ(H) < κ" A%3+ >(0(:3* (

*12%3F:92( <* &'( %+,&-.+8 <*5*;%* /0+5(0 )&* ( '*%'( 7 G:29("

$>+0( (%%&'( )&* κ > ρ(H)" B*,+ C*+0*'( !"!"H8 ( %*>&2:3* %702* <* I*&'(:: 9+:5*0>*@

(κI−H)−1 = κ−1(I− κ−1H)−1 = κ−1
∞∑

l=0

(κ−1H)l,  !"!J#

B+0 H %*0 :.+;:*>(325( 3*';%* )&* (κI −H)−1 ≥ 0" $,7' <2%%+8 &'( 5*6 )&* (κ−1H)0 = I8 9(<(

,2:K( <* (κI −H)−1 /+%%&2 (+ '*:+% &' *,*'*:3+ /+%2325+" L*%3( E+0'(8 9+'+ η > 08 <*5*;%* 3*0

)&* (κI −H)−1η > 0 /(0( )&(,)&*0 η > 0" 4:2:<+ (% *)&(-M*% +N3*';%*@ p = (κI −H)−1η > 08

)&* 7 + G:29+ 5*3+0 %+,&-.+"

O29( *52<*:3* )&*8 <(<+ &'( '(3026 H 9+:E+0'*  !"PD# *12%3* &'( %+,&-.+ /(0( + /0+N,*'( <*

9+:30+,* <* /+3F:92( %*8 * %+'*:3* %*8 ρ(H) < 1"

 !" #$%&'()% *+ ,%-./&0' + 1'2' 3 4'20506'/*% ' 7'6)%

*% 809-+5'

I*%3* 32/+ <* /0+N,*'( + +NQ*325+ 7 '(12'26(0 ( 5(6.+ <+ %2%3*'( >(0(:32:<+ %2'&,3(:*('*:3*

0*%302-M*% <* 3(1( <* 2:E+0'(-.+ 'R:2'( * /+3F:92( <* 30(:%'2%%.+ 'S12'(" T%3* /0+N,*'( *'*0>*

Q&:3+ ( >0(:<* <*'(:<( <* 30SE*>+ <*52<+ (+% :+5+% %*052-+% <2%/+:R5*2% :(% 0*<*%8 /02:92/(,'*:3*

( 30(:%E*0F:92( <* <(<+% )&* *12>* %2'&,3(:*('*:3* &'( UTV N(21( * &'( 3(1( <* 2:E+0'(-.+ (,3("

W(3*'(329('*:3*@



 !" #$%&'()% *+ ,%-./&0' + 1'2' 3 4'20506'/*% ' 7'6)% *% 809-+5'  !

max
U∑

i=1

N∑

k=1

ri(k),

 !"!

N∑

k=1

ri(k) ≥ r∗i ∀i = 1, . . . , U #$!$%&

pi(k) ≤ pmax
i (k)

'( )*+," "-./*0" "* 1+*2/(," "-3(+4*+5  ( N > 1 3+"3"6 ( 7( 8," +(7( 9:6:'9; ( 1"+" N = 1

7( 8," +(7( '<=:'9;! ;74>4*-"/,(-3(5 " +( 3+4?@( 7( 1*3A->4" 1*7(,  (+ +(( >+43" >*,* (,

#$!B%& ( * 1+*2/(," 1*7(  (+ ,*7(/"7* >*- 47(+"-7* 1*3A->4" ( 3"C" 7( 4-)*+,"?D* ,E74" !



 !

 !"#$%&'(

 !" #$ %&%'(%) * #$+$",$-.* #*+ %'/*)(0"*+ #$ %'*1%23* #$ )$14)+*+5 #(6$)$-0$+ 1$-7)(*+ ,%)%

+("4'%28$+ 6*)%" 1)(%#*+9 :%+ +4;+$28$+ % +$/4() +3* %,)$+$-0%#%+ %+ 1%)%10$)<+0(1%+ #$ 1%#% 1%+*5 ;$"

1*"* 4"% 0%;$'% #$ ,%)="$0)*+9 >" 0*#*+ *+ 1$-7)(*+ 6*)%" 1*-+(#$)%#*+ 1%-%(+ #$ "?'0(,'* %1$++*

1*" )4<#* #$ 64-#* #* 0(,* )4<#* %#(0(&* /%4++(%-* ;)%-1* @ !!"#"$% &'"#% ( )**" + +,"*%5  AB:C9

 !" #$%&'() "

D ,)("$()* 1$-7)(* E * "$-*+ )$%'(+0% #*+ 1$-7)(*+ 1*-+(#$)%#*+ +$-#* #$+1)(0* ,*) +$0$ 1E'4'%+5

1%#% 4"% 1*-0$-#* %,$-%+ 4" -"+.F %,)$+$-0% /$*"$0)(% .$G%/*-%' *-#$ %+ $+0%28$+ )7#(*H;%+$ $ *+

0$)"(-%(+ "I&$(+ $+03* #(+,*+0*+ 1*-6*)"$ % J(/4)% K9L9 >+0$ 6*( * ?-(1* 1$-7)(* *-#$ * -"+. #()$0* 6*(

%-%'(+%#*9
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Disposição das Estações e dos Terminais no Cenário 1

d

Célula 1

Célula 6

S

Célula 4

Célula 3

Célula 2

Célula 7

Célula 5

 !"#$% &'() M(+,*+(23* #%+ $+0%28$+ )7#(*H;%+$ ∆ $ #*+ 0$)"(-%(+ "I&$(+ • -* N$-7)(* 19

:*0$ -% J(/4)% K9L O4$ S E 4" ,%)="$0)* )$6$)$-0$ %* '%#* #$ 1%#% 1E'4'% @.$G7/*-*C $ d E %

#(+0=-1(% -*)"%'(P%#%

 

9  #(1(*-%'"$-0$ $+0% +(04%23* 1%)%10$)(P%H+$ ,*) 1*-0$) 4"% ;%(G% #$-+(#%#$

#$ (-0$)6$)Q-1(%5 (9$9 ,*41*+ (-0$)6$)$-0$+ ,*) O4('R"$0)* O4%#)%#*

[
Interf

Km2

]
9 D+ #$"%(+ ,%)="$0)*+

)$6$)$-0$+ % $+0$ 1$-7)(* $+03* 1*-0(#*+ -% S%;$'% K9L9

 

 !"#$%&'"( ) &*+,(-".(!( /0-* '*,/+",0&$* !* -(!* !( ')-1-(2 S3



 !" #$%&'() "  !

 !"#$! %&'(  !"#$%& '#& (!$)*%+$#& ,!$! # -%./$0# 12

)!*+,#-*./ 0!$.*#/ 12.-!2./

 !"#$%& '()(*'+

(#+3.40! '% $56'# σ2
i = −63 7'8*9

:!;! '% ,-!. rc = 3, 84× 106 ,-!."<&%=
>%"!?@# A0.!"B>56'# C6.0*! SNRmin = 4 '8
(#+3.40! C/;0*! ,#$ A5DB-!.!" pmax = 6 7E9
F5$!?@# '% 1 #!%$ "/0# Tslot = 666, 7µ&

#5 Rslot = 1500 &"#+&<&
G :%$*0.!0& *HI%0& U = 7
G J&+!?K%& >/'0#B8!&% B = 7
L%#*%+$0! '! -M"5"! N%;!=#.!"O

4#* S = 1 P*
G &5DB4!.!0& 32 QC-B-FCRS
F%.&0'!'% '% T.+%$U%$3.40! ,#$ &5DB4!.!" I ≈ 0, 24

[
Interf
Km2

]

-#$$%"!?@# 4$5V!'! *M'0! ρ ∈ {0, 35; 1}
1&2-0 3$ (&2&/

-!.!" /!24 '0$%+#

(%$'! '% (%$45$&#O γ ∈ {2, 6} #5
4#* γ '%W.0'# %* QX21S

F%&I!.%40*%.+# '% (%Y5%.! J&4!"! >!Z"%0=N B A#*! 4#*,"%;! '% '5!& =!5&&0!.!& '% *M'0! V%$#

% σ2 = d2[ 6 ,%$45$&#&
5!.0" 3$ 6"789!0"

A0&+%*! +!;!B\.04! 4#* ] .90:/$" 1 #5 2 D0+&<&0*D<&5DB4!.!" ∀ U 5&5/$0#&

γ =




2 4 6 6 6 4 4

4 2 4 6 6 6 4

6 4 2 4 6 6 4

6 6 4 2 4 6 4

6 6 6 4 2 4 4

4 6 6 6 4 2 4

4 4 4 4 4 4 2




. QX21S

R *!+$0V QX21S $%,$%&%.+! '0U%$%.+%& I!"#$%& '% γ ,!$! 4!'! /!24O '% +!" U#$*! Y5% 4!'! "0.N!

$%,$%&%.+! # %;,#%.+% '! ,%$'! '% ,%$45$&# ,!$! !Y5%"! %&+!?@# $/'0#BD!&% %* $%"!?@# !#& +%$*0.!0&

*HI%0& Q4#"5.!&S2 A%.'# !&&0*O '!'# 5*! '!& &%+% 4M"5"!&O !&&5*%B&% γ = 4 ,!$! #& +%$*0.!0& *HI%0&

!'^!4%.+%&O #& :C& .@# !'^!4%.+%& !'*0+%B&% γ = 6 % ,!$! # $%&,%4+0I# "0._ '%.+$# '% 4!'! 4M"5"!

γ = 22

`D&%$I% .! :!D%"! X21 %O ,#&+%$0#$*%.+%O .!& :!D%"!& X2] % X2X Y5% ! ,#+3.40! */;0*! ,#$ &5DB

4!.!" M '% 6E2 J*D#$! &%^! 5*! ,#+3.40! %"%I!'!O !# "#.=# '# +$!D!"N# '%&4$0+# .# -!,6+5"# a .#+#5B&%

! .%4%&&0'!'% '% &% +$!D!"N!$ 4#* ,#+3.40!& '%&+% .6I%" ! W* '% %&+%.'%$ # 4#^5.+# '% ,#+3.40!& Y5%

,#'%* &%$ 5+0"0V!'!&O I0&+# Y5% ! %;0&+3.40! '% 5*! &#"5?@# .@# =!$!.+% Y5% ! *%&*! %&+/ '%.+$# '%&+%

'#*6.0# '% I!"#$%& '% ,#+3.40! ,#$ &5DB4!.!"2



 !" #$%&'() "  !

 !" #$%&'() "

 !"#$%&' ("%)*+' ,'+ ('%("-+&' ('. -/!" %/ !+0$/12' 3*'3'!0/ ". 4 !"# $!#% &'# ()"#%5 67789:

;*/0/<!" &" =$/0*' >+%?! &+@+&+&'! ". =$/0*' (A>$>/!:  ! 3/*B."0*'! d1 " d25 ('.' +%&+(/&'! %/ C+#$*/

D:65 &"E%". / &+!0B%(+/ "%0*" /! =$/0*' (A>$>/! 4d19 " "%0*" ' 0"*.+%/> .F@"> " / "!0/12' *)&+'<-/!"

4d29: G"@+&' H ./+'* &"%!+&/&" &" +%0"*,"*"%0"!5 "!0" ("%)*+' 0". ./+'* 3*'I+.+&/&" ('. / *"/>+&/&"

=$" ' 3*+."+*':
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Disposição dos terminais móveis e estações no Cenário 2

d2

d1

S

 !"#$% &'() G+!3'!+12' &/! "!0/1J"! *)&+'<-/!" ∆ " &'! 0"*.+%/+! .F@"+! • %' K"%)*+' 2:

 -!"*@" %/ C+#$*/ D:6 =$" d1 " d2 !2' /! &+!0B%(+/! %'*./>+L/&/! ". *">/12' /' 3/*B."0*' S: M/

;/-">/ D:6 "!02' '! @/>'*"! &'! 3/*B."0*'! 3/*/ ' ("%)*+' 2:

M"!0/ !+0$/12'5 / +%,'*./12' A "%@+/&/ &' 0"*.+%/> .F@"> 3/*/ / "!0/12'5 ,/L"%&' ('. =$" /!

&"./+! $%+&/&"! .F@"+! &/ *"&" 0'*%".<!" +%0"*,"*"%0"! 4 !"#$%9: N&+(+'%/>."%0"5 / &"%!+&/&" &"

+%0"*,"*O%(+/ A 0*O! @"L"! ./+'* =$" / &' ("%)*+' 15 0'*%/%&' "!0" ./+! ('%&+L"%0" ('. / *"/>+&/&":

 ! #$%&'()  

 ("%)*+' 0*O! &"!(*"@" $./ !+0$/12' ('. />0/ &"%!+&/&" &" +%0"*,"*"%0"! 3'* =$+>P."0*' =$/&*/&'

". *">/12' /'! ("%)*+'! Q) &+!($0+&'!5 ('. =$/0*' (A>$>/! &" #"'."0*+/ *"0/%#$>/*5 (/&/ $./ ('. =$/0*'

$!$)*+'!5 *"!$>0/%&' ". $./ &"%!+&/&" .A&+/ &" 3, 75

[
Interf

Km2

]
: N C+#$*/ D:D .'!0*/ / &+!3'!+12'

&'! ">"."%0'! &' !+!0"./ %' ("%)*+' 3:

N%/>'#/."%0" /' ("%)*+' 15 ' 3/*B."0*' d %"!0/ !+0$/12' A %'*./>+L/&' ". *">/12' /' >/&' &/

(A>$>/5 S: M/ ;/-">/ D:D "%('%0*/.<!" '! @/>'*"! &'! 3/*B."0*'! $0+>+L/&'! 3/*/ ' ("%)*+' 3:



 ! "#$%&'(   !

 !"#$! %&'(  !"#$%& '#& (!$)*%+$#& ,!$! # -%./$0# 12

)!*+,#-*./ 0!$.*#/ 12.-!2./

 !"#$%& '()(*'+

(#+3.40! '% $56'# σ2
i = −63 7'8*9

:!;! '% ,-!. rc = 3, 84× 106,-!."<&%=
>%"!?@# A0.!"B>56'# C6.0*! SNRmin = 4 '8
(#+3.40! C/;0*! ,#$ A5DB-!.!" pmax = 6 7E9
F5$!?@# '% 1 #!%$ "/0# Tslot = 666, 7µ&

#5 Rslot = 1500 &"#+&<&
G :%$*0.!0& *HI%0& U = 4
G J&+!?K%& >/'0#B8!&% B = 4
L%#*%+$0! '! -M"5"! $%+!.=5"!$N

4#* S = 1 O*
G &5DB4!.!0& 32 PC-B-FCQR
F%.&0'!'% '% S.+%$T%$3.40! ,#$ &5DB4!.!" I ≈ 0, 75

[
Interf
Km2

]

-#$$%"!?@# 4$5U!'! *M'0! ρ ∈ {0, 35; 1}
1&2-0 3$ (&2&/

-!.!" /!24 $%I%$&#

(%$'! '% (%$45$&#N γ = −2
F%&I!.%40*%.+# '% (%V5%.! J&4!"! >!W"%0=X B A#*! 4#*,"%;! '% '5!& =!5&&0!.!& '% *M'0! U%$#

% σ2 = (d2)
2
Y 6 ,%$45$&#&

5!.0" 3$ 6"789!0"

A0&+%*! +!;!BZ.04! 1 D0+&<&0*D<&5DB4!.!" ∀ U 5&5/$0#&
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Disposição dos terminais móveis e das estações no Cenário 3

d

S

3456*! %&%( F0&,#&0?@# '!& %&+!?K%& $/'0#BD!&% ∆ % '#& +%$*0.!0& *HI%0& • .# -%./$0# 32



 !" #$%&'() "  !

 !"#$! %&%'  !"#$%& '#& (!$)*%+$#& ,!$! # -%./$0# 12

(!)*+#,)-. /!$-)#. 01-,!1-.

 !"#$%& '()(*'+

(#+3.40! '% $56'# σ2
i = −63 7'8*9

:!;! '% ,-!. rc = 3, 84× 106,-!."<&%=
>%"!?@# A0.!"B>56'# C6.0*! SNRmin = 4 '8
(#+3.40! C/;0*! ,#$ A5DB-!.!" pmax = 6 7E9
F5$!?@# '% 1 #!%$ "/0# Tslot = 666, 7µ&

#5 Rslot = 1500 &"#+&<&
G :%$*0.!0& *HI%0& U = 16
G J&+!?K%& >/'0#B8!&% B = 4
L%#*%+$0! '! -M"5"! $%+!.=5"!$N

4#* S = 1 O*
G &5DB4!.!0& 32 PC-B-FCQR
F%.&0'!'% '% S.+%$T%$3.40! ,#$ &5DB4!.!" I ≈ 3, 75

[
Interf
Km2

]

-#$$%"!?@# 4$5U!'! *M'0! ρ ∈ {0, 35; 1}
1&2-0 3$ (&2&/

-!.!" /!24 $%I%$&#

(%$'! '% (%$45$&#N γ = −2,
F%&I!.%40*%.+# '% (%V5%.! J&4!"! >!W"%0=X B A#*! 4#*,"%;! '% '5!& =!5&&0!.!& '% *M'0! U%$#

% σ2 = d2Y 6 ,%$45$&#&
5!.0" 3$ 6"789!0"

A0&+%*! +!;!BZ.04! 1 D0+&<&0*D<&5DB4!.!" ∀ U 5&5/$0#&

 !" #$%&'() "

[ 4%./$0# V5!+$# $%,$%&%.+! 5*! &0+5!?@# $%!"0&+! %* +%$*#& '% '0&,#&0?@# '#& 5&5/$0#&N 5*!

I%U V5% %&+! M T%0+! '% *!.%0$! !"%!+H$0!N ,#$M*N 4#* 5*! '%.&0'!'% '% 0.+%$T%$%.+%& ,#$ V50"\*%+$#

V5!'$!'# %* 5* 0.+%$I!"# V5% !D$!.=% &0+5!?K%& ,#54# $%!"0&+!& !+M &0+5!?K%& $%!0& V5!.'# 4#*,!$!'!&

!& 4#.'0?K%& '# ,$0*%0$# 4%./$0#] [0, 2, 10]

[
Interf

Km2

]
2 Q ^0=5$! 12_ !,$%&%.+! ! '0&,#&0?@# !"%!+H$0!

'#& 5&5/$0#& !# "#.=# '! /$%! '% 4#D%$+5$! '!& V5!+$# 4M"5"!&2 Q'040#.!"*%.+%N #& ,!$)*%+$#& '%

&0*5"!?@# %.4#.+$!*B&% .! :!D%"! 12_2
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Disposição dos terminais móveis e estações no Cenário 4

2345)! %&6' F0&,#&0?@# '!& %&+!?K%& $/'0#BD!&% ∆ % '#& +%$*0.!0& *HI%0& • .# -%./$0# 42



 !" #$%&'() "  !

 !"#$%&'(&) %)**'+&'% ,-) )*&) .)(/%!$ +)0' )" .$(*!1)%'23$ ' 1!0)%*!1'1) )*#'.!'+ ) #$%&'(&$ $*

-*-/%!$* (3$ )*&3$ #%45'6-*&'1$* )" *-'* %)*#).&!0'* 789 : &)%"!('+ ";0)+ &%'(*"!&) #'%' ' )*&'23$

%/1!$5<'*) .$" ' ")+=$% *!&-'23$ 1) .'('+ (',-)+)  !"# $%& 9 >*&) '%&!?@.!$ <)()A.!' $* -*-/%!$* '$ .-*&$

1) -" &'#()#*+ 1) .$"-(!.'23$ -"' 0)B ,-) '* )*&'2C)* ().)**!&'" &%$.'% !(?$%"'23$ .$(*&'(&)")(&)

#'%' 1)&)%"!('% $* )+$* DE5789

F1!.!$('+")(&)G '1"!&)5*) 'H )%%$* ('* )*&!"'&!0'* 1) .'('+G "$1)+'1$* '&%'04* 1) -"' 1!*&%!<-!23$

-(!?$%")I Ĝ = (1+ε)GG *)(1$ ε ∼ U(−υ, υ) .$" υ &!#!.'")(&) ($ !(&)%0'+$ [0, 02; 0, 2]G #'%' "'!$%)*

1)&'+=)*G 0)6' 8)23$ J9J9 <H -*-/%!$* .$" &%K* #$**!<!+!1'1)* 1) &'L'*I 0$BG 0@1)$ ) 1'1$*M .-6'* 7>N

"/L!"'* &$+)%'1'* *3$G %)*#).&!0'")(&)I 5× 10−3; 5× 10−5; 5× 10−89

:<*)%0) ,-) ' #$&K(.!' "/L!"' #'%' .'1' -*-/%!$ 4G ($* .'*$* .$" $ "'!$% .'%%)O'")(&$ 1)

*!*&)"'G 3517"9 >*&) 0'+$%G )"<$%' '+&$G 4 ().)**/%!$ #'%' O'%'(&!% $ P$8 1) .'%%)O'")(&$* 1) 250

-*-/%!$*9 Q$&) '!(1' ,-) #$-.$* &%'<'+=$* (' +!&)%'&-%' #$**-)" *!"-+'2C)* .$" (R")%$* 1) -*-/%!$*

'&!0$* ($ *!*&)"' 1)*&' "'O(!&-1)9

 !"#$! %&'( S'%T")&%$* #'%' $ U)(/%!$ J

)!*+,#-*./ 0!$.*#/ 12.-!2./

,!$ #"* -,./-01

S$&K(.!' 1) %-@1$ Pn = −63 V17"W
D'L' 1) 2)!3 rc = 3, 84× 1062)!3$X*)O
N)+'23$ 8!('+5N-@1$ E@(!"' SNRmin = 4 17
S$&K(.!' "/L!"' #$% -*-/%!$ pmax = [20, 35] V17"W
S$&K(.!' "@(!"' #$% -*-/%!$ pmin = σ2

i

Y-%'23$ 1$  !"# $%& Tslot = 666, 7µ* $- Rslot = 1500 *+$&*X*
Z &)%"!('!* ";0)!* U ∈ [2, 250]
Z )*&'2C)* %/1!$5<'*) B = 4
O)$")&%!' 1' .4+-+' %)&'(O-+'%G .$" S = 5 ["
Z *-<5.'('!* 1 \Y8XUYEFH
1!*&%!<-!23$ 1$* &)%"!('!* ";0)!*9 ∼ U [S, S]
Y)(*!1'1) 1) ](&)%?)%K(.!' #$% *-<5.'('+ I ≈ [0, 2; 10]

[
Interf
Km2

]

U$%%)+'23$ .%-B'1' "41!' ρ = 1
/*4*%

S)%1' 1) #)%.-%*$ ∝ 1!*&T(.!'

−2

*$"<%)'")(&$ +$O5($%"'+ 1)*.$%%)+'.!$('1$ .$" "41!' B)%$ ) σ2 = 6  !

"#$%&'#()*#'+,  # -#./#'& #$(&0& 1)(#2 [0, 6; 0, 4]3 4&+,5 1)(# 6 6 !
7&89 45#./:'()& ",--0#5 fDmax ∈ {11, 1; 90} ;<

=55, '&$ #$+)*&+)%&$  # >&'&0 Ĝ = (1 + ε)G, ,' # ε ∼ U [±υ]
υ = 0 : 0, 02 : 0, 2

 !"#$%& '()#!*#&+&

? >0&$$#$  # /$/@5),$ A%,<3 %) #,3  & ,$B

C&8&$  &$ (0&$$#$ emin = [ 1
128
; 1

32
; 1

16
]rc DE-$F

!=1 &0%,  &$ (0&$$#$  !" = [5× 10−3; 5× 10−5; 5× 10−8]



 !

 !"#$%"&' (' )"$*#+,- .$,&,/-#(" "

0"('&" (' 1'%23&4$

 !"#! $%&'#()* * &+*,)!-% .! $*/#+*)! .! &*#0/$1% !- "1"#!-%" 2345267 -()#18#%9% .!"$+1#* /%

:;(%<=* >?@ABCD $*- N = 1D E "*)($1*/%.* %#+%FE" .* -*.!)* &*&()%$1*/%) .! G!+H()"#D * ;(%) &*.!

"!+ .!"$+1#* &*+ > !"#$%&'D AIBICJ

ṗ = z(p) = p

(
1− p

p∗

)
, >K@AC

L+*&*"#* !- > !"#$%&'D AIBICD * -*.!)* M*1 &+1-!1+%-!/#! 1.!%)1N%.* &%+% .!"$+!F!+ % .1/O-1$%

&*&()%$1*/%) $*- ,%"! /%" )1-1#%<P!" .! %)1-!/#*" ! !"&%<*D 1@!@ G!H()"# #!/#%+% .!"$+!F!+ * /Q-!+*

.! 1/.1F'.(*" .! (-% !"&E$1! ,1*)RS1$% !- .!#!+-1/%.* 1/"#%/#! .* #!-&*D .!/*#%.* $*-* p(t)@ 7"

+!"#+1<P!" .! +!$(+"*" 1-&!.!- * $+!"$1-!/#* 1)1-1#%.* .% &*&()%<=* ! "=* $*/"1.!+%.*" /* #!+-* p∗

!- >K@AC ;(! $%("%- (-% +!.(<=* /% #%9% .! $+!"$1-!/#*@ T/#!S+%/.*8"! %/%)1#1$%-!/#! % :;(%<=*

>K@AC *,#!-8"! >(")&&* +,"+)* -!&.!/&01D ?UAUCJ

p(t) =
exp(t)p(0)p∗

p∗ + p(0)[exp(t)− 1]
, >K@?C

$(V* $*-&*+#%-!/#* %""1-&#R#1$* E .%.* &*+J

lim
t→∞

p(t) = p∗, >K@BC

&%+% ;(%);(!+ $*/.1<=* 1/1$1%) !"#+1#%-!/#! &*"1#1F% p(0) $*-* E &*""'F!) *,"!+F%+ /% W1S(+% K@AJ

 *#! ;(! &%+% (-% $*/.1<=* 1/1$1%) p(0) > p∗ >*( < p∗C % .!+1F%.% &+1-!1+% .! >K@?C E "!-&+!

/!S%#1F% >*( &*"1#1F%CD .! #%) M*+-% ;(! p(t) ≥ p∗ ∀t ∈ [0,∞) >*( ≤ p∗C@

X &*""'F!) %1/.% +!!"$+!F!+ % :;(%<=* >K@AC /% M*+-% .! -%#+1N!" % Y- .! &*""1,1)1#%+ % %/Z)1"!

"1-()#O/!% .! -%1" .! (-% !"&E$1! >(")&&* +,"+)* -!&.!/&01D ?UAUCJ

ṗ = z(p) = p⊗ (u⊖ p⊘ p∗) , >K@KC

*/.! p = [p1, p2, . . . , pU ]
T
D u = [1, 1, . . . , 1]T ! p∗ = [p∗1, p

∗
2, . . . , p

∗
U ] ! *" *&!+%.*+!" !M!#(%-
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 !"#$% &'()  !"#$% &$"$ $ '(!$)*+ ,-./0 1+2 3456"6786% p(0) 6 p∗ = 6.

+&6"$)96% &+78+ $ &+78+ 7$% 2$8"4:6%. ;%%!2473+ (!6 $ 6#+<!)*+ 3+ #68+" 36 &+8=714$ %6 3> 3$

26%2$ 2$764"$ (!6 + 36 !2$ &+&!<$)*+ 6 (!6 p 6%8> &"?@42+ 36 p∗A 3$3+ !2 7B26"+ %!C146786 36

486"$)96% nA D &+%%E#6< "66%1"6#6" ,/.FG0 3$ 5+"2$ , !"##$ %&!%"$ '(#)(*#+,A /HFH0I

(I−H)p = η ⇔ p∗ = Hp+ η ,-.J0

6 $&<41$" 7$ '(!$)*+ ,-.-0A +K8673+L%6I

ṗ = p⊗ [u− p⊘ (Hp+ η)], ,-.M0

N6%8$ 5+"2$A $ 5!7)*+ z(·) "6%!<8$ 62I

z(−(I−H)p+ η) = p⊗ [u− p⊘ (Hp+ η)], ,-.O0

6 76%86 1$%+A + 5+"2$8+ 3$ 5!7)*+ C1$ 36&6736786 3$ 2$8"4: H 6 3+ #68+" η. N4%1"684:$73+L%6 $ '(!$)*+

,-.M0 $8"$#D% 3+ 2D8+3+ 36 4786P"$)*+ 7!2D"41$ 36 '!<6" +K862L%6 , !"##$ %&!%"$ '(#)(*#+,A /HFH0I

p(n+ 1) = F(p[n]) ,-.G0

= αp[n]⊗ {u− p[n]⊘ [Hp[n] + η]}

+736 &$"$ 1$3$ 6<62678+ 3+ #68+" 36 6(!$)96% 62 ,-.G0 862L%6I



 !" #$%&'()*%+,- .$ /0#1  !

Fi(p[n]) = (1 + α)pi[n]−
α

δ∗i
µi(p)p

2
i ,

= (1 + α)pi[n]− α

[
δi[n]

δ∗i

]
pi[n]  !"#$

%&'( µi(p) =
|gii|2

U∑
j 6=i

|gij|2pj + σ2
i

%) *(+,- ,* (.),/0(* (1  !"2$ *3% (.)45,6(&7(* ,% *(8)4&7( 9%&+)&7% '( (.),/0(* (*9,6,:(*   !"##$

%&!%"$ '(#)(*#+,- ;<=<$>

pi(n+ 1) = (1 + α)pi[n] + α

[
δi[n]

δ∗i

]
pi[n] ∀i = 1, . . . , U.  !"=<$

%&'( pi(n + 1) ( pi[n] *3% ,* ?%7@&94,* '% )*)A:4% i &,* 47(:,/0(* n + 1 ( n- :(*?(9745,1(&7(B α C %

9%(D94(&7( '( ,9(6(:,/3% 7,6 .)( α ∈ [0, 1]- δi[n] C , EFGH '% )*)A:4% i &, 47(:,/3% n ( δ∗i C , EFGH

, *(: 8,:,&74', ?,:, % )*)A:4% i" G%7( .)( , I.),/3%  !"=<$ (*7A *)+(47, ,* :(*7:4/0(* '% ?:%J6(1, '(

9%&7:%6( '( ?%7@&94, (1  ;"=K$"

L :(9):*3%  !"=<$ ?%'( *(: (M(745,1(&7( 41?6(1(&7,', &, iNC*41, )&4','( 1O5(6 )1, 5(P .)(

7%'%* %* ?,:Q1(7:%* &(9(**A:4%*  α- R%E '(7(7(:14&,'% ?%: δ∗i ( , ?%7@&94, 7:,&*1474', &%  !"# ,&7(:4%:-

pi[n]$- (S9(7% δi[n]- ?%'(1 *(: 9%&*4'(:,'%* 9%&T(94'%* &, )&4','( 1O5(6 i" U EFGH δi[n] *O ?%'( *(:

%J74'% &, (*7,/3% J,*( 9%::(*?%&'(&7( .)( '(1%')6, % *4&,6 '% )*)A:4% i" V(*7, M%:1,- , (*7,/3% :A'4%N

J,*( (*741, δi[n]- .),&74P, % 9%::(*?%&'(7( 5,6%: (1 )1 &W1(:% 9%&5(&4(&7( '( J47*- ( 7:,&*147( (**,

4&M%:1,/3% ?,:, % iNC*41% )*)A:4% ,7:,5C* '% 9,&,6 '4:(7%" L**41-  !"=<$ '(?(&'( ,?(&,* '( ?,:Q1(7:%*

6%9,4*- ?(:1474&'% .)( % 9%&7:%6( '( ?%7@&94, ?%**, *(: 41?6(1(&7,'% '( M%:1, '4*7:4J)X',- %) *(+,- (1

9,', )1 '%* U (&6,9(* :(5(:*%*  7(:14&,4* 1O5(4* ?,:, (*7,/3%NJ,*($ % 9%&7:%6( '( ?%7@&94, C %?(:,'%

*(?,:,',1(&7(- % .)( +)*74D9, '(&%14&,: (*7( )1 ,68%:471% '4*7:4J)X'% '( ,6%9,/3% '( ?%7@&94,- VYZL

 #%-.%/" 01 234- ;<<#- ;<=<,$"

 !" #$%&'()*%+,- .$ /0#1

V( ,9%:'% 9%1   !"##$ %&!%"$ '(#)(*#+,- ;<<[- ;<=<$ , :(843% '% T4:?(:(*?,/% .)( 9%&7C1

7%'%* %* ?%&7%*- .)( ,7:,5C* , ,?649,/3% *)9(**45, ', M)&/3% F(·) ,74&8(1 % ?%&7% p∗- C 9T,1,',

'%1X&4% '( ,7:,/3% '% 1,?(,1(&7% p[n + 1] = F(p[n])" \49, (54'(&7( .)(- , D1 '( (&9%&7:,: (*7,

:(843% C &(9(**A:4% (547,: )1, (*9%6T, &3% ,?:%?:4,', ?,:, % ?%&7% p[0] (1  !"#$" L D1 '( '(7(:14&,:

(*7, :(843% ( 8,:,&74: , 9%&5(:8@&94, '% VYZL ](:T)6*7 12 ?:%?%*4/0(* M%:,1 (*7,J(6(94',* (1   !"##$

%&!%"$ '(#)(*#+,- ;<=<$- ( *(&'% :(?:%')P4',* &% L&(S% L"



 !" #$%&'(%() (% *+&$,-+ × .)/0+ () 1+23)45627'%  !

 !" #$%&'(%() (% *+&$,-+ × .)/0+ () 1+23)45627'%

 !"#$%&#&' &# ()$"*+) #$,#-*#&# .'$# '!"#*+) %/'0#/%1# &' 2'03"$(/ 456789 : ;'&%&# .)0 !"+)

.0<=%;) p[n] '(/> &# ()$"*+) </%;#? ' .)&' ('0 !"#-/%@,#&# .)0 ;'%) &) '00) !"#&0>/%,) ;:&%)

-)0;#$%A#&) 4 !"#$%&'( #($ )*+$"(, (""!"? BCDE9? !"#-&) ) '!"%$FG0%) : #$,#-*#&)6  &'@-%*+)

&) BCDE : &#&# .)0 4 !"#!$% &' ()*? H88I? H878#9J

NMSE[n] = E

[
‖p[n]− p∗‖2

‖p∗‖2

]
, 456779

)-&' ‖ · ‖2 &'-)/# # &%(/K-,%# E",$%&%#-# .#0# # )0%L';? ' E[·] ) ).'0#&)0 &' '(.'0#-*# '(/#/F(/%,#6

M)0 )"/0) $#&)? # 1'$),%&#&' &' ,)-1'0LN-,%# &# '!"#*+) &' 2'03"$(/ : &%/#&# .'$) .#0K;'/0) α6

 ((%;? .#0# 1#$)0'( .'!"'-)( &' O#/)0 &' ,)-1'0LN-,%#? )" ('P#? α → 0? # ,)-1'0LN-,%# : $'-/#? ;#(

) BCDE #.<( # %/'0#*+) I : G'; ;'-)0 !"#-&) ,);.#0#&) Q ,)-@L"0#*+) ).)(/#J # ,)-1'0LN-,%# :

0>.%&# !"#-&) α→ 1? ;#( ) BCDE ,0'(,'6

R'-&) '; 1%(/# #,'$'0#0 # ,)-1'0LN-,%#? O)0#; .0).)(/)( &)%( ,0%/:0%)( #&#./#/%1)( .#0# ) O#/)0 &'

,)-1'0LN-,%# 4'; O"-*+) &# '1)$"*+) &) -S;'0) &' %/'0#*T'(9? G#('#&)( '; #9 &%O'0'-*# '-/0' DUBV

%-(/#-/K-'# ' DUBV #$1)W G9 ;#.'#;'-/) -# /#-L'-/' 3%.'0G<$%,# .#0# '((# &%O'0'-*#? ,);) ('L"'J

#9 αi[n] = min

{
αmax;

|δi[n− 1]− δ∗i |
δ∗i

+ αmin

}
, 4567H9

G9 αi[n] = max {αmin; tanh(|δi[n− 1]− δ∗i |)} , 4567X9

,); αmin = 0, 10 ' αmax = 0, 956

 !8 9):$&;%(+: <$/=4'7+:

R'-&) '; 1%(/# ,);.0)1#0 # 1#$%&#&' &) ;:/)&) &' )/%;%A#*+) .0).)(/)? (%;"$#*T'( -";:0%,#(

O)0#; 0'#$%A#&#( "/%$%A#-&) .$#/#O)0;# C#/Y#G 1'06Z6X6 [( 0'("$/#&)( &'(,0%/)( -'(/' ,#.F/"$) O)0#;

)G/%&)( '; (%;"$#*T'( ()G # .'0(.',/%1# &) \'->0%) 4 &'(,0%/) -# D'*+) X65 ,); #( ('L"%-/'( .#0/%,"$#0%A#*T'(J

 !"#$! %&'( M#0K;'/0)( .#0# '(.',F@,)( .#0# ) ]M\ 

)!*+,#-*./ 0!$.*#/ 12.-!2./

-&).(#$ /-01/23

M)/N-,%# ;>=%;# .)0 "(">0%) pmax = 20 ^&_;`
a /'0;%-#%( ;<1'%( U ∈ [5, 30]
]'-(%&#&' &' U-/'0O'0N-,%# .)0 ("Gb,#-#$ I ≈ [0, 2; 1, 2]

[
Interf
Km2

]

1$ $%

C#=6 c0'!"N-,%# ])..$'0 fDmax ∈ {11, 1; 90} dA

R)&)( )( '-$#,'( RCb_D '(/+) ("P'%/)( # &'(1#-',%;'-/)( $'-/)(? )" ('P#? # ('L"%-/' 0'$#*+) :



 ! "#$#%&#'() $)* +,,)$ -# +$./%0./10$ -# 20'03  !

 !"#$!  %&' (!'&%)

Tslot < (∆t)c ≈
1

fDmax

*+,-+.

/01! Tslot 2 % 13$%45/ 1/  !"# &!"#/$%67 ! (∆t)c 2 / &!"#/ 1! 8/!$908'% 1/ 8%0%6

 

! fDmax
2 % ":;'"%

($!<=908'% >/##6!$7 1'$!&%"!0&! #$/#/$8'/0%6 ? @!6/8'1%1! 1/ &!$"'0%6 "A@!6, B! &% 8/01'45/7 8%1%

%&3%6'C%45/ 1! #/&908'% $!%6'C%1% #!6/ >DEF /8/$$! 8/" &%;% T−1slot7 %  3"'1% %<3' 'G3%6 % Rslot = 1500

%&3%6'C%4H! #/$  !G301/, I '&!$%4H!  5/ $!%6'C%1% #!6/ %6G/$'&"/ % 8%1% Tslot  !G301/ , F $!83$ 5/

!" *+,-I. 1!@! 8/0@!$G'$ #%$% / #/0&/ A&'"/ %0&! <3! 8%1% G%0J/ 1! 8%0%6 gij !;#!$'"!0&! "31%04% 

 'G0'K8%&'@% , B/&! <3!  %&' (%C!01/ *+,-+. % "%&$'C! 1! G%0J/ #!$"%0!8!" %#$/;'"%1%"!0&!

! &:&'8% 13$%0&! 3" '0&!$@%6/ 1/ #$/8!  / 1! 8/0@!$G908'%,

L $! 36&%1/ 1!  '"36%45/ 1' 83&'1/ %  !G3'$ (/$%" /M&'1/  /M 13% 8/01'4H! 1! 8%0%6)

%. 8%0%6 ! &:&'8/7  '&3%45/ !" <3! / 8/!K8'!0&! 1! 8%0%6 #!$"%0!8!" 8/0 &%0&! 13$%0&! &/1/ /

#$/8!  / 1! 8/0@!$G908'% *N '&!$%4H! .7 ',!,7 #/$ 3" #!$N/1/ 'G3%6 /3 "%'/$ <3! TslotO

M. 8%0%6 1'0P"'8/) / 8/!K8'!0&!  /($!" "/1'K8%4H! 8/0(/$"! / &!"#/ 1! 8/!$908'% 1/ 8%0%67

 !01/ /M !$@%1% % 8/01'45/ 1! 1! @%0!8'"!0&/ 6!0&/ 1% Q<3%45/ *+,-+. 0% (/$"% 1! 'G3%61%1!7

#%$% % 13% "/M'6'1%1! %1/&%1% 7 ',!,7 #!1! &$! ! @!'836%$ *fDmax
≤ 90RC., LM !$@!S ! <3!

0! &% 8/01'45/ #$/83$/3S ! <3%0&'K8%$ / "!0/$ 0T"!$/ 1! '&!$%4H! 0!8!  :$'/ ? 8/0@!$G908'%

!" &!$"/ 1! BUVQ %8!'&:@!6, E/" ' &/7 (/' #/  N@!6 %@%6'%$ % @'%M'6'1%1! 1! '"#6!"!0&%45/ 1/

%6G/$'&"/ 1! %6/8%45/ 1! #/&908'% 1! W!$J36 & !"  ' &!"% "36&'&%;%  /M 8%0%' ! 8/01'4H! 

$!%6' &% , Q &% 8/01'45/ 2 %0%6' %1% 0%  3M !45/ +,X,

 !"!# $%&%'(%)*+ % ,+)-%./0)123 45(21+& &+6 $27%.%)8%& α9&

L 8/"#/$&%"!0&/ &N#'8/ 1! 8/0@!$G908'% #%$% 8%0%6 ! &:&'8/7 α K;/7 U = 7 3 3:$'/ "36&'&%;%7

8/" %6/8%45/ 1! &%;% %6!%&A$'% ! 30'(/$"!"!0&! 1' &$'M3N1% !0&$! &$9 86%  ! 7 [ 1
128
; 1

32
; 1

16
]Rc YM# Z7 2

"/ &$%1% 0% ['G3$% +,\7 #%$% E]^ *1/' G$:K8/ ! <3!$1%. !  /6345/ #%$% %6/8%45/ 1! #/&908'% *1/' 

G$:K8/ 1'$!'&%., D6%&_ '01'8% % 8/0@!$G908'% #%$% / @!&/$ 1! #/&908'%  /6345/7 ! % 6'0J% #/0&'6J%1% 

*Popt 0% 6!G!01%. '01'8%" %  /6345/ %0%6N&'8%7 ',!7 / @!&/$ 1! #/&908'% A&'"/ p∗7 1%1/ #/$ *\,-`.,

LM !$@! % $:#'1% 8/0@!$G908'% 1! &/1/ / 3 3:$'/ <3%01/ α = 0, 97 /3  !a%7 I ≈ 25 '&!$%4H! 7 8/0&$%

≈ 150 #%$% α = 0, 1, Q@'1!0&!"!0&!7 % <3%6'1%1! 1%  /6345/ 0% 13%  '&3%4H!  5/ 1' &'0&% 7 8/"/

1' 83&'1/ 0% #$A;'"%  !45/,

 ! "#$#%&#'() $)* +,,)$ -# +$./%0./10$ -# 20'03

Q" 3" 8!0:$'/ $!%67 % ! &'"%&'@% 1! V]B^ 0% bV 05/  5/ #!$(!'&% 7 0/  !0&'1/ 1! <3! / @%6/$! 

! &'"%1/ %#$! !0&%" 3"% 8%$%8&!$N &'8% 1! !$$/ %6!%&A$'/, F K" 1! '08/$#/$%$ ! &% 8%$%8&!$N &'8%7 3"

 

 !""#$%!&'# (! )&*#"+(,! '# *#-%! #- ./# ($ 0("(0*#"1$*)0($ '! 0(&(, &2! $!3"#- +(")(45#$ #6%"#$$)+($7
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 !"#$% &'()  !"# $ %&'($)*+'%,- .$ /&0+'%,- /-)-

U = 7; ri,min = [120, 120, 240, 120, 30, 120, 30][Kbps]1 α = 0, 1 $ 0, 9

$))& -2$-03),& 4 -.,%,&'-.& - %-.- $2$5$'0& .- 5-0),6 .$ *-'7& .& %-'-28 - %-.- ,0$)-9:&1 ; )$2-9:&

$'0)$ &< (-2&)$< $<0,5-.&< $ ($).-.$,)&< .$ *-'7& .$ %-'-2 4 .-.- /&)=

ĝij = (1 + ε)gij,

<$'.& ε %&'<,.$)-.- >5- (-),?($2 -2$-03),- %&5 .,<0),@>,9:& >',A&)5$ '& ,'0$)(-2& [−υ; υ]1 "-<

<,5>2-9B$< -/)$<$'0-.-<8 A&)-5 -.&0-.&< (-2&)$< /-)- & $))& .$ $<0,5-9:& υ '- A-,C- .$ 0 - 0, 28

$5 /-<<&< .$ 0, 021

 ! !" #$%$&'(&)*+ '+ ,-+.*'+'$ '+ /0.-120 $3 4$5306 '$ α

D5- ($6 E>$ 0$5&< -2*>5- ,.4,- .$ E>:& )?/,.& & -2*&),05& .$ F$)7>2<0 -0,'G$ & $E>,2H@),& /-)-

.,A$)$'0$< (-2&)$< .$ α8 4 ,5/&)0-'0$ .$0$)5,'-) - E>-2,.-.$ .- <&2>9:& $5 0$)5&< .& 0$5/& .$

%&'($)*+'%,-1 I-)- - 5$<5- %&'J*>)-9:& .$ <,<0$5- .- K,*>)- L1M8 &@0$5&< '- K,*>)- L1N - )-6:& .&

"O P -<<&%,-.& - .,A$)$'0$< A-0&)$< .$ %&'($)*+'%,-=

NMSER =
NMSE(α = 0, 9)

NMSE(α = 0, 1)
=

NMSE(converg. )?/,.-)

NMSE(converg. 2$'0-)
QL1RST

F$),J%-U<$ '- K,*>)- L1N E>$ ,'.$/$'.$'0$5$'0$ .&< $))&< '-< $<0,5-0,(-< .& %-'-2 υ8 - E>-2,.-.$

.- <&2>9:& /-)- -5@&< α = 0, 9 Q%&'($)*+'%,- )?/,.-T $ α = 0, 1 Q2$'0-T '- )$*,:& J'-2 .-< ,0$)-9B$<

Qn > 170T 5&<0)- $2$(-.- <,5,2-),.-.$ QNMSER ≈ 1T8 5-< %&5 >5- 2,*$,)- (-'0-*$5 $5 0$)5&< .$

%&'($)*+'%,- /-)- α = 0, 11 "$<0- )$*,:&8 /-)- -5@&< &< A-0&)$< %&'($)*+'%,-8 & -2*&),05& -/)&C,5-U

<$ .- <&2>9:& 30,5- %&5 5$<5- ($2&%,.-.$V %&5& %&'<$EW+'%,-8 NMSER → 11 !'($)<-5$'0$8 '-

)$*,:& ,',%,-28 &> <$G- $'0)$ 23 $ ≈ 120 ,0$)-9B$<8 & -2*&),05& %&5 α = 0, 9 /)&.>6 >5- <&2>9:& 5>,0&

5$27&)8 )$<>20-'.& $5 NMSE(α = 0, 9) << NMSE(α = 0, 1)1 X$(,.& -& 'Y5$)& ,'<>J%,$'0$ .$

,0$)-9B$<8 & -2*&),05& ':& 4 %-/-6 .$ -2%-'9-) - %&5/2$0- %&'($)*+'%,- /-)- α = 0, 1 /-)- n < 1501



 ! "#$#%&#'() $)* +,,)$ -# +$./%0./10$ -# 20'03  !

 !"#$%#!& $ '()*!" (+,!)*$ -( .$)!" /$"$ α -(/(%-( -$ )0'0#$12! -! %3'("! '450'! -( 0#("$16(+7

8( ! %3'("! -( 0#("$16(+ 9 :'$ /"(!,:/$12!& -(.0-! $ )0'0#$16(+ -( /"!,(++$'(%#!& *$"-;$"(&

,!'<0%$-!+ $ :' ,(%4"0! -( "$/0-(= -! ,$%$)& $ (+,!)*$ %$#:"$) ,!%+0+#( (' $>:+#$" ! ?$#!" -(

,!%.("@A%,0$ ! '$0+ ()(.$-! /!++B.()& '(+'! +$,"0C,$%-! $ /"(,0+2! -$ +!):12!7 D$+! ,!%#"4"0! .$)!"(+

<$05!+ /$"$ α /"!-:=(' :' EF8G )0@(0"$'(%#( '(%!"7
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 !"#$% &'() H$5$ -( EF8G ,!%+0-("$%-! ,!'/!"#$'(%#! -( ,!%.("@A%,0$ -( /!#A%,0$ "4/0-!

Iα = 0, 9J ( )(%#! Iα = 0, 1J -( U = 7 #("'0%$0+ 'K.(0+& ( υ .$)!"(+ -( (""! -( (+#0'$#0.$ /$"$ @$%*!
-( ,$%$)7 L @"4C,! 0%?("0!" 9 :'$ $'/)0$12! (' n ∈ [21; 150] 0#("$16(+ 0%0,0$0+7

 ! !" #$%&'(%() (% *+&$,-+ .+/+ 0$1,-+ (+ 2%33)4%/)15+ () *'65)/%

M N0@:"$ O7O '!+#"$ ! ,!'/!"#$'(%#! -! EF8G $/K+ I = 1000 0#("$16(+& P:$%-! #$%#! ! (""! %$+

(+#0'$#0.$+ -! @$%*! -( ,$%$) υ P:$%#! ! ,$""(@$'(%#! -( +0+#('$ ,"(+,('Q ,!%+0-("!:R+( U = 10, 20

( 30 #("'0%$0+ 'K.(0+ ,!' -0?("(%#(+ "($)0=$16(+ $)($#K"0$+ /$"$ $ -0+#"0<:012! (' ,)$++(+ I:+:4"0!+

:%0?!"'('(%#( -0+#"0<:B-!+ %$+ #"A+ #$5$+ -( -$-!+& 30& 120 ( 240 S</+J7 L ?$#!" -( ,!%.("@A%,0$

?!0 $++:'0-! ,!'! C5! α = 0, 27 L+ .$)!"(+ -( EF8G ?!"$' !<#0-!+ +!<"( TR = 100 "($)0=$16(+ -(

,!%.("@A%,0$ /$"$ ,$-$ ,!'<0%$12! -( U & υ ( #$5$+ -( :+:4"0!+7

L<+(".( $0%-$ %$ N0@:"$ O7O P:( !+ .$)!"(+ EF8G +2! '$0+ ()(.$-!+ /$"$ +0+#('$+ ,!' <$05!+

,$""(@$'(%#!+ IU = 10J& '!+#"$%-! :' $:'(%#! %$ #$5$ -( -(@"$-$12! -$ +!):12! P:$%-! $+

(+#0'$#0.$+ -!+ (""!+ -( ,$%$) υ $:'(%#$'7 G++$ #(%-A%,0$ (%,!%#"$ (5/)0,$12! /!" (?(0#! -$ @"$%:)$"0-$-(&

!: +(>$& +!< ()(.$-!+ ,$""(@$'(%#!+& $ %!"'$ -$ -0+#T%,0$ (%#"( $ +!):12! !<#0-$ ( $ K#0'$ "(+:)#$

(' .$)!"(+ '(%!"(+ -(.0-! U @"$%:)$"0-$-(& P:$%-! ,!'/$"$-$ $!+ ,$+!+ -( <$05!+ ,$""(@$'(%#!+ -(

+0+#('$ IU "(-:=0-!J7 G' #("'!+ -( EF8G& !+ (""!+ %$+ (+#0'$#0.$+ -( ,$%$) #A' :' (?(0#! /"!@"(++0.!

+!<"( $ P:$)0-$-( -$ +!):12!7
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 !"#$% &'&(  !"#$%$&'( %( )*+, -(.( /01&'( %( $0.!12( 1( 13.!#( %! 2!#.41$45 .67!45 U !

%(5 !##(5 1$5 !524.$247$5 %( "$18( %! -$1$9 υ: ;$9(#!5 %! )*+, $<65 I = 1000 42!#$&=!5> $%(2(0?5!
α = 0, 2:

 !" #$%$&'$()* +*% ,-.*+*% +$ /*(0$123(456 7+6'.6.50*%

@!1%( !. 7452$ $-!9!#$# $ -(17!#"A1-4$ %( $9"(#42.(B %(45 -#42C#4(5 $%$<2$247(5 D$5!$%(5 1$

%4/!#!1&$ %! +)EFG5 /(#$. 50"!#4%(5 1$ 5!&'( H:I: ,J452!. %(45 $5<!-2(5 %! %!5!.<!18( 4.<(#2$12!5

$ 5!#!. $1$945$%(5B -(154%!#$1%( (5 .C2(%(5 $%$<2$247(5 50"!#4%(5 !. -(12#$<(12( $( $9"(#42.( %! α

KJ(L 2!.<( %! -(17!#"A1-4$ ! M0$94%$%! %$ 5(90&'(:  !94.42$%( ( .!1(# /$2(# !. α = 0, 1B $7$94$?5!

$ 5!"04# ( %!5!.<!18( <$#$ (5 2#A5 .C2(%(5 N$.D(5 $%$<2$247(5B $9C. %$M0!9! -(. α KJ(O 5(.!12!

!. 2!#.(5 %! 2!.<( %! -(17!#"A1-4$:

P.$ $7$94$&'( <#!94.41$# 5(D#! $ #!%0&'( %( 2!.<( %! -(17!#"A1-4$ -(. $ $%(&'( %( /$2(# α

$%$<2$247( <(%! 5!# (D24%$ 415<!-4(1$1%(?5! $ Q4"0#$ H:R: S.D(5 "#TK-(5 /(#$. (D24%(5 5(D $5

.!5.$5 -(1%4&=!5 %! -$1$9B U = 30 050T#4(5 ! !524.$247$5 <!#/!42$5 <$#$ (5 "$18(5 %! -$1$9: U(.(

!5<!#$%(B $ 2$J$ %! -(17!#"A1-4$B <#41-4<$9.!12! 1( 41V-4(B C D$52$12! .!98(#$%$: W(%!.(5 7!# M0!

( <#(-!%4.!12( $%$<2$247( 2$18−α <!#.42! M0! ( $9"(#42.( <#(<(52( $9-$1-! $ -(1%4&'( %! 2(2$9

-(17!#"A1-4$ 50% .$45 #T<4%( !. #!9$&'( X $D(#%$"!. -9T554-$ -(. α = 0, 1 KJ( ! .!5.$ M0$94%$%!

%! 5(90&'( !. 2!#.(5 %! )*+,:

W$#$ M0$124K-$# ( !/!42( %$ $%$<2$&'( %( /$2(# %! -(17!#"A1-4$ α 5(D#! ( )*+, $( 9(1"( %$5

42!#$&=!5B $ Q4"0#$ H:Y .(52#$ ( )*+, ! ( )*+,F <$#$ -$%$ 13.!#( %! 42!#$&=!5 1( 412!#7$9( %!

[0, 700]B ! -(154%!#$1%( ( .!5.( -!1T#4( %$ Q4"0#$ H:R: )(2! M0! <$#$ M0$9M0!# 42!#$&'(B $<65 $5

<#4.!4#$5 42!#$&=!5 Nn > 100OB ( /$2(# %! -(17!#"A1-4$ $%$<2$247( <#(<(#-4(1$ 0. .!98(# %!5!.<!18(

%! <!9( .!1(5 0.$ %C-$%$ ! .!4$B !. 2!#.(5 %! )*+,: ,5<!-4K-$.!12!B <$#$ n > 200B (NMSE(αAdpt) ≈
2 · 10−2NMSE(α = 0, 1): ,. (02#$5 <$9$7#$5B ( .C2(%( <#(<(52( α $%$<2$247( 02494Z$1%( $ 2$1"!12!

84<!#D694-$ -(15!"040 $9-$1&$# $ .!5.$ M0$94%$%! %! 5(90&'( M0! α = 0, 1 05$1%( .!1(5 42!#$&=!5B

4:!:B ≈ 140 42!#$&=!5 $ .!1(5 M0$1%( I > 100:
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çã

o
d
e

P
o
tê
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 !"#$% &'()  !"#$%$&'! ($ )!*+,%-.*)/$ ,*0%, α $($#0$0/+! 12$*(! $ 31*&'! 0$*-,*0, 4/#,%567/)$

8(/%,/0$9 , ! ":0!(! )7;22/)! )!" α <=! 8,2>1,%($9? Popt : !50/($ +/$ /*+,%2'! (, "$0%/@A ,>?8B?CD9E

Pmin : $ "F*/"$ #!0.*)/$ $7!)$($ /*/)/$7",*0, , P
 !"#$

: $ #!0.*)/$ ":(/$ 2!5%, !2 U = 30 121;%/!2
$7!)$($ #,7! $7-!%/0"! (, G,%41720?
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 !"#$% &'*) HIJK , HIJKL #$%$ ! ":0!(! α $($#0$0/+! )!" 31*&'! 0$*4A 0,*(! )!"! %,3,%.*)/$

α = 0, 1 <=!?



 !" #$%$&'$()* $ +*(,$-./(012 %*3 +2(21% #1(4&10*%  !

 !"#$ !% &'()* #!)!+%'"*+ $ %!,-$+ %.)$#$ *#*/)*)'&$ /*+* $ 0*)$+ #! 1$"&!+23"1'*4 !")+! $( #$'(

/+$/$()$(4 567*89!( :;<=>? ! :;<=@?4 /$#!A(! 1$%/*+*+ $ BCD5 /*+* *%E$( $( %.)$#$( ($E *( %!(%*(

1$"#'89!( #! 1*"*, ! ('()!%*< F G'27+* ;<H %$()+* $( +!(7,)*#$( #* ('%7,*8I$ 1$"('#!+*"#$ U = 30

7(7J+'$( ! υ = 0< B$)! 67! $ %*/!*%!")$ #* )*"2!")! -'/!+EK,'1* (!%/+! +!(7,)* !% &*,$+!( %*'(

E*'L$( #! BCD54 !%E$+* !()* #'0!+!"8* (!M* %*+2'"*,< N$+)*")$4 /*+* 67*,67!+ "O%!+$ #! ')!+*89!( *

1$"&!+23"1'* #* ($,78I$ 0$+"!1'#* /!,$ %.)$#$ #* tanh . %!,-$+ #$ 67! $ %*/!*%!")$ #* #'0!+!"8*

!")+! $ DPBQ ! $ DPBQ *,&$ R( 17()*( #! 7% %*'$+ !(0$+8$ 1$%/7)*1'$"*, 1$"(7%'#$ "* *&*,'*8I$

07"8I$ )*"-<

50 100 150 200 250 300 350 400
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

Iterações

N
M

S
E

α Adaptativo

Diferença de SINR, Eq. (4.12)

Mapeamento Tanh, Eq (4.13)

 !"#$% &'() BCD5 /*+* *%E$( %.)$#$( 1$% α−*#*/)*)'&$< U = 30 7(7J+'$(

 !" #$%$&'$()* $ +*(,$-./(012 %*3 +2(21% #1(4&10*%

S 1$%/$+)*%!")$ #$ *,2$+')%$ #! *,$1*8I$ #! /$)3"1'* #! T!+-7,() !% )!+%$( #! !++$ 67*#+J)'1$

"$+%*,'U*#$ : !"#$%&'() *+,$"() (""!"4 BD5?

 

! 1*/*1'#*#! #! *1$%/*"-*+ *( %7#*"8*( #$ 1*"*, .

*"*,'(*#$ "!()* (7E(!8I$< G$+*% *&*,'*#$( #$'( /!+V( #! 1*"*, 1$% #!(&*"!1'%!")$ Q*W,!'2-X /!#!()+!4

17M* 0+!673"1'* Y$//,!+ %JL'%* +!(7,)*")! /*+* 7%* 0+!673"1'* #! /$+)*#$+* #! fc = 2.4Z[U . #*

$+#!% #! fDmax
= 11[U ! &!'17,*+4 )'/'1*%!")! 1$% 7%* fDmax

= 90[U< F(('%4 /*+* 7% Tslot = 667µ(4

$ 1*"*, /$#! (!+ 1$"('#!+*#$ ,!")$ !% )!+%$( #! *)7*,'U*8I$ #*( /$)3"1'*(<  !"#$ !% &'()* $)'%'U*+ *

&!,$1'#*#! #! 1$"&!+23"1'*4 *#$)$7A(! $ 0*)$+ α *#*/)*)'&$ E*(!*#$ "* )*"-< N*+* !0!')$ #! 1$%/*+*8I$

#* 67*,'#*#! #* ($,78I$4 1$"('#!+$7A(! $ #!(!%/!"-$ #$ *,2$+')%$ 1,J(('1$ #! G$(1-'"' : !"#$%&%'

(%)*+&%#4 =\\@?< F"*,'($7A(! * !&$,78I$ #$ &!)$+ #! /$)3"1'* *,$1*#* /*+* U = 10 7(7J+'$( #'()+'E7]#$(

7"'0$+%!")! !% )+3( #'0!+!")!( 1,*((!( :)*L*(?4 *$ ,$"2$ #! 500 · Tslot<

F G'2< ;<^ */+!(!")* 17+&*( )]/'1*( /*+* 2*"-$ #! 1*"*,4 +!(/!1)'&* *,$1*8I$ #! /$)3"1'* ! $

BCD5 '"()*")_"!$ /*+* T!+-7(,) ! G$(1-'"' /*+* $ /+'%!'+$ 7(7J+'$4 !"67*")$ 67! * G'2< ;<\ */+!(!")*

&*,$+!( %.#'$( /*+* $( U = 10 7(7J+'$(< T!+'V1*A(! * /*+)'+ #* G'2< ;<^ 67! * *,$1*8I$ #! /$)3"1'*

(!27! $ (!")'#$ $/$()$ *$ #!(&*"!1'%!")$ '"()*")_"!$ #$ 1*"*,4 "* )!")*)'&* #! 1$%/!"(*+ )*'(

 

,-./0. 1234.53-14 &("6 5378-389324
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Channel Gain for User 1 - Fdmax = 90Hz

b) I = 45 iterações por Tslot
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 !"#$% &'()  !"#$ %& '!"!() *&+,&'-./! !($'!01$ %& ,$-2"'.! & $ 345 ,!*! 6&*#7+(- α−-!"#
'$8,!*!%$ !$ %& 9$+'#.". ,!*! $ 7+7:*.$ ; <%& U = 10 7+7:*.$+=> ?$"@7"-$ != fDmax

= 11 AB &
I = 10 .-&*!0C&+D E= fDmax

= 90 AB & I = 45 .-&*!0C&+>

%&+/!"&'.8&"-$+> F%.'.$"!(8&"-&) "!+ %7!+ '$"%.0C&+ %& '!"!( %! 9.G> H>I) ,&%&+-*& & /&.'7(!*) $

345 %& 6&*#7(+-) ."+-!"-J"&$ & 8K%.$ <+$E*& 500 · Tslot=) *&+7(-$7 8&"$* L7& $ %& 9$+'#.".> M+

/!($*&+ %& I .-&*!0C&+ +1$ $+ 8N".8$+ "&'&++:*.$+ O $E-&"01$ %& 345 8&"$*&+ L7& $ %& 9$+'#.".>

F%.'.$"!(8&"-&) '$"+.%&*$7P+& L7& "$ ,*.8&.*$ Tslot !8E$+ !(G$*.-8$+ +1$ &Q&'7-!%$+ &8 78! @!"&(!

%& $-.8.B!01$ %& 300 .-&*!0C&+ -&"%$ &8 /.+-! G!*!"-.* 78! '$"/&*G2"'.! .".'.!( 8N".8!) & %&+-& ,$"-$

&8 %.!"-& !,&"!+ !'$8,!"#!* !+ 87%!"0!+ "$ '!"!( 7-.(.B!"%$ I = 10 <,&%&+-*&= $7 I = 45 </&.'7(!*=

.-&*!0C&+>
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 !"#$% &'*) R$-2"'.! !($'!%! & 3S45 ,!*! 6&*#7+(- '$8 α−-!"#T 8K%.! +$E*& $+ *&+,&'-./$+
/!($*&+ %& U = 10 7+7:*.$+) '$"+.%&*!"%$ != fDmax

= 11 AB & I = 10 .-&*!0C&+ ,$* TslotD E=

fDmax
= 90 AB & I = 45 .-&*!0C&+ ,$* Tslot>

3! 9.G H>U +1$ !,*&+&"-!%$+ *&+7(-!%$+ ,!*! ! ,$-2"'.! 8K%.! !($'!%! & $ *&+,&'-./$ 3S45 +$E*&
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U = 10  ! "#$%!& '%(!$)*#+()% ) +! ,%-$.$)+)*!/ +0 1*)*!2#* * -0 3*$' .+#4 5*()% *, 3$!2+ +!1*'2%!

)* $,1.*,*(2+67% * #*) 67% )* '%,1.*8$)+)*& %-2*3*9!* % (:,*#% )* $2*#+6;*! ,<($,% 1%#  !"# $%& &

$4*4& I = 10 1+#+ % '*("#$% 1*)*!2#* * I = 45 1+#+ % 3*$' .+# (*'*!!"#$% = %-2*(67% )*  , ,*(%# >?@A

!%-#* Tslot = 500 1+#+ % +.B%#$2,% )* C*#D !.2 E +()% '%,1+#+)% +% +.B%#$2,% '."!!$'% )* F%!'D$($

G !"#$%&%' (%)*+&%#& HIIJ0& '%(K%#,* $()$'+)% (+ 5+-*.+ L4M4 N!!$,&  ,+ 3*O E * P (*'*!!"#$%  ,

1*E *(% (:,*#% )* $2*#+6;*! 1%# $%& 2*,1%#+. 1+#+ !* +2$(B$# E +.$)+)* (+ !%. 67% )* +.%'+67% )*

1%2Q('$+ '%, % +.B%#$2,% )* C*#D .!2 , .2$2+8+& ,*!,% 1+#+ '+(+$! )% 2$1% 3*$' .+#& 1%)*9!* K+'$.,*(2*

*!2*()*# + $,1.*,*(2+67% )% +.B%#$2,% 1+#+ '+(+$! '%, )*!3+(*'$,*(2% #"1$)%& %-2*()%9!* + ,*!,+

E +.$)+)* (+ !%. 67% )% 3*2%# )* 1%2Q('$+! +.%'+)+4

 !"#$! %&'( >?@A ,P)$% !%-#* 500 · Tslot4

NMSEmdio R*)*!2#* C*<' .+#

fDmax = 11 SO fDmax = 90 SO

F%!'D$($ 4, 38 · 10−4 4, 25 · 10−6
C*#D .!2 3, 54 · 10−4 3, 95 · 10−6
I T2*#4UTslot HV LW
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X2$,+ +(+.<2$'+ %-2$)+ 1*.+ $(3*#!7% )+ ,+2#$O )* $(2*#K*#Q('$+ P ,+$%# E * + 3*.%'$)+)* %-!*#3+)+ (+!

!%. 6;*! +1#*!*(2+)+! 1*.% +.B%#$2,% )* F%!'D$($4

 !"!# $%&'()*+,-,) $%&'./-0+%1-(

A,  , ,P2%)% )$!2#$- <)%& '+)+ *(.+'* 5?9Y@ #*+.$O+ ! + +2 +.$O+67% !*1+#+)+,*(2*& % !*Z+& %
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, .2$1.$'+6;*! *, K (67% )% (:,*#% )* 2*#,$(+$! ,X3*$! $(2*#K*#*(2*! (U−1)4 N3+.$% 9!* % (:,*#% )*

%1*#+6;*! (*'*!!"#$+! = $,1.*,*(2+67% )+! *E +6;*! GL4HV0& GM4I0 * GL4HJ0 *, '+)+ 2*#,$(+. * + '+)+

$2*#+67%&  2$.$O+()%9!* % +.B%#$2,% 1#%1%!2% '%, % ,P2%)% α92+(D +)+12+2$3%4 N 2+-*.+ [4M ,%!2#+ %

(:,*#% )* %1*#+6;*! )* +)$67% * , .2$1.$'+67% *8*' 2+)+! 1%# $2*#+67%4 N! U +3+.$+6;*! )+ K (67%

2+(D 1%# $2*#+67% K%#+, +),$2$)+! %1*#+6;*! )* '%(! .2+ + 2+-*.+ G %&&'()*  +,%#04
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 !"#$! %&'(  !"#$%&"' !(# )*"#$%+( ","-.*$/$' "0 -$/$ *"#0)1$2 034"2 !$#$ ( $25(#)*0( !#(!('*(6

78.$%+(  !"#$%+( 9:0"#( /"  !"#$%&"'

;<6=>? @/)%&"' 2
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;B6C? @/)%&"' U + 1
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-(1'.2*$ $ *$E"2$ 1

(1/"  F ( 1:0"#( /" )*"#$%&"' 1"-"''G#)$' !$#$ $ -(14"#5H1-)$6 @'')1*3*)-$0"1*" " -(1')/"#$1/( U >>
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 !"#$%&'# () *)$+,-#-. /0%

!1#,(%2)0 3)+,4-56$%

 !"#$%#& '()*+,!%#& &-.!&-& /&*& *(,.01(* ., /*.20(3&, -(,#*%!., $&, ,(45(, 676 ( 678 (3 *(-(,

9:;<9= > %7(7> #.$,%-(*&$-. /.*!&-.*& ?$%#&> N = 1> @.% & .!%3%A&4B. /.* ($C&3( -( /&*!+#)0&,> D:E7

E D:E " )3& '()*+,!%#& #*%&-& (3 3(&-., -& -"#&-& -( 90 /.* F($$(-G ( H2(*'&*!> 2&,(&-. $& 1%-&
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$& #../(*&4B. ($!*( ., %$-%1+-)., -( -(!(*3%$&-& /./)0&4B.7

Q(,!( #&/+!)0.> . D:E ,(*I )!%0%A&-. /&*& *(,.01(* !&$!. . /*.20(3& -( &0.#&4B. -( /.!R$#%& #.3

!&C& -( %$@.*3&4B. SC& K67L8O #.3. . -( 3&C%3%A&4B. -& 1&AB. -. ,%,!(3& -&-. ., *(J)%,%!., -( T.:

K676UO7 Q&, ,(45(, & ,(P)%*> &32., /*.20(3&, ,(*B. 3.-(0&-., &!*&1", -( )3& @)$4B. #),!. (> (3

,(P)%-&> . &0P.*%!3. D:E ( ., *(,)0!&-., -&, ,%3)0&45(, ,(*B. &/*(,($!&-.,7

 !" #$%&'$() *) +$&,%-./ 0./ +12

 S3 -( *(,.01(* . /*.20(3& -( &0.#&4B. -( /.!R$#%& #.3 *(,!*%45(, -( !&C& -( %$@.*3&4B.
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i=1

F th
i ×

(
1− pi
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)
+

ι

σpr

s.a. δi ≥ δ∗i ( 0 < pi ≤ pi,max, KN7LO

∀i = 1, . . . , U

[&,%#&3($!(> & @)$4B. " #.3/.,!& /.* !*R, !(*3.,Z & @)$4B. F th
i J)( 1(*%S#& -( 3&$(%*& 2%$I*%&

,( . T.: @.% ,&!%,@(%!.> . !(*3. -($!*. -., /&*R$!(,(, J)( %$#*(3($!& . 1&0.* -& @)$4B. #),!. J)&$!.

3($.* @.* & /.!R$#%& )!%0%A&-& /(0. ),)I*%. ( . !(*3.

ι

σpr

2),#& *(-)A%* . /(*!.V0.$P( -( !&0 @.*3&

& /.,,)%* 1&0.*(, 3&%.*(, /&*& ,.0)45(, #.3 )3 -(,1%. /&-*B. /(J)($. -& -%,!*%2)%4B. -( /.!R$#%&,
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 !"!#$%&' () *&+$,&%&' -.!+) $(/! ') %) 0&(1) %! . )"!''&*!(2)  

−1
 !

σpr =
√

var( −11 p1|g11|2,  −22 p2|g22|2, . . . ,  −1i pi|gii|2, . . . ,  −1U pU |gUU |2) "#$% 

&'() *+ ,-./() 0.&' 1234&0.' .' 1)(5/6&.' 27678&9.' /)20.:&;.9.' 7'(&<7270 -0. 9.' )-(2.' 07/)2 '72=

. <.2&>/6&. 9.' 07'0.' 7 0.&)2 '72= ) <.:)2 97

ι

σpr

$ ?:*0 9&'')+ * &01)2(./(7 @2&'.2 ,-7 -0. <7;
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(.: 0)9) ,-7

ι
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ι
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(70 -0 1.17:

&01)2(./(7 /. 279-DE) 9) 7@7&()  !"#$%"# 70 '&'(70.' HIJKHL? 7 .) 07'0) (701) 1)''-& -0 <.:)2

9&@727/(7 97 ;72) 1.2. ()9.' .' 1.2(M6-:.' " !"#$%&'(%&)*  )+#,#!* $#"#++ %NNO $

? @-/DE) F th
i 70 "#$F * 97P/&9. 6)0)!

F th
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1, δi ≥ δ∗i

0, 6.') 6)/(2=2&)

6)0 . IQRS 1.2. ) i*'&0) -'-=2&)+ δi+ 6.:6-:.9. .(2.<*' 9. C,-.DE) "%$T "$'(-.#/#* &#0)0*

1#,&-&)1 &+ %NNN $
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U )8V7(&<) /7'(7 12)8:70. * &/6)21)2.2 ) 62&(*2&) 0-:(&W(.4. V-/() . 0.4&0&;.DE) 9. <.;E) 9)

'&'(70. 1.2. -'-=2&)' 6)0 X)I 9&@727/(7'+ 7/,-./() 27'(2&()' 1)2 -0. 1)(5/6&. 0=4&0. . '72 6)/'-0&9.

/)' (720&/.&' 03<7&'$ H7'(. @)20.+ ) 12)8:70. 97 )(&0&;.DE) 1)97 '72 @)20-:.9) 6)0) -0 6.')

7'176&.: 97 12)B2.0.DE) @2.6&)/.: :&/7.2 B7/72.:&;.9. "&! !#"'()!* '( !"# %#"+,(- "' .#-&#"//( &+ YZ[\ 

"2&('1,* .(3+ %NN] $ ?''&0+ ) 12)8:70. 97'62&() 70 "%$%^ 1)97 '72 277'62&() 6)0)!

J2(p) max
U∏

i=1

[
fi(p)

gi(p)

]wi

"#$] 

'$.$ 0 < pi ≤ pi,max,

fi(p)

gi(p)
≥ 2ri,min , ∀i = 1, . . . , U "#$^ 

)/97 2ri,min
* . (.4. 0M/&0. /)20.:&;.9. "17:. 8./9. 9) '&'(70. KHL?+ Rc 9) i*'&0) '( 0+ &/6:-&/9)

27'(2&D_7' 97 (.4. /-:.` wi > 0 * ) 17') 97 12&)2&9.97 9) -'-=2&) i 70 (2./'0&(&2 6)0 '7-' 27,-&'&()'
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 ! "#$ %&'(%)!('#%* &%%+,( # -#.,&/(0& #* '&/ 1+!

∑U
i=1 wi = 12 3 (4(#-&/,!-'!* -#'! 1+! & .!%'.(56#

!, 7829: ;# ! %!. #<'( & ;!/& .!/&56#  &% =1+&5>!% 7?2@:* 7?2A: ! 7?2BB:* #- ! & '&C&  ! (-)#.,&56#

,D-(,& ;# ! %!. '.&-%)#.,& & !, ,D-(,& $EFG &'.&HI%  & 4&;&4( & !  ! $J&--#- 4#-%( !.&- # +,&

K=G ,D-(,&L

ri = rc log2


1 + θBERi

 i ×
pi|gii|2

U∑
j 6=i

pj|gij|2 + σ2


 , ∀i = 1, . . . , U 7828:

4#, θBERi
!1+(H&/!-'! &# (-H!.%#  #  !" !-'.! & 4&;&4( & ! '!M.(4&  # 4&-&/ ! & '&C&  ! (-)#.,&56#

.!&/2 N!%'& )#.,&* ;# !O%! !%'&<!/!4!. θBERi = − 1.5

log(5BERi)
* #- ! BERi I & '&C&  ! !..#  !

<(' ,PC(,& ;&.& # +%+P.(# i 7 !"#$%&'() *(+,* BAA@:2 3%%(,* &% )+-5>!% fi(p) ! gi(p) ;# !, %!.

 !Q-( &% 4#,#L

fi(p) = θBERi
 i × pi|gii|2 +

(
ρ

U∑

j 6=i

pj|gij|2 + σ2

)
, ! 782R:

gi(p) = ρ

U∑

j 6=i

pj|gij|2 + σ2, 782@:

;&.& '# # i = 1, . . . , U 2 S<%!.H! 1+! & )+-56# !, 7829: I # ;.# +'#  ! )+-5>!% ).&4(#-&(% /(-!&.!%

!C;#-!-4(& &%* ! & )+-56#

∏U
i=1(zi)

wi
I +,& )+-56# 4.!%4!-'! !, +,  #,D-(# .!&/ -6# -!T&'(H# 7-&,.

/&. 0+. 1(,. * ?UUA:2 3/I,  (%'#* # ;.#</!,& 7829: ;# ! %!. .!!%4.('# %!T+(- # &% ;.#;.( & !%

<P%(4&%  ! /#T&.(',#%L

J2(p) = max
U∑

i=1

wi [log2 fi(p)− log2 gi(p)] = max
U∑

i=1

wi

[
f̃i(p)− g̃i(p)

]
782V:

%2&2 0 < pi ≤ pi,max

f̃i(p)− g̃i(p) ≥ ri,min, ∀i = 1, . . . , U 782A:
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vp[n+ 1] = ω[n] · vp[n] + φ1 ·Up1 [n]
(

bbest
p [n]− bp[n]

)

+ φ2 ·Up2 [n]
(

bbest
g [n]− bp[n]

)

 !"#$%

&'() ω[n] * + ,'*-.,+ (+ /)0&.,(+() '& ,'12+'2) +23+04 Up1[n] ) Up2[n] 15& 6+2-,7)1 (,+8&'+,1 ()

(,6)'15& U .39&1 )0)6)'2&1 15& /+-,:/),1 +0)+2;-,+1 () (,12-,<3,=5& 3',>&-6) ∼ U ∈ [0, 1]? 8)-+(+1

@+-+ + p*1,6+ @+-2A.30+ '+ ,2)-+=5& n = 1, 2, . . . , I4 bbest
p [n] ) bbest

g [n] 15&? -)1@).2,/+6)'2)? + 6)0B&-
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 !"#$% &'() J)0&.,(+() -)@-)1)'2+(+ () 6+'),-+ )1K3)6+2,7+(+ )6 36 @0+'& .+-2)1,+'&"

L )/&03=5& (& MNO +.&'2).) () +.&-(& .&6 &1 .+'(,(+2&1 .&6 & 6)'&- /+0&- () >3'=5& .312&

  !"#$$% 1+2,1>+7)'(& +1 -)12-,=F)1 ()  !"#% )  !"P%" N)'(& +11,6? .+(+ /)2&- .+'(,(+2& bp[n] ()

(,6)'1F)1 U × 1 2)6 13+ @&1,=5& +23+0,7+(+ 32,0,7+'(& + '&/+ /)0&.,(+() .+0.30+(+ @)0+ QK3+=5&

 !"#$%? 2+0 K3)R

bp[n+ 1] = bp[n] + vp[n+ 1], ∀p = 1, . . . ,M  !"##%

&'() M * & 2+6+'B& (+ @&@30+=5&" S6+ <31.+ '5& )T+312,/+ 6&12-&3 K3) @&@30+=F)1 .&6 2+6+'B&

)K3,/+0)'2) &3 @-;T,6& +& 'U6)-& () 313:-,&1 (& 1,12)6+ 8)-+6 &1 6)0B&-)1 -)1302+(&1 )6 2)-6&1 ()

.&'/)-8E'.,+ ) K3+0,(+() (+ 1&03=5& )? @&-2+'2&? +& 0&'8& ()12) .+@A230& ()2)-6,'+V1) M = U + 2"

W)12+ >&-6+? @&()V1) -)136,- & +08&-,26& MNO .&6& + +@0,.+=5& 13.)11,/+ (+1 )K3+=F)1 ()

+23+0,7+=5& () /)0&.,(+() ) @&1,=5&" O @1)3(&V.;(,8& (& MNO .&'2A'3& 3',V&<9)2,/& * +@-)1)'2+(& '&

L08&-,26& !"#"

L C6 () -)(37,- + @-&<+<,0,(+() (+ @+-2A.30+ 1+,- (& 3',/)-1& () <31.+ & >+2&- () /)0&.,(+() 6:T,6+

Vmax * +(,.,&'+(& +& 6&()0& (& MNO  !"#$%? & K3+0 1)-: -)1@&'1:/)0 @&- 0,6,2+- & ,'2)-/+0& 6:T,6& ()
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 !"#$%&'# ()* "#$%&'()% *+, -.'/%012('3% 45&5 "#%6578% 92 :26-&;%;

 !"#$%$& M < I< ω< φ1< φ2< Vmax= '$(%$& p∗

'.>6'%

?@ '.'6'5#'A5& 5 4&')2'&5 4%4-#578%B n = 0=
bp[0] ∼ U [pmin; pmax] ∀p = 1, . . . ,M

b !"#

p [0] = bp[0] 5.9 b !"#

$

[0] = Pmax=

vp[0] = 0B 32#%6'9592 '.'6'5# .-#5=

C@ 2.D-5.(% n ≤ I
5@ 65#6-#2 J(bp[n])< ∀bp[n] ∀p = 1, . . . ,M -;5.9% EF@?G %- EF@!G=

0@ 5(-5#'A5& 32#%6'9592 vp[n], p = 1, . . . ,M < 5(&53H; 92 EF@?IG=

6@ 5(-5#'A5& )2#J%&2; 4%;'7K2;B

45&5 p = 1, . . . ,M
;2 J(bp[n]) < J(b !"#

p [n]) ∧ rp[n] ≥ rp,min<

b !"#

p [n+ 1]← bp[n]

;2.8% b !"#

p [n+ 1]← b !"#

p [n]
L) 45&5

;2 ∃ bp[n] (5# D-2
[

J(bp[n]) < J(b !"#

g [n])
]

∧ rp[n] ≥ rp,min

∧
[

J(bp[n]) ≤ J(bp′ [n]), ∀ p
′ 6= p

]

<

b !"#

g [n+ 1]← bp[n]

;2.8% b !"#

g [n+ 1]← b !"#

g [n]
9@ M3%#-'& 45&5 -)5 .%35 4%4-#578% bp[n+ 1] ∀p = 1, . . . ,M < -;5.9% EF@??G=

2@ ;2( n = n+ 1@
2.9

 @ p∗ = b !"#

$

[I]@
2.9

−−−−−−−−−−−−−−−−−−−−−−−−−
M  !"#"$%& '" (&()*"+,&-

I $.#/0& #123#& '/ 3!/0"+4/5-

pmax 6/!&0 '/ (&!7$83"5 #123#"5 ("0" 8"'" )5)103&-



 !" # $%&'()*+' ,-# .'/*0/1'  !

 !"#$%&'&! !( [±Vmax]) *+,' -!+,-%./# 0'  !"#$%&'&! 1!-(%,! 23! ' 1'-,4$3"' (# '5+! !( 3( 30% !-+#

$#0,403# 1#-6( -!+,-%,# ' 3( +37!+1'.#8 1#&!0&# +!- '1"%$'&' &' +!93%0,! :#-(' ; !"#!$% &' ()*8

<=>>8 <=>=7?@

vp[t] = min {Vmax; max {−Vmax; vp[t]}} ;A)><?

B 1'-,%- &! ;A)><? C$' $"'-# 23! +! |vp[t]| !D$!&!- 3(  '"#- 1#+%,% # $#0+,'0,! Vmax !+1!$%C$'&#

1!"# 3+3E-%#8 '  !"#$%&'&! &' p6+%(' 1'-,4$3"' 6 &!+%90'&' $#(# sign(vp[t])Vmax8 %)!) '  !"#$%&'&! &'

1'-,4$3"' !( $'&' 3(' &'+ U− &%(!0+F!+ 6 CD'&' ' 3(' ('90%,3&! (ED%(' Vmax) G! :#- 1#++4 !"

&!C0%- # !+1'.# &! 73+$' 03( %0,!- '"# [pmin; pmax]8 !0,/# #  '"#- &! Vmax ,%1%$'(!0,! 3,%"%H'&# +!-E

Vmax = τ(pmax − pmin)8 #0&! 0, 1 ≤ τ ≤ 1, 0 ;+,-.!/0 "%12,33,8 <==I?)

J#( # %0,3%,# &! &!,'"K'- # !+,3&# '$!-$' &# 1!+# &' %06-$%' ω 0#,'5+! 23! 3(  '"#- -!"',% '(!0,!

'",# $#0,-%73% 1'-' !0$#0,-'- L,%(#+ 9"#7'%+8 #:3+$'0&# ' %0M3N0$%' &#  '"#- &'+ (!"K#-!+ 1#+%.F!+ &'

1'-,4$3"' ! &# 7'0&#

 

8 !023'0,# 3( 1!23!0#  '"#- &! %06-$%' ,!0&! ' $#0,-%73%- 1'-' ' $#0 !-9N0$%'8

%)!) ω $#(  '"#-!+ 7'%D#+ $#0,-%73% 1'-' ' !D1"#-'./# "#$'" 3('  !H 23! '+ 1'-,4$3"'+ 1'++'( ' +#:-!-

('%#- %0M3N0$%' &! b!"#$

p ! bbest
g ;,4,2/!250  /$8 <==>O  /$0 ,4,2/!258 >PPQ?)

G!0&# '++%(8 ' C( &! ',%09%- 3( 7'"'0.# !0,-! '+ K'7%"%&'&!+ &! 73+$' "#$'" ! 9"#7'"8 3(' %06-$%'

"%0!'- &!$-!+$!0,! $#( ' ! #"3./# &# '"9#-%,(# ,!( 3(' 7#' $'1'$%&'&! &! 73+$' 9"#7'" 0# %04$%#

! $'1'$%&'&! &! 73+$' "#$'" !23% '"!0,! 0'+ %,!-'.F!+ C0'%+) R!+,' :#-('8 1#&!5+! '&#,'- # +!93%0,!

(#&!"# &! %06-$%'@

ω[n] = (ωinicial − wfinal) ·

(

I − n

I

)m

+ ωfinal ;A)>S?

#0&! ωinitial ! ωfinal +/# ' %06-$%' %0%$%'" ! C0'"8 -!+1!$,% '(!0,!8 ωinicial > wfinal8 I 6 # 0T(!-# (ED%(#

&! %,!-'.F!+8 ! m ∈ [0, 6 ; 1, 4] 6 # 40&%$! &' '&'1,'./# 0/# "%0!'- ;6/!55,2.,,0  $!2278 <==I?)

 !"!# $%&'&()*+, -,. /)01'2%0,. -2 34%0)-) -, /5$

G%(3"'.F!+ $#(13,'$%#0'%+ :#-'( -!'"%H'&' ' C( &! &!,!-(%0'- #+ (!"K#-!+  '"#-!+ &#+ 1'-U(!,-#+

&! !0,-'&' &# VGW 1'-' $'&' 3( &#+ 1-#7"!('+ &! #,%(%H'./# ,-','&#+) X#-'( #,%(%H'&#+ #+

$#!C$%!0,!+ &! '$!"!-'./#8 φ1 ! φ28 '  !"#$%&'&! (ED%(' 1!-(%,%&'8 Vmax8 ' %06-$%'8 ω8 ! # ,'('0K#

&' 1#13"'./#8 M )

*( 1-#7"!('+ &! #,%(%H'./# &%+$-!,#+8 $#(# &!,!$./# (3",%3+3E-%# !( +%+,!('+ RGYJRZB8 '

 !"#$%&'&! &! $#0 !-9N0$%' &# '"9#-%,(# VGW 1#&! +!- '3(!0,'&'8 +!( 1!-&' &! $'1'$%&'&!+ &!

!D1"#-'./#8 !"! '0&# #  '"#- &# 1'-U(!,-# φ2 ;%3$8,$2! &' ()*8 <==I?8 !023'0,# ('0,6(5+! # 1'-U(!,-#

 

$9': ; (<=):>: ( ?@;?( @: A&<BC&<: @( ?<;DE?( @( C&EF<?E( E)=99?E( :<@& ; C(?9 @?AGE?) D&'?D(D :HI&':9 J&9(@:9 KE:C

>D(<@& ?<;DE?(L @(9 9M(9 'D(I&'ND?(9 @& OB: @: PM& :HI&':9 )&O&9 KJ&PM&<( ?<;DE?(L



 !" # $%&'()*+' ,-# .'/*0/1'  !

φ1  ! "! #$% &'()* + '()*& , - ." $*,/ 0$%& %($%*1 -(&( -&*2) !(, + *%#!#3(45* 6*$%7$"*, 6*!* *,

#$' ,%#8(+*, $ ,% %&(2()9*1 *, & ,")%(+*, $"!:&#6*, (-& , $%(+*, $( ; 45* </= #$+#6(! ." (->, "!

$?! &* ,"@6# $% + #% &(4A , I -(&( (%#$8#& ( 6*$' &8B$6#(1 ( !(C#!#3(45* +(, D"$4A , 6",%* D*&(!

*2%#+(, 6*! '()*& , 2(#C*, -(&( *, +*#, 6* @6# $% , + (6 ) &(45*/

E D(%*& Vmax D*# *%#!#3(+* %(!2:!/ F +#' &,#+(+ ("! $%( 6*! ( ' )*6#+(+ +( -(&%76")( ." 

% $+ ( -(,,(& +*, )#!#% ,  ,%(2 ) 6#+*, -*& G</HIJ/ E '()*& + Vmax + % &!#$( ( !(#*& !"+($4(

-*,,7' ) $( -*,#45* + "!( -(&%76")( ( 6(+( #% &(45*/ ; ! - ,* #$ &6#()1 #/ / ω = 11 02 &9(&%  ;9#

G ! "#$"%& '#(1 IKKHJ + ,6*2&#&(! ." *, ! )9*& , '()*& , + ' )*6#+(+ !LC#!( - &!#%#+(  ,%5*

 $%& 10 ( 20% +* #$% &'()* +#$M!#6* + 6(+( +#! $,5* +( -(&%76")(/ F  ,6*)9( (-&*-&#(+( + Vmax

 '#%( ." ( -(&%76")( % $9( ,"( -*,#45* (%"()#3(+( -(&( "! -*$%* !"#%* +#,%($% +*  ,-(4* + ,*)"4A ,

-&*!#,,*&(,/ N*&%($%*1 -(&( (!2*, *, -&*2) !(, G</HJ  G</OJ1 "!( 2",6( $5*  C(",%#'( #$+#6*" ." 

( ! )9*& - &!"%( + + , !- $9*×6*!-) C#+(+ -*+ , & *2%#+( + ,#8$($+* "! D(%*& + ' )*6#+(+ 

!LC#!( + Vmax = 0.2× (pmax − pmin)/

N(&( * '()*& +( #$:&6#(1 ω1 ,#!")(4A , 6*$@&!(&(! ." '()*& , ()%*, #!-)#6(!  ! "!( 6*$' &8B$6#(

&L-#+(1  ! + %&#! $%* +( +#' &,#+(+ + 2",6(1 + %() D*&!( ." * ()8*&#%!* -*+ 6*$' &8#& D(6#)! $% 

-(&( "! -*$%* + >%#!* )*6()/ N*& *"%&* )(+*1 "! '()*& - ." $* + ω & ,")%(  ! "!( 6*$' &8B$6#(

) $%( + '#+* ( ."($%#+(+ !"#%* 8&($+ + !"+($4(, + -*,#45* +(, -(&%76")(,  ! "!  ,-(4* + 

2",6( - ." $*/ P ,% %&(2()9* D*&(! (+*%(+*, '()*& , + #$:&6#( (+(-%(%#'*, 6*$D*&! ( 0."(45*

G</HQJ1 6*! m = 11  '()*& , + #$:&6#( #$#6#()  @$() + R ωinicial = 1 ($+ ωfinal = 0.01/ F,,#!1 *,

'()*& , !LC#!*, + ' )*6#+(+ @6(! )#!#%(+*, - )*, '()*& , + #$:&6#( #$#6#()  @$() !")%#-)#6(+*, - )*

-(&M! %&* Vmax1 & ,")%($+*  !R

ωinitial × Vmax = 0.2 (pmax − pmin),  ωfinal × Vmax = 0.002 (pmax − pmin) G</H=J

S#$()! $% 1 * 6&#%:&#* + -(&(+( +* ()8*&#%!* -*+ , & * $?! &* !LC#!* + #% &(4A , *" "! )#!#(&

+  &&* !LC#!* - &!#%#+*1  /8/R

∣

∣

∣

∣

J [n]− J [n− 1]

J [n]

∣

∣

∣

∣

< ǫparada G</H<J

*$+ %#-#6(! $% ǫparada ∈ [0, 001; 0, 01]/

T !($ #&( ()% &$(%#'(1 ( @! + ($()#,(& ( -*&6 $%(8 ! + ,"6 ,,*

 

1 +(+( "!( ."($%#+(+ TR

+ & ()#3(4A ,  6*$,#+ &($+* "! $?! &* @C* + #% &(4A , !LC#!* I1 : -*,,7' ) & ()#3(& "! % ,% + 

6*$' &8 $6#(/ U! % ,% : 6*$,#+ &(+* 2 ! ,"6 +#+* , ( , 8"#$% & )(45* : ,(%#,D #%(R

|J [G]− J [p∗]| < ǫ1J [p
∗] + ǫ2 G</HVJ

 

 ) *+,)-. /+ - 012-,3*)- 4'5 0*3623, 7-68+,296730 *-*01



 !" #$%&'()*+% ,&-./01+%  !

 !"#$ J [p∗] %  &'() *+ ,-+ "- ./!01  ,2#'(3 #) 4 !5("#6-01 $ J [I] %  3-+ 6 &'() "- ./!01  ,'(" 

7#+ -+* 6(') -7&5 I ('#6-08#5$ #$ ǫ1 # ǫ2$ 51 4 #94(#!'#5 "# 76#4(51 '(7(4-)#!'# ! (!'#63-+ "#

[10−6; 10−2]: ; 5 #5'/" 5 -</( -76#5#!'-" 5  5 3-+ 6#5 4 !5("#6-" 5 . 6-) TR = 100 6#-+(=-08#5 #

ǫ1 = ǫ2 = 10−2:

 !" #$%&'()*+% ,&-./01+%

>#!" #) 3(5'- -3-+(-6  "#5#)7#!? " @AB !- 5 +/01 " 5 76 ,+#)-5 CD:EF # CD:GF$ 5()/+-08#5

!/)%6(4-5 . 6-) 6#-+(=-"-5 /'(+(=-!" 7+-'-. 6)- H-'I-, 3#6:J:K: B5 6#5/+'-" 5 "#546(' 5 !#5'- 5#01 

. 6-)  ,'(" 5 #) 5()/+-08#5 5 , - 7#657#4'(3- " L#!M6( 4 "#546(' !- A#01 K:N$ 4 ) #O4#01 "#

</-!"  /'6 4#!M6( . 6 )#!4( !-" $ 4 ) -5 5#*/(!'#5 7-6'(4/+-6(=-08#5 (!"(4-"-5 !- >-,#+- D:E:

 !"#$! %&'( @-6P)#'6 5 7-6- #57#4Q94 5 7-6-  @AB

)!*+,#-*./ 0!$.*#/ 12.-!2./

 !"#$%& ' ()'*+

@ 'R!4(- )MO()- 7 6 /5/M6( pmax = [30, 35] S"T)U

V '#6)(!-(5 )&3#(5 U ∈ [5, 250]
W#!5("-"# "# X!'#6.#6R!4(- 7 6 5/,Y4-!-+ I ≈ [0, 2 ; 10]

[

Interf
Km2

]

)&,&-

H-O: Z6#</R!4(- W 77+#6 fDmax = 11, 1 [=

\"(4( !-+)#!'#$ ' " 5  5 #!+-4#5 >HYTA #5'1 5/2#(' 5 - "#53-!#4()#!' 5 +#!' 5$ (:#: CN:ENF %

5-'(5.#('-$ "# '-+ ) " </#  4-!-+ !1 5 .6# 3-6(-08#5 5(*!(94-'(3-5 "/6-!'# - 2-!#+- "#  '()(=-01 "#

I ('#6-08#5 " -+* 6(') : \ -!M+(5# . ( "(3("- #) "/-5 5/,5#08#5 6#.#6#!'#5 - 5 " (5 76 ,+#)-5 "(5'(!' 5

CD:EF # CD:GF:

 !"!# $%&'()*+,& -'./012,& 3*0* 4*51.16*78, +* 9*68, %. :1&)%.*&

4'()1;)*5*

])- -!M+(5# " 5 7-6P)#'6 5 . ( .#('- 4 )   ,2#'(3 "# "#'#6)(!-6 - )#+? 6 4 ),(!-01 "# φ1 #

φ2 7-6-  76 ,+#)- CD:GF: A()/+-08#5  4 66#6-) .-=#!" /5 "- )#5)- 4 !9*/6-01 $ (:#: 4 !"(08#5

"# 4-!-+$ !^)#6 "# /5/M6( 5 ! 5(5'#)- # 6#</(5(' 5 "# _ A " 5 /5/M6( 5:

\ >-,#+- D:` # - Z(*/6- D:` (+/5'6-) -5 "(.#6#!'#5 </-+("-"#5 "# 5 +/01 #) '#6) 5 "# 3-+ 6 "#

./!01 4/5' $ </-!" "(5'(!' 5 3-+ 6#5 7-6- φ1 # φ2 51 4 ),(!-" 5 #) /) 5(5'#)- 4 ) U = 5 /5/M6( 5:

B5 3-+ 6#5 )%"( 5 "- ./!01 4/5' . 6-)  ,'(" 5 -7&5 1000 6#-+(=-08#5: \+%) "(5' $  5 3-+ 6#5 "-

./!01 4/5' -76#5#!'-" 5 !- >-,#+- D:` . 6-)  ,'(" 5 !- )(+%5()- ('#6-01 I = 1000: \5 '-O-5 "#

(!. 6)-01 )Q!()- 7-6- 4-"- /5/M6( . 6-) 4 !5("#6-"-5 (*/-(5$ (:#: r∗1 = r∗2, . . . , r
∗
i , . . . , r

∗
U = 1

128
Rc

S,75U:

\ 7-6'(6 "- >-,#+- D:` # "- Z(*/6- D:` % #3("#!'# </# 7-6- U = 5 /5/M6( 5  5 7-6P)#'6 5 φ1 = 2

# φ2 = 1 6#5/+'-) #) /) 3-+ 6 "# ./!01 4/5' )%"( )-( 6 </#  /'6-5 4 !9*/6-08#5 -7&5 1000



 !" #$%&'()*+% ,&-./01+%  !

 !"#$! %&'(  !"#$%& '#! "#()"*(+,(! '( &"($(-&./# 0&-& U = 5 1!12-*#!3

(φ1, φ2) (1, 2) (2, 1) (2, 2) (4, 2) (2, 8) (8, 2)
J [I] 4, 2866 4, 3131 4, 2833 4, 3063 4, 2532 4, 3091

I = 1000  !"#$%&"'( )$*+# ,-./+ ", 1000 #"$*/0$%&"'1

*,(-&.4(!3 5#-,&+,#6 # 1!# '(!,(! 0&-78(,-#! 0&-& 18 !*!,(8& "#8 0(91(+# "&--(:&8(+,# ; # 8($%#-

(8 ,(-8#! '( 0-#<$(8& '( &$#"&./# '( ,&=& ( 0#,>+"*& 0&-& -('(! ?@AB?CD3 E&$( #<!(-F&- 91( &

'*G(-(+.& (+,-( #! -(!1$,&'#! 8#!,-&'#! +& H&<($& I3J !/# (91*F&$(+,(! & 18 *+"-(8(+,# +& F&K/# '&

#-'(8 '( ∆ΣR = 60 L<0! & ∆ΣR = 670 L<0!6 "#8# &0-(!(+,&'# +& M*:1-& I3J3
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Valor Médio da Função Custo (U = 5 Usuários)

φ1 = 2, φ2 = 1

φ1 = 2, φ2 = 2

φ1 = 2, φ2 = 8

φ1 = 8, φ2 = 2 950 960 970 980 990
4.25

4.26

4.27

4.28

4.29

4.3

4.31∆ΣR =
60Kb/s

∆ΣR = 670Kb/s

 !"#$% &'()  !"#$%&" '( )$*%&" +$,-" (" #"*." '/ 1000 0-/1(%2/,3 45'0( /4 1000 1/(#06(%2/,7
U = 5 $,$810", *(, 4/,4(, +"*'0%2/, '/ +(*(# 9(1( '0)/1/*-/, +"4:0*(%2/, '/ 9(1;4/-1", φ1 / φ27

<, =0.$1(, >7?7(@ / >7?7:@ 4",-1(4 ( /!"#$%&" '( ,"4( '/ -(A( '/ 0*)"14(%&" / '( ,"4( '/

9"-B*+0(, -C90+( (" #"*." '(, 0-/1(%2/, 9(1( U = 20 $,810",3 φ1 = 2 / φ2 = 13 -(4(*D" '( 9"9$#(%&"

0.$(# (M = U+27 E:,/1!/ F$/ (, (-$(#06(%2/, '/ 9"-B*+0( (9G, ≈ 385 0-/1(%2/, 5 F$(,/ 0*,0.*0H+(*-/

/4 -/14", '/ ,"4( '(, -(A(,7 I,," (+"*-/+/ '/!0'" ( 9/F$/*", 0*+1/4/*-", *( -(A( '/ +('( $,$810"

*" 0*-/1!(#" '/ 1 ( 10 J:9,3 F$(*'" +"49(1('", +"4 ( !(6&" '" ,0,-/4(7

E (#."10-4" 4",-1"$K,/ 1":$,-" /4 ,0,-/4(, +"4 $4 *L4/1" (#-" '/ $,$810", (-0!", *" ,0,-/4(3

07/7 (#-( '/*,0'('/ '/ 0*-/1)/1/*-/,7 <, =0.$1(, >7M7(@ / >7M7:@ 4",-1(4 ( /!"#$%&" -C90+( '( ,"4(

'(, -(A(, / ,"4( '(, 9"-B*+0(, (" #"*." '(, 0-/1(%2/, 9(1( $4 +(11/.(4/*-" '/ U = 100 $,$810",7

N"4" /,9/1('"3 " (#."10-4" */+/,,0-( '/ 4(0, 0-/1(%2/, 9(1( (-0*.01 ( +"*!/1.B*+0( O+/1+( '/ 500

0-/1(%2/,@3 /4 +"49(1(%&" +"4 " +(," '/ U = 20 $,$810",3 4(, " .(*D" /4 -/14", '/ !(6&" '"

,0,-/4( +"4:0*('" +"4 ( 1/'$%&" '( 9"-B*+0( 5 4(0, ,0.*0H+(*-/ F$/ *" +(," (*-/10"17

<'0+0"*(#4/*-/3 $4 9/F$/*" ($4/*-" *( 9"-B*+0( 48A04( 9"1 $,$810"3 07/7 '/ 30'P4 9(1(

35'P43 9/140-/ F$/ " (#."10-4" /*+"*-1/ )(+0#4/*-/ $4( ,"#$%&" 9(1( " 91":#/4( '/ "-0406(%&" 9(1(

$4 +(11/.(4/*-" '/ ,0,-/4( 4$0-" .1(*'/3 07/7 250 $,$810", /4 $4( +5#$#( '/ 25Km2
7 <, =0.$1(,

>7>7(@ / >7>7: 4",-1(4 ( /!"#$%&" -C90+( '( ,"4( '(, -(A(, / '( ,"4( '(, 9"-B*+0(, (" #"*." '(,

0-/1(%2/, 9(1( U = 250 $,$810",7 E:,/1!/ F$/ " (#."10-4" (-0*./ ( +"*!/1.;*+0( 9"1 !"#-( '/ 750
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tê

n
ci

a
s

[W
]

 !"#$% &'()  !"#$%&" '()*+, -, ,. /"0, -,/ ',1,/ 2 3. /"0, -,/ )"'45+*,/ +"0 φ1 = 1, φ2 = 26 2
U = 20 $/$78*"/9
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Iterações

S
o
m

a
d
a
s

P
o
tê
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 !"#$% &'*)  !"#$%&" '()*+, -, ,. /"0, -,/ ',1,/ 2 3. /"0, -,/ )"'45+*,/ +"0 φ1 = 1, φ2 = 26 2
U = 100 $/$78*"/9
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 !"#$%&"'(  )*+ ,$-./ 01" $ 2"+/, .$." ." ,/-2"#34-, $( ") !"#)/' ."  !"#$%&"'( ,#"'," ,/) / -5)"#/

." 1'16# /' -/ ' '!")$ ." )$-" #$ + -"$#7
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 !"#$% &'&(  !"#$%&" '()*+, -, ,. /"0, -,/ ',1,/ 2 3. /"0, -,/ )"'45+*,/ +"0 φ1 = 1, φ2 = 26
U = 20 $/$78*"/ 2 pmax = 359-:0;<

 !"!# $%&'()*+,& -'./012,& 3*0* , 40,5(%.* +% 6,7)0,(% +% 4,)8721*

=,/ /2%>2/ , /2?$*8 , "'*0*@,%&" -"/ ),8A02'8"/ 2 "/ 82/$#',-"/ -2 /*0$#,%&" ),8, " )8"3#20, -2

,#"+,%&" -2 )"'45+*, +"0 82/'8*%>2/ -2 ',1, -2 *5B"80,%&" 0(5*0, /28&" ,)82/25',-"/< C-*+*"5,#025'26

),8, ,/ /*0$#,%>2/ -2/'2 )8"3#20, B"* $'*#*@,-" " 02/0" +2578*" -2/+8*'" 5, D2%&" E<F<G<

&')'*'+ ,-./012- 3/ 4256/$"750!%( 81!9!:%;<2 3/ φ1 / φ2

D*0$#,%>2/ B"8,0 +"5-$@*-,/ , H0 -2 -2'280*5,8 $0, 3", 2/+"#I, -2 +"2H+*25'2/ -2 ,+2#28,%&"

φ1 2 φ2 #2!,5-" 20 +"5', " )8"3#20, JE<G.< C K,32#, E<L *#$/'8, -*B2825'2/ M$,#*-,-2/ -2 /"#$%&"

20 '280"/ -2 =ND 6 -2H5*-" 20 JF<GG.6 M$,5-" -*B2825'2/ !,#"82/ ),8, φ1 2 φ2 /&" +"03*5,-"/ 20

$0 /*/'20, +"0 -*B2825'2/ +,882?,025'"/ U < O"8,0 +"5/*-28,-"/ /*/'20,/ $5*P',1, 2 0$#'*P',1,< Q/

!,#"82/ -2 =ND B"8,0 '"0,-"/ 20 100 82,#*@,%>2/< C#R0 -*/'"6 "/ !,#"82/ -2 =ND B"8,0 +,#+$#,-"/

5, *'28,%&" 800 ),8, +,/"/ ',1, S5*+, J !"#$% &'(%6 /8. +"0 U = 25 $/$78*"/ 2 5, 0*#R/*0, *'28,%&"

),8, /*/'20,/ 0$#'*P',1, J)*$(!&'(%6 08. +"0 U = 10 $/$78*"/< C/ ',1,/ -2 $/$78*" B"8,0 -2/*?5,-,/

-2 0,52*8, ,#2,'T8*, ),8, " /*/'20, 0$#'*P',1, +"5/*-28,5-" ,/ '84/ )"//(!2*/ ',1,/ ,)82/25',-,/ 5,

K,32#, L<F<

="'2 M$2 ),8, " +,/" 0$#'*P',1, "/ !,#"82/ -"/ +"2H+*25'2/ ,+2#28,%&" T'*0"/ 0$-,0< U"8',5'"6

+"5/*-28,5-" , M$,#*-,-2 -2 /"#$%&"6 "/ 02#I"82/ !,#"82/ 25+"5'8,-"/ B"8,0 φ1 = 1.2 ,5- φ2 = 0.6

),8, " +,/" -2 ',1, S5*+,6 26 φ1 = 2 2 φ2 = 26 ),8, " +,/" 0$#'*P',1, +"0 $0 +,882?,025'" ,#'"

JU ≥ 10.< U,8, " +2578*" 0$#'*P',1, +"0 U < 10 , 02#I"8 )280$', -2 +"5!28?45+*, × M$,#*-,-2 -,

/"#$%&" B"* ,'*5?*-" +"0 φ1 = 1 ,5- φ2 = 2 J !"#!$% &' ()*6 VWGG.<
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 !"#$! %&'(  !"#$%&'(" ")*+$),-&'(" '& (%)*).&/0( '! φ1 ! φ2 -(1")'!2&1'( ")"%!*&" %&3&451)-&

6 !7 ! *#$%)4%&3& 6"!78
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)*+,-! %&.( 9(1:!2;<1-)& %=+)-& '& +(%<1-)& 6!7> ?@A ! ?B@A 6"78 C(+#$&/0( )1)-)&$ &$!&%D2)&> -(*

U = 5 #"#E2)("8 9(1')/F!" '! -&1&$ !"%E%)-&" '#2&1%! TR = 10 2!&$).&/F!"8 G&*&1H( '& +(+#$&/0(
M = K + 28 9&"( *#$%)4%&3&8 A"I#!2'&7 φ1 = φ2 = 2J K)2!)%&7 φ1 = 1.0> φ2 = 2.0

 !"#$%&'(" *("%2&2&* I#! ( &$;(2)%*( -(1:!2;! +&2& & "($#/0( D%)*& 6&1&$=%)-&> &%2&:L" '& "($#/0(

'( ")"%!*& $)1!&2 !* 6M8NO77 +&2& #*& ;&*& ;2&1'! '! ')P!2!1%!" -&22!;&*!1%("> +(")-)(1&*!1%( '("

%!2*)1&)" *D:!)" ! -(1')/F!" '! -&1&$8 Q R);#2& S8T *("%2& & !:($#/0( '( :!%(2 P best
g &( $(1;( '! 800

)%!2&/F!" +&2& '#&" -(1,;#2&/F!" ')P!2!1%!" '! :&$(2!" '(" -(!,-)!1%!" '! &-!$!2&/0( ! U = 5 #"#E2)("8

U &$;(2)%*( &%)1;! & -(1:!2;<1-)& !* -!2-& '! 550 − 600 )%!2&/F!" +&2& (" ;2E,-(" '& !"I#!2'& !

350− 375 )%!2&/F!" +&2& φ1 = 1.0 ! φ2 = 2.0 6')2!)%&78 @)*#$&/F!" 2!:!$&2&* I#! &#*!1%&2 ( :&$(2 '!

φ2 (# 2!'#.)2 φ1 < 1.0 -&#"& & 10(4-(1:!2;<1-)& '( &$;(2)%*(8 Q')-)(1&$*!1%!> (" +&2V*!%2(" φ1 = 1.0

! φ2 = 2.0 2!"#$%&* !* #*& -(1:!2;<1-)& ∼ 45% *&)" 2E+)'& '( I#! #%)$).&1'( (" +&2V*!%2(" φ1 = 2.0

! φ2 = 2.08 C(2 (#%2( $&'(> ( ?B@A ! ( !22( I#&'2E%)-( 1(2*&$).&'( 6 !"#$%&'() *+,$"() (""!"> ?@A7
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 !"#$%&'(! ) φ1 = 2 * φ2 = 2+ ,-)" .$/0!1 ! 2345 6&7& U > 20 8/897$!/ ) 67&0$ &"*%0*  !%/0&%0*1

 !" 8"& 0&:& .*  7*/ $"*%0! *" 7*-&'(! &! %;"*7! .* 8/897$!/ "8$0! "*%!7 .! <8* ! 2345 %!
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ι = U × 10−19

φ1 = 2; φ2 = 2
φ1 = 1; φ2 = 2
φ1 = 2; φ2 = 1

 !"#$% &'() NMSE *" 100 &"!/07&/1 U ∈ [5, 25] 6&7& .$>*7*%0*/ φ1 * φ2+ ?*%97$! "8-0$@0&:&+

I = 1000 $0*7&'A*/+

B!7 !807! -&.!1 *" 0*7"!/ .* 0*/0* .*  !%=*7CD% $&1  !"! .*E%$.! %& 5<8&'(! FG+HIJ1 * &//8"$%.!

ǫ1 = ǫ2 = 10−21 & K&#*-& G+L "!/07& <8* ! &-C!7$0"! B4M &0$%C* 8"&  !%=*7CD% $& "&$/ 796$.& F !"

#&/* %*/0*  7$0)7$!J  !" φ1 = 1 * φ2 = 2 6&7& <8&-<8*7  &77*C&"*%0!1 K ∈ [5, 20] 8/897$!/+

*%+,-% &'.) N*/8-0&.!/ .* ?!%=*7CD% $& 6&7& ?*%97$! 38-0$@K&:&1 /!# FG+HIJ  !" ǫ1 = ǫ2 = 10−2+

U  !"#$%&! 5 10 15 20
I '()$*+,)! 500 600 1000 1800

φ1 = 1, φ2 = 2 108 301 420 488
φ1 = 2, φ2 = 1 127 479 526 696
φ1 = 2, φ2 = 2 263 591 697 757

5" /8"&1 !/ 7*/8-0&.!/ %8")7$ !/ 6&7& ! 67!#-*"& .* "$%$"$O&'(! .* 6!0D% $&  !" .*/$C%&'(!

&-*&0P7$& .* 0&:& "Q%$"& 6&7& !/ 8/897$!/ 7*=*-&7&" <8* 6&7& C7&%.*/  &77*C&"*%0!/ .* /$/0*"& <8*

!/ "*-R!7*/ =&-!7*/ .*  !*E $*%0*/ .* & *-*7&'(! /(! φ1 = 1 * φ2 = 21 *" 0*7"!/ .*  !%=*7CD% $&

* <8&-$.&.* .* /!-8'(!+ S9 6&7& 6*<8*%!/  &77*C&"*%0!/ & "*-R!7 */ !-R& )T φ1 = 2 * φ2 = 2 <8*

7*/8-0& *" 8"& "*-R!7 <8&-$.&.* .& /!-8'(!+

&'.'/'/ 0123$1-, 4, 513627!% $,-%7!12%41 % φ1 , φ2

, E" .*  !77!#!7&7  !" & */ !-R& .&/ "*-R!7*/  !"#$%&'A*/ .* φ1 * φ21 & U$C87& G+V "!/07& &

6!0D% $& 0!0&- .! /$/0*"& *" /$08&'A*/ 0Q6$ &/ .*  &%&-1 $+*+ &0*%8&'A*/ 67!>8%.&/+  !"! >8%'(! .!

%;"*7! .* 8/897$!/ 8%$@0&:&1 6&7&"*07$O&.!/ 6!7 φ1 * φ2+ M .*/*"6*%R! .! &-C!7$0"! *" 0*7"!/

.* 6!0D% $& 0!0&- "Q%$"&  !%/8"$.& 6&7& U > 13 ) &0$%C$.& 6*-&  !"#$%&'(! φ1 = 1.0 * φ2 = 2.0+

?!"! W9 "*% $!%&.!1 !807&/  !"#$%&'A*/ .*  !*E $*%0*/ .* & *-*7&'(! 7*/8-0&" *" 8"& 6!0D% $&

0!0&-  !%/8"$.& /86*7$!7+
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 !"#$% &'()  !"#$%&" '( )"*+,#-$ ," .-.*(/$ )$0$ '-1(0(,*(. )$02/(*0". φ1 ( φ23 U ∈ [2, 25]4
/56-/" '( 1000 -*(0$%7(.4 #$." '( *$6$ 8,-#$ #"/ rmin =

1
128

Rc3

&'*'+', -.!/!0%123 43 5%$6/7.$3 ι

9 )$02/(*0" ι ,$ 1:,%&" #:.*" ;<3=>4 1"- '(?,-'" (/ 1:,%&" '" ,8/(0" '( :.:50-". $*-@". ,"

.-.*(/$ U 4 '( *$! 1"0/$ A:( ι = U × 10−193 B.*$ 0(!$%&" 1"- (,#",*0$'$ C$.($'$ ," @$!"0 .:D(0-'"

(/ ; !"#$%&'(%&)*  )+#,#!* $#"#+4 EFFG> ( $'$)*$'$ )$0$ " )0"C!(/$ '( $!"#$%&" '( )"*+,#-$

(/ .-.*(/$ HIJKHL /:!*-M*$6$ $*0$@N. '( :/$ C:.#$ ,&"M(6$:.*-@$3 O$0$ '-1(0(,*(. ,8/(0".

'( :.:50-".4 $ P-D:0$ <3Q -,'-#$ $ (@"!:%&" '" '(.@-" )$'0&" '$ )"*+,#-$ 0(#(C-'$ R-)"*N*-#$4 σpr4

'$'" )(!$ ."!:%&" '" $!D"0-*/" OI9 ,$ -*(0$%&" n /:!*-)!-#$'" )(!" 0(.)(#*-@" D$,R" '( #$,$! ( "

D$,R" '( )0"#(..$/(,*"4 p !"#

$

diag(G) 3 9. 0(.:!*$'". )$0$ σpr ,$ P-D:0$ <3Q 1"0$/ "C*-'". ."C

$ /N'-$ (/ 1000 '-1(0(,*(. )"):!$%7(. -,-#-$-. :,-1"0/(/(,*( '-.*0-C:S'$. ," -,*(0@$!" [pmin; pmax] (

:/$ 8,-#$ 0($!-T$%&" '( #$,$!3  ..-/4 ". @$!"0(. '( σpr $)0(.(,*$/ :/$ -'N-$ ."C0( $. '-.)$0-'$'(.

'$ )"*+,#-$ 0(#(C-'$ ;0(':%&" '" (1(-*"  !"#$%"#> (,A:$,*" $ )"):!$%&" (@"!:- $" !",D" '$. -*(0$%7(.3

K"/" #",.(A:+,#-$4 ". @$!"0(. '( ι ( .:$ '()(,'+,#-$ '-0(*$ #"/ " ,8/(0" '( :.:50-". )"'( .(0

(.*$C(!(#-'$3

 P-D:0$ <3=F /".*0$ $ '-?#:!'$'( (/ .( 0(."!@(0 " )0"C!(/$ '( $!"#$%&" '( )"*+,#-$ '$'"

0(.*0-%7(. '( *$6$ '( -,1"0/$%&" /S,-/$ $.."#-$'" $ 1:,%&" #:.*" '$ BA:$%&" ;<3=> ," '"/S,-" R
U
3

U(.*$ #",'-%&" '( #$,$! )$0*-#:!$04 $ $!"#$%&" '( )"*+,#-$ V*-/$ ( " /56-/" D!"C$! '$ 1:,%&" #:.*"

.&" )",*". '-.*-,*".3 W.*" $#",*(#( '(@-'" $ )0(.(,%$ '( :.:50-". #"/ )N..-/$. #",'-%7(. '( #$,$!4

(3D3 :.:50-" /:-*" '-.*$,*( '$ (.*$%&" 05'-"MC$.( #"/C-,$'". $ :/$ .-*:$%&" '( $*(,:$%&" )0"1:,'$3

L:-*$. @(T(.4 ,(.*(. #$.".4 N /(!R"0 0(*-0$0 " :.:50-" '" .-.*(/$ )"0 :/ C0(@( )(0S"'" '( *(/)"

;&'(")!> ( 0(#",(#*5M!" A:$,'" $. #",'-%7(. '" #$,$! '" /(./" (.*-@(0(/ /$-. 1$@"05@(-.4 #"/ "

-,*:-*" '( /-,-/-T$0 $ )"*+,#-$ *"*$! #",.:/-'$ )(!" .-.*(/$3
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 !"#$% &'()  !"#$% &' &'%#() *$&"+) ,-&() &) #'.)" /(*).-.(0) &' *).120($ "'0'3(&$4 σpr4 0),)

5!26+) &) 27,'") &' (.'"$68'% &'0)""(&$%9 :-&($ %)3"' 1000 &(5'"'2.'% *)*!;$68'% (2(0($(% $&,(.(&$%
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 !"#$% &'*+) >#);!6+) &)  !"#$$ &) ,';/)" (2&(#<&!) ?;)3$; ' ) #$;)" &$ 5!26+) 0!%.) *$"$ ) #'.)"

&' *).120($% @.(,$% ', A!$.") &(5'"'2.'% "'$;(=$68'% 0), φ1 = 1 ' φ2 = 24 U = 25 !%!B"()%4
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 !"!# $%& ' ($)* +',-./012 *34/50' 6' )789/':56;6'

 !" #$ %&"'()() ( %&"'*$+,#(#$ #&- #&,- (*.&),/"&- ( 0(1$*( 232 4&, %&5-/)67#( *$8(5#&9-$ $"

%&5/( & 5:"$)& #$ &'$)(;<$- "(/$"=/,%(- )$(*,>(#(- $" %(#( $?6(;@& ( %(#( ,/$)(;@& $" 465;@& #&

5:"$)& #$ 6-6=),&- 5& -,-/$"( U A !"#!$% &' ()*B CDEDF3

 !"#$! %&%' G:"$)& #$ &'$)(;<$- '&) ,/$)(;@&3

 !"# $%& '()* +,-./0-& 123& 45 +*.6/7

+&,-.)/'0 # % 12*34 U2 + U 2U2 + 2U 0
+&,-.)/' 15*674 3U 4U 0

18*64 2U ×M 4U ×M 0
# % 18*674 5U ×M (3U + 2)×M 0

18*664 U ×M 0 0
 9).:;9 !<()='>?(* 12*6@4 U U2 O(U2 log(U))

G&/$ ?6$ 5(- H?6(;<$- A23EF $ AI3EDF & 5:"$)& #$ &'$)(;<$- $-/= #,)$/("$5/$ *,.(#& (& %=*%6*& #(

JKGLB '&)/(5/& ( %&"'*$+,#(#$ #( H?6(;@& AC3MF #$8$ -$) (#,%,&5(#(3  *N" #,-/&B ( %&"'*$+,#(#$ #$

A23EFB A23EDF $ A23EEF $-/= (--&%,(#( (& /("(5O& #( '&'6*(;@& M 3 P '&--78$* %&5Q$%/6)() ?6$ M ≡ U

6"( 8$> ?6$ &- 8(*&)$- (#&/(#&- AM = U + 2F -@& "6,/& ')R+,"&-3 S$-/( 4&)"(B ( %&"'*$+,#(#$

(--,5/R/,%( #& TJU '()( %&5/)&*$ #$ '&/V5%,( N #( &)#$" #$ O(U2 + UM) &6 -,"'*$-"$5/$ O(U2)3

S$ "(5$,)( $?6,8(*$5/$B ( %&"'*$+,#(#$ /&/(* (--,5/R/,%( #& STW X$)O6*-/ N #( &)#$" #$ O(U2)3

 %&"'*$+,#(#$ #&- (*.&),/"&- N $5/@& $+'*&)(#( 5( Y,.6)( 23EE $ 5( Y,.6)( 23EC3 G( '),"$,)(B

& 5:"$)& #$ ,/$)(;<$- (/N ( %&58$).V5%,(B $" /$)"&- #( H?6(;@& A23EZFB N (8(*,(#& '()( #,4$)$5/$-

%())$.("$5/&- #$ -,-/$"(3  "N#,( 4&, %(*%6*(#( $" 100 )$(*,>(;<$-B %&5-,#$)(5#& '&/V5%,(- ,5,%,(,-

(*$(/R),(- '()( K ∈ {2, 4, 6, 8, 10, 12, 14, 16}3 G&/$ ?6$ '()( ("1&- (*.&),/"&- ( "N#,( #$ ,/$)(;<$-

'()( .()(5/,) %&58$).V5%,( %)$-%$ *,5$()"$5/$ %&" & 5:"$)& #$ 6-6=),&-3
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Análise de Convergência - Média em 100 realizações
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()*+,! %&--' 0$-/$ #$ %&58$).V5%,( '()( & STW X$)O6*-/ $ & TJU %&" #,4$)$5/$- %())$.("$5/&-

#$ -,-/$"(3 U (Q6-/$ 4&, 4$,/& *,5$()"$5/$ '()( &- #&,- (*.&),/"&-B %&" yVerh = 0, 62x+ 8, 66B $
yPSO = 38, 64x− 52, 123
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)$-6*/(#&- #(- -,"6*(;<$- (')$-$5/(#&- 5( Y,.6)( 23EEB N '&--78$* #$/$)",5() & 5:"$)& "N#,& #$
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 !"#$%&"' ($)"(*)+,$' ) )$+' -","''*#+$' !$#$ ,$.,/.$# $ ' ./%0 1 2')$ , (3+-$%0 4 $!#"'"-)$5$ -$

6+7/#$ 819:1 ;3'"#<" =/" $ , (!.">+5$5" 5 ?@; ,#"'," (/+) ($+' #$!+5$("-)" =/" $ 5 A?BC

D"#E/.') , -F #(" ,#"',"  -G("# 5" /'/*#+ ' $)+< ' - '+')"($H +-5+,$-5 ,.$#$("-)" =/" $ (".E #
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 !"#$% &'()* I45+$ 5"  !"#$%&"' ($)"(*)+,$' !$#$ 5+F"#"-)"' ,$##"7$("-) ' 5" '+')"($1
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∑
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 !" # $%&'()% *+&% #&,%-./0% 1+ 23/+-45.&&.6,   

 !"#$%&'# ()* !"#$

 !"#$%$& p% N & '$(%$& P∗

'()*'+

,- '('*'./'0.1 + 234+1 53 6+47(*'.8 pi[0], ∀i = 1, . . . , U 3 n = 0&
9- 3(:;.(4+ n ≤ I
<- 6.1. i = 0 .4= U
>- 83 i = n ?+5 U
 - pi[n+ 1] = "#(pi[n],p−i[n])

83(@+

A- pi[n+ 1] = pi[n]
B? 83

B? 6.1.

C- 538'D(.1 n = n+ 1
B? 3(:;.(4+

EEEEEEEEEEEEEF

pi[0] G 234+1 '('*'./ 53 6+47(*'. 5+ i=8'?+ ;8;H1'+&

P∗ G ?.41'0 53 6+47(*'.8 8+/;IJ38&

I G (K?31+ ?HL'?+ 53 '431.IJ38&

 !"#$%&'("%! ( $")&'*&'+" $( %& U − 1 ,#,-'$!#.  !/! %&0"$%! &/ 1 !"#$!%& '#(#""#)!. 233456

78 (pi[n],p−i[n]) = (µiai − bi)
+ ∀i = 1, . . . , U 19:;25

 !/ (·)+ = max(0, ·). µi < ( =!)+" $( >,& #()$#*(? (# '&#)'$@A&# %& )(B(. & ai, bi #C! "D/&'!# =!#$)$E!#

('F$)'-'$!#: G(%! ,/  !"H,")! %& =('&# {(ai, bi)} =('(  (%( ,#,-'$! "! #$#)&/( & ,/( *,"@C! '&#)'$@C!

g. ! E(I!' %& =!)+" $( >,& #()$#*(? ! J!K =!%& #&' !F)$%! ()'(E<# %! LIM!'$)/! 9:2. (='&#&")(%! &/

1 !"#$!%& '#(#""#)!. 23345:

 !"#$%&'# ()+ $/D+1'4?+ M1H4'*+ 6.1. ;?. N+/;I@+ *+? O)23/ 53 PD;. Q('*+

 !"#$%$& *+(R;(4+ 53 6.138 {(ai, bi)}% S;(I@+ g& '$(%$& P∗ 3 + ()23/ 5THD;. µ
'()*'+

,- 538'D(3 Ñ = N &

9- +153(3 {(ai, bi)} 4./ :;3 ai/bi 138;/43? 3? +153? 53*138*3(43&

<- 53B(. aN+1 = bN+1 = 0&
>- 3(:;.(4+ bÑ/aÑ ≥ bÑ+1/aÑ+1 +; g(bÑ/aÑ ) ≥ 0

53B(. Ñ = Ñ − 1&
B? 3(:;.(4+

 - 3(*+(413 µ ∈ (bÑ/aÑ , bÑ+1/aÑ+1]|g(µ) = 0
U- xi = (µai − bi)

+, 1 ≤ i ≤ N
EEEEEEEEEEEEEF

(·)+ G max(·, 0)&
Ñ = 53B('5+ (+ 43L4+ .5'.(43&
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ai(k) = 1 567:;8

bi(k) =

U∑
j 6=i

pj(k)|gij(k)|
2 + σ2

i (k)

|gii(k)|2
, ∀ i = 1, . . . , U " k = 1, . . . , N

g(µ) = µ−
2

r∗i
Ñ + log2(Λ)

2
1

Ñ
log2(bi(k))

567:<8

µ =
2

r∗i
Ñ + log2(Λ)

2
1

Ñ
log2(bi(k)

−1)

1&2" Λ = 1 %&'"*>),1 "&'*" ) +)()+%2)2" 2" ?@)&&1& " ) ')A) 2" %&B1*4).01 " Ñ = 1 %&2"A)21* 21

(*%4"%*1 !$3C+)&), 5(D!C1*2"&).018 E$" !)'%!B)- g(bi(Ñ)) < 07  +1&>"*#F&+%) 21 ),#1*%'41 = #)*)&'%2)

E$)&21 I →∞ 5 !"#$!%& '#(#""#)!G HIIJ87

 !" #$%&'()&%&*(*+ *,- .+/01&,-

K14 1 13L"'%>1 2" )>),%)* ) )31*2)#"4 2" '"1*%) 2" L1#1! &01C+11("*)'%>1! "4 '*F! +"&M*%1! +14

2%!'%&')! 2"&!%2)2"! 2" %&'"*B"*F&+%) (1* !$3C+)&),G ) (*13)3%,%2)2" 2" "A%!'F&+%) " $&%+%2)2" 21 NOP

)>),%)2) >%) !%4$,)./"! +14($')+%1&)%! '14)&21C!" $4) 4=2%) "4 500 *"),%-)./"! 2" +)&), 2%!'%&')!G

2" '), B1*4) E$"9

pe(d) =
ne

nt

567:J8

1&2" pe(d) = ) (*13)3%,%2)2" 2" "A%!'F&+%) 2)21 $4 ()*Q4"'*1 d 2" 2%!'Q&+%) &1*4),%-)2) 52"R&%21 &)!

!"./"! !$3!"E$"&'"!8G ne = 1 &S4"*1 2" *"),%-)./"! 2" +)&), E$" (1!!$"4 )1 4"&1! $4 NOP " nt = 1

&S4"*1 '1'), 2" *"),%-)./"! 2" +)&), !%4$,)2)!7 T" 4)&"%*) )&M,1#) = (1!!U>", +),+$,)* ) (*13)3%,%2)2"

2" $&%+%2)2"9

pu(d) =
nu

nt

567:68

1&2" pu(d) = ) (*13)3%,%2)2" 2" $&%+%2)2" 2)21 1 ()*Q4"'*1 d +141 &) PE$).01 567:J8 " nu = 1

&S4"*1 2" *"),%-)./"! 2" +)&), E$" (1!!$"4 $4 S&%+1 NOP7

V! +"&M*%1! 1G 2 " 3 5)(*"!"&')21! &)! ?"./"! ;7:G ;7H " ;7;8 B1*)4 '"!')21! $'%,%-)&21 )! +1&2%./"!

2" "A%!'F&+%) " $&%+%2)2" )(*"!"&')2)! &)! ?"./"! 67:7: " 67:7H7 W"!$,')21! &$4=*%+1! !01 )(*"!"&')21!

&)! !$3!"./"! !"#$%&'"!7
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 !"!# $%&'()* #

 ! "#$%&%'(')&)*! )* *+'!,-./'& * 0.'/')&)* 1$#&2 /&(/0(&)&! "&#& )$'! "*#3! )* ,&+& )* '.1$#2&45$

26.'2& 7r∗ = 1 * r∗ = 2 %',8!'2%8!0%9/&.&(:; "&#& 02 /$.<0.,$ )* "&#=2*,#$! d ∈ [0, 1 ; 0, 9] *

"&#& )'1*#*.,*! >&($#*! )* /$##*(&45$ /#0?&)& 2@)'& 7ρ = 0, 35; * ρ = 1:A  B'C0#& DAE $1*#*/* $!
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Cenário 1 — Probabilidade de Existência e Unicidade; γ = 6; ρ = 1
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Cenário 1 — Probabilidade de Existência e Unicidade; γ = 6; ρ = 0.35

Existência — r∗ = 1

Unicidade — r∗ = 1
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Cenário 1 —- Probabilidade de Existência e Unicidade; γ = 2; ρ = 1
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Unicidade —- r∗ = 2

Existência —- r∗ = 2
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Cenário 1 —- Probabilidade de Existência e Unicidade; γ = 2; ρ = 0.35

Existência — r∗ = 1

Unicidade — r∗ = 1

Unicidade — r∗ = 2

Existência — r∗ = 2
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Cenário 3 —- Existência, Unicidade e Outage — γ = 2; ρ = 1

Existência — r∗ = 1

Unicidade — r∗ = 1

Outage — r∗ = 1
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Cenário 3 — Existência, Unicidade e Outage — γ = 2; ρ = 0.35

Existência — r∗ = 1

Unicidade — r∗ = 1

Outage — r∗ = 1
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Probabilidade de Garantia de QoS Mı́nimo — γ = 2; ρ = 0.35
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#("#$.)8%.*! *9)% .( -*: ;$#/* * <$##$=$#*# <$,+(#>?,<%* .$ @AB C(#D):!-E

 !"#"$%&'" ()*)+  !"#$% &'()$ p∗  ! "#!$%&'  & (!)*#!%&  & "!*+)(,- . /' "!)*! 01!  & F(p)2

 !"#$ 3-#- ! "!)*! 4*,'! p∗ *&'56& 7/&8

p∗i =


(δ∗i )


 |gii|

2

∑
j 6=i

Upj|gij|2 + σ2
i

]




−1
  !"#$

966,': - "-#*,#  & ;<2=> !$*&'56&8

Fi(p) = (1 + α)p∗i − (α/δ∗i )


 |gii|

2

∑
j 6=i

Upj|gij|2 + σ2
i


 (p∗i )2 = p∗i  !"%$

%&'"!()*" %+,+- ?&#,0(-) ! 6& &1,6*& 6!%/@A!8

B2 C-%(/%& - 6!'-  !6 &%&'&)*!6  - %,)D-  - '-*#,E H 7/& *&' - '-,!# )!#'-: ,2&28

Rmax
l = i

{
U∑

j=1

hij

}
 !"&$

F2 C-%(/%& - 6!'-  !6 &%&'&)*!6  - %,)D-  - '-*#,E H 7/& *&' - '-,!# )!#'-: ,2&28

Rmax
c = j

{
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i=1

hij

}
 !"'$

G2 C!)6, &#& ! '&)!#  &66&6 H-%!#&68

Rmin
Rl∩Rc

= min {Rmax
l , Rmax

c }  !"($
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 ! "# #$%# &'()* +)* ,#-)* ./# 1 ) $0$%#,' %#, $)(/12)3

Rmin
Rl∩Rc

< 1⇒ $)(/12) #40$%#5  !"#$

Rmin
Rl∩Rc

≥ 1⇒ -2) 6)-6(/$0&)5

 !"%$

 !"#"$%&'" ()*)+ 7)-$08#*# ) 9)(0%)9)

Pα = {p : (κI−H)p ≤ η,p > 0}, κ =
2α

1 + α
,  !"&$

"# p′ ≥ p′′5 # ',:)$ #$%2) #, Pα5 #-%2) F(p′) ≥ F(p′′)

 !",- ; $/<60#-%# ,)$%*'* ./# F(p) 6*#$6# ,)-)%)-06',#-%# #, Pα! ='*' i 6= j %#,>$# ./#

∂µi(p)/∂pj < 05 )-8# µi(p) ? 8#<-08' #, @ !AB! =)*%'-%)5 ) #(#,#-%) i 8) &#%)* F(p)5 8'8) 9)*

Fi(p) = (1 + α)pi − α(µi(p)/δ
∗
i )p

2
i 5 '/,#-%' 8# +)*,' #$%*0%' ./'-8) ./'(./#* 0-%#*+#*#-%# 6),

9)%C-60' pj '/,#-%'! D)8'&0'5 #, pi5 ' +/-12) 8# ,/0%'$ &'*0E&#0$ Fi(p) 6)-$0$%# 8# /,' 9'*E:)('

6F-6'&' ./# 6)-%?, ' )*0G#, # '%0-G# $#/ &'()* ,E40,) #, pi = ((1 + α)/(2αµi(p)))δ
∗
i ! H#$%'

+)*,'5 Fi(p) ? 6*#$6#-%# -) 8),I-0) 8#<-08) 9#(' 8#$0G/'(8'8#3 pi ≤ ((1 + α)/(2αµi(p)))δ
∗
i ! J

8#<-012) 8# µi(p) #, @ !AB 0,9(06' ./# pi = ((1 + α)/(2αµi(p)))δ
∗
i *#9*#$#-%' /, 9)(0%)9) 0 < pi ≤

((1 + α)(2αµi(p)))δ
∗
i 5 i = 1, 2, . . . , U 5 ) ./'( ? ./0&'(#-%# ' 8#$0G/'(8'8# ,'%*060'( (κI −H)p ≤ η5

p > 05 )-8# κ = 2α/(1 + α)!

 !"#"$%&'" ()*). p∗ ∈ Pα 9'*' 0 < α ≤ 1!

 !",- K 9)(0%)9) Pα 6)-%?, ' $)(/12) 8) 9*):(#,' p∗ = (I−H)−1η $# (κI−H)p ≤ η! L-%2)5 ?

$/<60#-%# &#*0<6'* $# κp∗ ≤ η + Hp∗ = p∗
! 7),) κ = 2α

1+α
%#,>$# ./# 0 < κ ≤ 1 9'*' 0 < α ≤ 1

#5 9)*%'-%)5 κp∗ = p∗!

 !"#"$%&'" ()*)/ "# p′ ∈ Pα # 0 < λ < 15 #-%2) λp′ ∈ Pα!

 !",- "# p′ ∈ Pα5 #-%2) (κI − H)p′ ≤ η5 # p′ > 0! =)*%'-%)5 (κI − H)λp′ ≤ λη < η #

λp′ > 0!

 !"#"$%&'" ()*)0 ='*' %)8) 0 < λ < 15 F(λp) > λF(p)! L5 9'*' %)8) λ ≥ 15 λF(p) ≥ F(λp)!

 !",- H# @ !AB %#,>$#3

Fi(λp)− λFi(p) =
µi(p)− λµi(λp)

δ∗i
λαp2i ,  !"'$
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 !" #$% &'$ µi(p) =
gii

Si+σ2

i

( )*+$ Si =
∑

j 6=i gijpj( ),-$!./$
λµi(λp)
µi(p)

=
Si+σ2

i

Si+σ2

i /λ
0 1*-2)( 3"4" 0 < λ <

1, µi(p)− λµi(λp) > 0 $( 3"4" λ ≥ 1, µi(p)− λµi(λp) ≤ 00

 !"#"$%&'" ()*)+ 5 3)67-)3) Pα *2) 8)*-9! 3)*-)/ :;)/ +7/-7*-)/0

 !",- <)4 =73>-$/$( "+!7-" &'$ )/ #$-)4$/ $/-47-"!$*-$ 3)/7-7#)/ p′ $ p′′ /2) 3)*-)/ :;)/ +7/-7*-)/

8)*-7+)/ $! Pα0 ?$! 3$4+$4 " @$*$4"67+"+$ 3)+$./$ "//'!74 &'$ $;7/-$ ") !$*)/ '! i -"6 &'$ p′′i < p′i0

A$/-" B)4!"( $;7/-$ '! 0 < λ < 1 -"6 &'$ p′′ ≥ λp′ 8)! " 7@'"6+"+$ p′′i = λp′i 3"4" "6@'! i0 A"/

<4)3)/7CD$/ E0F0G( E0F0H $ E0F0I( 3)+$ /$4 +$-$4!7*"+) &'$J

p′′i = Fi(p
′′) ≥ Fi(λp

′) > λFi(p
′) = λp′i  !"#$%

K)!) p′′i = λp′i( -$!./$ '!" 8)*-4"+7C2)L 3)4-"*-)( " =73>-$/$ +$ $;7/-M*87" +$ 3)*-)/ :;)/ +7/-7*-)/

$! Pα 9 B"6/"0

 !"#"$%&'" ()*). K)*/7+$4$ &'$ 0 < α ≤ 10 N$/-$ 8"/)( /$ p ∈ Pα( $*-2) Fn(p) ∈ Pα0

 !",- E *)-"C2) Fn(p) /$4O '-767%"+" " :! +$ 4$34$/$*-"4 F(F(F(F . . . (p))))( )*+$ n 8)44$/3)*+$ ")

*P!$4) +$ #$%$/ &'$ " B'*C2) F(.) 9 "3678"+"0 K)!) 8)*/$&'M*87"( ) "6@)47-!) 4$8'4/7#) p(m+1) =

F(p(m)) 3)+$ /$4 $/847-) 8)!) p(n) = Fn(p)( )*+$ p = p(0)0 A"+) &'$ p ∈ Pα( " :! +$ +$!)*/-4"4

&'$ " /$&'M*87" Fn(p) 8)*-7*'" 8)*:*"+" *) 3)67-)3) Pα( 9 /':87$*-$ !)/-4"4 &'$ F(p) ∈ Pα( '!"

#$% &'$ ) #$-)4 F(p) 3)+$ /$4 $;34$//) 8)!) '! *)#) p0 E +$:*7C2) d(p) = F(p)− p 8)!,7*"+" "

QR0ST 4$/'6-" $!J

di(p) = Fi(p)− pi = αpi

(
1−

µi(p)pi
δ∗i

)
 !"##%

A$ "8)4+) 8)! $/-" $&'"C2)( " #"47"C2) +" 3)-M*87" -4"*/!7-7+" 3$6) '/'O47) i /$4O 3)/7-7#" /$

" δ∗i 9 !"7)4 &'$ SINRi = µi(p)pi $ *$@"-7#" 8"/) 8)*-4O47)0 N)-$ &'$ $/-$ B"-) 9 8)$4$*-$ 8)!

) ),U$-7#) +) "6@)47-!)( &'$ 8)*/7/-$ $! $*8)*-4"4 ) #$-)4 +$ 3)-M*87" &'$ B"% " ?VNW +)/ '/'O47)/

7@'"7/ ") /$' X)? "6#)0

A$/-" B)4!"( /$ +"+) '! #$-)4 p $/-O B)4" +) 3)67-)3) Pα $*-2) &'"6&'$4 pi *2) 3)+$ $;8$+$4
1+α

2αµi(p)
δ∗i 0 A$ QE0YYT 3)+$./$ 8)*86'74 &'$( *" 4$@72) $*-4$ )/ 36"*)/

pi =
1 + α

2αµi(p)
δ∗i , with 0 < α ≤ 1, and pi =

δ∗i
µi(p)

,

" #"47"C2) di(p) -$! /7*"6 *$@"-7#)0 E//7!( &'"6&'$4 3)*-) *$/-" 4$@72) +7/-"*87"./$ +" B4)*-$74"

pi =
1+α

2αµi(p)
δ∗i ( -$*+$*+) ") 7*-$47)4 +) 3)67-)3) Pα0 1#7+$*-$!$*-$( -)+"/ $//"/ ),/$4#"CD$/ /$

!"*-9! #$4+"+$74"/ 3"4" &'"6&'$4 7*+$;"+)4 i( 70$0( -)+"/ "/ B4)*-$74"/ /2) 34$8$+7+"/ 3)4 '!" 4$@72)

8)! di(p) < 00 A$/-" B)4!"( Pα -$! '!" 8"!"+" Cα " &'"6 7*-$4*"!$*-$ 8),4$ -)+" " $;-$*C2) +$

/'" ,)4+" +$ -"6 B)4!" &'$ &'"6&'$4 p 6)8"67%"+) *$/-" 4$@72) -$*+$ ") 7*-$47)4 +) 3)67-)3) &'"*+) "

B'*C2) F(.) 9 "3678"+"( 7/-) 9( p ∈ Cα ⇒ F(p) ∈ Pα0
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 !" #$ %&'&()*' $+)$ ,-(!(&"$()- $" Pα. / ($,$++0'*- "-+)'&' 12$ p (3- 4-#$ +&5)&' $+)&

,&"&#& 12&(#- F(.) / &45*,&#&6 78)'&*(#- & ,&"&#& Cα #- 4-5*)-4- Pα. - ,-(92()- '$"&($+,$()$

+$'0 #$(-"*(&#- Mα $ / :$'#&#$ 12$ Pα = Cα ∪Mα. $ Cα ∩Mα = ∅ 6 ;$ 4&'& )-#- p $"Mα -

'$+25)&#- #$ F(p) $+)0 (- *()$'*-' #$ Pα $()3- - +&5)- (3- -,-''$26

<2&(#- )-#- Fi(p) / "$(-' 12$ & '$+4$,)*:& ='-()$*'&
1+α

2αµi(F(p))
δ∗i . - :$)-' F(p) / 5-,&5*>&#- $"

Pα6 ?-')&()-. / ($,$++0'*- 12$@

ri =
1 + α

2αµi(F(p))
δ∗i − Fi(p) ≥ 0, for i = 1, . . . , K  !"#$%

 ++*". -A+$':&(#- &+ #$!(*BC$+ $" DE6FG. 4&'& )-#- i #$:$H+$ )$'@

ri =
α

ξi(p)
p2i − (1 + α)pi +

1 + α

2α
ξi(F(p)) ≥ 0,  !"#&%

,-" ξi(p) =
δ∗i

µi(p)
6 I #*+,'*"*(&()$ ζ(α) #& 4&'0A-5& / #&#- 4-'@

ζ(α) = (1 + α)

[
(1 + α)− 2

ξi(F(p))

ξi(p)

]
 !"#'%

I :$)-' d(p) = F(p) − p (3- 4-++2* 2" $5$"$()- ($%&)*:- 4&'& )-#- p $" Mα6 7()3-.

F(p) ≥ p $ ,-"- ,-(+$12J(,*&

µi(p)
µi(F(p))

≥ 16 I 5&#- $+12$'#- #& #$+*%2&5#&#$ / $12*:&5$()$ &

ξi(F(p))
ξi(p)

6 ?-')&()-. - #*+,'*"*(&()$ D 6KEG (3- &)*(%$ 2" :&5-' 4-+*)*:- 4&'& 0 < α ≤ 16  ++*" &

,-(#*B3- ri ≥ 0 $" D 6KLG / +$"4'$ :$'#&#$*'& 4&'& 12&512$' i. - 12$ *(#*,& 12$ - :$)-' F(p) (3-

,'2>& ($(M2"& ='-()$*'& $" Pα +$ p $+)0 $"Mα. *6$6. 4-#$H+$ $+,'$:$' 12$ p ∈Mα ⇒ F(p) ∈ Pα6

 !"#"$%&'" ()*)+ N&#- 12$ 0 < α ≤ 1 $ 0 < λ < 1. & +$12J(,*& p(n) = Fn(λp∗) ,-(:$'%$

"-(-)-(*,&"$()$ 4&'& - 4-()- O)*"- p∗6

 !",-  + ?'-4-+*BC$+  6P6K $  6P6E %&'&()$" 12$ p∗ / 2" 4-()- !8- $" Pα6  #$+*%2&5#&#$

p∗ > λp∗ $" ,-(92(B3- ,-" &+ ?'-4-+*BC$+  6P6L.  6P6Q. $  6P6R '$+25)&" $"@

p∗ = F(p∗) > F(λp∗) > λF(p∗) = λp∗.  !"#(%

I ,-(!(&"$()- D?'-4-+*B3-  6P6SG (& '$%*3- "-(-)T(*,& Pα %&'&()$ 12$ +2,$++*:&+ &45*,&BC$+ #$

F(.) $" ,&#& )$'"- #$ D 6KQG "&()/" & -'#$" #&+ #$+*%2&5#&#$+. *6$6@

p∗ > Fn+1(λp∗) > Fn(λp∗).  !"#)%

I2 #$ "&($*'& $12*:&5$()$@

p∗ > p(n + 1) > p(n), com p(0) = λp∗.  !"#*%

 ++*". & +$12J(,*& p(n) = Fn(λp∗) / $+)'*)&"$()$ ,'$+,$()$ $ 5*"*)&#& +24$'*-'"$()$ 4-' p∗6
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 !"! #$%&'# ()#*(& +" )!*'! ,$! #" Pα- .!*./+%0&# 1+#2

lim
n→∞

Fn(λp∗) = p∗
 !"#$%

3 +*%.%4(4# 4! )!*'! ,$! p∗ #" Pα &#5+# 4( 67!)!&%89! 3:;:<:

 !"#"$%&'" ()*)+*  !*&%4#7# 0 < α ≤ 1 # +" λ ≥ 1 ,$!= #*'9! λp∗ ∈ Pα 1+(*4!

T (λ) = max
i=1,...,K

βλµi(λp
∗)

µi(p∗)
≤ 1  !"#&%

 !"",2 ># ?@:AB2

∂Fi(p)

∂pi

∣∣∣∣
p=λp∗

= 1 + α−
2αλµi(λp

∗)

µi(p∗)
 !"'(%

C#

∂Fi(p)
∂pi

∣∣∣
p=λp∗

< 0 (! "#*!& )(7( +" i- #*'9! λp∗ /∈ Pα: 3 )(7'%7 4#&'# D('! # .!*&%4#7(*4!

?3:E;B- )!4#0&# %*D#7%7 1+# λ 4#F# &('%&D(G#7 '!4(& (& )7H$%"(& 4#&%5+(/4(4#& #" !74#" ('I ! )!*'!

λp∗ #&'(7 /!.(/%G(4! #" Pα2

βλ
µi(λp

∗)

µi(p∗)
≤ 1, i = 1, . . . , K, where β =

2α

1 + α
.  !"'#%

>#&'( D!7"(- "+/'%)/%.(*4! p∗ )!7 λ ≥ 1 *9! 7#&+/'( #" +" )!*'! D!7( 4! )!/%'!)! Pα- 0 < α ≤ 1-

&# λ I '(/ 1+#2

T (λ) = max
i=1,...,K

βλµi(λp
∗)

µi(p∗)
≤ 1

 !"#"$%&'" ()*)++  !*&%4#7# 0 < α ≤ 1 # λ ≥ 1 '(/ 1+# T (λ) ≤ 1: J#&'(& .!*4%8K#& ( &#1+L*.%(

p(n) = Fn(λp∗)

.!*F#75# "!*!'!*%.("#*'# )(7( ! )!*'! H'%"! p∗:

 !"-. >(& 67!)!&%8K#& 3:;:M # 3:;:@ &#5+#" 1+# F(p∗) = p∗ ∈ Pα: 3&&!.%(*4! λp∗ ≥ p∗ (&

67!)!&%8K#& 3:;:N- 3:;:O # 3:;:M;- '#"0&#2

p∗ = F(p∗) ≤ F(λp∗) ≤ λF(p∗) = λp∗
 !"''%

>( 67!)!&%89! 3:;:P ! .!*,*("#*'! !.!77# *( 7#5%9! 4# "!*!'!*%.%4(4# Pα: 6!7'(*'!- ()/%.(8K#&

&+.#&&%F(& 4# F(.) #" .(4( '#7"! 4# ?3:EEB *9! (/'#7( ( !74#" 4(& 4#&%5+(/4(4#&- (&&%"2

p∗ ≤ Fn+1(λp∗) ≤ Fn(λp∗)  !"')%

Q+ 4# D!7"( #1+%F(/#*'#2

p∗ ≤ p(n+ 1) ≤ p(n), p(0) = λp∗, and λ ≥ 1  !"'*%
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 !"# $!%&'() T (λ) ≤ 1* +),"!'")- !  &./0'1#! p(n) = Fn(λp∗) 2 (&1,& 1&'"& & 3#4#"!(! #'$&,#),4&'"&

5), p∗* 6! +,)5) #78) 9*:*;- & "& 5)'") <=) 2 >'#1) &4 Pα? &'"8)@

lim
n→∞

Fn(λp∗) = p∗.  !"#$%

 !"#"$%&'" ()*)+, +!,! 0 < α ≤ 1- !  &./0'1#! p(n) = Fn(p) 1)'A&,B& 5!,! !  )3/78) C"#4! p∗

5!,! ")() p ∈ Pα '8) 4!#), ./& λ2p
∗
- )'(& λ2 2 (&<'#() 1)4) ) A!3), 4D=#4) (& λ ≥ 1 ./&  !"# $!%

! ,&3!78) T (λ) ≤ 1*

 !"-. +!,! ./!3./&, A!3), #'#1#!3 p &4 Pα 2 5)  EA&3 &'1)'",!, /4 λ1 5) #"#A)-  /<1#&'"&4&'"& 4&'),

./& ! /'#(!(&- "!3 ./& λ1p
∗ ≤ p* 6& "! $),4!- 2 5)  EA&3 & "!F&3&1&, !  &B/#'"& ),(&'!78)@

λ1p
∗ ≤ p ≤ λ2p

∗
 !"#&%

+,)5) #7G& 9*:*H & 9*:*I: B!,!'"&4 ./& &  & 3#4#"& & "8) &4 Pα* J 1)'<'!4&'") K+,)5) #78)

9*:*LM '! ,&B#8) 4)')"N'#1! Pα B!,!'"& ./&  /1&  #A! !53#1!7G& (& F(.) ') "&,4) (& K9*OPM '8)

!3"&,!4 ! ),(&4 (! (& #B/!3(!(& - 3)B)@

Fn(λ1p
∗) ≤ Fn(p) ≤ Fn(λ2p

∗).  !"#'%

6! +,)5) #7G& 9*:*Q & 9*:*II  &B/& ./&@

lim
n→∞

Fn(λ1p
∗) = lim

n→∞
Fn(λ2p

∗) = p∗.

∴ lim
n→∞

Fn(p) = p∗  !"#(%

 !"#"$%&'" ()*)+/ J 5)3#")5)

Pα = {p : (βI−H)p ≤ η, p > 0} , com0 < α ≤ 1,

β = 2α
1+α

1)'"24 ) A&"), (& #'#1#!3#%!78) p(0) = 1

β
η*

 !"-. +), (&<'#78) ) 5)3#")5) Pα 1)'"24 p(0)- ) A&"), (& 1)'(#7G& #'#1#!# -  &- &  )4&'"&  &@

βp(0) ≤ η + Hp(0).  !"#)%

9 <4 (&  !"# $!%&, & "! (& #B/!3(!(& 5)(&R & #45), p(0) = 1

β
η- 5),./& η ≤ η + 1

β
Hη 2 /4!

#(&'"#(!(& 1)' #(&,!'() ./& 1!(! &3&4&'") &'A)3A#() '& "! (& #B/!3(!(& 2 & ",#"!4&'"& '8)R'&B!"#A)*

S),! 4) ",!() ./& ) 1)'T/'") B = Pα∩{p : p ≤ λ2p
∗}- )'(& 0 < α ≤ 1 & λ2 2 4!#), ./& λ ≥ 1

./&  !"# $!% T (λ) ≤ 1- 2 /4  /F1)'T/'") (! F! & (& !",!78) 5!,! ) 6+U9 V&,W/3 " (&<'#() 5&3!

&./!78) KX*I:*
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