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1 INTRODUCTION

The rapid technological development has enabled users to produce every day com-
plex data such as images, videos, long texts, etc. As the volume of complex data grows it
also grows the necessity of storing and retrieving this kind of data efficiently to support
modern applications [1].

Unlike traditional data (e.g., numeric values and short character strings), most
complex data cannot be retrieved using classical comparison approaches such as ordering
or equality. Complex data do not have a total order relation, thus they cannot be simply
retrieved using comparison operators such as <, >,≤,≥ [2]. Identity comparisons are also
of little help. For example, two images would be retrieved as equals if they are equal
pixel-wise what is very difficult when they are from different sources. A more suitable and
used approach to retrieve complex data are the similarity searches [3].

Similarity searches are based on retrieving similar data of one or more data used as
a reference according to an intrinsic characteristic of the data. For example, from an image,
it can be extracted characteristics based on their color, shape, texture, etc [4]. Similarity
retrieval of data is employed on a wide range of modern applications, for example, content-
based image retrieval, pattern recognition, and recommender systems, to name a few [5,
6, 7].

To search by similarity the characteristics that will be used to compare the com-
plex data are translated into a set of features, called feature vector [2]. The similarity
between two complex data can be measured by applying a (dis)similarity function to the
feature vectors of the compared data. Usually, a distance function is used to calculate the
(dis)similarity among complex data [8, 3].

Similarity searches can have a high computational cost due to the big volume of
data and the high complexity of calculating distance functions [3, 9]. So, how complex
data is modeled in databases is very important for similarity searches since it can speed
up similar data retrieval.

Most of the traditional Database Management Systems (DBMS) includes indexing
methods such as the B-tree and hashing methods, however, these methods are not suited
for complex data similarity retrieval. As a result, new indexing structures were proposed
in the literature [4]. Some of these methods are: Slim-tree [10], CM-tree [11], Locality
Sensitive Hashing (LSH) [12] and proximity graphs [13, 9].

Graphs allow big interconnectivity of data, due to its structure, enabling to explore
relationships and neighbors in an agile way. Graphs are very used not only as data mo-
dels but also as indexing structures in recommendation systems and social networks [14].
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Recently, graph-based methods have emerged as a very efficient option to execute simila-
rity queries in metric and non-metric spaces [15, 16, 17]. This thesis addresses the use of
graphs to accelerate similarity searches.

1.1 Contributions

When using graphs to model the similarity space, it can be faster to retrieve
similar data by exploring the neighborhood (adjacent vertices) of a vertex or even to
perform other operations such as relevance feedback [18] compared to other methods in
the literature.

To model the similarity space as a graph, a common approach is to use vertices to
represent complex data and edges connecting two vertices as the similarity relationship
between the pair of complex data [16, 9, 17, 13, 19]. Pairs of vertices can be connected
by edges according to special conditions, for instance, in k-NN graphs, each vertex has
an edge connecting it to each of its 𝑘-Nearest Neighbors. Notice that in this approach
the type of graph is defined by how the vertices are connected. In this thesis we use this
approach.

Other existing approaches of using graphs in similarity search consists of searching
complex data by their structural similarity. Such an approach is related to modeling com-
plex data by using graph-based representations. These representations of complex data
are usually based on the structure of the data and the similarity can be computed by
graph similarity algorithm [20]. In this case, the query element is represented by a graph
instead of a feature vector. Graph similarity is a challenging problem and several graph
indexing methods have been proposed. Examples of these methods are the gIndex [21]
and Graph-Grep [22]. Despite this is a relevant issue, our focus in this work is to use
graphs to represent the similarity space itself, with vertices and edges representing, res-
pectively, complex data elements and the similarity (or proximity) relationship between
them. Graph-based structure representations of complex data are out of the scope of the
work.

Some graph-based methods proposed have already demonstrated superior effici-
ency when compared to other types of similarity approximate search methods, such as
LSH (Locality Sensitive Hashing) [17], and exact methods, like AESA [9]. However, there
are no survey articles comparing the main graph-based methods of the literature. Sur-
vey articles on similarity search only cite graphs as a theoretical background to other
methods or for specific domains [3, 23]. Moreover, some properties of types of graphs
seem to be very effective to enhance the precision of approximate queries, such as long
edges. Therefore, another open problem is to address whether and how these properties
can be successfully integrated into other well-known proximity graphs to improve them.
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In this context, we focus on two main contributions in this thesis:

1. A comparison of graph-based methods – This contribution aims at providing a
comprehensive performance analysis of the graph-based methods presented in the
literature according to the type of graph, graph construction, and search algorithm
execution and applicability. We describe the main graph types and analyze how the
parameters affect both construction and search execution

2. HGraph method – A connected partition approach to build types of graphs used
for similarity searches. The HGraph objective is to accelerate the construction of
the graph-based methods using a divide and conquer approach and increase the
similarity search quality (query time and recall) by adding what we call long-range
edges.

The results of the comparison of graph-based methods provide a quantitative view
of the exact search compared to accurate setups for approximate search. These results
reinforce the tradeoff between graph construction cost and search performance according
to the construction and search parameters. With respect to the approximate methods,
the NSW (Navigable Small World Graph) presented the highest recall rates. Nevertheless,
given a recall rate, there is no winner graph for query performance. The results of the
evaluation of the parameters of the HGraph showed that the use of long-range edges
could increase the search recall and the HGraph method can build a k-NNG (k-Nearest
Neighbors Graph) with high accuracy. When comparing the HGraph to other graph-based
methods given a recall rate = 1 (exact answer) the HGraph was able to outperform or
have approximate query time compared to other graph-based methods.

1.2 Outline

This master’s thesis is organized into 5 chapters. The summary of the remaining
chapters is as follows:

∙ Chapter 2, Basic Concepts presents the necessary background to understand this
thesis. More specifically background on metric spaces, similarity search methods,
and proximity graphs;

∙ Chapter 3, Graph-based methods for similarity search contains an overview of exis-
ting graph-based methods for similarity search, including the main types of graphs
and search algorithms;

∙ Chapter 4, Comparative analysis of graph-based methods presents the first part of
this thesis contribution, experimental evaluation of existing graph-based methods
for similarity search, its results and conclusions;
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∙ Chapter 5, presents the HGraph, our proposed method for similarity search and
experimental results of the HGraph parameters behavior and comparison to other
graph-based methods.
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2 BASIC CONCEPTS

In this chapter, we give the necessary background on similarity search and pro-
ximity graphs to read the thesis. Section 2.1 presents the basic concepts of similarity
searches while Section 2.2 introduce the proximity graphs, which is a class of graphs that
have been used for similarity searches.

2.1 Similarity Search

Similarity searches retrieve similar data to one or more reference elements accor-
ding to an intrinsic characteristic. Similarity searches can be applied to different domains
of data: images, audio, video, geographic data, etc [3].

Figure 1 shows a diagram on the similarity search process, taking an image data-
base as an example. As it is illustrated in the figure, the similarity search process can be
divided into 3 major sections:

∙ Feature extraction – responsible for automatic feature extraction of the raw data
into numerical representations called feature vectors;

∙ (dis)Similarity measurement – responsible for comparing feature vectors, usually a
distance function;

∙ Search – responsible for accessing and retrieving similar data from the database.

The feature extraction is responsible for transforming the complex data content of
interest into representations of it, called feature vectors [24]. Feature vectors are used to

Feature Extraction

Image Database
Feature Extraction

Feature vector

Feature Vector  
Database

Similarity Search

(dis)Similarity  
Measure

Figure 1 – Similarity search process.
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index and compare the complex data. Each different data domain has relevant features
that can be used to represent the data. The extracted feature depends on the necessity
and on the context of the problem the similarity search is being applied to. An example is
Context-Based Image Retrieval (CBIR) systems for Computer Aided Diagnosis (CAD).
In this case, similarity searches can be used to retrieve images to assist diseases diagnoses,
such as Lung and Breast Cancer through computed tomography and mammography scans
using texture features extracted from them [25, 6].

2.1.1 Similarity Measures

To compare two or more different feature vectors from complex data it is necessary
to have a measure that can report how much these data are similar or dissimilar. Usually,
this measure is a distance function 𝛿 that returns a quantitative result. The resulting
distance represents how much the compared feature vectors are dissimilar from each other.
The bigger the distance the more dissimilar are the compared data and the closer to zero
the more similar they are [8].

The combination of the feature vector and the (dis)similarity function used is
called similarity space. Since distance functions are commonly used as a (dis)similarity
function, the similarity space can be modeled as a metric space. Considering 𝑥, 𝑦, 𝑧 ∈
domain S and a distance function 𝛿 : S × S → R, the metric space is an unordered pair
⟨S, 𝛿⟩ which the following properties hold [8]:

∙ Non-negativity – 𝛿(𝑥, 𝑦) ≥ 0;

∙ Symmetry – 𝛿(𝑥, 𝑦) = 𝛿(𝑦, 𝑥);

∙ Identity – 𝛿(𝑥, 𝑦) = 0⇔ 𝑥 = 𝑦;

∙ Triangle inequality – 𝛿(𝑥, 𝑦) ≤ 𝛿(𝑥, 𝑧) + 𝛿(𝑧, 𝑦).

There are several distance functions that can be used to measure the similarity
between complex data. The most commonly used metric distance functions are the so-
called 𝐿𝑝 norms (or Minkowski norms) for any 1 ≤ 𝑝 ≤ ∞. The Minkowski norms are
given in Equation 2.1 in which 𝑛 is the feature vector length [26].

𝛿(𝑥, 𝑦) = 𝑝

⎯⎸⎸⎷ 𝑛∑︁
𝑖=1
|𝑥𝑖 − 𝑦𝑖|𝑝 (2.1)

Commonly used distances from the 𝐿𝑝 norms are the 𝐿1 (Manhattan distance), 𝐿2

(Euclidean distance) and 𝐿∞ (Chebyshev distance). The 𝐿1 distance, also called Manhat-
tan or city block distance, computes the distance between two points in a grid-like path.
The 𝐿2 distance, the Euclidean distance, is close to our sense of distance as it computes
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Figure 2 – 𝐿1, 𝐿2 and 𝐿∞ distances.

the distance between two points in a straight line. The 𝐿∞ distance, also called Chebyshev
distance, between two points is the maximum difference on a coordinate. Figure 2 shows
the difference of these distances in space from a center element 𝑢 to points that have the
same distance in each metric.

Aside from the metric distance functions sometimes it is necessary to use (dis)similarity
functions that do not hold all of the metric space properties. When this kind of (dis)similarity
functions are used the similarity space is modeled as a non-metric space [7]. Examples of
non-metric distance functions are 𝐿𝑝 norms for 𝑝 < 1 and the Cosine distance (a distance
that calculates the cosine of the angle between two feature vectors) [27].

2.1.2 Similarity Queries

Similarity queries are queries that retrieve elements from a database according to a
query operator that is based on similarity. There are two basic types of similarity queries,
the 𝑘-Nearest Neighbor query (𝑘𝑁𝑁𝑞) and the Range query (𝑅𝑞). The formal definitions
to these two types of queries are as follows [3, 28, 29].

∙ Range Query – 𝑅𝑞: Given a query element 𝑞 ∈ S the 𝑅𝑞(𝑞, 𝜉) retrieves all the
elements from 𝑆 ⊂ S that are within a parameter defined distance 𝜉 to 𝑞 according
to a distance function 𝛿. The result set of this query can be expressed as {𝑠𝑖 ∈
𝑆|𝛿(𝑠𝑖, 𝑞) ≤ 𝜉}.

∙ 𝑘-Nearest Neighbor (k-NN ) Query – 𝑘𝑁𝑁𝑞: Given a query element 𝑞 ∈ S the
𝑘𝑁𝑁𝑞(𝑞, 𝑘) retrieves the 𝑘 closest elements to 𝑞 from 𝑆 ⊂ S according to a distance
function 𝛿. The result set 𝑆𝑘 ⊂ 𝑆 of this query can be expressed as {𝑠𝑖 ∈ 𝑆 | |𝑆𝑘| =
𝑘 and ∀𝑠𝑘 ∈ 𝑆𝑘, 𝑠𝑗 ∈ 𝑆 − 𝑆𝑘, 𝛿(𝑞, 𝑠𝑘) ≤ 𝛿(𝑞, 𝑠𝑗)}

Figures 3 and 4 show, respectively, examples of a 𝑅𝑞 and of a 𝑘𝑁𝑁𝑞 (𝑘 = 5) in a
2-dimensional Euclidean space. There also are many other types of similarity operations,
for example, the disjunction and conjunction of Range and k-NN query [30], similarity
joins [31] and similarity group-by [32].
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Figure 3 – Range query.
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Figure 4 – k-NN query.

2.1.3 Similarity Search Methods

A naive strategy to solve similarity searches is to make a sequential search in the
dataset comparing each element to the query element. However, this strategy is inefficient
because of the high computational cost of calculating similarity functions, especially in
high dimensional spaces with a big volume of data. Indexing methods for traditional types
of data, e.g. B-trees, are available in Database Management Systems (DBMS) to speed up
the searching process. However, indexing structures proposed for traditional types of data
are not suitable for complex data and similarity searches as these structures are based
on the total order relation [4]. As a consequence new methods were proposed to make
similarity-based retrieval faster. The main types of methods are:

∙ Tree-based methods – Use trees as a structure to index complex data. Tree-based
methods differ from each other on how to partition data hierarchically to build the
structure, how to choose the pivots and if the structures are dynamic or static.
The indexes can use, for example, ball partitioning (e.g. Vantage-Point tree – VP-
tree [33]) or generalized hyperplane partitioning (e.g. GH-tree [34]) [4]. Other than
the already cited, a wide range of tree structures for similarity search was proposed
in the literature [3]. Some examples are M-tree [1], Slim-tree [10], DBM-tree [11],
etc.

∙ Permutation-based methods – In permutation-based methods, every dataset element
is represented as a permutation of a set of pivots sorted by the distance to the
element. The similarity of objects is based on their relative distances to pivots [15,
35]. Methods that use permutations include MI-File [36] and PP-Index [37].

∙ Hashing-based methods – According to [Wang et. al.] [38], there are two main ap-
proaches to use hashing for similarity search: indexing data items using hash tables
(i.e., store items with the same hash code in the same hash bucket), and using hash
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codes to approximate the distance. A well-known hashing algorithm for approximate
similarity search is the Locality Sensitive Hashing (LSH) [12].

∙ Graph-based methods – In graph-based methods, the similarity space is modeled
as a graph. A common approach is to use vertices as complex data and edges as
the similarity relationship between the connecting pair of vertices. Graph-based
methods include k-NNG [9], RNG [13] and k-DRG [39].

According to Harwood e Drummond[40] tree-based methods and graph-based
methods are able to partition the dataset in a very similar way. However, search al-
gorithms in graph-based methods can be more computationally efficient. That is because
in tree-based methods the propagation of the search algorithm works from the root to the
bottom of the tree. Even though this process is computationally efficient the average recall
that one single propagation achieves can be very low. In order to increase the recall rates
backtracking algorithms are used. Every time a wrong path is taken during the search
backtracking is needed in order to take the search to another path. When an error is made
in the lower layers of the tree the only solution is to re-traverse the tree choosing each time
a different path. In graph-based methods, we do not use a global hierarchical structure
so when executing a search algorithm that uses backtracking (similar to the tree-based
methods) the backtracking cost is uniform independently of the point the wrong path is
taken.

Thus, according to Ocsa, Bedregal e Cuadros-Vargas[13], the selection of a bad
root in a tree-based method can lead to excessive node exploration while graph-based
methods can start from a vertex closer to the query element since it does not use a global
hierarchical structure. Starting from a closer vertex can reduce significantly the number
of distance computations in queries as the number of vertices to be evaluated during the
search are also reduced.

Other results in the literature also showed that graph-based methods can perform
better than hashing and tree-based methods[41, 17]. Section 2.2 presents a theoretical
background on graph-based methods and Chapter 3 gives more details on existing graph-
based methods in the literature and how it performed against other methods. Therefore,
considering the mentioned advantages of graph-based methods and the results in the
literature, the focus of this work is on graph-based methods.

2.2 Proximity Graphs and the Spatial Approximation Property

A graph is defined as 𝐺 = (𝑉, 𝐸), where 𝑉 is the set of vertices (nodes) and 𝐸 is
the set of edges that connect pairs of vertices in 𝑉 . The most common type of graphs used
for complex data retrieval using similarity search is the Proximity Graph [13, 16, 9].
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A proximity graph is a graph where each pair of vertices (𝑣, 𝑢) ∈ 𝑉 is connected by an
edge 𝑒 = (𝑢, 𝑣), 𝑒 ∈ 𝐸, if and only if 𝑢 and 𝑣 fulfill a defined property 𝑃 [13]. Property 𝑃

is called neighborhood criterion and it defines the type of proximity graph. The edges in
𝐸 can be weighted or not. The weight is usually the proximity measurement between the
connecting vertices, such as the distance between them (𝛿(𝑢, 𝑣)) [9].

The fundamental approach to perform similarity queries on a proximity graph are
to employ the so-called spatial approximation, introduced by Navarro in [42]. Given a
query element 𝑞 and proximity measure 𝛿, this approach consists in starting from a given
vertex 𝑢 ∈ 𝑉 and iteratively traverse the graph in a way to get spatially closer and closer
to the elements that are the most similar to 𝑞. Every iteration propagates the search from
a vertex 𝑢 to its “neighbors” (𝑁(𝑢)) that are closer to 𝑞 and consequently more likely to
reach the answer, where vertices in 𝑁(𝑢) are adjacent to 𝑣 in the graph. According to the
author, this approach can answer exact results for metric spaces.

Given a metric space ⟨S, 𝛿⟩ and a graph 𝐺 = (𝑉, 𝐸), where 𝑉 ⊆ S and every 𝑒 ∈ 𝐸

has the form 𝑒 = (𝑢, 𝑣) such that 𝑣 ∈ 𝑁(𝑢), 𝐺 must fulfill the Property 2.2 to correctly
answer similarity queries using a search algorithm based on the spatial approximation
approach, for any query element 𝑞 ∈ S:

∀𝑢 ∈ 𝑉, if ∀𝑣 ∈ 𝑁(𝑢), 𝛿(𝑞, 𝑢) ≤ 𝛿(𝑞, 𝑣), then ∀𝑣′ ∈ 𝑉, 𝛿(𝑞, 𝑢) ≤ 𝛿(𝑞, 𝑣′) (2.2)

Property 2.2 means that if it is not possible to get closer 𝑞 than 𝑢 going to its
neighbors, then 𝑢 is the closest element to 𝑞 in the graph. The trivial graph that satisfies
this property is the complete graph (i.e., every vertex is connected to all vertices in the
graph), however in this case the search ends up in a sequential scan. Therefore, it is
necessary to use graphs with fewer edges, as the other proximity graphs described in the
following subsections and in Chapter 3.

2.2.1 Delaunay Graph and its Subgraphs

One of the most important proximity graphs in the literature is the Delaunay
Graph (DG). The Delaunay Graph is dual to the Voronoi Diagram [43]; it is a planar
graph in which the points of each adjacent Voronoi region are connected by an edge [44].
For a better understanding of the Delaunay Graph it is important to define the Voronoi
Diagrams.

Considering a set 𝑃 = 𝑝1, 𝑝2, 𝑝3, . . . , 𝑝𝑛 of 𝑛 points in R2, the general idea of the
Voronoi diagram is to make subdivisions on the plane in 𝑛 regions associating each point
from 𝑃 to a region, called Voronoi region [45]. The Voronoi region of a point 𝑝𝑖 ∈ 𝑃 ,
denoted by 𝑉 (𝑝𝑖), is a subdivision of the Voronoi diagram in which any point 𝑥 ∈ R2 is
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closest to 𝑝𝑖 than to any other point 𝑝𝑗, as noted in Equation 2.3, where 𝛿 is the Euclidean
(𝐿2) distance [46].

𝑉 (𝑝𝑖) = {𝑥 ∈ R2 : 𝛿(𝑝𝑖, 𝑥) ≤ 𝛿(𝑝𝑗, 𝑥), 1 ≤ 𝑗 ≤ 𝑛} (2.3)

(a) Voronoi Diagram (b)Delaunay Graph

Figure 5 – Voronoi Diagram and Delaunay Graph for the same point set.

Figure 5 shows a Voronoi Diagram and its dual, the Delaunay Graph. As shown
by Navarro[42], the definition of the Voronoi regions is correspondent to the spatial ap-
proximation property. Hence, using the DG, search algorithms based on the spatial ap-
proximation can return exact results. However, DG has two major limitations: (1) it is
not possible to compute the DG for a generic metric space given only the set of dataset
distances, since it is required extra information on the internal structure of the metric
space [16, 13, 42]; and (2) despite previous works have extended the DG for high dimensio-
nal data [47, 48, 49, 50], the existing solutions suffer from the curse of dimensionality [16],
as the graph can become a complete graph very quickly as the dimension of the data
increases [40]. The DG limitations will be further discussed in subsection 2.2.3.

There are previous works that define proximity graphs as subgraphs of DG [51].
The most representative graph types and their proximity property 𝑃 , considering Eucli-
dean spaces, are [13]:

∙ Gabriel Graph (GG): (𝑢, 𝑣) ∈ 𝐸 if and only if there is no other vertex in the graph
that is inside the ball with radius 𝛿(𝑢,𝑣)

2 which 𝑢 and 𝑣 are exactly in opposite
extremes;

∙ Relative Neighborhood Graph (RNG): (𝑢, 𝑣) ∈ 𝐸 if and only if there is no vertex
in the intersection between balls 𝐵𝑢(𝑢, 𝛿(𝑢, 𝑣)) and 𝐵𝑣(𝑣, 𝛿(𝑣, 𝑢));

∙ Minimum Spanning Tree (MST ): a connected acyclic subgraph of a graph that
connects all the vertices with the minimal sum of weights of its edges;

∙ Nearest Neighbor Graph (NNG): (𝑢, 𝑣) ∈ 𝐸 if and only if 𝑣 is the nearest neighbor
to 𝑢.
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The hierarchy relation between DG and its subgraphs is shown in Equation 2.4 [51].

NNG ⊆ MST ⊆ RNG ⊆ GG ⊆ DG (2.4)

A particular case of a DG subgraph to solve similarity searches is the Spatial
Approximation Tree (SAT ), proposed by Navarro[42]. SAT is a particular case of a DG
subgraph in which the resulting structure is a tree with a fixed root to start the search,
which returns exact results. The Spatial Approximation Tree (SAT ) is constructed by
consecutively inserting nodes according to spatial approximation. First, an element is
randomly selected as the root and the rest of the elements are sorted according to their
distance to this root element. Then an element 𝑎 is added as a child node to the root if
𝑎 is closer to the root element than to the any already added child node. This process
is done recursively to each child node of the root element. SAT was later extended to
the dynamic SAT (DSAT) and to the DiSAT (Distal SAT ) [52]. The SAT has proven to
execute significantly fewer distance computations during its construction when compared
to the M-tree in both static and dynamic versions [53, 54].

Despite the SAT being a method that has fast construction compared to brute force
graph-based methods construction (see Chapter 4) Ocsa, Bedregal e Cuadros-Vargas[13]
stated that the selection of a bad root in SAT can lead to excessive node exploration
during query execution. Ocsa, Bedregal e Cuadros-Vargas[13] also showed that a RNG
can reduce significantly the number of distance computations in queries when compared
to SAT .

2.2.2 Order-k Proximity Graphs

Besides proximity graphs, there is also Higher Order Proximity Graphs, also
called Order-𝑘 Proximity Graphs. The Order-𝑘 Proximity Graphs generalize the pro-
ximity property 𝑃 of their corresponding order-0 graphs (“classic” proximity graph defi-
nition) to an Order-𝑘 property 𝑃 . As a result, not only the graph changes but also the
proximity property 𝑃 .

For example, the proximity property 𝑃 for the k-RNG graph is (𝑣, 𝑢) ∈ 𝐸 if and
only if the intersection between 𝐵𝑢(𝑢, 𝛿(𝑢, 𝑣)) and 𝐵𝑣(𝑣, 𝛿(𝑣, 𝑢)) contains at most 𝑘 points.
In the k-DG graph (𝑣, 𝑢) ∈ 𝐸 if a ball through 𝑣 and 𝑢 contains at most 𝑘 points [55, 56].
Another example is the k-NNG, 𝑘-Nearest Neighbor Graph, which each vertex has an
undirected edge to its 𝑘-nearest neighbors, not only to the nearest neighbor as occurs
in the NNG. The k-NNG with directed edges to its 𝑘-nearest neighbors is denoted as
k-NNG𝑢. Alike the order-0, the Order-𝑘 Proximity Graphs also follows a hierarchy, as
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shown in [57]:

k-NNG𝑢 ⊆ k-NNG ⊆ k-RNG ⊆ k-GG ⊆ k-DG (2.5)

Subgraphs of DG and the order-𝑘 graphs have common edges with the DG for the
same vertex set. However, the lacking edges and the edges that exist in other proximity
graphs but do not exist in the DG can lead a search algorithm based on spatial approxi-
mation to a local approximate answer. For example, the k-NNG has common edges with
the DG, however, every k-NNG vertex is limited to having at most 𝑘 edges incident from
it. Since the number of edges for each vertex in the DG is not limited by a parameter, a
vertex can have more or fewer edges than 𝑘.

2.2.3 Limitations of Delaunay Graph

For the reason that the Delaunay Graph is dual to the Voronoi diagram, by defi-
nition, the DG fulfills the spatial approximation property described in Equation 2.2 [42].
However, the DG has some limitations which prevent it to be used as a structure for
complex data storage and retrieval.

First of all, the Delaunay Graph is only defined for Euclidean spaces so is not
possible to compute the Delaunay graph for a general metric space given only the set
of distances of the dataset elements [13, 42]. To retrieve complex data using similarity
searches it is necessary a structure that can be used with any (dis)similarity function.

Despite there are some works that extended the Delaunay Graph for high dimensi-
onal data [47, 48, 49, 50], a few authors, such as Harwood e Drummond[40], state that the
Delaunay Graph can become a complete graph very quickly as the dimension of the data
increases. To illustrate this statement, we did an experiment using a synthetic dataset.
The synthetic dataset used is based on Gaussian distribution and contained 150 elements
of 100 dimensions. For each variation of the dataset, from 2 to 100 dimensions, the Delau-
nay Graph (DG), the Gabriel Graph (GG) and the Relative Neighborhood Graph (RNG)
were built, and the average number of neighbors per vertex was measured. The graphs
that were constructed and measured in this experiment do not have duplicated edges,
meaning that if the average number of edges reaches the maximum number of edges of a
vertex (|𝑉 | − 1), the resulting graph is a complete graph.

The result of the experiment is shown in Figure 6. As shown in the figure, the
average number of neighbors per vertex of the Delaunay Graph quickly becomes 150 as
the dataset dimension increases, meaning that it has turned into a complete graph. It is
also noticeable that the Gabriel Graph also quickly becomes a complete graph, however,
the RNG does not have such a behavior. Moreover, this pattern is independent of the
dataset size. To point out that, the same experiment was done for datasets with larger
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Figure 6 – Average number of neighbors per vertex by the dimension of the dataset for a
150 elements synthetic dataset.
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Figure 7 – Average number of neighbors
per vertex by the dimension
of the dataset for a 300 ele-
ments synthetic dataset.
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Figure 8 – Average number of neighbors
per vertex by the dimension
of the dataset for a 500 ele-
ments synthetic dataset.

numbers of elements: one dataset with 300 elements and another with 500 elements. Both
of these datasets were generated by a Gaussian distribution the same way as the one used
for the previous experiment. The results of the second experiment using the dataset of 300
elements are shown in Figure 7 and using the dataset of 500 elements are shown in Figure
8 (the Delaunay Graph was omitted). In both of the datasets, the Gabriel Graph turns
into a complete graph while the Relative Neighborhood Graph maintains a low average
of neighbors per vertex with a slight increasing pattern on the maximum value.

By turning into a complete graph, there are no advantages of using this kind of
structure to represent the similarity space since it is necessary to calculate the (dis)similarity
to all the nodes (data) when inserting a new element to the graph or editing a vertex of
the graph. When comparing the execution of a 𝑘𝑁𝑁𝑞 or a 𝑅𝑞 on a complete graph to a
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sequential search in the database, both require to compare all the elements in the database
to the query element when the query element 𝑞 is not part of the graph vertex set 𝑉 .

Hence, to be more compelling in answering similarity queries using graphs, previ-
ous works focused on how to use graphs with a minimized number of edges. This study
area includes different types of graph structures to model the similarity space, and search
algorithms over graphs to answer similarity queries or other operations that involve com-
plex data. The next chapter reviews proposed graph-based methods for similarity search
in the literature.
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3 GRAPH-BASED METHODS AND SEARCH ALGO-
RITHMS

For graphs to answer similarity searches it is necessary to use a graph that has a
minimized number of edges and can be constructed according to any similarity function
𝛿. However, graphs that fulfill the spatial approximation property (e.g., complete graph
and DG) have critical limitations, as previously discussed. Nevertheless, a large amount of
research has focused on using graphs with a minimized number of edges for approximate
similarity search [16].

In Section 3.1 we describe the search algorithms proposed in the literature for
exact and approximate search and in the following (Section 3.2) we describe several types
of graphs used for similarity search.

3.1 Exact and Approximate Search in Proximity Graphs

There are several similarity search algorithms for exact and approximate results.
As previously discussed, for a search algorithm based on spatial approximation to return
exact results the graph structure needs to have some particular properties. Since it is
impractical to use DG in general high dimensional spaces, search algorithms for exact
search employ different techniques to always return the correct answer in graph-based
methods.

For exact similarity search, which means a search that produces exact results,
in proximity graphs, Paredes and Chavez [9] proposed algorithms for k-NN and Range
queries using weighted directed k-NN graphs. Their main contribution is to use weighted
k-NNG to estimate lower and upper bounds between query and dataset elements. These
bounds are used to discard elements (vertices) in the dataset that are not in the result set
according to properties of metric spaces. Since this algorithm uses metric space properties
to prune vertices that cannot be in the result set, such as triangle inequality and symmetry,
this algorithm may not give exact result answers in general non-metric spaces.

The upper bound distance of two vertices 𝑢 and 𝑣 of the k-NNG is the weight/cost
of the shortest path between 𝑢 and 𝑣, 𝑑𝐺(𝑢, 𝑣) ≥ 𝛿(𝑢, 𝑣). The lower bound is calculated
as 𝑚𝑎𝑥𝑝 = 𝛿(𝑝, 𝑞)− 𝑑𝐺(𝑝, 𝑢), where 𝑝 is any previously selected vertex by the algorithm.
𝑑𝐺(𝑝, 𝑢) is the weight of shortest path between vertex 𝑝 and 𝑢 according to Dijkstra
shortest path algorithm. A generic graph-based approach to solve Range queries is to
consider a set of candidate elements and then, iteratively, extract each element 𝑢 from this
set and if 𝑑(𝑢, 𝑞) ≤ 𝑟, being 𝑞 the query element and 𝑟 the range, then 𝑢 is reported as part
of the result. Else, all elements 𝑣 are deleted from the candidate set if 𝑑𝐺(𝑢, 𝑣) ≤ 𝛿(𝑢, 𝑞)−𝑟.
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The authors improve this generic algorithm by using k-NNG properties:

1. Use the covering radius of each vertex (the distance from the vertex to its 𝑘𝑡ℎ nearest
neighbor). If the query element 𝑞 and the range 𝑟 is contained in the covering radius
of a vertex 𝑢, the candidate elements are 𝑢 ∪𝑁𝑁𝑘(𝑢);

2. Propagate to the neighborhood 𝑁𝑁𝑘(𝑢) of every candidate u, employing upper and
lower bounds to discard elements that are not in the query result without having
to calculate their distance to the query element. If a vertex 𝑢 is part of the result
set of the query, then it is likely that 𝑁𝑁𝑘(𝑢) is also part of the result.

3. Working evenly in all graph regions to avoid concentrating efforts in only one graph
region and to avoid computing a path in the graph several times.

The properties used in 1 and 2 are calculated according to the distance between
elements. To work evenly in different graph regions (property 3) the authors proposed two
heuristics to select the next vertex to be evaluated as part of the query result set. The first
heuristic proposed selects the vertices that have the biggest number of already discarded
neighbors from the result set because these vertices will probably be discarded as well,
reducing the number of candidate elements. The second heuristic selects the vertices that
have the biggest graph distance from the previously selected vertex. This second heuristic
is based on on the assumption that if two vertices are distant in the graph they are also
distant in the similarity space.

To compute a 𝑘-Nearest Neighbors query the authors use a similar algorithm to
the Range Query but using the well-known approach of maintaining a dynamic decreasing
radius initially defined as infinity (∞). Another modification to compute k-NN queries is
that the algorithm maintains an auxiliary result set containing the 𝑘-Nearest Neighbors
vertices evaluated to the moment. The radius of the search is the distance from the query
element to the 𝑘𝑡ℎ nearest neighbor of this auxiliary set. Vertices with a lower bound
bigger than the query range are eliminated as candidates to the result set. The lower
bound is calculated as 𝑚𝑎𝑥𝑝 = 𝛿(𝑝, 𝑞) − 𝑑𝐺(𝑝, 𝑢), in which 𝑝 is any previously selected
vertex by the algorithm, 𝑑𝐺(𝑝, 𝑢) is the weight of shortest path between vertex 𝑝 and 𝑢

according to Dijkstra shortest path algorithm.

Because of the high cost to produce an exact answer to similarity searches, a large
amount of efforts has concentrated in approximate similarity searches, which are
searches with approximate results. According to Patella e Ciaccia[58] the objective
of approximate searches is to reduce the search time compared to the exact search
with the minimum error possible. The user is commonly offered a quality/time trade-off in
similarity searches. In these cases, in order to speed up the search results, the algorithms
are allowed to degrade in the query answer quality, eventually returning elements that are
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not part of the correct/exact result. This trade-off happens in graph-based methods as it
will be discussed in Chapter 4. In this work, we will be referring as approximate search
results the search results given when executing approximate search algorithms proposed
in the literature.

A strategy used to search over proximity graphs is to select initial vertices and use a
best-first search process based on the spatial approximation which produces approximate
results for most proximity graphs. [59]. The Greedy Search algorithm (GS) [60] shares
the same basic idea of other greedy implementations found in previous works. GS starts
by randomly choosing a vertex of the graph as the start vertex 𝑣𝑖; then, it computes
the similarity between the query 𝑞 and each neighbor of 𝑣𝑖; the neighbor vertex with the
highest similarity to 𝑞 is then selected to be 𝑣𝑖. This process continues until there is no
neighbor with a higher similarity value to 𝑞 than 𝑣𝑖.

The GNNS algorithm is described as a “best-first search method to answer a k-
NN query” [17]. The GNNS search algorithm can be found in the algorithm 1. The 𝛿 is
the distance function used and 𝑁𝑁𝐹 (𝑦𝑡−1) is a function that returns the 𝐹 ≤ 𝑘 nearest
neighbors to the 𝑦𝑡−1 in the graph, in which 𝑘 is the parameter 𝑘 in the graph. The set 𝑈

is the set that contains the calculated distances 𝛿 along with the algorithm execution.

The algorithm starts with a randomly initial vertex 𝑢 ∈ 𝑉 and (line 5 in algorithm
1), in each iteration, 𝑢 swapped with 𝑣 ∈ 𝑉 , which the neighbor of 𝑢 that is most similar
to 𝑞. This iterative process ends after a maximum number of swaps 𝑇 . The number of
swaps limits the search in case the user wants to, however, if 𝑇 = |𝑉 | in which 𝑉 is the set
of vertices in the graph, the search will calculate the best result possible. As stated before,
the greedy search will return a local optimal answer depending on the graph structure.
A strategy to enforce the algorithm to explore other vertices is to start the search from
another initial vertex.

Thus, the above greedy search process is initialized 𝑅 times with different starting
vertex. The final result is the set of 𝑘 most similar vertices to 𝑞 evaluated in all random
restarts 𝑅. It was shown that GNNS can outperform the LSH [12] and the KD-tree [61]
when comparing speedup over linear search and number of distance computations for high
dimensional real and synthetic datasets. This result supports the claim that a graph-based
approximate search can be an interesting approach to perform similarity searches.

A major drawback of search algorithms based on spatial approximation is when
the starting node is “far away” from the ideal result, thus leading to very long running
time that depends on the graph size. To minimize the execution time and, at the same
time, increase the probability of finding the expected answer, seed nodes can be used as
starting vertices. These seed nodes can be selected by random sampling, using a second
index structure [62] or selecting well-separated elements in a dataset [59].
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Algorithm 1 GNNS Algorithm.
1: function GNNS(𝑞, 𝐾, 𝑅, 𝑇, 𝐹 )
2: 𝑆 ← {}
3: 𝑈 ← {}
4: for 𝑟 ← 1, . . . , 𝑅 do
5: 𝑦0 ← random vertex 𝑣 ∈ 𝑉 from graph
6: for 𝑡← 1, . . . , 𝑇 do
7: 𝑦𝑡 ← argmin𝑦∈𝑁𝑁𝐹 (𝑦𝑡−1) 𝛿(𝑦, 𝑞)
8: 𝑆 ← 𝑆 ∪𝑁𝑁𝐹 (𝑦𝑡−1)
9: 𝑈 ← 𝑈 ∪ 𝛿(𝑦, 𝑞)|𝑦 ∈ 𝑁𝑁𝐹 (𝑦𝑡−1)

10: Sort 𝑈 according to 𝛿 function
11: Pick the closest 𝐾 elements from 𝑈
12: Return the corresponding elements in 𝑆

The majority of other existing algorithms for approximate search use variations
of the basic spatial approximation and/or greedy search algorithm described above. For
example, the author in in [39] proposes the Parallel Greedy Search (PGS) algorithm to
increase the probability to find the exact nearest neighbor to the query element. This
algorithm performs parallel processes of the greedy search, each one starting from a diffe-
rent initial vertex. In their subsequent paper, the authors proposed a breadth-first search
(BFS) algorithm to improve the results of the k-NN query on a k-DRG [63]. In this new
proposed algorithm, the first step is to execute the GS algorithm with multiple star-
ting vertices. The set of resulting vertices of each greedy search with a different start is
used as the set of initial vertices for the breadth-first search (BFS). This initial vertex
set is called by the authors as attractors. Other examples on spatial approximation ba-
sed algorithms include the proposed search algorithms for SWG [16](subsection 3.2.4),
RNG [13](subsection 3.2.3) and FANNG [40](subsection 3.2.4).

3.2 Types of Graphs used for Similarity Search

In this section, we introduce the main types of graphs used for similarity search.

The next subsections are organized by the type of graph proposed for similarity
search, the employed strategy for graph construction, and further advances.

For better visualization of the different structures of graphs, a sample of 32 instan-
ces of the USCities dataset will be used. The USCities dataset contains information of the
2001 census of the United States of America. It has approximately 100 numeric attributes
that represent demographic data and geographic coordinates of the cities that took part
in the census. From these 100 numeric attributes of the USCities dataset, only the geo-
graphic coordinates(latitude and longitude) of the cities will be used, to easily visualize
the graph’s structure. The used instances can be visualized in Figure 9 and the Delaunay
Graph for instances number 1 to 30 can be visualized in Figure 10. The two remaining
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Figure 9 – 32 samples of the USCities database plotted according to their geographic
coordinates.
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Figure 10 – Delaunay Graph of the USCities database samples.

samples (number 31 and 32) will be used as query data for the discussion regarding the
search process in the different graph types.

3.2.1 k-NN Graphs

The k-Nearest Neighbor Graph (k-NNG) [59] is defined as a graph 𝐺 = (𝑉, 𝐸),
where 𝐸 = {(𝑢, 𝑣), 𝑣 ∈ 𝑁𝑁𝑘(𝑢)𝛿} such that 𝑁𝑁𝑘(𝑢)𝛿 is the set containing the 𝑘 nearest
neighbors of 𝑢 in the set of vertices 𝑉 regarding the similarity function 𝛿. The edges of
k-NNG can be undirected or directed, in this work we denote k-NNG𝑢 as undirected k-
NNG. Figure 11 shows the directed 2-NNG built from the USCities sample. The k-NNG
can be weighted in which the weight is usually the distance between the connecting pair
of vertices (𝛿(𝑢, 𝑣)).

The trivial brute force algorithm for constructing k-NNG (denoted k-NNG-BF)
has cost 𝑂(𝑛2) and, consequently, it is not feasible to be used for large datasets [19]. Thus,
some research works focused on developing better algorithms for k-NNG construction.

Paredes et al. [64] proposed two algorithms for k-NNG construction, the Recursive
Partition Based Algorithm and the Pivot Based Algorithm. Although these two methods
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Figure 11 – 2-NN directed graph of the 32 USCities sample.

presented good results in the experiments when compared to the k-NNG-BF algorithm,
both methods require a secondary global structure to support the k-NNG.

The Recursive Partition Based Algorithm requires the construction of the structure
Division Control Tree (DCT). The DCT is a binary tree that represents the partitions
that are used The intent to build the DCT is to make the computations of the 𝑁𝑁𝑘(𝑣)
faster.

The DCT is constructed by partitioning recursively the dataset. Considering the
dataset 𝑆, two elements 𝑟, 𝑙 ∈ 𝑆 are selected to be the children nodes. The rest of the
dataset 𝑆 − 𝑟, 𝑙 is partitioned in two subsets: the 𝑆𝑟 set that contains elements that are
closest to 𝑟; and the 𝑆𝑙 set that contains elements that are closest to 𝑙. And this process
is done recursively to the subsets 𝑆𝑙, 𝑆𝑟 and to each children node selected and its set
of closest elements. The recursive procedure to build the DCT stops when | 𝑆 |< 2.
The recursive procedure ensures that every node has already computed distances to their
“ancestor” nodes.

The Pivot Based Algorithm uses a pivot index. A pivot index selects a set of
elements from the original dataset 𝑃 , the pivots, and then stores a table of the distances
of each one of the pivots to each one of the elements in the dataset (𝛿(𝑝, 𝑣), 𝑝 ∈ 𝑃 and
𝑣 ∈ 𝑉 ). The pivot index facilitates the 𝑁𝑁𝑘(𝑣) searches computation. The main goal of
building these secondary structures is to make the 𝑁𝑁𝑘(𝑣) computation faster.

A second proposed k-NNG construction algorithm is the NN-Descent algorithm [19].
In this approach, an approximate k-NNG is built with arbitrary similarity measures,
without the need of a secondary global structure, and with a lower computational cost
of 𝑂(𝑛1.14). The basic idea of NN-Descent algorithm is “the neighbor of a neighbor” is
also probably a “neighbor”. It starts by first computing a random approximation of k-NN
for each element 𝑉 , and then iteratively improve the first approximation comparing each
element to its neighbor’s neighbors, including its k-NN and reverse k-NN . This algorithm
stops when no improvement in the result set is made [19].



39

The NN-Descent algorithm uses local join, sampling, and early termination to
optimize the comparison between each element to its neighbor’s neighbors. Local joins
are used to compute the similarity between each pair of different neighbors a vertex 𝑣

has. Since these local joins can compute the similarity between the same pair of vertices
every iteration and in each iteration fewer and fewer new vertices and edges are inserted
in the k-NNG. The authors use a boolean flag in the implementation that makes possible
for the algorithm to check if a vertex is new or not. The similarity is computed only when
it is new. If the parameter 𝑘 is large the cost of a local join can be very high. In order to
minimize it, the local join is operated only on a sample of neighbors. The sample is done
based on the sample rate defined by parameter 𝜌 on neighbor vertices that were marked
with the boolean flag as true (new vertices). After the local join, the boolean flag of these
vertices is marked as false. In each iteration, the algorithm counts the number of updates
in the k-NNG and the algorithm terminates when it becomes less than 𝜂𝑁𝐾, in which 𝜂

is a parameter, 𝐾 is the parameter 𝑘 of the built k-NNG and 𝑁 the number of updated
vertices. In the last few algorithm iterations, very little modifications in the approximate
k-NNG are done, so the authors used an early termination condition to avoid a bigger
computational cost for just little modifications.

Besides the above methods, some authors focused on divide and conquer algorithms
to build a k-NNG [65, 66]. Chen et. al [65] proposed two algorithms to build a k-NNG,
the overlap method and the glue method. Both of these algorithms use the Lanczos
procedure [67] to execute the dataset division based on a spectral bisection [65, 68]. Each
recursion divides the elements into two subsets. The Lanczos procedure is used to find the
most valuable eigenvectors and eigenvalue of a matrix. The spectral bisection is done by
using the eigenvalues signs to partition the graph. The overlap method divides into two
overlapping subsets while the glue method divides into two disjoint subsets and a third
subset is used to merge them. In both methods, when the size of the subset is smaller
than a parameter defined threshold a k-NNG of this subset is built using the brute force
construction algorithm. Next, the conquer procedure is called to merge the graphs. The
final step of the proposed methods is to refine each element k-NN by comparing its current
neighbors and its neighbor neighbors and update the edges in case there is a vertex that
should be in this element neighborhood but is not.

Wang et. al [66] proposed a multiple random divide and conquer algorithm to build
an approximated neighborhood graph. The main idea of this approach is to randomly and
hierarchically partition the dataset until the size of a subset is smaller than a parameter
defined threshold so that similar elements have a high probability to be in the same
subset. This random partition process is repeated in order to increase the chance that close
elements are connected in at least one partition/subset. Because the dataset is partitioned
many times into many subsets some of the partitions in the process works as an overlap
to make connections among subgraphs. In the authors implementation of the algorithm
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random directions are chosen to perform random divisions to partition the dataset. The
principal directions are obtained by using Principal Component Analysis (PCA) of a
sample of elements from each subset. In the experimental results, the introduced multiple
random divisions algorithm outperformed the methods proposed by Chen et. al [65] in
construction time when achieving the same or even better accuracy (the accuracy was
measured comparing the constructed graph to the exact k-NN graph).

The remainder of other approaches either build exact or approximated k-NNG
with lower complexity than k-NNG-BF , where some methods work specifically in metric
spaces and others for general similarity functions [69, 70, 71].

3.2.2 𝑘-NNG-based Graphs

Other methods can be classified by the type of graph employed for similarity
search, either built from a k-NNG or with the same properties as k-NNG.

A related graph to the k-NNG is the quasi proximity graph. The quasi proximity
graph proposed by Chavez et. al. [72] is a proximity graph induced by the k-NNG𝑢 (direc-
ted k-NNG). The neighborhood of a vertex in the k-NNG𝑢 is not symmetrical, that means,
a vertex 𝑣 can be part of the 𝑁𝑁𝑘(𝑢) of the vertex 𝑢 but 𝑢 is not necessarily in 𝑁𝑁𝑘(𝑣).
This property can lead a greedy search result to a local minimum for a 1-NN search. The
quasi proximity graph is a 𝐺(𝑉, 𝐸) where (𝑢, 𝑣) ∈ 𝐸 ↔ |𝑁𝑁𝑘(𝑢)∩𝑁𝑁𝑘(𝑣)| ≥ 𝑘, so if the
vertices 𝑢 and 𝑣 have 𝑘 neighbors in common, 𝑢 and 𝑣 are also neighbors. According to
the results, the quasi proximity graph finds the solution for the 1-NN search with a high
recall rate especially for higher values of 𝑘.

Another variation of the k-NNG is the k-Degree Reduced Graph (k-DRG)) [60].
As the name suggests, the main idea of the k-DRG is to build a graph from the k-NNG
with a reduced number of edges that guarantees the 𝑘 nearest neighbors of a vertex can
be reached using the GS algorithm.

It was proposed two construction algorithms for the k-DRG, the first one was
proposed in [60] is used when the 𝑘 parameter for the k-DRG is defined and the second
was proposed in [39] for when the parameter 𝑘 is not defined.

The construction used when the parameter 𝑘 is provided in advance is done by
incrementing 𝑘′ until 𝑘′ = 𝑘 in which 𝑘′ is a counter to control the number neighbors
in each vertex starting from 1 until 𝑘. In each iteration an edge will connect vertices
𝑣 ∈ 𝑉 with its 𝑘′ nearest neighbor 𝑢 ∈ 𝑉 only if is not possible to reach 𝑢 from 𝑣 using
the already inserted edges in the k-DRG and a greedy search algorithm. This will reduce
the number of edges in the k-DRG compared to the original k-NNG but maintains the
navigability of the k-NNG [60].

When the parameter 𝑘 is not provided in advance a search success probability error



41

will serve as the stop condition of the algorithm [39]. This search success probability is
calculated based on the graph basins. The basin of a query element 𝑞 in a graph is the set
of vertices on the graph from which a greedy search algorithm can find the closest vertex
to 𝑞. The search success probability is given by the ratio of the size of the basin to all of
the vertices |𝑉 |. The calculation of the exact search success probability in each iteration
for each query element 𝑞 starting the search from each vertex in the graph demands a high
computational cost. As a result, the authors used the Monte Carlo method to make an
approximation of this success probability by sampling the initial vertices for the searches
and the query elements, called quasi queries, in the construction algorithm.

Additional variations include the Hierarchical k-DRG [73] and the Double Layer
Neighborhood Graph (DLG) [74], which were proposed by the authors of k-DRG in sub-
sequent papers. Both of these hierarchical graphs uses as the base graph the k-DRG. In
DLG, the search space is reduced by using representative vertices of the base layer as
starting vertices (seeds) for the search algorithm. The representative vertices are selected
from the base layer based on their betweenness centrality, the number of shortest paths
between all pairs of vertices in the graph that the evaluated node appears.

Finally, another k-NNG based graph is the Pruned Bi-Directed k-Nearest Neighbor
Graph (PBKNNG) [75]. The PBKNNG adds reversely directed edges to all the directed
edges of the k-NNG since the search performance of the 𝑘-NNG improves as the 𝑘 para-
meter increases. Some of the added edges are pruned according to heuristics because as
the 𝑘 increases more memory is necessary to store the edges.

3.2.3 Relative Neighborhood Graph – RNG

The Relative Neighborhood Graph (RNG) is a subgraph of DG with guarantees
that for any pair of vertices there exist one or more paths that connect the pair of vertices
(i.e., RNG is a connected graph [13, 51]). Formally, the RNG is a graph 𝐺 = (𝑉, 𝐸) whose
set of edges 𝐸 is determined by a proximity property 𝑃 that (𝑢, 𝑣) ∈ 𝐸 if and only if
𝐵𝑢(𝑢, 𝛿(𝑢, 𝑣)) ∩ 𝐵𝑣(𝑣, 𝛿(𝑣, 𝑢)) = ∅, where 𝑢, 𝑣 ∈ 𝑉 and 𝐵(𝑥, 𝑟) is a ball defined by 𝑥 and
distance threshold (radius) 𝑟 [13]. Figure 13 show the proximity property 𝑃 of the Relative
Neighborhood Graph. A very important property of RNG is that it is parameter-free, i.e.,
the number of edges in the graph is defined by the dataset properties and, therefore, it is
“auto-adjusted”. Figure 12 shows the RNG built from the sample from the Figure 9.

Distinctly from DG, RNG can be built given only the distances between the dataset
elements. However, the complexity to build RNG in general spaces is 𝑂(𝑛3) [76], which
is even higher than the complexity of the brute force algorithm to build the k-NNG.
There exist methods to construct RNG with lower complexity, such as 𝑂(𝑛 · log 𝑛) [77]
and 𝑂(𝑛) [78]. However, the main drawback of these methods is they require to have a
Delaunay triangulation in order to then build RNG which makes the total cost very high.
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Figure 12 – RNG of the 32 USCities sample.

𝐵(𝑣, 𝛿(𝑣, 𝑢)) 𝐵(𝑢, 𝛿(𝑢, 𝑣))

𝑣 𝑢

Figure 13 – Proximity property of the Relative Neighborhood Graph (RNG). Since there
are no vertices in 𝐵(𝑣, 𝛿(𝑣, 𝑢)) ∩𝐵(𝑢, 𝛿(𝑢, 𝑣)), the pair of vertices (𝑣, 𝑢) ∈ 𝐸.

A similar algorithm to the GS [63] could be used to search over the RNG. The
algorithm starts by randomly selecting a vertex (node) of the graph to start the search
and the neighborhood (adjacent vertices) of this start vertex is visited until the nearest
neighbor to the query element is found. If the selected starting node is too far from the
result the searching process can have very long execution time depending on the size of
the graph. To minimize this problem the author in [13] proposed the use of the Relative
Neighborhood Density Factor (RNDF) for seed selection. The RNDF is a value based on
the neighborhood of each vertex of the graph. Considering a vertex 𝑣 ∈ 𝑉 , the RNDF
value of this vertex is 1 if 𝑣 is the nearest neighbor to all of its adjacent neighbors, if
this is not true the RNDF value for 𝑣 will be less than 1. The selected vertices will be
the ones with the highest RNDF and have more than 1 neighbor (adjacent vertex). So
to make the nearest neighbor query in the RNG more efficient the closest seed vertex
to the query element is selected as a starting node for the search. 𝑅𝑞 and 𝑘𝑁𝑁𝑞 can
be computed over the RNG by exploring iteratively the neighborhood of the seed vertex
chosen as the nearest neighbor. As mentioned before the RNG reduced significantly the
number of distance computations during the search when compared to the SAT . Thus,
the RNG also performed better when compared to the Slim-tree [10] and DBM-Tree [11]
for high dimensional metric spaces.

Variations of RNG include hierarchical graphs, Hyperspherical Region Graph (HRG) [41]
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and its improved version MOBHRG [79], which aim at improving the search through an
initial search in the upper graph level.

The HRG is a graph 𝐺𝐻 = (𝑉, 𝐸) where 𝐻(𝑣, 𝑢) for any pair of vertices 𝑣, 𝑢 ∈ 𝑉

is a hypersphere in which the radio is the distance between 𝑣 and 𝑢 is 𝛿(𝑣, 𝑢) and the
center of the hypersphere is the vertex 𝑣. The HRG consists of only vertices that are
centers of hyperspheres. A hypersphere is defined by the authors as 𝐻 = (𝑣, 𝑐, 𝑂), 𝑣 is
the center of the hypersphere, 𝑐 is the maximum of elements that a hypersphere can
have and 𝑂 is the set of elements that are included in the hypersphere. The HRG is a
type of a RNG so the proximity property is very similar to the RNG but considering
the hyperspheres. The proximity property that must be fulfilled to connect two vertices
𝑣, 𝑢 ∈ 𝑉 is (𝐻(𝑣, 𝑢) ⊓𝐻(𝑢, 𝑣)) ∩ 𝑉 = ∅.

The MOBHRG makes improvements on the HRG graph construction and updates
algorithm by reducing the overlap region between hyperspheres. The improvement consists
of using the minimum spanning tree (MST) algorithm to choose the center of a new split
hypersphere. A hypersphere is split when the number of elements in it exceeds 𝑐, the
maximum number of elements that a hypersphere can have. By using the MST algorithm
the resulting graph will have more separated regions minimizing the number of vertices
evaluated in the search when comparing to the HRG, contributing to search algorithms.

Experimental results in the paper showed that the MOBHRG always takes less
time to build than the M-tree, and when comparing query response time the MOBHRG
performs better than the M-tree [1] and the SAT for synthetic and real datasets.

3.2.4 Other Graphs for Approximate Similarity Search

Recently, new types of graphs have been proposed for approximate similarity se-
arch. These proposed graphs achieved high recall rates and performed reasonably well in
high dimensional metric spaces, as reported in [16, 40].

One representative of this type of graphs is the Navigable Small World graph
(NSW ) [16, 80]. A small world graph (SWG) is a random graph, very sparse, with high
local clustering property, and with a short distance value among vertices in the graph. In
other words, a pair of vertices is connected by a path that is considered small compared
to the size of the graph. The proposed NSW graph is based on an approximation of DG
and has a SWG topology, due to its long-range links to keep the navigation property. The
authors use a basic greedy search algorithm for nearest neighbor search and also presents
a 𝑘𝑁𝑁𝑞 algorithm with approximate results.

The NSW graph can be defined as 𝐺 = (𝑉, 𝐸) in which the vertices (nodes)
represents the complex data and the edges links between them. Vertices of the NSW
are connected by two types of edges: short-range links, used for the greedy search, and
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Figure 14 – Navigable Small World Graph (𝑘 = 2).

long-range links, which define the small world properties in the graph. The construction
algorithm of the NSW is based on inserting iteratively the complex data (vertices). For
each newly inserted vertex, a search over the graph is done to identify and connect its 𝑘

nearest neighbors to the newly inserted vertex. This algorithm idea is to build in the NSW
an approximation to the Delaunay graph. The newly created edges are short-range links
because it connects the vertex to their current 𝑘 nearest neighbors. In each construction
algorithm iteration, the edges that were previously short-range become long-range links.
Figure 14 shows an NSW with 𝑘 = 2. The number of long-range links is not controllable
by any parameter and the excessive number of edges per vertex in NSW can slow down
the query execution using a best-first approach. This will be further discussed in Chapter
4.

In [16, 80], it is proposed a modified version of k-NN queries for NSW , called
multiple start greedy search. The two main contributions of this algorithm are: (1) a
shared list of size efSearch, between 𝑚 searches of visited vertices, is maintained to avoid
distance computation; and (2) a new stop condition is defined to maintain the algorithm
exploring the neighborhood of result, aiming to improve the result set (k-NN ).

The Fast Approximate Nearest Neighbour graph [40] (FANNG), which is built
with particular properties which search intent is to find the closest vertex as possible as
to the exact result. The FANNG uses the occlusion rule to connect vertices, this rule is
similar to RNG neighborhood criterion. The occlusion rule states that if there is an edge
connecting the vertices 𝑣1 and 𝑣2, it’s not necessary to have an edge connecting the vertex
𝑣1 to any other vertex 𝑣3 that is closer to 𝑣2 than to 𝑣1. However, the proposed structure
only gives exact results to a greedy search if the query element is identical to a vertex
inserted in the graph. As a result, the property defined was modified in order to deal
with situations in which the main interest is to search within a distance 𝑟 from the query
element (Range queries). The property considering the distance 𝑟 from the query element
𝑞, if 𝛿(𝑞, 𝑣2) < 𝛿(𝑞, 𝑣1) it is not necessary to have an edge connecting from 𝑣1 to 𝑣3 where
𝛿(𝑞, 𝑣3) < 𝑟.
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As the FANNG is modified, the search algorithm is also modified. Instead of stop-
ping the nearest neighbor search when no progress can be made, the search uses a version
of depth-first search (DFS) to backtrack to the second closest vertex and considers any
edges that have not been explored yet [40]. And recursively, if all the neighbors to the
second closest vertices have already been explored, the algorithm will backtrack to the
third closest vertex and so on.

Other important graph-based methods in the literature are: the Pivot Neigh-
borhood graph [81], which is a graph-based method for approximate search where vertices
are used as pivots of the dataset; the Randomized Neighborhood graph [82], in which the
neighborhood of a vertex is based on cones of the space calculated by the algorithm
described in [83].

Even though there are some works in the literature that addresses updates in proxi-
mity graphs [84, 85], to the best of our knowledge, the graph-based methods for similarity
searches in the literature are mainly static methods. The paper by Hacid et. al [84] intro-
duced algorithms for local insertion and local deletes of vertices for neighborhood graph
adaptation for data indexing. Suppose we need to insert or delete a vertex 𝑞 in a graph
𝐺(𝑉, 𝐸). The proposed algorithms in the paper defines a hyper-sphere 𝑆𝑅(𝑞, 𝑟) in which
the center is 𝑞 and includes all vertices 𝑤 in which 𝛿(𝑞, 𝑤) ≤ 𝑟. Instead of reconstructing
the whole neighborhood graph 𝐺 only the vertices and edges contained in the defined
hyper-sphere 𝑆𝑅 are reconstructed after inserting or deleting 𝑞.
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4 COMPARATIVE ANALYSIS OF GRAPH-BASED
METHODS

As already mentioned, the main objectives of this thesis are: (1) to compare and
provide a deep analysis of the tradeoffs between construction time and query time for the
main graph-based methods; and (2) to develop a new graph-based approach for similarity
search, based on divide-and-conquer construction with the addition of long-range edges,
which can be used with several types of graphs previously proposed in the literature.

These two objectives are complementary since it is from the comparison results
that we can analyze what aspects can be incorporated in a new method to improve the
performance compared to the already proposed graph-based methods in the literature. The
first objective is addressed in this chapter, and part of this contribution was published
in [86]. The work regarding the second objective is described in Chapter 5.

Survey articles by Chávez et al. [3] and Hjaltason and Samet [4] describe search
in metric spaces and cover indexing methods used for similarity searches. The work of
Skopal and Bustos [7] provides a broad view of works addressing searches using non-metric
similarity functions for different complex data domains. Nevertheless, none of these works
include graph-based methods. Graphs are cited only to introduce theoretical foundations
or to present applications on graph datasets. A recent survey by Naidan et al. [15] covered
permutation-based methods for similarity search and presented an experimental analysis
of some methods used for similarity searches. The tested methods included the graphs
Small World Graph (SWG) [16] and the Approximate k-NN Graph built with the NN-
Descent [19]. However, they neither explore the impact of different parameters nor address
the exact search in graph-based methods.

In this chapter, we present a comparative analysis of the existing graph-based
methods. This chapter is divided into two main sections: Section 4.1 presents how the
search algorithms can be applied to the different types of graphs, especially in terms of the
spatial approximation property, and; Section 4.2 presents an experimental performance
analysis of the most representative types of graphs according to their main construction
and search parameters.

4.1 Search Algorithms Applicability in Different Types of Graphs

As discussed before, the spatial approximation property does not give exact answers
for the main graph types used for similarity search in the literature. This section presents
a discussion on the graph types structure according to the spatial approximation property
applicability in different types of graphs. The discussion is carried out by showing counter-



47

Figure 15 – Any algorithm based on neighborhood expansion would not be able to evalu-
ate vertex 10 as these algorithms follows the edge direction and there are no
incoming edges to number 10.

examples on how the spatial approximation property does not hold for the main graph
types using the USCities sample dataset introduced in the previous chapter (section 3.2),
and in which situations the graphs do not perform as expected. At the end of the section,
we also discuss why Paredes and Chavez[9] proposed search algorithm implementation
does not give exact answers in a weighted RNG, compared to k-NNG.

In the k-NNG and k-NNG-based graphs vertices are more connected or less con-
nected according to the parameter 𝑘. Two main limitations of the k-NNG can be observed:
(1) The edge direction can limit the search algorithm execution and; (2) The graph can
be disconnected. Figure 15 shows the problem of the directed edges. When using a di-
rected k-NNG the spatial approximation based search algorithm needs to follow the edge
direction. Suppose the closest vertex to a query is vertex number 10, it is not possible
to reach number 10 by a spatial approximation from any vertex since number 10 is not
part of the 2-nearest neighbor of any vertex. In this case, the returned answer will not be
correct.

However, the k-NNG does not hold the spatial approximation property even when
using undirected edges. Since k-NNG is dependent on the parameter 𝑘, the resulting graph
can generate disconnected regions and a simple search algorithm such as the greedy search
will not be able to evaluate different graph regions. This evaluation will be possible only
when using multiple restarts like GNNS . Still, even if GNNS or a similar search algorithm
is used it is not guaranteed that it will always return the exact answers to the query as
the starting elements are randomly selected.

An alternative for exact answers using k-NNG are the search algorithms proposed
by Paredes and Chavez [9]. However, this algorithm has two drawbacks: (1)the properties
used to prune the vertices in the search algorithm are based on metric spaces properties
and it may not give the expected answer in non metric spaces; and (2)the algorithm
execution takes longer than the best-first approaches as it will be shown in Section 4.
k-NNG based graphs share the same drawback of the k-NNG.

The RNG, as defined before, is a connected graph. The fact that RNG is a con-
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(a) Blue circle radius is 𝛿(27, 31) = 2.067 while
red circle radius is 𝛿(4, 31) = 2.107, 𝛿 re-
presents the 𝐿2 distance. Nearest neighbor
of 31 is 27.

(b) From vertex 4 the GS evaluates only ver-
tices 23 and 21 that are farther from 31
than 4. 4 is wrongly returned as 31 nea-
rest neighbor.

Figure 16 – Counter example on the spatial approximation property in RNG.

nected graph does eliminate the problem of the disconnected regions in k-NNG, but still
cannot guarantee exact answers when using a Spatial Approximation-based search algo-
rithm. Even though RNG is a Delaunay Graph subgraph, it does not fulfill the Spatial
Approximation property. When a using greedy search algorithm it can return a local
minimum as the answer. This happens when the query element is not part of the RNG
and there is a vertex that is more similar to the query element than its neighbors, howe-
ver, it is not the expected answer. Figure 16 shows this problem. Suppose the greedy
search starting vertex is the number 21 and the query data is the start (number 31), by
spatial approximation the next evaluated vertex will be number 4 since it is the most
similar neighbor to the query. Thereafter, when evaluating the neighbors of number 4,
both of them (number 23 and 21) are less similar than the current evaluated number
4, so 4 is returned as the closest neighbor to 31. But if when observing the close-up of
the searched region in Figure 16(a), the actual nearest neighbor to 31 is number 27. The
counter-example showed in Figure 16(b) can prove how the RNG does not hold the Spa-
tial Approximation property. The same problem of stopping at a local minimum occurs in
other proximity graphs, such as k-NNG, even when there is a path in the graph between
the starting vertex and the element(s) that should be the query answer.

The Navigable Small World Graph [16] contains small world properties and an
approximation to the Delaunay Graph. The long-range links of the navigable small world
graph are used as “shortcuts” to get to the closest neighbors of the query element. For
example, in Figure 14 using a simple greedy search algorithm starting from vertex number
1 and searching for the number 31 it is possible to hop from number 1 directly to number
21, without needing to evaluate the neighborhood of the vertices 8 and 16 that would be
evaluated in RNG (Figure 12) and 2-NNG(Figure 11). The “shortcuts” can reduce the
number of distance computations during the search. Still, since it is an approximation
to the Delaunay Graph it does not guarantee an exact answer when using a Spatial
Approximation algorithm approach, however, the answer quality is very good, with high
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recall rates.

The main drawback of the Navigable Small World Graphs is the number of edges
when compared to the k-NNG with the same 𝑘 value of NSW or to the RNG. As a result
of the long-range links in NSW , the number of edge per vertex is higher than a k-NNG or
RNG and consequently, the NSW requires more memory to store the graph edges when
compared to the other presented graphs (with the same 𝑘 value).

The search algorithms proposed by [9] are based on metric spaces properties and
was proposed for k-NN graphs, nevertheless, they can be used on other types of graphs
with some modifications. One of the pruning methods used by the algorithm is when the
query radius is contained in a vertex covering radius (distance between the vertex and its
farthest neighbor), then the elements that are not part of the vertex covering radius can
be pruned. According to metric spaces properties, the pruning method is correct and can
be used in the search algorithm.

However, the implementation used of this pruning method is done by deleting
from candidate vertices those that are not in the neighborhood of the currently evaluated
vertex. This implementation works only on k-NNG. It is guaranteed that in the k-NNG
all elements of the dataset, graph vertices, that have smaller distance than the 𝑘𝑡ℎ nearest
neighbor of a vertex 𝑢 is contained in the 𝑢 neighborhood. But for other graphs, eg. RNG,
the mentioned property is not guaranteed as k-NNG and RNG have different construction
properties. In RNG it is possible to have a vertex 𝑢 that is contained in the covering
radius of a vertex 𝑣 but is not in 𝑣’s neighborhood. Figure 17 shows an example of how
the proposed implementation cannot be used in a weighted RNG. In Figure 17 the query
element is “inside” of the covering radius of vertex 25 (red circle) but the nearest neighbors
are not connected by an edge to vertex 25. In the original algorithm, vertices that are not
connected to 25 would be discarded as answer candidates and the returned query answer
would not be exact. The implementation of the algorithm needs modifications to work on
other types of graphs.

4.2 Experimental Analysis of the Main Graph-based Methods

This section presents an extensive experimental evaluation of graph-based methods
for similarity search in metric spaces.

Our analysis comprehends the exact and approximate search using the most re-
presentative graphs mentioned in Chapter 3. The search methods include the exact al-
gorithm of Paredes and Chavez and the greedy algorithms GS and GNNS (Section 3.1).
The exact algorithm requires a weighted graph to be pre-computed, hence, we imple-
mented the algorithm using weighted versions of RNG and k-NNG, denoted herein as
RNGW and k-NNGW , respectively (both algorithms were constructed using the brute
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Figure 17 – The query 31 is contained in 25 covering radius. By executing Paredes and
Chavez search algorithm, vertices that are not connected to 25 would be
discarded as answer candidates, including 31 real nearest neighbors.

force approach). GS and GNNS algorithms were employed for approximate searching in
graphs RNG, NSW , k-NNG using brute force construction denoted as k-NNG-BF , and
k-NNG using NN-Descent construction referred to in this analysis as just NN-Descent.
We also tested the SAT to serve as a baseline for the spatial approximation search. Ta-
ble 1 shows a summary of evaluated methods, search methodology (exact or approximate),
and construction algorithms. Such a wide combination of search methods and proximity
graphs implemented in a common platform allows us to study, in details, the performance
behavior of several factors of graph structure, search method and parameters, in order to
understand the inherent tradeoffs among methods. The main goal is to provide a report
with a baseline analysis that can be further used and extended in future research works.
By analyzing in which cases each type of graph performs better, the results give hints on
what approaches can be used in our proposed graph method to improve the search quality
compared to the literature methods.

We use an assortment of real datasets that vary in dimensionality and cardinality to
give a detailed experimental analysis in a uniform platform. To the best of our knowledge,
our work is the first to cover analysis of exact and approximate search on different graph
types for similarity search in metric spaces. The results provide a quantitative view of
exact and approximate search as well as the tradeoff between graph construction cost and
search performance according to different construction and search parameters.

The datasets employed in the analysis are: USCities, with geographic coordina-
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tes of American cities1; Color Moments, co-occurrence Texture and Color Histogram,
which contain the respective feature vectors extracted from photo images obtained from
Corel [87]; MNIST [88], a collection of binary images of handwritten digits2; and ANN-
SIFT1M, a million SIFT feature vectors used in [89]. For ANN-SIFT1M we used only
the database set, the learning and query set was not employed. Table 2 shows the size
and dimensionality of every dataset. All methods were tested in metric spaces using the
Euclidean distance (𝐿2) as the similarity measure. From each dataset, we removed 100
random elements to serve as query elements and used the remaining ones to build the
graphs.

Table 1 – Evaluated methods.

Method Search Methodology Construction Algorithm

RNGW Exact [9] Brute-force 𝑂(𝑛3)
k-NNGW Exact [9] Brute-force 𝑂(𝑛2)

RNG Approximate Brute-force 𝑂(𝑛3)
NSW Approximate Consecutive vertex insertion with edges

based on approximated k-NN search
k-NNG Approximate Brute-force 𝑂(𝑛2) and NN-Descent

(approximate k-NNG)
SAT Exact [42] Consecutive node insertion 𝑂( 𝑛 log2 𝑛

log log 𝑛 )

Table 2 – Datasets used for the experiments.

Dataset Size Dimensions

USCities 25,374 2
Color Moments 68,040 9

Texture 68,040 16
Color Histogram 68,040 32

MNIST 70,000 784
ANN-SIFT1M (base vectors) 1,000,000 128

We employed the C++ library NMSLib (Non-Metric Space Library) [90] to develop
all tested methods. The library originally includes the NN-Descent and NSW graphs.
Therefore, we extended it by implementing RNG, Brute Force k-NNG, and weighted
graphs RNGW and k-NNGW . We also implemented the search algorithms GS , GNNS
and exact, whenever applicable, to ensure that every structure employs exactly the same
code for searching. As for the SAT we used the implementation available in the NMSLib.
1 <http://www.census.gov/main/www/cen2000.html>
2 <http://yann.lecun.com/exdb/mnist>

 http://www.census.gov/main/www/cen2000.html
http://yann.lecun.com/exdb/mnist


52

The experiments were carried out on an Intel Core i5 (4GB RAM) with a single thread
for all methods on an Ubuntu GNU/Linux 16.04 64 bits.

The evaluated metrics for each method were: graph structure construction time,
average query execution time, number of distance calculations during query and recall.
Recall is the fraction of correct query answers retrieved. Suppose 𝐶 is the set of correct
query answers and 𝐶𝐴 is the set of answers retrieved from the queries execution, the recall
measure is given by equation 4.1 [91].

Recall = |𝐶 ∩ 𝐶𝐴|
|𝐶|

(4.1)

4.2.1 Exact Search Evaluation

This section discusses how proximity graphs behave to produce exact answers for
similarity queries, specifically k-NN queries. The exact algorithm of Paredes and Chavez is
based on metric space properties and was proposed for k-NNG, nevertheless, the algorithm
can be adapted to other types of graphs. As mentioned at the end of Section 4.1, the
property in the implementation for one of the pruning methods does not hold for all types
of graphs. Therefore, our implementation of the exact algorithm in the weighted graph k-
NNGW includes all pruning techniques of the original proposal while the implementation
in RNGW excludes the aforementioned technique.

Firstly, we analyze how the performance of the exact algorithm in k-NNGW is
affected by the number of neighbors used to build the graph, the parameter 𝑘 that will
be denoted as NN in this Chapter (to differ from k-NN queries parameter 𝑘). Figure 18
shows the average query time to answer k-NN queries, for 𝑘 ∈ {1, 5, 10, 30}, in the datasets
USCities and Moments for increasing NN values. It can be noticed that in general, the
query time drops abruptly as the NN parameter increases, and after reaching the best NN
value it grows again. Moreover, different values for 𝑘 in queries demand different NN to
achieve the best performance. Regarding this aspect, the dataset properties are of major
impact. In Figure 18(a), the lowest query times for different 𝑘 in USCities are reached for
directly proportional values for 𝑘 and NN , that is, the greater is 𝑘 the greater is the best
NN value. On the contrary, for Moments, such a relation is inversely proportional as, for
example, for 𝑘 = 30 the best NN is 25, and for 𝑘 = 1 the best NN is 150 (Figure 18(b)).

Then, we compare in Figure 19 the performance of the exact algorithm using k-
NNGW and RNGW with the performance of the approximate GNNS algorithm with
configurations of k-NNG-BF , NN-Descent and NSW that provide highly accurate results
(recall of at least 0.99) in the smallest query time for 10-NN queries. The first and second
columns of Figure 19 show, respectively, the average number of distance computations
and query time regarding the datasets, both in log10 scale. All graphs employed NN =100
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Figure 18 – Query time (ms) for different number of neighbors in graph vs. 𝑘 values in
k-NN queries for USCities and Moments datasets.

(except RNGW that is parameter-free). The best number of restarts for the GNNS is
denoted as 𝑅 in the figure.

For the USCities dataset, it is noticeable that the RNG exact algorithm performed
significantly fewer distance computations than the other methods (Figure 18(a)). However,
regarding query time (Figure 18(b)), the behavior is the opposite, being RNGW the
slowest option by orders of magnitude. This huge performance degradation is due to
internal computations of the algorithm, such as the Dijkstra shortest path algorithm used
to calculate the lower and upper bounds that are used by the pruning methods. k-NNGW
follows a similar behavior due to the same reason, although being less extreme than
RNGW . NSW and SAT performed an intermediate number of distance computations,
and NSW was the fastest method for this dataset, closely followed by SAT . k-NNG
and NN-Descent demanded a huge amount of distance computations, as a result, their
execution time was intermediate.

Regarding the Moments dataset, k-NNGW demanded the lowest number of dis-
tance computations (Figure 18(c)), nevertheless it was by far the slowest method regarding
time (Figure 18(d)). RNGW was omitted because its execution time was too high. In this
dataset, SAT degraded quickly with the increase in the dataset size, being up to 3 times
slower than k-NNG and NN-Descent, and up to 5 times slower than NSW , which again
was the fastest method.

These results confirm that approximate search is much more feasible for cheap
metrics, when it is enough to provide answers close to the exact ones. The next sections
concentrate on evaluating the parameters regarding approximate methods.

4.2.2 Analysis of Construction Parameters

Aside from RNG and SAT , all other tested methods have parameters to tune.
Table 3 shows the construction parameters evaluated in this section, the tested values
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Figure 19 – Performance comparison between graph-based precise search and approxi-
mate search with at least 0.99 of recall for 10-NN queries in the USCities and
Moments dataset.

and their description. To limit the number of variations, 𝜂 and 𝑤 were set to defaults.
After having constructed the graphs, we executed batteries of 1-NN queries using the GS
algorithm.

Table 3 – Construction parameters tested.

Graph Parameter Tested values Description
k-NNG-BF , NN-Descent and NN {5, 10, 25, 40, 55, Number of neighbors per vertex

NSW 70, 100, 130, 150} (𝑘 for k-NN searches in NSW )
NN-Descent 𝜌 {1.0, 0.5} Sample rate of neighbor’s neighbors

to be checked for each vertex
NSW efConstruction {20, 100} Size of the candidate list (ef ) of

the k-NN search in vertex insertion
NN-Descent 𝜂 0.001 (default) Early termination threshold

NSW 𝑤 1 (default) Number of starts for k-NN search

Figure 20 presents the results (construction time and query time plots are in log10

scale). It is visible in plots (a)-(c) in the figure that both NSW and NN-Descent demand
more indexing time as the NN increases for all datasets. In contrast, our k-NNG-BF
implementation executes a sequential scan over the dataset to identify the 𝑘-neighbors
of each vertex and, consequently, the variation in the construction time with the incre-
ase of NN is insignificant. Even though the NN-Descent method has lower complexity
than the brute force algorithm, for large NN NN-Descent takes close to longer time to
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Figure 20 – Construction time (first row), query time (second row), and recall (third row)
for increasing NN values.

build the graph if compared to k-NNG-BF . The exception, in our tests, is the MNIST
high dimensional dataset that even for NN = 150 was still faster than k-NNG-BF , ne-
vertheless presenting a monotonically increasing pattern. NSW demands more time than
NN-Descent to be constructed for small NN , however, the behavior for large NN is the
opposite. Even though NN increases the construction time in NSW because of the search
process in vertices insertion, a large NN has more impact on NN-Descent as it increases
the number of neighbors to compare in each iteration. Notice that both construction time
and query time for ANN-SIFT1M were degraded by swap operations for large NN , as for
some configurations the available RAM was exhausted.

Both the query execution time (Figure 20(d)-(f)) and recall rate (Figure 20(g)-(i))
consistently rise with the increase of the NN parameter for all datasets. As a role of thumb,
the more precise a method is the more query time it demands. If the NN parameter is
large, the constructed graph is more connected and GS has greater chances of returning
the correct query answer regardless of the starting vertex. However, the larger the NN
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the more adjacent vertices are evaluated in each greedy step, thus consuming more time.
Remember that the GS algorithm is a simple greedy search algorithm that highly depends
on the starting vertex. NSW was the slowest method in the majority of the cases, however,
it was the most precise even for MNIST and ANN-SIFT1M, the tested datasets with the
highest dimensionality and cardinality, respectively. Another result is that NN-Descent
yields recall rates very close to the recall rates of k-NNG-BF , however demanding less
query time for the same NN in several cases, with the exception of the ANN-SIFT1M
due to swap overhead consequent from memory consumption.

The additional parameters of NN-Descent and NSW also have an impact on the
construction time. As it can be observed in the plots, to build a NN-Descent with 𝜌 = 1
demanded in average 30% more time than to build it for the same dataset and NN value
with 𝜌 = 0.5. Unexpectedly, such a rise in construction time did not reflect corresponding
gains in query time or recall as they were close for both tested 𝜌 values. With regard to
NSW , the time elapsed to build a graph for the same dataset and NN value for efCons-
truction= 100 was in average 40% larger than for efConstruction= 20. Such a cost increase
resulted in higher recall rates for some datasets, and overall negligible query overhead,
except for ANN-SIFT1M in which some configurations suffered from swap. Nevertheless,
the dominating parameter, according to our tests, in terms of cost-benefit for NSW is NN .
For instance, the time elapsed to build NSW with NN =25 and efConstruction= 100 is
comparable to the time to build NSW with NN =70 and efConstruction= 20 for MNIST,
however the recall of the second configuration is around 30% superior than that of the
first.

4.2.3 Scalability Evaluation

As discussed before, the construction of NSW graph and the NN-Descent method
are dependent of the NN and additional parameters, while the construction algorithm
for k-NNG and RNG have 𝑂(𝑛2) and 𝑂(𝑛3) complexity, respectively. For scalability eva-
luation of the different types of graphs we constructed and searched over the graphs by
increasing continuously the dataset size from a very small number of elements to the full
dataset. Figure 21 shows the construction time, the query time and recall for GS algo-
rithm for according to the increase of elements in 𝑙𝑜𝑔10 scale. Due to time limitations,
we were not able to construct RNG for more than 100, 000 elements in ANN-SIFT1M
dataset.

As expected by the algorithm complexity, RNG has the biggest construction among
the tested methods. For the full dataset, is around one order of magnitude higher than the
Brute-force k-NNG as it can be observed from Figure 21(a)–(c). The construction time
difference is noticeable especially for the ANN-SIFT1M dataset in which RNG construc-
tion time for 100, 000 elements is just approximately 20% slower compared to a 100-NNG
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Figure 21 – Index time vs. number of elements in dataset for NN =10, 100, 𝜌 = 0.5 for
NN-Descent and efConstruction= 20 for NSW .

for the entire dataset (10 times more elements). Regardless of the number of elements,
NN-Descent for NN = 10 has the fastest construction time, while, for graphs with NN
=100 NSW has the best construction time. RNG has the worst scalability as the cons-
truction time increase one magnitude order in each 10 times the number of elements in
all datasets in Figure 21. The k-NNG increases around half of the magnitude order from
103 to 104 elements in Texture and Color Histogram datasets, however from 104 to the
full size of the dataset, it increases around one magnitude order. NN-Descent and NSW
grow approximately half of the magnitude order in each 10 times the number of elements
in all datasets. For graphs k-NNG, NN-Descent and NSW , both with NN =10, when the
number of elements doubles the construction time increases in average 280%, 100% and
130%, respectively.

Figure 21(e),(f),(g) and (h) shows the query time scalability of the tested graphs
for the greedy search algorithm for 1-NN search while Figure 21(i),(j),(k) and (l) shows
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the corresponding recall. Even though RNG has the best query time the produced recall is
the worst. Although RNG tests for the entire ANN-SIFT1M dataset were not completed,
in the tested cases the recall rates are also close to NN-Descent, NSW , and k-NNG for
NN =10. Indicating that for very high dimensional datasets RNG can perform better
than the other tested graphs with small NN .

NSW has the highest query time when compared to k-NNG and NN-Descent for
the same NN value but also has the best recall rates in all cases. This happens especially
because of the long-range edges in NSW . Each vertex in NSW is not restricted to only
NN connections like k-NNG and NN-Descent, and since NSW has more connections,
consequently, more neighbors to be evaluated in each greedy step, impacting on the query
time. Despite the fact that long-range links worsen the query time it raises the answer
quality.

Surprisingly, NN-Descent had better query time than k-NNG for NN =100 and
approximate query time for NN =10, except for the ANN-SIFT1M dataset due to swap
overhead as described in Figure 4.2.2.

As expected, as the number of elements increases the recall decreases. For Texture
and Color Histogram dataset NN-Descent and k-NNG for NN =100 achieved very high
recall rates while for datasets with higher dimensions, ANN-SIFT1M, the NSW NN =100
outperforms significantly. Similarly, in Texture and Color Histogram datasets, the recall
decrease of each method is not very accentuated when compared to the ANN-SIFT1M
dataset.

Distinctly, graphs with a low degree (NN =10, in this case) present a very small
recall rate for very high dimensional datasets even with a small number of elements. In
datasets with lower dimensionality like Color Histogram, these graphs presented better
recall rates for the same number of elements (around 0.55 0.6 for NN-Descent and k-NNG)
and for even lower dimensionality the recall are higher (around 0.7 for NN-Descent and
k-NNG).

4.2.4 Analysis of the Number of Restarts in the GNNS Search

To improve the result quality of the GS algorithm, we employed the GNNS al-
gorithm, which uses three parameters: 𝑇 for the number of greedy steps, 𝑅 for the
number of restarts of the greedy process, and 𝐸 for the number of evaluated neigh-
bors of a vertex in each greedy step. We do not employ the parameter 𝑇 , instead,
we terminate the greedy process when the algorithm reached the best answer (vertex)
when compared to its neighbors. We have alternatively setted varied parameter 𝑅 in
{1, 5, 10, 20, 40, 80, 120, 160, 200, 240} and used 𝐸=number of neighbors of a vertex for all
searches.
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Figure 22 – Recall and query time for Moments feature (Corel dataset) and MNIST da-
taset with the construction parameters for k-NNG, NN-Descent and NSW
graph: NN = 10, 𝜌 = 0.5 for NN-Descent and efConstruction= 20 for NSW
graph.

Figure 22 shows the recall and query time according to the numbers of restarts for
GNNS algorithm for 𝑘 = 1 and 𝑘 = 30 k-NN queries.

In previous Figure 4.2.3 results showed that RNG has the worst recall among the
tested graph for the GS algorithm. By varying the number of restarts for the GNNS
algorithm, RNG has similar or better recall to k-NNG (Brute force and NN-Descent)
for 1-NN queries, for higher 𝑘 = 30 the search recall for RNG decreases and the query
time increases (Figure 22) though it has the fastest query time when compared to the
other graphs. Particularly for MNIST dataset (Figure 22(i) and (k)) RNG presented
better recall and better query time when compared to k-NNG and NN-Descent for 𝑘 = 1
and 𝑘 = 30. For a recall of approximately 0.75 for 𝑘 = 30 in MNIST dataset, RNG
needed around 80 restarts while k-NNG and NN-Descent needed 240 restarts. As for the
Texture and Moments dataset, RNG presented similar recall to k-NNG and NN-Descent
for 1-NN searches (Figure 22(a) and (e)) with a query time approximate to NN-Descent.
However, for 30-NN searches to achieve the same 0.75 recall in Texture(Figure 22(g))
dataset RNG needs 40 restarts while k-NNG and NN-Descent needs 20 restarts. Even
though RNG needs more restarts to achieve the same recall when comparing the query
time in Figure 22(h) k-NNG for 20 restarts is executed in approximately the same query
time than RNG for 40 restarts. This indicates that tuning the number of restarts for
high recall rates, RNG is a good option compared to small NN k-NNG and NN-Descent
for 1-NN searches and in some cases for 30-NN searches, especially for high dimensional
datasets.
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Figure 23 – Distance Computations and parameters for GNNS search algorithm for RNG,
k-NNG, NSW and NN-Descent to achieve a recall rate bigger than 0.9 for
NN parameters: [10, 55, 100] for 1-NN search.

NSW graph produces the best recall rates when compared to other graphs regar-
dless of the number of restarts but also needs more time to execute the query. Overall,
NSW needs a small number of restarts to achieve high recall rates in Moments data-
set. To achieve recall=1 NSW needs 5 restarts for 1-NN searches in Moments dataset
(Figure 22(a),(b)) while RNG needs 80 restarts. In this case, the NSW also performed
better in query time. For 30-NN searches in MNIST (Figure 22(k),(l)) NSW and RNG
achieved approximately the same recall with 40 and 200 restarts, respectively; unexpec-
tedly, the query time for these two points is also approximate. Each vertex in the NSW
graph can have more neighbors than the set NN parameter (long-range edges), hence, it
will have more vertices to compare in each greedy step.

As we are interested in results as close to exact results as possible, we selected the
search parameter settings for each method that achieved recall rates bigger than 0.9 and
compared it by distance computations, as this is correlated to the query time in the GNNS
algorithm. To avoid too many settings we fixed the following construction parameters: NN
∈ {10, 55, 100}, 𝜌 = 0.5 and efConstruction= 20. The results are in Figure 23 and the
needed number of restarts (𝑅) is displayed in the method label. Graphs with the selected
parameters that did not achieve recall ≥ 0.9 are not displayed. Except for the RNG in
the ANN-SIFT1M dataset that we were not able to test for the entire dataset due to time
limitations and RNG high construction cost.

To achieve the same recall rate, graphs built with bigger NN parameter values
need a small number of restarts. For example in Texture(Figure 23(c)) dataset, k-NNG,
NN-Descent built with 𝑁𝑁 = 10 needs 80 restarts while for 𝑁𝑁 = 55 (around 5 times
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more connected) only R=1 is enough to achieve 0.9 recall. In cases in which the same
number of restarts is needed to achieve a determined recall but the NN parameter of the
graph is different, the search is faster (fewer distance computations) in the graph with the
smaller NN parameter. This happens for k-NN , NN-Descent and NSW R=1, 𝑁𝑁 = 55
and 𝑁𝑁 = 100 in Moments, Texture and USCities datasets.

As discussed beforehand, NSW needs a very small number of restarts to achieve
high recall rates, as long-range edges can act as shortcuts for data that are far from each
other. There are cases that the NSW number of computations is comparable to other
methods. For example, for 𝑁𝑁 = 55 in USCities dataset, NSW has approximately the
same number of distance computations than k-NNG and NN-Descent. Another example
is in MNIST in which NN=10 NSW and RNG have approximate distance computations.
However, for large datasets such as ANN-SIFT1M, a NSW with the same NN outperforms
k-NNG and NN-Descent by far.

Figure 23(b),(c),(d) shows RNG can outperform NN =10 k-NNG and NN-Descent,
but needs more restarts. Even though RNG needed 80 restarts in (e), 16 times more than
NN =100 k-NNG, NN-Descent and NSW needed, the number of distance calculations
are comparable. Another interesting point of Figure 23(e) is that the NSW had the worst
results compared to k-NNG and NN-Descent for the same NN parameter, with a visible
difference for NN =100. The restarts can be tuned to achieve high recall, however, the
query time and distance computations needed to achieve it relies on the graph structure.

4.3 Final Remarks

We surveyed and evaluated the performance of several representative graph-based
methods used for exact and approximate similarity search, according to their main cons-
truction and search parameters for a variety of real-world datasets.

The experimental evaluation results showed that NSW outperforms other methods
in construction time. However, when comparing the NSW to k-NNG and NN-Descent for
the same NN value, the NSW has the worst query time. This is a consequence of the
large number of neighbors per vertex in NSW . When comparing graph settings for a given
recall rate, we were not able to point out a winner method for every condition tested.
In our analysis, the search performance for k-NNG and NN-Descent was similar, since
NN-Descent is an approximate method to build the k-NNG. Nevertheless, despite the
similar search performance for k-NNG and NN-Descent, the NN-Descent construction
time is much smaller for small NN values. We concluded that RNG is competitive or
outperforms other tested methods for small NN , especially in high dimensional datasets.
Although RNG has the major drawback of having a construction algorithm with high
complexity, its construction is parameter free. When compared graph settings for a given
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recall rate, no graph was the winner for all cases.

For k-NNG, NN-Descent and NSW methods, we found that there is a tradeoff
between construction and query time. As the number of neighbors per vertex increases,
query time and the number of restarts needed to return query answers close to exact
answers decreases. Observing the results, we believe that adding edges to connect selected
vertices from different graph regions can increase the recall in different types of graphs.
From this hypothesis, we formulated a new proposal which will be presented in the next
chapter.
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5 HGRAPH: A CONNECTED-PARTITION APPROACH TO
PROXIMITY GRAPHS

From the comparison presented in Chapter 4 we can point two main findings for
query performance: (1) one of the drawbacks of the tested graph-based methods is the
slow construction time, especially for RNG and k-NNG (both brute force and NN-Descent
with large NN parameter); and (2) as the counter-examples showed, for a search algo-
rithm based on spatial approximation return high-quality results the graph structure must
provide ways so the search algorithm can approximate to the query answer in wherever
graph region the correct answer is. The search must not concentrate efforts in only one
region because it will probably result in a local optimal answer.

The NSW has achieved, in general, the best results in terms of recall, and one the
main properties that lead NSW to reach high accurate results is that it connects different
graph regions by using the long-range edges.

Definition 1. Long-range edges: Long-range edges are edges that do not follow the
proximity property of the graph and link vertices that are not close to each other according
to the proximity property implied to build the graph.

Based on these findings we propose the HGraph method. HGraph is a method that
can be used with any type of graph proposed in the literature. HGraph speeds up the graph
construction time and increases the approximate search results quality by adding long-
range edges connecting selected vertices. These selected vertices are the pivots used in the
partitioning process of the HGraph, as a consequence the long-range edges will connect
different graph regions, reducing the local answer problem.

In this context, the HGraph foundation is twofold.

1. Divide and conquer strategy to build any type of graph. This strategy not only
speeds up the graph construction but also can run in parallel. The HGraph method
divides the dataset into smaller overlapping subsets according to elements selected
as pivots. The division process is done recursively until the cardinality of a subset
is smaller than a fixed value of 𝑚.

2. Addition of long-range edges to only selected vertices of the graph. The selected
vertices are the pivots in each set recursive partition. Whenever a set is divided, the
pivots are connected following the neighborhood criterion of a parameter defined
graph type. The added long-range edges are responsible for connecting different
graph regions.
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The idea is to connect pivots that are far away in similarity space and as the
partition process continues the distance between the pivots gets smaller in comparison
to the first selected pivots. When the partition process ends, a graph is built locally in
each subset. Even though our objective is to have independent subsets, at the end of the
partition process we duplicate subset overlapping elements in order to not disconnect close
elements that belong to different subsets. The overlap elements of each subset approximate
the built HGraph to the exact type of graph chosen for the HGraph construction. Figure 24
shows an overview of the construction of a graph using the HGraph method. In the Figure
the dataset is partitioned into overlapping subsets 𝑆1, 𝑆2 and 𝑆3 considering overlapping
elements (dashed lines). After the set is divided, the subset pivots are connected between
them. The edges in black that connect the pivots are the long-range edges. As the final
step, a graph is built in each subset (vertices with the same color). The vertices from a
subset that connect to an element with another color, a different subset are the overlapping
elements.

Figure 24 – Overview of the HGraph method: The dataset is partitioned into overlapping
subsets 𝑆1, 𝑆2 and 𝑆3. The pivots are connected between them and in each
subset a graph is built (different colors of edges) considering overlapping
elements.

The HGraph method differs from other algorithms that use divide and conquer
strategy to build proximity graphs because its main objective is not to build an accurate
graph. Even though, we prove in Section 5.2 that the HGraph is able to build an accurate
graph, the main objective of the HGraph is increase the search quality (time and recall)
compared to the “base” graph adding long-range edges. Another point of the HGraph is
that the proposed method was designed to work with different types of proximity graphs
while the proposed divide and conquer algorithms in the literature focus on accelerating
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the construction of one specific graph type.

The HGraph is also different from the hierarchical graphs mentioned because the
HGraph construction follows a Top-Down strategy while the hierarchical proximity graphs
reviewed builds a “base” graph first and then connects selected vertices in an upper layer.
One example is the DLG introduced in 3.2.2.

5.1 HGraph Method

In this section, we present details of the HGraph method. The parameters for the
HGraph method are: number of pivots 𝑛𝑃 and pivots selection strategy, the minimum
number of elements 𝑚, overlap rate 𝑜, type of graph and graph construction parameters
𝑔1 and the second type of graph 𝑔2 for a final refinement procedure applied only to the
pivots. For better visualization, the parameters and their definitions are presented in
Table 4.

Table 4 – Construction parameters of HGraph.

Parameter Definition
𝑛𝑃 Number of Pivots
𝑚 Minimum partition size
𝑜 Overlap rate
𝑔1 Type of graph and parameters
𝑔2 Type of graph and parameters to be built – RefineGraph function (only pivots)

𝑝𝑡𝑦𝑝𝑒 Pivot selection strategy

The experimental analysis in Section 5.2 suggests default values for some of the
parameters, for example, overlap rate, pivots selection strategy, and type of graph 𝑔1 and
shows the behavior of each parameter in the HGraph construction algorithm and search
performance.

Algorithms 2 and 3 presents the basic HGraph method. The main procedure of the
HGraph method is the recursiveConstruction (algorithm 3). The recursiveConstruction is
responsible for partition the dataset recursively, add long-range edges to the chosen pivots
and build the graph type 𝑔1 in each subset. The refineHGraph method is a final refining
method to connect pivots from different graph regions. The next subsections explain in
more details about each step of the HGraph method. Subsection 5.1.1 presents the adopted
approach to partition a dataset, subsection 5.1.2 presents how the overlap elements in the
dataset partition is calculated and subsection 5.1.3 gives more details on how to connect
the pivots and build the graph in each subset.



66

Algorithm 2 HGraph Method.
Input Dataset 𝑆, number of pivots 𝑛𝑃 , minimum subset size 𝑚, overlap rate 𝑜, graph

types 𝑔1 and 𝑔2
Output HGraph G

1: function Hgraph(𝑆, 𝑛𝑃 , 𝑚, 𝑜, 𝑔1, 𝑔2)
2: 𝐺, 𝑃 ← {}
3: 𝐺, 𝑃 ← recursiveConstruction(𝑆, 𝑛𝑃 , 𝑙 = 0, 𝑜, 𝑔1, 𝑔2, 𝑚, 𝐺, 𝑃 ) ◁ G: built HGraph;

P: set of pivots
4: 𝐺← refineHGraph(𝐺, 𝑃, 𝑔2)◁ 𝑔2 is the type of graph to be built in the pivots set

Algorithm 3 HGraph Recursive Construction Algorithm.
1: function recursiveConstruction(𝑆, 𝑝, 𝑙, 𝑜, 𝑔1, 𝑔2, 𝑚, 𝐺(𝑉, 𝐸), 𝑃 )
2: 𝑙← 𝑙 + 1
3: if |𝑆| ≤ 𝑚 then
4: 𝐺′(𝑉 ′, 𝐸 ′)←createGraph(𝑆, 𝑔1) ◁ Builds graph of type and parameters 𝑔1

from set S
5: 𝑉 ← 𝑉 ∪ 𝑉 ′

6: 𝐸 ← 𝐸 ∪ 𝐸 ′

7: else
8: 𝑃𝑆 ← choosePivots(𝑆, 𝑝) ◁ Selects 𝑝 pivots from 𝑆
9: 𝑃 ← 𝑃 ∪ 𝑃𝑆

10: 𝑆1, 𝑆2 . . . 𝑆𝑝 ← partitionSet(𝑆, 𝑃𝑆, 𝑜)
11: 𝐺𝑝(𝑉𝑝, 𝐸𝑝)← connectPivots(𝑃𝑆, 𝑔′

2) ◁ Connect pivots with undirected edges
(𝑔′)

12: 𝑉 ← 𝑉 ∪ 𝑉𝑝

13: 𝐸 ← 𝐸 ∪ 𝐸𝑝

14: for 𝑖← 1, . . . , |𝑃𝑆| do

15: 𝑠← |𝑆|
𝑛𝑃

𝑙

16: 𝑝← |𝑆𝑖|
𝑠

17: recursiveConstruction(𝑆𝑖, 𝑝, 𝑙, 𝑜, 𝑔1, 𝑔2, 𝑚, 𝐺, 𝑃 )
18: return 𝐺, 𝑃 ◁ Graph and set of Pivots

5.1.1 Dataset Partition

In this section, we will present the details of the dataset partition step (partitionSet
in line 10 of algorithm 3). First of all the HGraph selects from the dataset 𝑛𝑃 elements
that will act as pivots according to the pivot selection strategy 𝑝𝑡𝑦𝑝𝑒. Then the dataset
is divided into 𝑛𝑃 subsets using the generalized hyperplane partition approach [92]. The
generalized hyperplane partition is done by calculating the distance of each element of the
dataset to each one of the pivots. Each element is addressed to the subset of its closest
pivot. Suppose 𝑛𝑃 = 2, and the pivots are elements 𝑝1, 𝑝2 selected from dataset 𝑆. The
generalized hyperplane partition uses the following rules (Equation 5.1) to divide dataset
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elements 𝑠𝑖 ∈ 𝑆 in 𝑆1, 𝑆2 subsets:

𝑆1 ← {𝑠𝑖|𝛿(𝑠𝑖, 𝑝1) ≤ 𝛿(𝑠𝑖, 𝑝2)}

𝑆2 ← {𝑠𝑖|𝛿(𝑠𝑖, 𝑝1) ≥ 𝛿(𝑠𝑖, 𝑝2)}
(5.1)

In this example, the elements that are closer to pivot 𝑝1 than 𝑝2 will belong to
subset 𝑆1 while elements that are closer to 𝑝2 than 𝑝1 will belong to subset 𝑆2. This rule
can be generalized to partitioning into 𝑛𝑃 subsets.

Using the generalized hyperplane partition approach the resulting subsets will be
disjoint from each other. If we use disjoint subsets the final graph built by the HGraph
method will not connect two elements from different subsets even if they are really close in
the similarity space. As mentioned in Chapter 4, disconnected regions or cases in which two
elements that are very similar but are not connected can restrain spatial approximation
based search algorithms to find exact or high recall approximate similarity search answers.
For this reason, our proposal considers an overlap region between the subsets during the
dataset partition. This problem remains even when adding the long-range edges to the
pivots.

Figure 25 shows a 2-NN graph built with the HGraph method with 2 pivots (ver-
tices C and G) without considering an overlap region between the subsets. In this graph,
suppose a 1-NN search that should reach the vertex (i.e., I is the closest vertex to the
query element). If this search started on vertex K, the result would be vertex E as the
search would stop after having traversed the path from K to E because E is closer to
the query element than all its adjacents (J and C). On the other hand, if we duplicate
elements in an overlap region close to the border between two neighbor partitions, the
border vertices can be connected by edges while the processing of the partitions continues
to be independent. The figure shows two main approaches to define the overlap region:
balls or hyperplanes. The approach based on balls would define the overlap between balls
centered at the neighbor region pivots, being the amount of overlap given by the balls’
radii. In the example of 25, using this approach vertices B, E and J would be connected
to vertices F and M in the final graph. The approach based on hyperplanes defines the
overlap as the area between the hyperplane that divides the partitions (main hyperplane)
and another two hyperplanes whose distances from the main hyperplane give the amount
of overlap. This approach allows to connect vertices close to the border in the whole ex-
tension of the partition border instead of only elements that are close to the pivots as
occurs in the ball-based overlap. In 25, the overlap based in hyperplanes would also allow
connecting vertices H and O to the vertices of the left-hand subgraph.

The next subsection will discuss the overlap calculating method.



68

AA
BB

CCDD EE

FF

GG

HH

II

JJ

KK

LL

MM

NN

OO

Figure 25 – HGraph construction of a 2-NN without considering an overlap region.

5.1.2 Overlap

An approach to select the overlap region elements is to use the covering radius
from the pivots. However, depending on the distance used as the (dis)similarity measure
some elements that are in the overlap region are not identified. Thus, there are no gua-
rantees that at least one overlap region element will be selected depending on the dataset
distribution and the defined covering radius and shape of the used distance measure. That
happens because we are using a generalized hyperplane partition.

For this reason, to correctly define the overlap region elements we propose to use
the distance according to the hyperplane. Since we are dealing with metric spaces the
hyperplane does not actually exist, as a result, instead of calculating the distance of
an element/point to the hyperplane we approximate it by using the distance difference
between the element and the pivots. Figure 26 shows in orange the curvature of the
overlap region considering this approach. This curvature was generated by setting points
that have the same distance difference to the pivots (C and G) in different positions of the
space. Observe also that in Figure the element O could be selected as an overlap region
element.

There are two main alternatives to determine the overlap size: based on the dis-
tance to the pivots/hyperplane, or based on the number of elements in the overlap. We
chose to use the second approach to guarantee that we always give chances to vertices close
to the border of a partition to connect to vertices in the neighbor partition, nevertheless,
the actual connection will only happen if the pair of vertices satisfies the graph proxi-
mity property. Therefore, our approach for overlap consists of estimating the number of
elements in the overlap region using the parameter 𝑜 and use the distance difference to
select them. The overlap region size between two subsets is calculated as the proportion



69

AA
BB

CCDD EE

FF

GG

HH

II

JJ

KK

LL

MM

NN

OO

PP
QQ

RR

Figure 26 – Hyperplane curvature in orange.

𝑜 of the whole set that is being partitioned (Equation 5.2).

|𝑆1 ∩ 𝑆2| = ⌈|𝑜 * 𝑆|⌉ (5.2)

By using ceil of the proportion to define the overlap region size we can guarantee
that at least one element will be selected as an overlap region element.

As mentioned, in order to determine if an element 𝑥 ∈ 𝑆1 is in the overlap region of
𝑆2 we consider the distance difference between the element and the pivots to simulate the
distance to the hyperplane. The elements 𝑠𝑖 ∈ 𝑆1 are sorted according to the difference of
the distance to its subset pivot 𝑝1 and the distance to the pivot 𝑝2 that we are currently
calculating the overlap region, 𝛿(𝑠𝑖, 𝑝1)− 𝛿(𝑠𝑖, 𝑝2).

After having sorted the elements the top-|𝑜 * 𝑆| that has the smallest distance
difference between the pivots are selected as overlap region elements. The overlap region
elements are calculated for every pair of pivots. The overlap region elements of a subset
are duplicated and added to the subset. An important point is that since the distance 𝛿

is calculated for all pivots during the generalized hyperplane partition it is not necessary
any extra distance calculations for the overlap region computation.

The proposed approach to calculate the overlap guarantees a little diversification
of selected elements without additional execution costs, which did not happen when using
only the covering radius. This diversification is important to not only select elements that
are in a very dense part of the border of the subset. Observe in Figure 27, the elements
in green are those selected as overlap region elements. In Figure 27 the pivots of the first
partition are in blue while the pivots of the second partition are in red. The elements
in green are the overlap elements of the first partition and the elements in pink are the
overlap elements of the second partition.
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Figure 27 – Partitions of the HGraph method. The diversification is not ideal but helps
better than when using only the distance.

5.1.3 HGraph Construction

The described partition process is recursively repeated for each 𝑆𝑖 subset until
|𝑆𝑖| ≤ 𝑚. When the partition process stops, the HGraph algorithm builds a graph 𝑔1

(defined in the parameter settings) in each subset (line 4 of algorithm 3). We will call in
this text each division step of HGraph as level 𝑙. The total number of divisions needed to
reach a subset of size less or equal 𝑚 will be represented by 𝐿 and can be estimated by:

|𝑆|
𝑛𝑃

𝐿
≤ 𝑚

The number of distance calculations for each level is 𝑛𝑃 · |𝑆|. In each level, this number
decreases as the size of 𝑆 also decreases to the number of elements in each subset 𝑆𝑖 + |𝑜𝑆|,
the minimum number of elements in the overlap region.

Depending on the dataset distribution, after the partitioning, the subsets may
not be balanced. Balancing the number of elements in each subset is important for load
balancing when running in parallel. Furthermore, when balancing the number of elements
it is guaranteed that the size of each subset will be significantly smaller than the size of the
whole dataset. With a smaller number of elements in each subset, the HGraph will need
lesser number of recursion calls than when dealing with a very big subset. The number of
recursion calls affects construction time.

In order to balance the size of the subsets in each level, we calculate the proportion
of the actual subset size according to the expected size of the subset in that level and
address the number of pivots according to this proportion. In the first division step, level
𝑙 = 1, the dataset will be divided into parameter defined 𝑛𝑃 subsets. In the second level
𝑙 = 2 the expected total number of pivots is 𝑛𝑃

𝑙 and the expected size of each subset is
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𝑠 = |𝑆|
𝑛𝑃

𝑙 . According to the expected size of the subsets, the number of pivots addressed to
each subset is calculated by |𝑆𝑖|

𝑠
. Figure 28 shows an example of how the number of pivots

is addressed to each subset.

|S| = 1000

| | = 800S1 | | = 200S2

| | = 600S11 | | = 150S12
| | = 50S13 | | = 200S21

nP = 2, l = 1

 
Number of pivots in this level: . 

 
Number of pivots for:  

 

l = 2

n = = 4P
l 22

= = 250
|S|

4

1000

4

: ≈ 3S1
800

250

: ≈ 1S2
200

250

Figure 28 – Example on the number of pivots used in each subset division for 𝑛𝑃 = 2 and
a dataset |𝑆| = 1000.

For better visualization of the HGraph method, Figures 29 and 30 show an example
on the HGraph algorithm for the parameters 𝑛𝑃 = 2 using random selection of pivots,𝑚 =
6, 𝑔1= (k-NNG, NN =2),𝑔2=(k-NNG, NN =4), 𝑜 = 0.1 in a dataset of 24 elements. From
these parameters we can estimate 𝐿 = 2. In Figure 29(a) the dataset is partitioned
according to the vertices 𝐹 and 𝑀 (in red). Following the overlap rate formula, each
subset has at least two elements in the overlap area (elements in purple). Notice that
the overlap region sizes regarding the partitions are different due to the definition of the
overlap according to the proportion of the number of elements in each partition. Thus,
the overlap limit touches the overlapping element which is the farthest to the (main)
hyperplane. The same process is repeated for each partition (in green) in Figure 29(b).

After partitioning the dataset until the subset size is less or equal to parameter
𝑚 the chosen graph type and parameters 𝑔1 is built in the final subsets. Figure 30(a)
shows the graph construction for the first subset while in Figure 30(b) shows the graph
construction completed for all subsets. The elements of the overlap region of each subset
are in at least two subsets and are responsible for connecting the graphs built from each
subset.

Even though the overlap region elements connect the graphs they only help to
build an approximate graph to the “original” graph type construction algorithm. Without
the overlap elements, the HGraph would not be able to answer correctly some similarity
queries in which similar vertices are close but not in the same subset (see Figure 25).
Before calling recursively the HGraph partition process, the pivots are connected with
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Figure 29 – Example on the HGraph algorithm. The dataset is recursively partitioned
according to the divide and conquer strategy. The elements in purple are the
elements in the overlap region of each partition.
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Figure 30 – (a)Graph construction in the first subset, (b)Graph construction for all sub-
sets.
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undirected edges according to the neighborhood criterion of 𝑔2. The edges added to the
pivots in this step are called long-range edges.

The pivots chosen in the previous level are selected to be pivots in the next level
as well. For instance, observe that vertices 𝐹 and 𝑀 are also chosen as pivots for the
next level in Figure 29(b) and (c). This way the pivots will become hubs in the graph
that connects different subsets as the dataset partitioning recursively continues. Using
the pivots as the vertices with long-range edges has two advantages: (1) no additional
computations are needed to select vertices to add long-range edges, and (2) the pivots act
as “connectors” to other graph regions as there will be at least one connection from one
subset to another.

In Section 4.1 we mentioned the search problem when using a directed graph. To
reduce this problem and assure that a neighbor vertex of a pivot can reach the pivot
vertex and use its long-range edges during the search, all edges added to the pivots (in
any partition level) are always undirected even when 𝑔2 is a directed graph. Observe that
in Figure 29(a) the pivots F and M are connected, in Figure 29(b) the pivots of the first
subset E, F and of the second subset M and L are also connected. Since in this example
we have only 2 pivots on each level they are just connected with each other. If there were
more pivots, the pivots would be connected following the type of graph defined by 𝑔2.

Observing Figure 30(b) it is perceptive that pivots have very few long range edges
that connect graph regions that are far from each other. This is a result of connecting
pivots only locally in each level subset. To fix this problem, a final RefineHGraph (line 4
in algorithm 2) procedure is called to the entire set of pivots of HGraph. This procedure
adds undirected edges between pivots following the neighborhood criterion of the type of
graph 𝑔2. If the chosen type of graph used for the RefineHGraph procedure is dependent
of the NN parameter the chosen NN must be bigger than the NN used for the graph
constructed in the last level. The bigger NN parameter will create more long-range edges
among the pivots and increase the graph connectivity. In Figure 30(c) we can observe the
completed construction of the 2-NNG using the proposed HGraph method. In the Figure,
we use an undirected k-NNG for the refine procedure. Edges (in orange in the Figure)
were added to the pivots following a 4-NN graph (2*NN ).

The overlap elements belong to more than one subset. As a consequence, the
overlap elements can have an excessive number of edges compared to the other elements.
The excessive edges can impact the query time. In order to reduce the number of edges,
the HGraph checks in each edge insertion if the edge really should be inserted or not
according to the type of graph 𝑔1. For example, if 𝑔1 =k-NNG in each new edge insertion
connecting the pair of vertices (𝑢, 𝑣), the HGraph checks if the vertex 𝑣 belongs to the
𝑁𝑁𝑘(𝑢).

From algorithm 3 we can observe that the resulting graph is highly dependent of
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the three main functions, createGraph (the type of graph to build), choosePivots (pivot
selection method) and partitionSet (strategy to divide into subsets).

The createGraph and refineHGraph functions can build any type of graph used for
similarity searches, for example, k-NNG, RNG, NSW , etc. There are numerous methods
in the literature that can be used to choose pivots [35, 8] and can be adapted to HGraph. In
the following Section 5.2, we will show evaluations on how each parameter of the HGraph
affects both construction time and search performance.

5.2 Analysis of the Effect of the HGraph Parameters

The construction algorithm and main parameters for HGraph were presented in
the last section. In this section, we discuss how the parameters interfere in construction
and search performance and show experimental results regarding the choice of parameters.

HGraph was implemented in C++ as an extension of the Non-Metric Space Li-
brary [90]. For the experiments, we used the same datasets as in Chapter 4 shown in
Table 2. The experiments were carried out on an Intel Core i7 (32GB RAM) with a single
thread for all methods on an Ubuntu GNU/Linux 18.04.1 64 bits.

5.2.1 Long-Range Edges

In this subsection, we show how much the long-range edges can increase the average
recall rate for similarity searches. To evaluate only the effect of long-range edges in HGraph
we set the overlap proportion parameter 𝑜 to 1. By setting 𝑜 = 1 we can build an exact base
graph 𝑔1 but with the addition of long-range edges. Considering that 𝑜 = 1, regardless of
how many times we partition the dataset the size of the set will not reduce, in consequence,
the stop condition of the HGraph was altered to run the experiments in this subsection.
Instead of building the graph when the subset size is smaller than 𝑚, in this case, we
limited the number of recursive calls, the levels, in algorithm 3. We used a small number
of levels for the stop condition because of the long execution time when setting 𝑜 = 1.
The modification on the stop condition allowed us to evaluate how much long-range edges
and the number of pivots 𝑛𝑃 affects the similarity search performance compared to a
graph-based method used in the literature.

In the experiments of this subsection, we tested 𝑛𝑃 = 2, 5, 10 and 𝑔1 = k-NNG
with parameter NN =5, 10, 55 for 1 and 10-Nearest Neighbor queries using GNNS search
algorithm. Figure31 show the performance of the search regarding query time and recall
according to the graph parameter NN and Figure 32 show the performance of the search
regarding query time and recall according to the number of Restarts for the GNNS search
algorithm. The query time plots are in 𝑙𝑜𝑔10 scale. Figure 31 presented the results for the
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USCities, Texture and MNIST datasets and Figure 32 shows the results for the Texture,
Moments and Color Histogram datasets.
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Figure 31 – Long-range edges for 1-NN GS algorithm.

As expected, as the number of pivots increases the more impact it has on the query
time and the recall. As a pattern, the Figures 31 and 32 shows that even for different
datasets the behavior is the same, in which increasing the number of long-range edges the
recall increases, however, the query time also increases. Thus, we can also clearly observe
the trade-off between the query time and recall for HGraph when adding long-range edges.
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Figure 32 – Long-range edges for 1-NN and NN = 5 according to the number of restarts.

For smaller datasets, for example, USCities using only 2 pivots can increase the
Recall in 20% when NN =10 with the GS search algorithm (Figure 31(d)). While in the
features from the Corel dataset and the MNIST dataset we can observe that the increase
in search answer quality is very modest when using only 2 pivots, and in some cases, for
example in the MNIST (Figure 31(j)) dataset in which the dimensionality is bigger, the
improvement in recall is also small when using 5 pivots. However, when using 10 pivots for
Texture when NN = 10 the Recall increases approximately 70% compared to the k-NNG
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as it can be observed in Figure 31(e). For the MNIST dataset the Recall increased from
0.06 for the k-NNG to 0.21 using 10 pivots and NN =10 (Figure 31(j)).

The drawback of adding more long-range edges is that the query time also increases
as it can be easily observed in both Figures 31(a) to (c),(g) and (h) and 32(a) to (c),(g) and
(h). The query time for HGraph using 10 pivots can take one order magnitude more time to
execute the query compared to the k-NNG, as it can be observed in the USCities dataset.
Unexpectedly, the query time for 2 and 5 pivots was better or approximate compared to
the k-NNG in several cases when using a small NN (Figure 32). For the GNNS algorithm,
when the number of restarts increases the difference in query time between HGraph and
k-NNG decreases and it can be observed in Figure 32(a) to (c),(g) and (h) for restarts =
240.

5.2.2 Overlap Size

In this subsection, we evaluate the parameter 𝑜 of the HGraph construction. The
main objectives of the experiments in this subsection are: (1)Analyse how the overlap rate
𝑜 affects the construction time in HGraph and (2)Investigate how much a k-NN graph
built with the HGraph approximates to the exact construction of k-NN using the brute-
force algorithm according to the overlap size. We used the k-NN graph because it is one
of the most used graphs in the literature.

In order to isolate the parameter 𝑜, we did not add any long-range edges to the
graphs built in this experiment. The 𝑜 values tested were 0.05, 0.1 and 0.2. This means
that in each partition step 5%, 10% and 20%, respectively, of the set to be partitioned in
each recursive step are used as overlap elements.

Figures 33 and 34 show the construction time for HGraph in comparison to the
brute force k-NNG for the Color Histogram and Moments features of the Corel dataset.
From these figures, we can observe that when increasing the overlap rate 𝑜 the construction
time is affected and even takes more time to construct the graph than the brute force
k-NNG. The bigger the value of the overlap rate 𝑜 the bigger is each resulting subset of the
partition process. As a consequence, the number of recursive calls in the partitioning step
is also bigger to reach the minimum value of 𝑚 elements to build the graph. This happens
when overlap rate 𝑜 = 0.2 while when 𝑜 = 0.05 or 0.1 the construction difference can be
of at most 1 order magnitude faster compared to the k-NNG brute force construction.

Another point we can observe in Figures 33 and 34 is that the construction time
for HGraph with any value of 𝑜 grows along with the increase of the NN parameter, also
strong in the Figures is that the smaller the overlap the better. And the construction time
for a big number of pivots and NN can get close to the k-NNG construction time even
when using a small overlap rate of 0.1.
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Figure 33 – Construction Time of HGraph according to the overlap rate values for Color
Moments feature (Corel dataset) for 𝑚 = 1000.
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Figure 34 – Construction Time of HGraph according to the overlap rate values for Color
Histogram feature (Corel dataset) for 𝑚 = 1000.

Since no long-range edges were added, all of the vertices built with HGraph will
have the same number of edges per vertex compared to the exact k-NNG. Since the GNNS
algorithm is dependent of the number of edges to evaluate, as already discussed previously,
the query time of the k-NNG and HGraph-k-NNG are similar as it can be observed in
Figure 35.
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Figure 35 – Moments Dataset: Query Time and Recall according to number of Restarts
for HGraph-k-NNG built with different overlap rate values.
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A second analysis is how much the proposed HGraph can approximate to the
actual graph construction and how does the overlap rate affects it. So to measure how
much the HGraph-k-NNG approximates to the brute force k-NNG construction we used
the accuracy in Equation 5.3 [65]

|𝐸𝐻𝐺𝑟𝑎𝑝ℎ ∩ 𝐸𝑘−𝑁𝑁𝐺|
|𝐸𝑘−𝑁𝑁𝐺|

(5.3)

which calculates the ratio between the number of edges in HGraph (𝐸𝐻𝐺𝑟𝑎𝑝ℎ) that match
to edges in k-NNG (𝐸𝑘−𝑁𝑁𝐺) and the number of edges in k-NNG.

Figures 36 and 37 show the calculated accuracy of the HGraph compared to the
exact k-NNG for Color Moments and Color Histogram feature of the Corel dataset, res-
pectively. In these Figures, the color represents the values for overlap rate and the different
shapes represent the number of pivots 𝑛𝑃 .

0.7

0.8

0.9

1.0

50005000 100050001000010000 500010000 1000100010000 500050001000010000 100050005000 10001000010000 5000 100010000 100010001000
m

ac
cu

ra
cy

(a)Moments(NN=5)

0.7

0.8

0.9

1.0

5000500010000 10005000500010000100001000010000 100010000 5000 100010001000100010000 100010001000010000 10005000500050005000
m

ac
cu

ra
cy

(b)Moments(NN=10)

0.7

0.8

0.9

1.0

100010000 100010000 500010000 1000100010000 50001000010000 50005000500010000 10005000 10005000 1000100010000 5000500010000 1000
m

ac
cu

ra
cy

(c)Moments(NN=55)

Param.
o=0.05 nP=10

o=0.1 nP=10

o=0.2 nP=10

o=0.05 nP=2

o=0.1 nP=2

o=0.2 nP=2

o=0.05 nP=5

o=0.1 nP=5

o=0.2 nP=5

Figure 36 – Accuracy of the HGraph for Color Moments feature compared to the exact
k-NNG.
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Figure 37 – Accuracy of the HGraph for Color Histogram feature compared to the exact
k-NNG.

In both features the use of 𝑜 = 0.2 was enough to give accuracy above 0.99 regar-
dless of the number of pivots (𝑛𝑃 ) used as a construction parameter. However, as discussed
previously, 𝑜 = 0.2 and above this value causes the construction of the HGraph slower
than the brute-force construction, considering non-parallel construction. The overlap rate
of 𝑜 = 0.1 achieved accuracy above 0.9 in all parameters settings while 𝑜 = 0.05 had the
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worst performance among the tested values. The bigger the overlap rate value the more
accurate the resulting HGraph when compared to the base graph type, in this case, the
k-NNG.

Another interesting point of the results is that the more pivots the better the
accuracy in both datasets (Figures 36 and 37). Comparing the results that use the same
overlap rate value for construction, the HGraph in which the number of seeds 𝑛𝑃 = 10
has better accuracy compared to 𝑛𝑃 = 2 or 𝑛𝑃 = 5. Thus, the bigger the 𝑚 value the
better the accuracy. This happens for the reason that the bigger the 𝑚 value the number
of elements to build the graph is also bigger and minimizes the case in which the number
of overlap elements was not sufficient to build an accurate graph.

Considering that 𝑜 = 0.1 gave a satisfying accuracy of above 0.9 in all tested
parameter settings, accelerated the construction of the HGraph compared to the exact
k-NNG (Figures 33,34) and did not degenerate the recall (Figure 35) or query time we
fixed the overlap rate to 𝑜 = 0.1 in the experiments in this section.

5.2.3 Pivot Selection Techniques

There are numerous methods in the literature that can be used for pivot selection
and can be adopted in HGraph. Survey articles by the authors Amato, Esuli e Falchi[35]
and Bustos, Navarro e Chavez[93] introduced pivot selection techniques for similarity
search in metric spaces. Some of the pivot selection techniques that were implemented to
work on HGraph are:

∙ Random Selection[93] – selects 𝑛𝑃 pivots randomly from the dataset;

∙ Hull of Foci (HF) algorithm[94] – The algorithm starts by selecting an arbitrary
element from the dataset. In each iteration, the farthest element from the previously
selected element is chosen to be part of the pivots set. This process is executed until
𝑛𝑃 pivots are selected.

∙ 𝑘-Medoids[35] – Partition based clustering algorithm that tries to minimize the
average distance between elements and cluster medoids. First of all 𝑛𝑃 elements of
the dataset are selected to act as medoids then the algorithm follows two steps:
(1)Assign each element of the dataset to the cluster of its most similar medoid
(pivot) and (2) In case there is another element 𝑎 in which the average dissimilarity
to all objects in the cluster is less than the previously chosen medoid, the element
𝑎 is the new medoid of that cluster. This process is done until there are no changes
in the medoids (pivots) set.

We chose the random selection because of its low computational cost. Meanwhile,
we chose the HF algorithm and the 𝑘-Medoids (PAM) algorithm taking into consideration
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that both these algorithms minimize the distance of the dataset elements to its pivots.
However, it is known in the literature that the PAM algorithm works inefficiently for large
datasets [95, 96] and HF algorithm has 𝑂(𝑛) [94] complexity. As a result, both algorithms
can affect HGraph construction time. In order to minimize the pivot selection execution
time for the HF algorithm and the 𝑘-Medoids, in every partition step, we selected the
pivots from a random sample of the whole set in that step. Considering that in each step
the set size changes we used a rate from 0.05 to 0.5 to determine the sample size. The
sample size is the rate values times the set size in that step.

For the experiments in this subsection we searched for 1-NN neighbors of 100
randomly selected query elements using the GS and the GNNS algorithm. Figures 38 and
39 show the results for the Color Moments and USCities datasets for the construction
parameters of HGraph: 𝑚 = 1000, 𝑛𝑃 = 5, 𝑜 = 0.1, and 𝑔1=k-NNG. The figures show the
Construction Time, Query Time and Recall for 1-NN searches using the GS algorithm.
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Figure 38 – Comparison of Pivot Selection techniques for the Color Moments dataset.
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Figure 39 – Comparison of Pivot Selection techniques for the USCities dataset.

As expected the use of HF and PAM algorithms to select pivots affects the graph
construction time. We can observe from Figures 38(a) and 39(a) that in both datasets the
PAM algorithm resulted in the slowest HGraph construction because of its computational
complexity.
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In the USCities dataset, the HF algorithm took longer to execute queries when
compared to the PAM and random pivot selection for all rate values used in the expe-
riment. However, in the Color Moments dataset the query time for all pivot selection
methods was similar for NN =5 and 10. Unexpectedly, the recall in the Moments dataset
using random pivot selection was better or very close to the other pivot selection algo-
rithms, while in the USCities datasets the random pivot selection recall stands in between
PAM and HF algorithms according to the rate values.

The next Figure 40 shows the results for pivot selection techniques according to
the number of Restarts in the GNNS algorithm.

In both datasets, the HF algorithm for pivot selection performed the best using
0.5 sample rate according to the increase of restarts and unexpectedly the PAM algorithm
resulted in worst to close recall to the random pivot selection. In the Figure 40 we can
see clearly the tradeoff of query time and recall for Moments and USCities datasets.
The HGraph constructions that took the longest to execute the search algorithm had the
best resulting recall while the fastest ones had worst recall. In both cases the random
pivot selection had intermediate results, however, it is the fastest algorithm to use in
HGraph construction as already shown. An exception is in the Color Histogram dataset
(Figure 40(g) and (h)) the random pivot selection in comparison to the PAM algorithm
had a better recall in most of the cases, however, it takes less time to execute the search.
According to this experiment, there are no big advantages in using the PAM algorithm
for pivot selection as it takes a longer time to construct the graph and the search recall
was close or worst when compared to the HF algorithm and the random pivot selection.

In Figure 40 all the experiments used the same parameters for the k-NNG construc-
tion NN =5. Figures 42 and 41 show the behavior of the tested pivot selection algorithms
when the parameter NN increases to NN =10 according to the number of restarts in the
GNNS algorithm.

In Figure 41 we can observe that in the Moments dataset the HF algorithm with
sample rate= 0.5 took the longest to execute the queries while using the other values it was
faster than random and PAM. In Figure 42 we can observe that in the Color Histogram
dataset the query time of the different pivot selection algorithms is close for all values of
restart. Regarding the recall, the HF algorithm is slightly better for some cases, however,
the recall is also close for all values.

For a better visualization on how much the pivot selection algorithm affects the
HGraph construction time according to the 𝑚 parameter and the number of pivots, we
fixed the sample rate of the pivot selection algorithms to 0.1. Figure 43 shows the results.

As the parameter 𝑚 increase the construction time increases in HGraph construc-
tion. This happens because the bigger the parameter 𝑚 the more elements are contained
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Figure 40 – Pivot Selection techniques and sample rate according to Restarts for Color
Moments, USCities, Color Histogram dataset for 𝑛𝑃 = 10 and 𝑔1 =k-NNG,
NN = 5.

in a subset to build the graph.

We can clearly see that the PAM algorithm takes the longest to construct closely
followed by the HF algorithm. The fastest pivot selection is using random pivot selection
as expected by their respective computational costs. Analysing the number of pivots used,
the 𝑛𝑃 value, for HF and PAM pivot selection the index time increases as the number of
pivots also increases. While for random selection the intermediate value 𝑛𝑃 = 5 had the
best index time.
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Figure 41 – Pivot Selection techniques according to Restarts for Color Moments dataset
for 𝑛𝑃 = 10 and 𝑔𝑡𝑦𝑝𝑒1 =k-NNG, NN = 10.
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Figure 42 – Pivot Selection techniques according to Restarts for Color Histogram dataset
for 𝑛𝑃 = 5 and 𝑔𝑡𝑦𝑝𝑒1 =k-NNG, NN = 10.

In conclusion, the HF algorithm was the best choice among the tested methods for
search recall, however, the algorithm affects the graph construction time as the computa-
tional cost of this algorithm is higher than pivot random selection. The HF algorithm also
takes a longer time to execute a search algorithm in the graph. On the other hand, the
random pivot selection promotes the fastest graph construction and average performance
regarding query time and recall. Therefore, for the experiments in the next sections, we
will employ both the HF algorithm with 0.1 sample rate and the random selection of
pivots.

5.2.4 Type of Graph

Another important parameter is the type of graph that HGraph will build, the
parameter 𝑔1. We have implemented mainly two graph types for 𝑔1, the k-NNG and the
NSW . We chose these two types of graphs because NSW is the current state of art and
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Figure 43 – Index Time according to parameter m, pivot selection algorithm and number
of seeds 𝑛𝑃 .

because k-NNG is one of the most used types of graphs in the literature along with its
variations.

After the end of the recursive partition process, the chosen type of graph is built in
each subset separately. Since the elements in the overlap area of each partitioning process
can belong to more than one subset, to not add an excessive number of edges in these
elements we need to control the number of edges of these vertices. The “ control” is done
according to the type of graph. For example, if it is a k-NNG the number of edges will
have the fixed number NN while for the RNG each new edge to be inserted needs to
follow the RNG neighborhood criterion. Reminding that this “control” on the number of
edges is only done to vertices that are not pivots.

The number of edges per vertex in the NSW is not limited, every vertex has at least
NN undirected edges. However, to avoid excessive edges in the HGraph we analysed in
Figure 44 the average number of edges of a NSW according to its NN for different datasets.
From Figure 44 we can easily observe that independently of the dataset the average
number of edges per vertex is correlated to the NN parameter and is approximately two
times the NN parameter. In conclusion, for the HGraph-NSW we limited the number of
edges per vertex in 2*NN .

Figures 45 and 46 show the performance of the HGraph using 𝑔1 =NSW and k-
NNG for 𝑛𝑃 = 5 and 𝑛𝑃 = 10, respectively, using the GS algorithm for 1-NN queries.
From the figures we can observe that the HGraph drops significantly the construction
time compared to k-NNG, however, it takes more time to construct when using 𝑔1 =NSW
when compared to NSW . The same pattern occurs in other datasets too. There are cases
when using a dataset with a lower dimensionality than the MNIST dataset, such as the
Color Histogram dataset, the HGraph-NSW (Figure 47) can take more time to build
than the brute force k-NNG. This happens because it takes more time to partition the



86

0
10
20

50

80

110

140

200

260

300

5 10 25 40 55 70 100 130 150
NN

Av
er

ag
e 

nu
m

be
r o

f e
dg

es
Dataset

Color Histogram

MNIST

Color Moments

USCities

Average number of edges per vertex in SW−Graph

Figure 44 – Average number of edges per vertex in NSW .

dataset into 𝑛𝑃 subsets using the generalized hyperplane partition strategy than using a
greedy-based search algorithm to insert the vertices. Thus, after partitioning, the search
for vertex insertion is executed to build a NSW in each resulting subset.
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Figure 45 – Construction time, Query time and Recall for MNIST dataset compared to
NSW and k-NNG for 𝑛𝑃 = 5.
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Figure 46 – Construction time, Query time and Recall for MNIST dataset compared to
NSW and k-NNG for 𝑛𝑃 = 10.

As for search performance, as expected the HGraph- NSW and the NSW were the
slowest to execute the queries compared to the other methods due to the number of long-
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range edges. In the MNIST dataset for NN ≤ 10 the HGraph- NSW gives better recall
than NSW , and as a trade-off, the query time is also bigger. Unexpectedly for NN = 55
the NSW performed better than HGraph- NSW in both query time and recall. Comparing
the HGraph- k-NNG to the k-NNG, the HGraph- k-NNG did reduce the execution time
and increased or gave approximate answer quality (recall), however, as already discussed
the long-range edges increased the query time. For high dimensional dataset like MNIST,
when the parameter NN increases from 5 to 55, that means approximately 10 times
more, the construction time has a slight increase of 25% while in the Color Histogram the
increase was of 200% for 𝑛𝑃 = 10.
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Figure 47 – Construction time, Query time and Recall for Color Histogram dataset com-
pared to NSW and k-NNG for 𝑛𝑃 = 10.
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Figure 48 – Construction time, Query time and Recall for USCities dataset compared to
NSW and k-NNG for 𝑛𝑃 = 5.

In the USCities dataset presented Figure 48, a low dimensional and low cardinality
dataset, we detected an unexpected pattern for the query time for HGraph-k-NNG. Even
with the long-range edges the query execution took less time than the k-NNG and resulted
in better recall rates.

Next, we compared the query time and recall according to the number of restarts
for the GNNS algorithm for 1-NN queries. Through this comparison we can analyse the
search performance of HGraph according to other parameters without limiting to the GS
algorithm.

For better visualization, we compared the search performance of HGraph com-
pared to each of its base graph 𝑔1. Figure 49 shows the query time and recall of the
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HGraph-k-NNG compared to the k-NNG according to the number of Restarts of the
GNNS algorithm. We can observe from these results that the HGraph was able to incre-
ase the Recall in all datasets. In the MNIST dataset the results showed a trade-off between
query time and recall as the query time also increased for HGraph-k-NNG, however, in
the datasets with lower dimensionality, USCities and Texture, the HGraph was able to
improve the query time as well.

Figure 50 shows the query time and recall of the HGraph-NSW compared to
NSW . In this case, we can observe from the results a clear trade-off between query time
and recall. In the MNIST dataset, the HGraph-NSW had the closest query time to the
NSW and the largest recall increase. Unexpectedly, for bigger NN values (NN ≥ 10) the
HGraph-NSW did not increase the resulting recall or decrease the query time compared
to the NSW .
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Figure 49 – Query time (𝑙𝑜𝑔10 scale) and Recall for USCities, Texture and MNIST data-
sets comparing HGraph-k-NNG to k-NNG for 𝑥 = 5,NN =10 and 𝑚 = 1000.

Figures 51 and 52 show the query time and recall according to the number of
restarts for the Color Histogram dataset when NN =5 and 1-NN queries using random
pivot selection and the HF algorithm respectively. Even though the recall rate was quite
similar using these two pivot selection algorithms, the main change was on the query
time in this case. Using the HF algorithm the HGraph-k-NNG took longer to execute the
search compared to random pivot selection in Figure 51.

In Figures 53 and 54 we show the search performance for the Color Moments
dataset for the GNNS algorithm. We can observe in this dataset also the trade-off between
query time and recall according to the number of restarts. In Figure 53 the HGraph-k-
NNG had better results than NSW , with a smaller number of restarts, for instance when
restarts= 40 HGraph-NSW achieved equal to approximate recall and query time as NSW
with restarts= 240.
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Figure 50 – Query time (𝑙𝑜𝑔10 scale) and Recall for Color Histogram,MNIST and Texture
datasets comparing HGraph-NSW to NSW for 𝑥 = 10,NN =5 and 𝑚 = 1000.
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Figure 51 – NN = 5 and 𝑛𝑃 = 10 for Color Histogram dataset using random pivot selec-
tion.

k-NNG had the worst performance compared to the other graphs. Comparing to
HGraph-k-NNG the results confirm that the HGraph method increased the answer quality
compared to its base graph-based method, the k-NNG. For NN = 10 the NSW performs
better than most of the cases, however, if we equal the recall, in restarts= 80 the HGraph-
k-NNG had lower query time for equal recall compared to the NSW . Even though the
HGraph-NSW had the best recall for a lower number of restarts its construction time is a
disadvantage. We can also observe that the query time can be too large when compared
to its base graph, the NSW . On the other hand, the HGraph-k-NNG can produce good
results without compromising the query time compared to other methods.

In Figure 55 we show how the query time and recall perform according to the
k-NN search 𝑘 parameter. As expected, as the 𝑘 increases the query time increases and
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Figure 52 – NN = 5 and 𝑛𝑃 = 10 for Color Histogram dataset using the HF algorithm
for pivot selection.
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Figure 53 – Comparison to k-NNG and NSW for Moments dataset for the HGraph set-
tings NN = 5 and 𝑛𝑃 = 5.

the recall decreases. An interesting point is that the NSW recall decreases more than the
HGraph- NSW .

According to these results, we did an analysis similar to the one that was done
in Chapter 4. We selected top-30 best graph settings in query time that resulted in
exact answers (Recall= 1) and analysed the query time and the number of distance
computations for 1-NN queries. We also compared the search results to the SAT . The
graph settings were ordered according to the query time. Appendix A shows the bar
plots presented in this section in landscape mode for better visualization of the results.
Figures 56 shows the query time while figure 57 shows the correspondent number of
distance computations.

Comparing the number of distance and the query time we can observe that for the
methods NSW and HGraph-NSW both measures are not completely related. From this
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Figure 54 – Comparison to k-NNG and NSW for Moments dataset for the HGraph set-
tings NN = 10 and 𝑛𝑃 = 5.
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Figure 55 – Query Time and Recall according to number of 𝑘 in k-NN queries.

experiment we can also observe that some settings of the graph-based methods resulted
in less query time and distance computations compared to the SAT , proving that graph-
based methods that use spatial approximation can be more efficient for precise queries
than a tree-based method that uses spatial approximation.

To achieve the exact answer the best configurations were with NN = 55 and a
small number of restarts. For the Color Histogram dataset, the HGraph- k-NNG had the
best performance in both query time and distance computations. Followed by the NSW
and the k-NNG. This reinforces what has been shown in previous results, the HGraph
method improves the k-NNG in construction time and in query time.

However, the NSW can also outperform the HGraph in some cases. For example,
in Figure 58 we selected for the same recall = 1 the top-30 graph settings and search
parameters. The NSW showed the best performance, followed by the HGraph-k-NNG
and the HGraph-NSW .
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Figure 56 – Query time for Top-30 graph settings (recall = 1) for 1-NN queries – Color
Histogram dataset.
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Figure 57 – Distance Computations for Top-30 graph settings (recall = 1) for 1-NN que-
ries – Color Histogram dataset.

Next, we evaluated the best graph configurations in query time for Recall >= 0.9.
Figures 59, 60 and 61 shows the results.

In Figures 59 and 60 the NN parameter had the most impact in the results, all
selected graph settings NN = 55. Thus, except for the NSW NN = 10 configuration in
Figure 59 all the presented methods has the same NN and number of restarts. In this
case, since the long-range edges increase the query time, the fastest method was k-NNG
for Color Histogram, Texture and Moments, however, followed by the HGraph-k-NNG. In
these datasets, the big value for NN was enough to achieve the recall of 0.9 in just one
restart, except for NSW NN = 10. An important point is that in Figure 59 the HGraph-
k-NNG method was able to outperform the NSW in several different graph settings.

When analysing the MNIST dataset (Figure 61) for Recall ≥ 0.9 the HGraph-k-



93

0.0

2.5

5.0

7.5

Q
u

e
ry

 T
im

e
 (

m
s

)

30

60

90

120
Restarts

MNIST (Recall == 1)

NSW
NN=55

R=5

Hgraph-
knng

m=1000
NN=55
nP=10
o=0.1

HF - 0.1
R=5

NSW
NN=55
R=10

Hgraph-
nsw

m=1000
NN=55
nP=10
o=0.1
R=10

Hgraph-
nsw

m=1000
NN=55
nP=5
o=0.1
HF-0.1
R=10

NSW
NN=10
R=80

Hgraph-
nsw

m=1000
NN=55
nP=10
o=0.1

HF-0.05
R=10

Hgraph-
knng

m=1000
NN=55
nP=10
o=0.1
R=40

Hgraph-
knng

m=5000
NN=55
nP=5
o=0.1
R=40

NSW
NN=55
R=20

Hgraph-
knng

m=10000
NN=55
nP=5

o=0.05
HF-0.1
R=20

Hgraph-
nsw

m=5000
NN=55
nP=5

o=0.05
HF-0.05
R=20

Hgraph-
nsw

m=10000
NN=55
nP=10
o=0.1
R=20

NSW
NN=10
R=120

Hgraph-
nsw

m=1000
NN=55
nP=10
o=0.1
R=20

Hgraph-
nsw

m=1000
NN=55
nP=5
o=0.1
HF-0.1
R=20

Hgraph-
knng

m=1000
NN=55
nP=10
o=0.1
R=40

Hgraph-
knng

m=1000
NN=55
nP=10
o=0.1
HF-0.1
R=20

Hgraph-
knng

m=1000
NN=55
nP=5
o=0.1

HF-0.05
R=40

Hgraph-
nsw

m=1000
NN=55
nP=10
o=0.1
HF-0.1
R=20

k-NNG
NN=55
R=80

Hgraph-
knng

m=10000
NN=55
nP=5

o=0.05
R=80

Hgraph-
knng

m=10000
NN=55
nP=10
o=0.05
R=80

Hgraph-
knng

m=10000
NN=55
nP=2

o=0.05
HF-0.1
R=80

Hgraph-
knng

m=10000
NN=55
nP=5

o=0.05
HF-0.05
R=80

Hgraph-
knng

m=10000
NN=55
nP=2

o=0.05
HF-0.05
R=80

Hgraph-
knng

m=10000
NN=55
nP=10
o=0.05
HF-0.1
R=80

Hgraph-
knng

m=5000
NN=55
nP=5
o=0.1
R=80

Hgraph-
knng

m=5000
NN=55
nP=2
o=0.1
HF-0.1
R=80

Hgraph-
knng

m=5000
NN=55
nP=5
o=0.1
HF-0.1
R=40

+55%

+545%

Figure 58 – Query Time for Top-30 graph settings (recall = 1) for 1-NN queries – MNIST
dataset.
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Figure 59 – Query Time for Top-30 graph settings (recall ≥ 0.9) for 1-NN queries – Color
Histogram dataset.

NNG resulted in the lowest query time even when using the same NN and number of
restarts for the GNNS algorithm. In the MNIST dataset, the NSW configuration is the
sixth best query time while the top-5 are HGraph-k-NNG configurations.

5.3 Final Remarks

As a second contribution of this thesis, we proposed the HGraph method, a con-
nected partition approach for similarity searches.
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Figure 60 – Query Time for Top-10 graph settings (recall ≥ 0.9) for 1-NN queries –
Texture and Moments dataset. The number of restarts for all of the selected
graph settings in this Figure is 1.

We evaluated the behavior of the main parameters of the HGraph and from the
results, we can suggest default values for some of the HGraph parameters. We showed
through the experiments that the long-range edges do increase the recall in approximate
searches in graph-based methods. In some specific datasets, the use of the long-range
edges could increase the recall up to 70% compared to the k-NNG (see Figure 31(e)).
However, the query time also increases when setting the same search parameters.

We also showed how the HGraph-k-NNG construction algorithms strategy can
build a graph that is approximate to the k-NNG according to the overlap size. We con-
cluded from the overlap size analysis that values for overlap (parameter 𝑜) that are bigger
than 0.1 take a long time to build the HGraph, in some cases more time than the qua-
dratic k-NNG brute force construction. The default values suggested for parameter 𝑜 are
0.05, 0.1.

We analysed three different pivot selection algorithms in the literature: the ran-
dom selection, the Hull of Foci algorithm and the 𝑘-Medoids. According to the results, the
algorithm that gave the best answer quality was the HF algorithm, however, the random
pivots followed closely. The random pivot selection was the best in terms of construction
time. The 𝑘-Medoids algorithm takes a long time to execute and did not bring any im-
provements compared to the other two algorithms. As a conclusion, we suggest the use of
the HF algorithm or the random selection for parameter 𝑝𝑡𝑦𝑝𝑒.

The HGraph construction time increases as the NN parameters increases, thus, the
construction time for HGraph-NSW can be very expensive when compared to the NSW .
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Figure 61 – Query Time for Top-20 graph settings (recall ≥ 0.9) for 1-NN queries –
MNIST dataset.

That happens because the partition process takes more time to execute than the insertion
algorithm proposed by the authors. In order to use 𝑔1 =NSW and have advantages over
the proposed NSW in the literature, we would need to change the partition strategy from
the generalized hyperplane partition to a faster strategy.

At last, we compared the HGraph performance to the types of graphs used as 𝑔1

and to the SAT , a tree-based method that uses spatial approximation for queries. To
achieve exact answer the NN parameter had the most impact in all of the datasets for
both analyses recall ≥ 0.9 and recall = 1. For recall ≥ 0.9 for the same NN parameters
and number of restarts, the k-NNG performed better in Color Histogram, Texture and
Moments dataset. However, for the MNIST dataset, the HGraph-k-NNG had the best
query time for recall ≥ 0.9 (approximate result). We showed that the HGraph-k-NNG
was able to perform the best in terms of query time for the Color Histogram while for
the MNIST dataset the NSW was the best for an exact answer (recall = 1). Nevertheless,
followed by the HGraph-k-NNG. We also showed through these experiments that the
graph-based methods NSW and HGraph can outperform the SAT .
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6 CONCLUSION

The technology development has accelerated the growth of the volume of complex
data, such as images, videos, time series, and georeferenced data. As the volume of complex
data grows, also grows the necessity of storing and retrieving this kind of data efficiently
to support modern applications [1]. A widely used approach to retrieve complex data are
the similarity searches.

In order to improve the retrieval of complex data using similarity searches, it
is necessary to organize large collections of data in a way that similar data can be re-
trieved in the shortest time as possible. Most of the traditional Database Management
Systems (DBMS) includes indexing methods such as the B-tree and hashing methods,
however, these methods are not suited for complex data similarity retrieval. As a re-
sult, new indexing structures were proposed in the literature [4]. Some of these methods
are: Slim-tree [10], CM-tree [11], Locality Sensitive Hashing (LSH) [12] and proximity
graphs [13, 9].

Graph-based methods have emerged as a very efficient alternative for similarity
retrieval, with reports indicating they have outperformed methods of other categories
in several situations. However, to the best of our knowledge, there is no previous work
with experimental analysis on a comprehensive number of graph-based methods using the
same search algorithm and execution environment. In this context, this thesis presented
two main contributions: (1) A performance analysis of the main graph-based methods in
the literature for both exact and approximate similarity searches in metric spaces and;
(2)HGraph, a connected-partition approach method to build proposed types of graphs in
the literature to answer similarity searches.

We presented a survey on graph-based methods categorizing the methods by its
type of graph and presented the search algorithms used for exact and approximate searches
on metric spaces. We also discussed the applicability of the spatial approximation property
in the different types of graphs. In this discussion, we showed counter-examples on how the
spatial approximation property does not hold for some of the main types of graphs used
for similarity searches. We also approached on how the exact search algorithm proposed
by Paredes and Chavez[9] implementations does not give exact answers in a weighted
RNG compared to k-NNG.

Next, we did an experimental analysis of the performance behavior of the tested
graph-based methods with respect to the main construction and query parameters for a
variety of real-world datasets. Our experimental results provided a quantitative view of
the exact search compared to accurate setups for approximate search. The experimental



97

evaluation results showed that NSW outperforms other methods in construction time.
However, as the number of neighbors per vertex in NSW increases, for the same NN
value, the query time increase as well compared to k-NNG and NN-Descent.

For k-NNG, NN-Descent and NSW methods, we found that there is a trade-
off between construction and query time. The more edges the best query time, but the
highest construction time. Thus, as the number of neighbors per vertex increases, the
query time and the number of restarts needed to return query answers close to exact
answers decreases. The NSW connects different graph regions by using the long-range
edges and achieves the highest recall rates among the tested methods even for a small
NN . The drawback is that the excessive number of edges compared to the other graph-
based methods slows down the query execution. When comparing graph settings for a
given recall rate, we were not able to point out a winner method for every condition
tested. We also showed that the methods can achieve the same recall rate in approximate
query time depending on the parameter settings. In order to understand better the graph-
based methods according to the dataset distribution we plan to run experiments using
synthetic datasets as future works.

Considering the results of the experimental analysis of the performance behavior
of the tested graph-based methods we proposed the HGraph method. The HGraph is a
connected partition approach to build proposed graph types in the literature. The HGraph
uses a divide and conquer approach to speed up the graph construction and adds edges
to selected vertices (long-range edges) in order to increase approximate similarity search
recall.

We presented an experimental evaluation of the HGraph main parameters. Th-
rough this evaluation we concluded: (1) Long-range edges increased the answer quality
compared to the “base” graph type; (2) The HGraph-k-NNG algorithm can build a graph
that is approximate to the k-NNG with a small overlap rate of 0.1; (3) The random pivot
selection algorithm and the HF algorithm had the best performance while the 𝑘-Medoids
algorithm did not show advantages over the other two methods.

At last, we compared the HGraph-k-NNG and the HGraph-NSW to the k-NNG,
NSW and SAT . The HGraph-k-NNG was able to improve the k-NNG method in cons-
truction time, query time and recall. Thus, we showed cases in which the HGraph-k-NNG
and the HGraph-NSW were able to outperform NSW and SAT when Recall= 1.

As future works, we intend to run experiments of the HGraph method using other
graph types such as the RNG as 𝑔1 and test a faster dataset partition strategy in order
to improve the construction time for HGraph- NSW . The divide and conquer construc-
tion strategy used in the HGraph method builds the graph using independent subsets,
in consequence, it is possible to run the methods in parallel. Future works include the
implementation of the HGraph in an architecture that supports running the HGraph cons-
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truction in parallel. We believe that the parallel implementation can support similarity
searches using the HGraph method in bigger scale datasets.
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APPENDIX A – HGRAPH RESULTS - TYPE OF GRAPH

This appendix shows the bar plots (Figures 56 to 61) presented in Chapter 5
subsection 5.2.4 in a bigger size for better visualization of the results.
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