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CORSO B. SANTOS, R . Aplicagdoes de Teoria Conforme em Fases Topoldgicas da
Matéria. 2023. 85f. Tese Doutorado em Fisica — Universidade Estadual de Londrina,
Londrina, 2023.

RESUMO

Nesta tese nés discutimos duas fases topoldgicas ndo-abelianas da matéria e como te-
oria de campos conforme pode ser aplicada para melhor entendé-las. Nosso primeiro
topico é um supercondutor topolégico realizado por um efeito Hall quantico anémalo
submetido a um potencial de formacdo de pares. Para este modelo, primeiro nés pre-
vemos a existéncia de excitagdes ndo massivas por meio de um argumento simples
de fios quanticos. Apesar da perturbacdo ndo-relativistica, a contribui¢do dominante
na agdo efetiva é a soma de termos de Chern-Simons relativisticos. Feito isto, nés de-
duzimos a teoria efetiva de borda usando a equivaléncia entre o Chern-Simons e sua
teoria conforme induzida na borda. Além disso, nés discutimos o liquido de spins
(2 4 1)-dimensional usando o formalismo de fios quénticos. Para isto, nés usamos bo-
sonizacdo ndo-Abeliana para obter uma agdo efetiva de baixas energias escrita a partir
de termos de Wess-Zumino-Witten, a partir do qual nés discutimos a estrutura de pon-
tos fixos da teoria. Por fim, nds calculamos a contribui¢do a um loop na fungdo C e
comparamos com a carga central nos pontos fixos.

Palavras-chave: Teoria Conforme, Teoria de Campos, Fases Topoldgicas, Matéria Con-
densada, Liquidos de Spin



CORSO B. SANTOS, R . Applications of Conformal Field Theory in Topological Pha-
ses of Matter. 2023. 85p. Ph.D. Thesis — State University of Londrina, Londrina, 2023.

ABSTRACT

In this thesis we discuss two topological phases of matter and how conformal field
theory can be applied to better understand it. Our first topic is the topological super-
conductor realized by a quantum anomalous Hall in proximity of a pairing potential.
For this model, we firstly predict the existence of gapless excitations through a sim-
ple quantum wires argument. In spite of the nonrelativistic perturbation, we find the
leading contribution to the effective action in a low-energy expansion to be a sum of
Chern-Simons terms. At last, we deduce the boundary effective field theory by using
the equivalence between the Chern-Simons and its induced rational conformal field
theory. Furthermore, we discuss the (2 4 1)-dimensional quantum spin liquid through
a wires approach. To do so, we use non-Abelian bosonization to obtain an effective ac-
tion in terms of Wess-Zumino-Witten terms, from which the fixed point structure can
be easily extracted. As a check, we calculate the one loop contribution to the C-function
and compare it with the central charge at the fixed points.

Keywords: Quantum Field Theory, Conformal Field Theory, Condensed Matter, Topo-
logical Phases, Spin Liquids
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1 INTRODUCTION

Condensed matter physics is concerned with the behavior of particles at finite
density and low temperatures, where external parameters like pressure and doping
can force matter to reorganize itself producing different phases. Classically, we learn
of phases such as liquid, crystal, solid and gas, but quantum physics holds much more
fascinating phenomena such as charge density waves, Bose-Einstein condensates, su-
perconductivity, (anti)-ferromagnetism and many others. All these phases can be clas-
sified by the underlying principle of symmetry breaking.

This symmetry breaking approach to describing quantum phases of matter is
best encapsulated by the Landau-Ginzburg theory [1], where a local order parameter
acquires a non-zero expected value in a phase, differentiating it from other phases
[2, 3]. Furthermore, this parameter is generally some measurable physical observable.
Consider a ferromagnet as an example, where by lowering its temperature, it under-
goes a transition from a symmetric phase to a symmetry broken phase with non-zero
magnetization [4].

The Landau-Ginzburg theory allows us to study the system close to criticality.
Essentially, this is done by considering the free energy as an expansion in powers of the
order parameter, which is small near phase transition by construction. Furthermore,
the framework classifies the phase transitions as first, second or higher order depen-
ding on which coefficient of the expansion vanishes.

In short, the Landau-Ginzburg framework classifies phases according to their
symmetries. More recently, a series of new phases of matter came to light which did
not fit this paradigm. As an example, we call attention to the chiral spin state introdu-
ced in [5, 6] to study high temperature superconductivity. Shortly after their introduc-
tion, it was realized that many different chiral spin states share the same symmetry [7].
Another example is the fractional quantum Hall (FQH) [8, 9].

In this way, the symmetries were not sufficient for classifying different phases
anymore and a new fopologial order was made necessary to completely describe the chi-
ral spin state [10]. For classifying these new phases new quantum numbers such as the
ground state degeneracy [7, 9] and the non-Abelian geometric phase of the degenerate
ground states[11, 10].

For these topological phases of matter, we are able to define an order parameter.
But in the end, we find that this order parameter is generally non-local, which is incom-
patible with the Landau-Ginzburg theory. From a more fundamental point of view, this
incompatibility stems from the nature of the interactions at hand [12]. In a topological
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phase, the long-range correlation of the electrons produces a ground state wave func-
tion that is topologically sensitive. In turn, this allows us to classify these phases by the
degeneracy of the ground state when in a topologically non-trivial manifold and the
non-Abelian geometric phase of such degenerate ground states [13].

Furthermore, the long-range entanglement of the electrons leads to some inte-
resting phenomena that are shared among some topological phases. One such charac-
teristic is the presence of quasiparticle excitations, which can carry fractional charge
and statistics. This property has several applications on topological quantum memory
and computation [13]. It also provides us with a path for experimentally detecting to-
pological orders. Another property of some phases is the presence of emergent gauge
fields and topologically protected gapless boundary excitations, which can also lead to

some device application.

This thesis focuses on topological phases of matter and its uses of conformal
tield theory. In fact, here we discuss two topological phases of matter. In Chapters 2
and 3 we consider a quantum Hall phase realized in terms of free fermions with nonre-
lativistic dispersion relation, possessing a global U(1) symmetry. Then, we couple this
symmetry to a background gauge field and compute the effective action by integrating
out the gapped fermions. Surprisingly, the non-relativistic case differs from the ordi-
nary Hall by having an effective action described by an integer level Chern-Simons
term, instead of the usual half-integer for the relativistic case [14, 15].

The proximity to a conventional superconductor induces a pairing potential in
the quantum Hall state, favoring the formation of Cooper pairs [16]. When the pairing
is strong enough, it drives the system to a topological superconducting phase, hosting
Majorana fermions. Even though the continuum U(1) symmetry is broken down to a
Z, one, we can forge fictitious U(1) symmetries that enable us to derive the effective
action for the topological superconducting phase, also given by a Chern-Simons the-
ory. To eliminate spurious states coming from the artificial symmetry enlargement, we
demand that the fields in the effective action are O(2) instead of U(1) gauge fields. In
the O(2) case we have to sum over the Z; bundles in the partition function, which
projects out the states that are not Z, invariants. The corresponding edge theory is the

U(1)/Z;, orbifold, which contains Majorana fermions in its operator content.

In Chapter 4, we do a brief detour to review the non-Abelian bosonization of
the chiral Gross-Neveu model as a warm up for Chapter 5. More specifically, we use
a quantum wires approach to discuss how we can introduce interactions in the action
that effectively realize a (2+1)-dimensional phase. Then, we show that in the deep infra-
red these operators realize a new conformal field theory with a smaller central charge.
Lastly, we discuss that this IR CFT is not achievable by an RG flow starting at the free

fermion fixed point.
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Chapter 5 uses a lot of the mechanisms we learned in the non-Abelian bosoniza-
tion of the chiral Gross-Neveu model to discuss the fixed point structure of the a QSL
phase. We consider a closed version of the model proposed in [17, 18, 19] as to study
the gap opening of the bulk degrees of freedom in the IR limit. Among the proposed
interactions that realize the QSL phase some are non-commuting, meaning they may
compete to realize different phases in the low-energy limit. Fortunately, we are able to
broaden the methods of Chapter 4 by introducing a variable change that accommoda-
tes for the non-commuting nature of the problem and allows us to safely perform the

fermion integration process.

The resulting action has rich fixed point structure. Besides the expected free
fermion fixed point, we find one partially gapped fixed point and two fully gapped
tixed points, one competing and the other not. Then, motivated by our discussions
of Chapter 4, we compute the one-loop C-function and come to the same conclusion.
The fixed points are isolated from the rest of the RG flow, but the physics close to it is
essentially gapped.

Publications

* Gomes, M., Pedro RS Gomes, K. Raimundo, Rodrigo Corso B. Santos, and A. . da
Silva. “Topological superconductor from the quantum Hall phase: Effective field theory
description.” Physical Review B 106, no. 19 (2022): 195111.

¢ Santos, Rodrigo Corso B., Pedro RS Gomes, and Carlos A. Hernaski. “Bosoniza-
tion of the Thirring model in 2+ 1 dimensions."Physical Review D 101, no. 7 (2020):
076010.

Unpublished

¢ Santos, Rodrigo Corso B., Pedro RS Gomes, and Carlos A. Hernaski. "A Quantum
Wires Approach to Non-Abelian Spin Liquids”.
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2 TOPOLOGICAL SUPERCONDUCTOR

2.1 Introduction

One remarkable accomplishment of the field of topological phases of matter
is the provision of a concrete platform for the realization of systems exhibiting the
elusive Majorana fermions, namely, the topological superconductors (TSs). In recent
years, many efforts have been devoted to the study of such systems [20, 21, 22, 16, 23, 24,
25,26,27,28]. In addition to their intrinsic interest, the Majorana fermions are generally
believed to play a crucial role in quantum computing due to their non-Abelian braiding
properties [29, 30, 31] (for a recent review, see [32]).

A simple setting for the realization of a topological superconductor was propo-
sed in [16], where such phase arises from a quantum anomalous Hall (QAH) phase
in proximity to a pairing potential inducing the formation of Cooper pairs (similar
models were discussed in [20, 27] and possible experimental signatures were repor-
ted in [28]). The specific model of [16], which we shall review in the next section,
consists of spinful noninteracting electrons with a nonrelativistic dispersion relation
E2 = b%ﬁz + (A +mg+ b2ﬁ2)2, where by and b, are positive parameters, my is the insu-
lator gap that can be positive or negative, and A is the strength of the pairing potential
which is chosen to be positive. The relation between 1y and A dictates in which phase
the system is. For weak coupling, A < |my|, the system is either in a quantum Hall
(my < 0) or in a trivial phase (mg > 0), but for strong enough coupling, A > |myp|, an
s-wave topological superconducting phase emerges between them, hosting Majorana

fermions both in the vortices and at the edges.

In this chapter we revisit this system from the perspective of effective field the-
ory. Our main objective is to derive a low-energy action incorporating all the phases
discussed above. Some interesting aspects concerning the effective field theory are the
following. First, in the pure quantum Hall phase, A = 0, the effective field theory is
expected to be a simple Chern-Simons (CS) action with integer level. Starting with fer-
mions possessing a global U(1) symmetry associated with charge conservation, we
follow the usual procedure of introducing a background gauge field for this global
symmetry and then integrate out the fermions. This produces a fermionic determinant,
which can be computed in the large mass (gap) limit. In relativistic fermionic theories
(which correspond to b, = 0), the leading contribution in the effective action for the
background field is a Chern-Simons term with a half-integer level [15, 14]1. As our dis-

1" In addition to the parity anomaly, this half-integer coefficient would lead to a gauge anomaly, but it

can be removed by a local counterterm.
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cussion sets itself apart by being nonrelativistic, it is not clear whether a Chern-Simons
term can arise from the corresponding fermionic determinant. We carry this computa-
tion in this work and show that in fact a Chern-Simons term with a properly quantized
level arises from a highly nontrivial combination of several Feynman diagrams, so that

we do not need any counterterm to cope with gauge anomaly.

Another interesting aspect of the effective field theory is evident when we con-
sider the proximity effect to a superconductor. The introduction of a pairing potential
in the system breaks the U(1) charge conservation symmetry down to a Z, symmetry,
allowing the formation of Cooper pairs, so that charge is conserved only mod 2. In this
case, we cannot introduce naively continuum gauge fields, since there is no longer a
continuous symmetry. We proceed within the Bogoliubov—de Gennes (BdG) formalism
(see, for example, [33, 34]), where the fermion operators are accommodated into the
Nambu spinors, which are spinors whose components are not independent. This leads
to an artificial particle-hole symmetry, such that there is a duplication of the degrees of
freedom of the theory. If in addition we work with unconstrained (independent) com-
ponents in the Nambu spinor, we end up with an enlarged theory possessing fictitious
U(1) symmetries [35]. The physical Hilbert space is then recovered by retaining in the
spectrum only states that are properly Z, invariants.

We can take advantage of the U(1) fictitious symmetries in that they can be cou-
pled to background fields, such that we can compute the low-energy effective action
again simply by integrating out the fermions. The effective theory is given in terms of
Chern-Simons theories, which are locally identical to the one derived in the case of the
pure QAH phase. However, the projection onto the physical space amounts to conside-
ring the background fields as O(2) = U(1) x Z; gauge fields, instead of U(1). In the
O(2) path integral, the sum over nontrivial bundles of O(2) projects out all the states
that are not Z, invariant. The corresponding edge theory is thus the U(1)/Z, orbifold

theory, which contains the Majorana fermions.

This chapter is organized as follows. In Sec. 2.2, we review the microscopic mo-
dels that describe the QAH phase and the TS phase obtained by introducing a pairing
potential in the QAH system. In Sec. 2.3, we study the edge states of both phases from
the point of view of the quantum wires description, where one of the spatial dimensi-
ons of the system is discretized. Section 3.1 is dedicated to the derivation of the low-
energy effective actions for the QAH and TS phases. In Sec. 3.2 we study the orbifold
edge theory of the TS phase that follows from the effective field theory via bulk-edge
correspondence. Complementary discussions are presented in Appendices A and B.
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2.2 The Models

In this section we briefly review the model introduced in [16] describing the
transition from the QAH to a TS. When a QAH state is coupled to a conventional s-
wave superconductor through the proximity effect, the transition between the phases
with trivial and nontrivial Hall conductance is, in general, split into two transitions,

among which appears a chiral TS phase.

2.2.1 Quantum Anomalous Hall Hamiltonian

The QAH system can be conceived in terms of spinful electrons with a quadratic

Hamiltonian,
Hoan = Y $shoan(F)yp, (2.1)
P

possessing a U (1) global symmetry corresponding to the charge conservation. The spi-
nor Y is defined as Y3 = ( ¢z cp| )T. The specific form of the single-particle Hamil-
tonian g4 giving rise to the QAH phase is [16]

T A m(p®)  bi(px —ipy)
ey ( b(pe-tin) () > .

with m(p?) = mg + byp 2. The parameters by and b, are taken to be positive, whereas
my is allowed to change sign, with each one corresponding to a distinct phase.

To see this, we note that the vector b(7) = (b1px, by py, m(p?)) allows us to define
the unit vector

S
=y

7l

q( ) , (2.3)
b(P)]

which in turn corresponds to a map from the momentum region to the unit sphere S?
parametrized by 7. Note that for || — oo, the map (2.3) implies # = (0,0, 1). Therefore,
we can think of the momenta 7 as taking values over R? U {0}, which is topologically
equivalent to a sphere S2. In this way, the relation (2.3) defines a class of maps from S?
to S classified by the homotopy group I1,(S?) = Z, with winding number

]— 11— — —
W(S) = . /52 d*pellii - (9,71 x Op;ii). (2.4)
Using the explicit form of the map (2.3), the winding number is
1 moy < 0
W(S) = 2.5
( ) { 0 mg > 0. 25)

As different values of WW(S) correspond to topologically distinct situations, the
system undergoes a phase transition as a function of m. In this way, the point my = 0
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is a quantum critical point between a topologically ordered phase when my < 0 (QAH)
and a trivial one with mg > 0 (trivial insulator). The Hall conductivity oy, is given in

terms of the winding number as oy, = - W.

A hallmark of a topological phase is the presence of gapless edge states when a
physical boundary is introduced in the system. This can be incorporated in the Hamil-
tonian description by promoting my — mq(y), with mg(y) < 0if y < 0 and mo(y) > 0
if y > 0, so that y = 0 corresponds to an interface between two distinct phases. Hence,
there must be edge states at this region. Because of the absence of time-reversal inva-
riance, the edge states are chiral (one-way propagating) and the number of them is
related to the bulk topological number (2.5) through [36, 37]

W = Ng — N, (2.6)

where N/ are the number of chiral right/left propagating edge modes. According to
(2.5), we see that there is a single stable chiral edge mode in the QAH phase.

An elegant way to capture the physics of the edge states is through the bulk-
edge correspondence using Chern-Simons effective field theory [38]. However, the La-
grangian following from the Hamiltonian (2.2) is nonrelativistic, and the usual proce-
dure of integrating out massive fermions in the presence of a background field is not
guaranteed to generate a Chern-Simons term in the effective action. One of the purpo-
ses of this work is to show that a Chern-Simons term does emerge in a highly nontrivial

way in this nonrelativistic setting. We shall carry out this computation in Sec. 3.1.

2.2.2 Proximity Effect to a Topological Superconductor

Next we consider the system in proximity to an s-wave superconductor. In
this case, a finite pairing amplitude can be induced through the potential AC;EJT T 5+
N*c_j cpy, which breaks the U(1) symmetry down to Z;. The QAH system in the pre-

sence of the pairing potential is more conveniently described in terms of the Bogoliubov
de Gennes (BdG) Hamiltonian

Hpac = ) Yyihpac(F)¥p, (2.7)
P

T
with the doubled Nambu spinor ¥ = ( Cir iy CiﬁT Ctﬁi > and

hpac(P) = % ( hQAjizzr 8 e IA(?~ > , (2.8)
y Oan(—P) +u

where y is a chemical potential and A is the superconducting gap. If we set A = 0,

this Hamiltonian reduces to (2.1) (with p = 0). In this basis, the spinor Y5 satisfies the

constraint

Y= (0 @1)¥

; (2.9)

* —
_p‘
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To proceed, we simply ignore this constraint in the intermediate steps, but shall impose
it in the end in order to retain the physical space.

In the absence of the chemical potential y, we can easily block-diagonalize the
Hamiltonian, namely,

lw—gt [ he(F) O N
Hpe ==Y 9t 77 ¥ 2.10
BdG 2; p( 0 h(fa’)) p (2.10)
where
B m(p?) £ A by(py —i
hi(p):<b (7= 1(’9’12 Py) > (2.11)
1(px +ipy) —(m(p") £4)
N T
and ¥ = ( ayy at 5 A —ﬂt,,ﬁ) , with
_ 1 +
Ay 5= E (CﬁT + C—ﬁi) . (2.12)

In this basis, the constraint (2.9) acts on each block individually,

Y5 =(:000)¥ (2.13)

* —
5

The operators a. 5 do not have a well-defined transformation property under
U(1) symmetry. They transform properly only under the subgroup of U(1) transfor-
mations e/ for & = 0, 77, i.e., under the Z;, group. Consequently, the excitations created
upon application of these operators do not have well-defined electric charge. These
considerations are important to correctly identify the physical excitations and, in parti-
cular, are extremely useful when we are describing this system in terms of the effective
tield theory, as it will be done in Sec. 3.1.2.

Note that the block Hamiltonians in (2.11) are equivalent to two copies of the
Hamiltonian (2.2), but with a slight modification of the parameters, namely, my —
mg + A for the block h and my — mg — A for the block h_. Thus, the winding number
for the proximity effect can be obtained in the same way as for the QAH system simply
as W =W, +W_, resulting in

2 |mg| > A, withmy <0

W=W,+W_=< 1 |mg|<n (2.14)
0 |m0| > A, with my > 0.

The corresponding phase diagram is shown in Fig. 1.

Some comments are in order. In the weak-coupling regime, |mg| > A, with mg >
0, the phase is trivial. For my < 0, the system is a nontrivial topological phase which is
adiabatically connected to the QAH phase in the limit A — 0. However, it is important
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Figura 1 — Phase diagram of QAH in proximity to a superconducting pairing potential
A.

to notice that the winding number here corresponds to the number of gapless chiral
fermions in the Majorana basis, because of the particle-hole symmetry inherent to the
BdG formalism. So we interpret the two chiral gapless Majorana fermions as glued
together to form a complex fermion, which corresponds to the chiral complex mode
of the QAH. When the pairing becomes stronger, in the region |my| < A, one of the
Majorana fermions merges with the bulk states, and we are left with a single Majorana
fermion in the boundary. This is the topological superconducting phase. We will see
later how these patterns of phase transitions come up in terms of the effective field

theory.

2.3 Quantum Wires Formulation and Edge States

In this section we discuss a simple way to derive the edge states associated with
the QAH and TS phases. The idea is to transform the system into a system of quantum
wires by discretizing one of the spatial directions. The edge states emerge in a quite

natural way in this approach.

2.3.1 Quantum Anomalous Hall

The first step is to write a Lagrangian form for the QAH system. The action can
be obtained from the Hamiltonian (2.1),

Soanly, 9] = [ dxF(ir°%0 + ib17'd; + ba(i7/9)? — mo)y, (215)
with the following representation for the Dirac matrices,

0 3 1

Y =0, ' =ic? and 9* = —ic!, (2.16)

where 0!, 02, and ¢ are the Pauli matrices. The spinor ¢7 = (¢ 1)) is the coordinate
counterpart of the fermion operator 5, and the spinor ¢ is defined in the usual way

as P = T,
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With the goal of discretizing the y direction, it is convenient to rotate to a new
representation through the unitary operator
o2

U =eio, (2.17)

This converts the Dirac matrices to the set

P =—¢!, 9! =io? and +? = —io?, (2.18)
with the new spinor components
1 1
= — (¢ + and = —(—pr+19y). 2.19
Yr= s r ) yo= =g+ ) (2.19)

In this basis, the action in (2.15) becomes
[ @ [iwhdyr + oo — ooy — bayhody
+ oy} (1—mgb1dy —mg 6203 ) e+ moyk (1+m5 019y — m 0237 ) 9220)
where we have defined 0+ = dy £ b1d;. We are assuming that the mass m is non-
vanishing, so that the bulk remains always gapped. We discuss first the QAH phase,
where the mass m is negative. In this case, let us choose a representative point in the

phase diagram corresponding to the QAH phase, where the edge states appear in a

quite direct way. This is achieved by choosing the parameters so that

bZ
by = 2.21
S (2.21)
Notice that, as b; and b, are positive, this condition can only be satisfied for negative

my, i.e., in the QAH phase. With this choice, the action can be written as

/d3x

1 1

. . bZ bZ
L LI L L e L CA

where we have introduced the “wire spacing"a = | | For a large gap |my|, the wire
spacing a is small and the terms in the second line of this expression can be identified

as second-order Taylor expansions, so that (2.22) is approximated by

ab1

. . ab
[ o [ivkae + ivto-p — Syt - ot

b b
- glw{(t,x,y)Mt,x,yﬂ)—flpl*a(t,x,y+am(t,x,y>}. (2.23)

This form leads naturally to the discretization of the y direction. To this, we make the
following prescriptions:

YryL(tx,y) — \/_l[)R/L( x)  and /dy — az. (2.24)
j
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Then, by considering the system with open boundary conditions in the y direction and
using (2.24), the action (2.23) becomes

N )
/dzx [Z l¢]+a+lpR+ ipita_ ¢]> 191 (1/) IIJ]H 1P]+1+1P]) +,,,(}25)
j=1 j=

where we have discarded the irrelevant terms of order a. We notice that the chiral mo-
des pL and ¥, associated with the first and the last wires, respectively, are decoupled
from the remaining modes in this action. In fact, they are governed exclusively by ki-
netic terms

Setge = [ dx (igkosyhk +iyl"o_yl), (2.26)
and thus are identified as the gapless edge states of the QAH phase. It is worth empha-
sizing that these modes are spatially far apart from each other and, due to the locality
of the interactions, they cannot be gapped through backscattering. Furthermore, de-
viations from (2.21) will generically introduce interactions between the gapless edge
modes and gapped modes both at the same wire and at the neighboring wires. Howe-
ver, as long as the interaction strength is small compared to the gap, the edge states
will remain gapless. These features imply that they are stable. In sum, we have found
a complex one-way propagating fermion in each one of the boundaries; i.e., the edge
theory of the QAH phase is a conformal field theory with chiral central charge c = 1.

Now we discuss the system in the trivial phase my > 0. In this case, we cannot

proceed as in the previous one, since the terms in the second line of (2.20), namely,
g1 (1 my 019, — mg 122 e+ Hc, (2.27)

do not correspond to a second-order Taylor expansion for any choice of the parameters
and, consequently, after discretization no mode will be left decoupled. To see this, we
define again the “wire spacing"a = :1—10 so that, for large gap, the above expression can

be written as

b
Y1t %, y)pr(tx,y —a) — it[ﬂ{(h x,y) [Yr(t, %,y +a)
— 2yr(t,x,y) +¢r(t,x,y—a)] +H.c. (2.28)

We then proceed with the discretization of these terms according to the prescriptions in
(2.24), taking into account open boundary conditions in the y direction. This produces

in the action terms proportional to

2 lIJ ]+1 )

2 Zz/z“( )Pkt )

lj=

+ (1——>2¢ '(tx) + H. c,, (2.29)
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which shows that all modes partake in the interaction (for any choice of the parame-
ters) and then turn out to be gapped. There are no gapless edge states left behind, as
expected for the topologically trivial phase.

2.3.2 Superconducting Phase

Now we consider the system in the presence of the superconducting pairing po-
tential and move to the BdG formalism. The action corresponding to the Hamiltonian
(2.10) is

1 - _
Soan-1s = 5 [ @x[Le(rBi) + Loy, )]
1 - o i

= 5 /d3x [¢+(17080 + ib19'0; 4 ba(i9'9;)% — (mg + A) ),

b G (i7%9 + ib19'0; + b(in'9;)? — (mo — A))lp_} , (2.30)
where the doubled spinors are ] = ( ay al ) . We can then follow a strategy similar
to the previous case for discretizing this action.

The first step is to rotate according to the unitary operator in (2.17), under which

the spinors transform as

- 1 T
lpi—>¢iEUlpi=—(ai+a; al—ai) : (2.31)

V2

The transformed spinors naturally lead to the introduction of the Majorana operators

+
=

X (alu + al) and )(f = é (ai — al) , (2.32)

Sl

so that
P+ = (xg ixp)" (2.33)

In terms of the Majorana fermions, the corresponding Lagrangians become

Lo = ixFosxs +ixio_xi +2ibaxfo’xi
— 2imaxi (1 =m0, — mIhy02) X% 2.34
imixg my bidy —my b0y ) X, (2.34)

where we have defined the masses m+ = my + A.

We are mostly interested in studying the edge states of the superconducting
phase, where m > 0 and m_ < 0. In this situation, the contribution of £, works
precisely as the Lagrangian of the trivial phase discussed previously, and consequently
does not lead to any massless edge state. On the other hand, the contribution of £_
works like the Lagrangian of the QAH phase, but with the difference that now the

edge states are given in terms of Majorana fermions. In fact, we see that the term

—2im_x; (1 — m:lblay — m:1b28§> XR (2.35)
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of £_ can be identified as a second-order Taylor expansion provided we choose the
representative point

by
by = T (2.36)
With this choice and identifying the wire spacing as a = Ml;—t‘, the expression (2.35) can
be approximated by '
2 (xR (1 y + ) 2.37)

in the limit of large gap |m_|. After the discretization using the prescriptions in (2.24),
this leads to a term in the action proportional to

N-1
Xf,j(t' x)XE,j+1(t' x), (2.38)
1

]:

which implies that the Majorana modes xy ; and x| y, associated with the first and the
last wires, respectively, are decoupled and then remain gapless. Therefore, the edge
theory of the superconducting phase is given by

Sedge = /d2x (i)@laﬁil + ixiNa,XiN) , (2.39)

which corresponds to a conformal field theory with chiral central charge c = %

We shall return to the edge theory later on, when discussing how the edge states
can be recovered from the effective field theory through the bulk-edge correspondence.
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3 TOPOLOGICAL SUPERCONDUCTOR EFFECTIVE ACTION
AND SPECTRUM

3.1 Effective Field Theory

The main goal of this chapter is to derive the low-energy effective field theory
for the QAH system in proximity to an s-wave superconductor. Given the nonrelativis-
tic character of the fermion Lagrangian, it is not clear whether a Chern-Simons term

can arise from the corresponding fermionic determinant.

3.1.1 Topological Effective Field Theory for the QAH Phase

The nontrivial part of the computation of the effective action is already present
in the case of the pure QAH system, and so we will concentrate first on this case. The
strategy is to introduce a background gauge field A for the global U(1) symmetry of
the QAH, and then integrate out the gapped fermions to obtain S,¢f[A].

The corresponding action is given in (2.15), which we repeat here for conveni-

ence,
SQAH [QD, 4_]] = /d3x lp(i’)’oao + ibl’)/iai + bz(i’yiai)z — mo)gb (3.1)
Then we introduce a background gauge field A for the global U(1) symmetry?,

Soanly, P; A] = /d3x $(i9°Do + ib17' D; + by (i9'D;)* — mo ), (3.2)

where D, = 9, —iA,, p = 0,1,2. Before proceeding, it seems that there is certain
ambiguity in this process. Indeed, if we write the term with coefficient b, in (3.1) as
bz(i’yia,-)z = bzﬁz, then the gauging of this term is simply b,D?, which is different
from the term b, (i’ D;)? of (3.2), namely,

i I N
((v'Dy)* = D*+ 20" V1F;

= D’Z — %’)/OGOijPij, (33)
where Fj; = 9;A; — 9;A; and we have used [y#,7"] = —2ie!"’y,. Therefore, these two
ways of treating the higher-derivative term produce theories differing by an operator
proportional to e Fijip. In general, such a UV operator is expected simply to renor-
malize the parameters of the low-energy effective theory. However, as we shall discuss
later, it does not affect the induced topological Chern-Simons term since it amounts

just to a redefinition of the current. In the following we proceed with the form (3.2).
1

Some aspects of this model with dynamical gauge field and positive mass have been analyzed previ-
ously in [39].
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Figura 2 — Interaction vertices. The index 0 in the diagram V; means that the photon
line involves the component Ag. The diagram V, represents generically the
three vertices with 2 = 2,3,4, and the index i means that the photon line
involves the component A;.

The strategy is to compute the effective action for the background gauge field
A by integrating out the fermions,

piSerrlAl — / DyDielSoanlv ], (3.4)

The effective action is then organized in a local expansion in powers of the external
field,

. 1
zSeff [A] = /d3x§ (AQHO()AO + Aolly;A; + AlligAg + AZHZJA] +--- )
1
= /d3x§ (A()HO()AO + 2A0I1p;A; + Ail—[i]'A]‘ + - ) , (3.5)

where we have used the fact that the two terms involving Ay and A; give the same
contribution up to integration by parts. The operators I1,, can be computed from the
relevant Feynman diagrams with fermions in the internal lines and the background
tield in the external ones.

From (3.2) we can identify immediately the interaction vertices,

i = 1/3701‘\01#, Vo= bﬂl”YiAil/J, (3.6)

and
o o ANy
V3 = —ibz(ail[J)’yl’)/]A]‘l/J, Vy = lb2¢717]Aiaj¢, Vs = by (’ylAi) Y. (3.7)
They are shown in Fig. 2. The fermion propagator is
i
ko — b1 - k — bok? — mg + ie
i(ko’)/o — blﬁ Y+ bz%z + mo)

= ~ — . 3.8
k% — b%kz — (bzkz + mo)z + ie (8)

S(k) =

The one-loop contributions to the two-point functions of the background field are
shown in Figs. 3, 4, and 5.
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Figura 3 — One-loop contribution for the two-point function (A Ap), which contributes
for I'lyg in the effective action (3.5).

Figura 4 — One-loop contributions for the two-point function (AyA;), which contribute
for I'ly; in the effective action (3.5).

The one-loop contributions are organized in a derivative expansion or, equi-
valently, in a momentum expansion. There are no zero-th-order contributions to the

two-point function (A, A,).

We then consider the first-order derivative contributions to the two-point func-
tion (ApA;). They are contained in the diagrams of Fig. 4, and furnish

@ () = b Y L egip b -
g (P)—[@(mo) <4n(b%+ib2mo)>+@<—mo> (E)]em]w 69

2
®) () = 116 () — by gy () | eoipi + -
(3.10)
where O is the Heaviside step function. Adding up the three pieces, we get
To(p) = 119+ 11 4 119 — @(—ma) L emip: + .. 3.11
0i(p) i T o o (=mo) 5—eoijpj+ -+ . (3.11)

Finally, we consider the two-point function (A;A;). Only the diagrams (a), (b),
and (c) of Fig. 5 contribute to the first-order derivative term. The corresponding con-
tributions are

_ b%
27t(b% + 4bymy)

Hl(]-a)(P) = O(my) ( ) €0ijpo+ -, (3.12)

®) (y — 1160 () — by L0
;7 (p) = " (p) = [@)(mo) (471(19% +14b2m0)> + O (—my) (H)] €oijpo+ -+ -
(3.13)
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(9)

Figura 5 — One-loop contributions for the two-point function (A;A;), which contribute
for I1;; in the effective action (3.5).

Adding the three terms, we obtain
b 1
) + 11 + 11 = O(—1mo) 5—eoijpo+ -+ (3.14)

The diagrams (d), (e), and (f) contribute at least with two derivatives, while the dia-
gram (g) does not contribute at all.

Including all the first-order contributions to the low-energy effective action (3.5),
we obtain
, d>p 1 1 4
iSerrlA] = [ | @) Ao(p) ( gz ) Ai=p)+O(=mo) Ai(p) ( gcvzpo ) Ai(—p) 4

3
— [ats |et-m) ge Ay (—p)+--- .

In the coordinate space this reads

eff /d3 { —my) —67/[ PA 0 Ap + - :| (3.16)

It is quite remarkable that even though the fermion dynamics is nonrelativistic, a usual
Chern-Simons term is recovered in the topological sector of the effective theory. We can
further appreciate this result recalling that in any gapped system of charged fermions
the Hall conductivity, oy, is quantized, and it is given in terms of the winding number
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of the momentum space Hamiltonian [40]. The Hall responses | P = (Txyeif E/ and Oxy =
%—]g (Streda formula) to the application of electric and magnetic fields in the system,
can be combined in a covariant way as J¥ = crxerVPBVAP. Then, these responses can
be obtained from the coupling A, J#, which in terms of an effective action corresponds
to % [ d3xet"P A0, Ap. This is an indication that, even though the fermion system
is nonrelativistic, the field theory has to manage to deliver a usual CS term, whose
coefficient is related to the Hall conductivity.

In the present case, the Chern-Simons term arises from a nontrivial combination
of several one-loop diagrams, whereas in the usual (relativistic) case the Chern-Simons
term comes from a single one-loop diagram. The higher-order derivative corrections
represented by the dots are nonrelativistic. In addition, the CS coefficient in (3.16) is
properly quantized and does not break invariance under large gauge transformations,
in contrast to the usual case of the relativistic fermionic determinant. The Hall conduc-
tivity oy, can be read from the Chern-Simons coefficient % | AdA, which implies that
Oxy = w. This recovers precisely the results of the previous section for the Hall
conductivity oy, = 5=W, with W given in (2.5). In Appendix A, we discuss that the

CS term is protected against radiative corrections when the gauge field is dynamical.

Now we discuss that the introduction of a chemical potential y in the system
does not affect the topological sector of the effective field theory. The introduction of
the chemical potential amounts to replacing hgap(7) — hgan(P) — p in the Hamilto-
nian (2.1). This, in turn, corresponds to the presence of the term u {7’y in the Lagran-
gian (3.1). We can absorb this factor in the time derivative, do =0y —i 1, or equivalently,
in the zero component of the momentum, pyp = po + u. Therefore, it is immediate to

see that the chemical potential does not affect the Chern-Simons contribution,
/d3PAi(P)€0ijﬁoAj(—P) = / PpA;i(p)eviipoAi(—p), (3.17)
since i [ d>pA;(p)eo;jAj(—p) vanishes by symmetry.

Before move on, we discuss the effect of considering D? instead of (i7'D;)? in
the definition of the QAH system in the presence of an external field. According to Eq.
(3.3), this amounts to including in the previous computation a new interaction vertex

that we denote as

b
V6 = Ezll)’)/oé’ol'jl:ijll). (318)

This new vertex has the potential to generate a Chern-Simons term in combination
with the vertices Vj, V3, V3, and V;. However, we can check explicitly that they do not
generate any Chern-Simons contribution, so that the topological sector of the theory is
not sensitive to the presence of the above operator.

To understand the underlying reason for this, we consider the U(1) current fol-
lowing from (3.2). It can be easily constructed by considering the generalization of the
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Noether theorem for higher derivative theories (see for example [41]). In particular, for

an internal symmetry the current for a second-order derivative theory reads

oL oL

oL
— m&p[ 4+ ———03,0¢r — 9y ( ) 51, (3.19)

].” -

where ¢; stands for a generic set of fields. Using this expression for the global U(1)
symmetry of (3.2), we obtain the components

J2=97%% and | = b1y +iba(Py' Y0 — 9Py v ) + 2bapp A’ (3.20)
A conserved current is not uniquely defined, since we can always redefine it as
JH =" +09,0", with QW = —Q", (3.21)

The new current J'# is as good as the initial one, once it is also conserved and gives rise

0
to the same charge [, . J”-
Next we consider the current in the theory with the operator b, D? instead of

by (i7'D;)?. In this case, the current is given by
JO=J° and J¥=J —bsd; (o) (3.22)
We see that the currents [/ and J'* differ precisely by a term of the form (3.21), with
Q% = 0and OF = —bypePygyp.
Next, we consider the generic relation

ISefflA] _
oA, (Jr. (3.23)

Denoting by S, ¢[A] the effective action coming from the UV theory involving by D?
instead of by (i7y'D;)?, we have likewise

08 [A]
eff _
54, =" (324

Now consider the density in the relations (3.23) and (3.24). As J° = ]V, it follows that

5
A (StslA] = Sepsla]) =0, (3.25)

namely, the corresponding effective actions differ only by gauge-invariant terms inde-

pendent of Ay,
SelA] = SopplA] + / PxO(Ay). (3.26)

Therefore, the CS contribution must be exactly the same in both effective actions.
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3.1.2 EFT for the QAH Phase in Proximity to a TS

After the derivation of the effective field theory for the QAH system, we are
ready to study the effective field theory in the presence of the superconducting pairing
potential. As discussed previously, in this case the U(1) global symmetry is broken
down to the discrete Z, symmetry. However, as is usual in treating superconductor
systems, it is quite useful to insist on keeping a fictitious U (1) symmetry. To conceive
this, we simply ignore the constraint (2.13) and work with unconstrained spinors. This
means that for each block in (2.10) we have a fictitious U(1) symmetry.

In quantizing the theory with the fictitious U (1) global symmetries we find that
the states in this enlarged Hilbert space are in the representation of the fictitious U(1).
Among all these states, we have to project out all the states which are not invariant
under the action of Z, so that the physical Hilbert space contains only states that are

properly Z, invariant.

We can take advantage of the fictitious U(1) symmetries to introduce back-
ground fields for them. In this way, we can follow the strategy of the previous sec-
tion and integrate out the fermions to derive the (local) effective action for these back-
ground fields. The above projection onto the physical Hilbert space can be implemen-
ted concretely by considering the background fields as actually O(2) = U(1) x Z,
gauge fields, instead of U(1). The local action is precisely the action of a U(1) x U(1)
theory but the corresponding path integrals are different. In the O(2) case we have to
sum over the Z; bundles, which is equivalent to computing the path integral with the
insertion of projection operators that select only the Z;-invariant states.

We start considering again the action (2.30),
1 - o .
SQAH-TS = 5 /d3x [1/4(17030 +ib1y'9; + ba(i7'9;)* — (mo + A)) 94
+ P (i7%90 + ib17y'0; + by(iv'9;)* — (mo — A))zp-} : (3.27)

where 1+ are the unconstrained two-component spinors associated with the two blocks
of (2.10). Upon the constraint (2.13), we get in the momentum space simply

Yi(p) = (ay 0, _5) and 9L(P) = (a_p —a" ). (3.28)

Proceeding with the unconstrained spinors, we can then introduce the corres-

ponding background fields A

and compute the low-energy effective theory by inte-
grating out the fermions, exactly as we did in the previous section. One subtle point
that arises in this procedure is that there is no natural way to assign fictitious U(1)
charges for 4. Therefore, we shall keep them unfixed momentarily, which amounts
to considering covariant derivatives D, = 9, — iqA;(li), for a generic integer charge 4.
We will fix the charge posteriorly on physical grounds, so that the resulting effective

theory describes properly the underlying physics.
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The effective action in this case can be immediately read out from the result
(3.29), with the appropriate adjustment of the parameters, as well as a corresponding
rescaling of gauge fields by a factor of g,

(AL P [ — 8) L et a9, 4L
Seff 477 po v

B q_zwp (5 A o
+ O(—m+A) e A9 Ay (3.29)

As anticipated, this local theory is the same as the one of a U(1) x U(1) Chern-Simons
theory. However, these fields are O(2) = U(1) x Z; gauge fields and we shall explore
the consequences in the next section. It is quite interesting to see how the pattern of pha-
ses described by Eq. (2.14) manifests here. In the trivial case, when |mg| > A, with mg >
0, both Chern-Simons coefficients vanish, which is expected for a topologically trivial
phase. In the superconducting phase, when |my| < A, only one of the Chern-Simons
terms contributes, namely, the one associated with A, Finally, in the QAH phase, for
|mg| > A, with mg < 0, both Chern-Simons are nonvanishing.

3.2 Superconducting Phase and U(1)/Z, Orbifold

We shall focus on the superconducting phase, |mg| < A, whose low-energy
effective theory is then described by a single O(2) Chern-Simons theory at the level 42,

SupslA) = [ dx ] eV”PA 79,457, (330)

We can in principle proceed by studying the O(2) CS theory itself (see for example [42,
43, 44]). However, an insightful way to unveil the spectrum of the O(2) Chern-Simons
gauge theory is through its relation with rational conformal field theory (RCFT), which
goes back to the classic work by Moore and Seiberg [45]. The relationship between CS
and RCFT is specially suitable for describing topological phases of matter, because of
the presence of edge states described by conformal field theories whenever the system
is defined on a manifold with a physical boundary. We can consider, for example, the
spatial manifold as a disk D with a boundary S!. If the time coordinate is also a circle

S!, then the resulting conformal field theory will be defined on a torus T2 = S! x S.

In the O(2) case, the one-to-one correspondence between Chern-Simons and
RCFT occurs when g2 is of the form %> = 2N, with N being a positive integer. We see
that only for even values of the charge g there is a solution with both g and N integers.
The simplest case is N = 2, which corresponds to g = 2, and we shall discuss that this

case describes precisely the physical properties of the superconducting phase.
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3.2.1 Extension of the Chiral Algebra and the Orbifold

One of the key results of Moore and Seiberg [45] is that the edge theory associa-
ted with O(2) CS at the level 2N is the U(1)/Z, orbifold theory at the level 2N, which
contains N + 7 primary fields. To construct the orbifold theory we firstly consider the
theory of a compact free scalar field ¢ ~ ¢ + 27R, where R is the compactification
radius (it is identified as R = /2N through the bulk-edge correspondence), with a
U(1) current j(z) = 9;¢. When the square of the compactification radius is a rational
number, some vertex operators become purely holomorphic and then can be added
to the chiral algebra to produce an extended algebra, denoted by .Ay. Specifically, the

maximal extension is obtained when the square of the compactification radius is of the
R _p

2 - p/l
case, the basic vertex operators

form where p and p’ are coprimes (their greatest common divisor is 1). In this

e“VING  with N = pp/, (3.31)

become purely chiral and can be used to extend the algebra. The representations of
the extended algebra are given by the remaining vertex operators that have local OPE

(trivial monodromy) with all the generators of the extended algebra, namely,
eiﬁ(p, nez. (3.32)

However, only those operators for which n belongs to the interval n = 0,1, ...,2N — 1
are indeed primary fields. Integer values of n outside this interval amounts to the in-
sertion of one of the generators e+IV2N9 and consequently correspond to descendant
operators. This introduces equivalence classes among states, organized in a Z,y struc-
ture. Therefore, the number of representations is truncated and become finite, so that

the extended algebra ends up having 2N representations.

The next step is to project out the states that are noninvariant under Z, sym-
metry, to obtain the orbifold U(1)/Z,. To this, we first note that under the action of

n

the Z, symmetry ¢ — — ¢, the vertex operators e V28 ¥ are mapped onto e V28 . Then

we use the Z,x equivalence to bring it back to the interval 0,1, ...,2N — 1. In sum, the
effect of the Z, symmetry is [n) — | — n + 2N). With this in mind, we can determine
the fate of the states under the action of the Z; symmetry,

0) — [0)
1) — |—-142N)
|2) — |—-242N)

IN) = [N)

2N —1) — [1). (3.33)
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We see that the states |0) and |N) are invariant. From the remaining 2N — 2 states, we
can form (2N — 2) /2 invariant linear combinations

1) + |—1+2N)
2) + |-2+2N)

IN-1) + |[N+1). (3.34)

The primary operators creating such states are

n
cos | —— , n=1,..,N—1. 3.35
<m¢) (339

In addition, we have the operators 1 and ei\/g"’, where the latter one can be split in

sin (\/ggo) and cos (\/ggo) . (3.36)

In the orbifold theory, operators that have OPE with the current that are local

two independent parts

only after the action of the group Z, are allowed. These are the so-called twist or order-
disorder operators, and are defined through the following OPE with the current,

T(w)

j(z)o(w) ~ (3.37)

(z—w)t
Notice that when z goes around w through a 27 rotation, the OPE picks up a minus
sign. In the context of the superconducting phase, the operator o(w) represents a vor-
tex located at w. The above relation implies the following relation between conformal
dimensions of o and T: hr = hy; +1/2. From the OPE of the twist fields with the energy-
momentum tensor T(z) ~ j(z)j(z) we can compute the conformal dimensions of the
twist fields: h, = 1/16 and h; = 9/16. Twist operators always come up in pairs. In the
orbifold case, we have two pairs of twist fields satisfying the OPE (3.37), namely, 01, 7
and 07, T». They correspond to the trivial and the nontrivial representations of Z, [46].
Therefore, we end up with 4 new operators in the theory.

Summarizing, the field content of orbifold theory, with the respective conformal
dimensions, is the following:

. N . N n
o j(z), cos( E(P>’ sin (\/?(p) cos( ZN(p), \UF” T,  (3.38)
~ N e e 1

0 1

4

9
16 16

n2

iN

~~

N

ez <

4
withn =1,..,N—1anda = 1,2, in a total of N + 7 fields. The respective fusion rules
were derived in [46]. For the convenience of the reader we have included a derivation
of them in the Appendix B, along with additional discussions of the algebra extension
and the orbifold.
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3.3 N = 2 Orbifold = Ising x Ising

We are particularly interested in the values of N compatible with solutions of
the relation g> = 2N, with both g and N integers. The simplest case corresponds to
g = N = 2. In this case, the spectrum is quite simple and, in particular, the operators

cos (\/g q)) and sin (\/g q)) become fermion operators Y; = cos ¢ and Y, = sin¢

1
27
dates to be identified with the Majorana fermions appearing at the boundary of the

of conformal dimension 5, with no electric charge. Therefore, they are natural candi-

topological superconducting phase. This is also compatible with the results of [47].

In addition to containing the Majorana fermions, another remarkable property
of the case N = 2, and which is crucial for its identification as the proper edge theory
of the superconducting case, is that it corresponds precisely to two copies of the Ising

CFT. To see this, we consider the corresponding fusion rules [46]:
OPXxP=1+j, xP=0, jxj=1, YoxY,=1, Y1 XY=, (3.39)

OaX0a=14+Y,, oy xp=®P, [ X0, =75, PX03=04 YgXxX0,=0 (3.40)

where we have defined ® = cos (% (p) . The above operator content can be decomposed

into two sets,
1 1

1: (h=0), Y1:<h:§), (71:<h:E), (3.41)

1 1
1: (h=0), Y2:<h:§), (72:<h:E). (3.42)

From the fusion rules shown in (3.39) and (3.40), we see that each one of the above sets

and

of operators generates an independent Ising CFT with central charge c = 1/2, namely,
Oa X0, =1+Y,, Yoxo,=0, YoxY,=1 (3.43)

Then, taking the tensor product of the two sets of fusion rules, we recover the full set
of fusion rules of the orbifold model for N = 2.

Recalling the discussion of Sec. 2.3, the edge theory of the superconducting
phase corresponds to a single Ising CFT with chiral central charge ¢ = 1/2. The dou-
bling of degrees of freedom in the orbifold theory with N = 2 is a direct reflection of
the duplication of the degrees of freedom inherent to the BdG formalism used to derive
the CS effective action (3.29), which in turn gives rise to the orbifold theory through
the bulk-edge correspondence. Therefore, coming from the orbifold theory, in order to
properly account for the physical degrees of freedom, we need to halve the theory kee-
ping thus only one of the Ising CFT’s. In terms of central charge, this means that from
c =1=1/241/2, we are left with only a half of the central charge, c = 1/2, which is

expected for the superconducting phase.
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After the discussion of the edge theory associated with a single O(2) CS theory
with level 4, it is immediate to see that the edge theory of the QAH phase also follows
from the effective action (3.29) via bulk-edge correspondence. It emerges when |mg| >
A, with my < 0, where both Chern-Simons theories contribute. In this case, we obtain
an orbifold CFT with N = 2 for each of the CS theories. The resulting total central
charge is c = 2 = 1 4 1, which reduces to c = 1 after we take into account the halving
mechanism for eliminating duplicated degrees of freedom.
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4 NON-ABELIAN BOSONIZATION

This chapter is meant as a warm up for quantum spin liquid (QSL) we discuss in
the next chapter. Here, we will review a series of aspects of non-Abelian bosonization
and conformal field theory which are relevant to our future discussions. More specifi-
cally, we use a quantum wires approach to discuss how we can introduce operators in
the action that effectively realize a (2+1)-dimensional phase. Then, we show that in the
deep infrared these operators realize a new conformal field theory with smaller central
charge. Then, we calculate the first order of the C-function in a loop expansion and

show that it agrees with the central charge at the fixed points.

4.1 The Model

Our starting point is the free fermion action in 1+1 dimensional Minkowski

spacetime
So = / d2x i¥,, I, 4.1)
where Y, is a two component spinor,
Yo = ( YRic ) 4.2)
YLic

¥ = ¥77% and " are the 1+1 dimensional Dirac matrices obeying the Clifford algebra
{7*, 7"} = 2n". We set the gamma matrices to

01 0 1
0 1 1_ .2
=0 = and =1i0" = . 4.3
i (1 0> 7 <—1 0) *3)

In this basis the free fermion action separates into right and left moving sectors
So = /dzx [igﬁ}-{ig (09 — 91) Pric + ilp{ig (dp + 91) lpLiU} . (4.4)

Through this work we will use some concepts of conformal field theory. To
make comparisons with the current literature easier, we perform a transformation
from Minkowski to Euclidean spacetime. This can be achieved by the variable change

X9 — 1T, such that the action is rewritten as
So = / d’x [lﬁgigalfkia + ﬂiaé’ﬁua} ’ (4.5)

where we defined 9 = 9, = 9; — id; and d = 9; = 9. + i9;. For the light-cone Euclidean

variables the metric and inverse metric tensors are given by

0 -2 0o —1
LS S () R
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In the free fermion action, the index i = 1,---, N.. From the quantum wires
formalism, this index can be seen as the wire index specifying which wire the electron
is. On the other hand, the indexoc = 1,--- ,N I specifies any other internal degree of
freedom the fermion may have. In this way, the free fermion action is invariant under

the symmetry group Ug(N) x UL(N), with N = NNy, with the associated Lie algebra

u(NCNf)l Du(l)® su(Nc)Nf &) su(Nf)NC. 4.7)

According to the Sugawara construction, the corresponding energy momentum
tensor can be decomposed as

Tu(N)q] = Tu(1)] + Tlsu(Ne)n,) + Tlsu(Nf)N.J, (4.8)
which can be easily checked with the central charge

NC(N]%_l) Nf(NCZ—l)
Ne+N;

su(Np)n, su(Ne)

cop = NCNf = 1 + (4.9)

u(N) u(1) _

(.

N

Then, it is natural to assume that we can introduce operators into the action that, when
flowed into the deep infrared, open a gap in one of the sub-algebras of u(N); and thus
subtract the corresponding central charge from (4.9). For the case at hand, we want
to open a gap in su(N;) N;, the wires sector of our theory. This gapping interaction
is important as, by allowing electrons to tunnel between different wires, it effectively
realizes a (2+1)-dimensional gapped phase. Furthermore, in the next chapter we want
to discuss the quantum spin liquid system, where (in contrast to the quantum Hall
effect) there is no charge carrier and thus we also need to open a gap in the u(1) sector.

By perturbatively calculating the beta functions, it has been shown the relevant
interactions for openning a gap in the U(1) and SU(N,) sectors are given by [19]

£Thirring - _At]gjoy (4.10)
B Nc Nf - 1 1 .
‘CUmklapp = _)\U(l) q l—IllI)Rig I—I\I] 1—1\[] ll)Ll'g + (R — L) . (4.11)
i=lo= i=N; 0=Ny
Z uaya 3 74 14
Lsunn,) = —5] Ju = 2AJR]L (4.12)

such that the new interacting Lagrangian is
L=Ly+ £SU(NC) + £Thirring + LUmklapp- (4.13)

The Thirring term does not open a gap, as it is marginal along the RG flow. Nonethe-
less, it is an allowed term by the symmetries of the theory, thus we add it to the ac-
tion. The currents are the usual SU(N;) and U(1) currents, J; ,; = Ph s Lot i ¥R/ Lijo
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TS = ok /LiocWR/Liic and a is the SU(N.) generator tj; index. We also note our S U(N;)

conventions
[t“, tb} = if“b"t", tr (t“tb) = %5‘”’ and f“bcfa/b" = NC(S”"'. (4.14)

In order to find possible non-perturbative fixed points it is convenient to recast
the fermion action into a bosonic form. This has the advantage of enabling the study of
the RG flow non-perturbatively, which is essential to find strong coupling fixed points.
The first step in this process is to introduce an auxiliary vector field, such that we

eliminate the current-current interaction in favor of quadratic interactions
L= Ghig (850= + 0Bz + AL ) Pnjo + Bl (802 + 03Bz + iAL] ) Puje
1 1
+ 5 tr A, Az + /\—BZBZ + Limklapp- (4.15)
t

In this way, by integrating over the new vector fields we return to our original interac-

ting action, equation (4.13).

Now, we can decouple the U(1) and the SU(N;) degrees of freedom from the
action. This process is quite similar to the abelian bosonization, see [48, 17, 49], but here
this can be thought as a field redefinition. For the fermions we set

Pric = € yr;,  and Pric = ¢, (4.16)
and for the vector fields
By = —id+ (17 + 9) I. (4.17)

This allows us to separate the scalar dependence from the rest of the partition function

Z = ZymZsu(n) (4.18)
with
Zuw) = / DyDodet (9 exp {— / d?x (Alt + a) (2,000 — 3,nd" )
N

The factor det (—9?) is the Jacobian for the vector field reparametrization, which can
be rewritten as a ghost [50]. The last kinetic and the 4 dependent terms are originated
form the fermion Jacobian associated with the change of variables (4.16), where a is a
regularization dependent parameter, usually set to zero by gauge invariance[51]. The
cosine term comes from the Umklapp interaction, we also absorbed any mass scale and
numerical factors generated by the bosonization procedure into the coupling constant
[52].
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Now, let us analyze the central charge of the U(1) sector. There are two fields
that remain scale invariant along the RG flow, the free boson # with unit central charge,
and the ghosts with ¢ = —2. The cosine term breaks conformal invariance of the the-
ory, completely gapping the 6 boson. In the free fermion limit 6 is free, with unit cen-
tral charge. On the other hand, it is completely gapped in the low-energy limit, thus
adding no central charge to the U(1) action. At last, we combine the contributions for
the ghosts and the two scalar bosons to find the total U(1) contribution to the central

charge. At high energies we find cy;(1) = 0 and at low energies ¢;;(;) = —1.

This negative central charge at the low-energy limit is not problematic as the
complete partition function also depends on Zg(y). This sector guarantees that the
total central charge is non-negative. As an example, let us consider the U(1) fermion,
N¢ = Ny = 1. In this case the SU(N) partition function becomes that of a single U(1).
Thus, the total central charge of the theory is unit in the UV and zero in the IR limit.

4.2 Non-Abelian Bosonization

After separating the scalar part we are left with the SU(N,) partition function

with action
1
Ssuny) = / &x yh ((51-]-82 + zAgtf]) Yrio + Pl (5 .t zAgtf]) Yjo + 5 tr AzAz,
(4.20)

The gauge fields can be decoupled from the fermions by introducing the arbitrary com-

plex matrix with unit determinant M through the variable change

IPR - MXR/ l/)}-{ - X-I‘-{M_lr wL - M+_1XL/ ll]{ - X{M-I-/ (421)
A, =io,MM™' and A:=-—iM"lo.M". (4.22)

This produces the SU(N,) partition function
Zsu(n, / DMDM DYD]p]pe S0t [dxtr M o:Mlo-MM (4.23)

where S is the free fermion action. The Jacobians J¢ and [, are related to the variables
change (4.21) and (4.22) respectively. Their explicit form is given by [53]

det (D:D:) N WM M+ L [ d?xte M~ 19: Mo, MM !
= =72 — ol in r ZV 0z 4.24
JE="Get (9-0z) (424)
Jp = det (DzDi)adj = det (2 az)adj eZNCW[M*MHﬁfdzxtrM**lazM*azMM*1, (4.25)

where W[M] is the Wess-Zumino-Witten action

WM = o [ Prao,MIM !+ 127‘(/ dBx 7 tr M1, MM 3, MM ™3, M.
(4.26)



38

The determinants of the covariant derivatives in (4.24) are calculated in the N,-
dimensional representation of the SU(N¢N,) group that the fermions belong. The in-
dex of this representation is N, which gives the level of the WZW action on the right.
The subscript adj stands for the adjoint representation of the SU(N,) group that the
vector fields belong, and the level in the WZW action in the expression (4.25) is related
to the Casimir invariant of SU(N,), which is given by C4 = N,. The parameters b and
c again parametrize the regularization ambiguities in the determinant evaluations. In

terms of the new variables, the partition function can be put into the form
Zsuin, = / Dpexp — {—kW[M] kWM + % / Extr Mt 1o Mo MM !
+ S fermion + Sghost| » (4.27)
where

Du = DMDMDxDxDbDbDcDe

e
S fermion = / &% Tiedxic  and  Sguest = / £x Y [b’acl+blac-l} (4.28)
i=1

and the ghosts originate from the remaining adjoint representation determinant in the
boson Jacobian. We also have defined k = 2N, + Ny and

47T
A= = — 1, 4.29
P o+ (4.29)

which plays the role of the effective coupling constant of the model and « is some

combination of the previous regularization parameters b and c.

With the complete partition function at hand, we are able to compute the to-
tal central charge of the theory. In the free fermion sector each field gives a unit con-
tribution, totaling ¢ = N. Furthermore, the ghost action subtracts a central charge
—2(N? —1). In general, the terms for g and & are not conformally invariant, except
for three specific fixed points. The first one is found at A = 1, where we can use the
Polyakov-Wiegmann identity,

W(MM) = W(M) + W(M") — ﬁ / d2xTr (M9, M9, MM 1)
= W(M) + W(M") + P(M', M), (4.30)
to rewrite the SU(N,) action as
—kWIM™M] + S fermion + Sghost- (4.31)
This describes a low-energy conformal field theory with central charge

k(N2 — 1) NC(N]% 1)
2 c

= . 4.32
CIR N-—-1 Z(NC 1) NC k NC Nf ( 3 )
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This is the su(Nf)n, WZW central charge, indicating that we completely gapped the
U(1) and the SU(N,) sectors of the theory. An interesting check is the limit where we
eliminate the SU(Ny) group from the theory, that is, consider Ny — 1 and N. — N.
In this limit, the IR central charge goes to zero as is expected for a completely gapped
theory.

At this fixed point, the action is invariant under the group transformation
MY MY =QGE)MATYz,2) and M— M =A(z,2) MO Y(Z). (4.33)

Where the A transformation corresponds to the emergent gauge invariance of the ac-
tion (4.20) in the low-energy limit. In fact, under A transformations only, the vector

tields transform according to a standard non-Abelian gauge transformation
Ay = Ay = AN — A, AT (4.34)

for y = z,z. As the fields acquire this new gauge invariance at this fixed point, the
action is written in terms of only U = M'M. In this way, one of the path integrals in
the partition function decouples. Even tough this seems harmless at this point, it will
lead to a series of difficulties in the RG flow. On the other hand, the global version of

the Q) and () transformations generates the SU(N,) Noether currents

J=ku'oUu and [J=—kouu ' (4.35)

Another fixed point is found at A = 0, where the SU(N;) action reads
_kW[M+] o kW[M] + Sfermion + Sghostr (4-36)

which describes a theory with central charge

KN2=1) _  NeN2—1)

cuy = N —2(N?>-1) -2 N % NN

(4.37)

This leads us to deduce the group content upon which the UV theory is supported

U(l) X Su(Nf)Nc X SU(NC)_k. (438)

Now, let us consider the action of the full symmetry group of the UV fixed point
action

M= QMO Yz  and M — Q(z2) MO 1(2). (4.39)

Following the standard WZW theory, this symmetry group leads us to two pairs of
conserved currents, one for M and one for M*. On the other hand, the transformation
of the group valued fields leads us to the transformation of the vector fields

A, — O'AQT i) T,
A — QAO — i (4.40)
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This corresponds to a symmetry of the fermion action (4.20) at the UV fixed point,
given by
4r

(4.41)

Notice that, in terms of the fermion degrees of freedom the two previous fixed
points can be described by the same action given an appropriate choice of x. Nonethe-
less, they differ by their symmetries. The IR fixed point is invariant under a standard
U(1) gauge symmetry. On the other hand, the UV fixed point is invariant under the
combined action of two chiral U(1) symmetries.

By fixing a gauge invariant regularization, « = 0, the IR fixed point is realized in
the strong coupling limit, A — co. On the other hand, the UV fixed point is realized for
a negative value of the coupling constant, A = —47t/k. For such values, the integration
of the vector fields in Eq. (4.20) does not converge to the current-current interaction of
the initial Lagrangian (4.13). For this reason, we consider this UV fixed point to be an

artifact of the bosonization process and thus not physical.

The last fixed point is the free fermion fixed point, achieved in the limit A —
+oo. From a first analysis of the action (4.27), it seems that this fixed point introduces a
divergence. As a matching condition, the free fermion limit the fields M and M" go to
the identity. This is necessary, as in the limit A = 0 we turn off an interaction, and thus
its associated vector field should simplify to the identity. Furthermore, the ghost con-
tribution to the central charge can then be eliminated by inverting the variable change
(4.22) and returning the path integral to the vector field A, . Moreover, the U(1) sector
also contributes with zero central charge. Thus, the only non-zero contribution to the
free fermion limit is the free fermion action in (4.27) and the total central charge in this

limit reads

Cfree fermion = N (4.42)

At last we have the fixed point structure of our theory. Notice that the two cen-
tral charges cyy and cjg are higher and lower than the free fermion central charge
respectively. Thus, starting from the free fermion fermion fixed point, the C-theorem
guarantees that we can only reach the IR fixed point.

4.3 Loop Expansion and C-function

The Zamolodchikov C Theorem [54] is one of the most important aspects of
conformal field theory. The basic idea is that, along the RG flow from high energy to
low-energy theories we must loose some information. This loss is something we must

be able to encapsulate in some precise way. In fact, the theorem states that there exists
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a C-function of the coupling constants that is monotonically decreasing along the RG
flow and stable only at the fixed points of the theory. Its value at these fixed points is
equal to the central charge of the corresponding conformal field theory. The C-function
is defined as

C = (27)% |2x* (T(x)T(0)) — x°% (T(x)©(0)) — %xzxz (©(x)0(0)) , (4.43)

X=Xq

where T(x) = Ty (x), ©(x) = n"T,,(x) are combinations of the components of the

energy momentum tensor and xp is an arbitrary scale.

As C must be a function of A, its only non-trivial dependence must originate
from terms in the action dependent on the SU(N,) fields. This allows us to consider
only the action for M and M" in determining the C-function. In this manner, we only

consider the first line of the partition function (4.27).

Furthermore, we consider the C-function in a small 7 approximation. In doing
so, our analysis becomes independent of the value of the coupling constant A and thus

of the energy scale. To this end, we define the background field expansion
M" = Mle” and M = Mye ", (4.44)

where My and M are constant matrices, o and p are also matrices.

To first order of approximation in 7z we find the effective action
—Sg}} k 2 v
e = /D(TDp exp — o /d x 7 tr [—0,00,0 — 0,p0yp +2A0,00,p] . (4.45)

It is convenient define fields

Pr = Vo (4.46)
which diagonalize the one loop effective action
s = /d2 a1t (1 A)oup 00y + (1 A)apup-0,9-]
-/ d2x16—7_[ [(14A)¢% Vg + (1—A)¢* Vg ], (4.47)
where V = 7/9,,d,. The corresponding propagators are
(1) = 22 G ), (449

where VG(x,y) = 6@ (x —y).

Up to one loop the action is just a pair of free scalar fields, apparently with
central charge ¢ = 2(N? — 1). However, the Green function G(x, ) is not well defined
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in the low-energy limit, which could affect the RG flow. Nonetheless, we eliminate
these divergences by adding a regularization to the Lagrangian

Lot o m2¢% ¢ + m*¢" ¢”.. (4.49)

2

where m* is a small positive mass, which should be taken to zero at the end of the

calculations.
For ¢ this has no impact on the RG flow. It remains scale invariant and its

contribution to the C-function is simply its central charge

cy) = N2 -1. (4.50)

On the other hand, ¢_ has a pole at A = 1, the IR fixed point. For this case we need to
consider the C-function more carefully. Let us define the regularized propagator

87 d? 1 : 45

a b _ ot P ipr _ *Yab

<(P—(x)(rb—(y)>r€g - k 5a,b/ (27_[)2 _(1 — A)pz +m26 _kl KO (T’m/\/i) ’
(4.51)

where we assumed the mass to be positive, we also defined | = —(1—A) = 47/kA > 0

andr = /(x—y)(x— 7).

As we are still working at one loop, the action is quadratic on the fields and
thus the ¢_ contribution to the C-function can be directly calculated from its definition
(4.43) using Noether theorem. At the end of this procedure we obtain the one loop

C-function

(1) (0) 2 m4r§ 2 2 2
ch) =cC +<NC—1) 1+4—lz(1<2(mro/ﬂ) + 2Ky (mro/ V1) —3K0(mr0/\/l)) )

(4.52)

which has fixed points at I = 0 and I — oco. K, (x) is the modified Bessel function of
the second kind, we have also set the renormalization scale at ¥ = ry and C(©) has the
contribution from the U(1) sector, the free fermion and the ghosts. Now that we have
a closed expression we can take the limit m — 0 to obtain the regularized one loop

C-function
cH(A) =cO 4 (ch - 1) 260, (4.53)
where J;  is the continuum analogue of the Kronecker delta, which can be defined by

djp = lim O(e - 1), (4.54)

e—0t

where theta is the Heaviside step function. For a plot of the one loop C-function before

we take the mass to zero see Figure 6.
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Figura 6 — Flow of the one loop C-function.

As expected from the fixed points structure of the theory, the C-function has
fixed points at A = co and A = 1. Furthermore, at the fixed points

CHA=1)=N=-2(N>—1)—1+ (N2 —1), (4.55)
CH(A = 00) = N—2(N2—1) + 0_+2(NZ-1). (4.56)
ghost u(1) WZW

Notice that at the fixed points the C-function is independent of the regulator mass, thus
the limit m — 0 is trivial.

As we are performing a loop expansion of the action, the C-function is expected
to predict the central charge in a small 7 approximation. For the WZW action, this is
equivalent to a large k approximation. In this way, the first order contribution to the
SU(N,) C-function at the IR fixed point, given by the last term of (4.55), must match
large k expansion of the first order WZW central charge at A =1,

k(N —1)

MY - [ B oo (457)

where the higher orders in N./k must be matched by further terms in the loop expan-
sion. In the free fermion limit, the one loop cancels out the ghost contribution to the
central charge, leaving only the free fermion. Thus, any higher loop contribution must
vanish in this limit.

Now that we have closed the one loop discussion we proceed to the next order
of corrections in the loop expansion. As these will involve products of a higher number
of fields, we cannot easily proceed like we did for the two fields action. Instead, consi-
der a classical action in a curved background S|[7], its classical energy-momentum can

be computed as
2 S

Tl’ﬁ/ = —ﬁ 5,)/’/“/ .

(4.58)
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Then, from the effective action
e Serf = / DMD M-Sl MM'] (4.59)

we obtain the correlation functions of the energy-momentum tensor by taking functio-
nal derivatives with respect to the metric
2 2 62Seff

T A A @y T ) = T 0) T )

2 2 < 528
V() () \orr (x)6v* (y)

At last, we take the flat spacetime limit to define the tensor

> . (4.60)

2 (5(2)Seff [7]

B = —
uvpo /— /—5,),yv r)/pcf y) —

o 2 2 5@)S[y]
= (T (¥) Too (y)) = (Tyw ()} (T () 70 7(y)<57w(x)(5’yp‘7(y)>

774’/:171”/

(4.61)

from which we can extract the C-function.

Proceeding with the loop expansion, we get to the two loops correction to the
effective action

ng} (S4) — 5 (5353> (4.62)

where S3 and S, are the three and four field terms of the action given the expansion
(4.44). Their explicit form is given by

k .
S3 = _4871\/§ / d*x fabe [le}iv (3(1 — /\)Xaay(pbayqoc + (1+ 3)\))(“8yxbavxc)

+3pM(1 - A) Xﬂayxbav(,f] (4.63)
S, = _L d2 v (1 . )L) ag ba c d +6(1 . )L) ag ba d
4 38477 xfabefcden ¢ oup ovp @ @ ouP dvXcX
+(147A) Xﬂayxba,,xcxﬂ . (4.64)

Where the fields ¢ and x are defined in terms of ¢, such that the product M'M is

written in terms of only x. The explicit form of the transformation can be obtained
from the Baker-Campbell-Hausdorff (BCH) formula

1
¢- =9+ lexl+ (4.65)

¢r=—Xx+ m[qb X+ [90, (o, x]]- (4.66)
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In this way, at the IR fixed point (A = 1) the action can be written in terms of only x to
all orders of the expansion in the background fields.

We note that there are more terms in the four field action Sy of the type €/ xd,, xd, ¢x.
As there is no correlation (@y) these terms can be dropped off. If we were to calculate
higher corrections to the effective action, contributions proportional to (S454) would
make these terms important.

Taking the expected values we obtain the two loop contribution to the effective

action
2 _ NNC(ch_l) (3A2 4A—1 / 2 Hv [ax ~aY x Y
S = s d’x ! [94GAG — GaLAYG| .
2 2
_ 47TNC(NC - 1) (3A +3A+1 /dZXdZyeyv apGaxa}/Gaxa}/G
3k (1+A
(1 —A)Ne(N2 —

1 1 .
e [ eyt ()t ) (e ) [ GGG - GGG

(4.67)
where G is the propagator defined in the equation (4.48).

The metric dependence of the two loops effective action is not trivial, as it is en-
coded inside the propagators. A way to extract the energy momentum tensor is to con-
sider conformal metric transformations 7,y = €“7,,, such that the metric dependence
is evident in the conformal field w [55]. Furthermore, these integrals are divergent in
both the IR and the UV limit and need to be carefully regularized. The IR divergence
can be tamed by the addition of a small mass. On the other hand, the UV divergence re-
quires a more meticulous analysis, which is reviewed in the Appendix C. The resulting
effective action reads

N:(N?2 -1
Sgc} _ NelNe 1) r )f (VT ], (4.68)
where
2A+1

f(A) = 2(1 AL AP (4.69)

and I'[y] is the Polyakov action. Note that, as promised, the second order correction to

the effective action is of order NT

Now that we have the two loops effective action in terms of the Polyakov action,

= o [ Px Py 10T RORGG ), (4.70)

we take the metric derivatives and then take the flat spacetime limit. We find the tensor
defined by the equation (4.61)

1 1
Bjop = i {anavagap In|x — y| = (10090 + 15000 ) (x—y)+ nwnapazdz(x —vy)| .

(4.71)



46

With the explicit form of By, at hand we notice that there is no term of the form
f(x)f(y), comparing with its definition, equation (4.61), we conclude that (T (x)) = 0.
Furthermore, the last term in the definifiton of B¢, is proportional to contact terms
and does not contribute to our calculation. Now, we just need to choose the correspon-
ding indexes to find

N¢(N? —1) 1

(T(x)T(0)) = &r—zkf()\)ﬁ’
(T(x)©(0)) =0,
(O(x)©(0)) = 0. (4.72)
At last, we find the C-function
c(\) = (ch - 1) % F(M). (4.73)

At the free fermion fixed point f(A — co0) = 0, thus the one-loop central charge cancels
the ghost contribution cgpest = —2(N? — 1) resulting in the correct free fermion central
charge ¢ = N. On the other hand, the C-function is not stable at the IR fixed point,
(0AC(A =1) #0).

In fact, its divergence at this point is a consequence of the ¢_ propagator and
the fact that, at this point, the action (4.27) is written in terms of only M*™M instead
of the independent pair M and M. This abrupt change in the integration procedure,
and its consequent divergence, is manifest in the partition function. Consequently, we

expect to find divergences or incompatibilities to all orders in the large k expansion in
the IR limit.

In order to better understand the RG flow to the IR fixed point we introduce a
deformation to our theory, such that we modify the action in (4.27) to
AMkiko
+ _ =
4

Ssu(n,) = —kiW[M'] — kaW[M] / dPxtr M oMo, MM ™!

+ Sfermz'on + Sghost' (4.74)

Firstly, we note that this model has a very interesting T-duality [56], defined by the
combined exchange

k1,2 — —kz/l and A—1/A. (4.75)

With that in mind, we follow the discussions of [57, 58, 59] and study the RG flow
under this symmetry. Henceforth, we start at the G, x G, WZW action, which now

represents the free fermion fixed pointat A = 0, and flow to a Gy, X Gg,_x, WZW action
at the IR fixed point A = Ag = /k1/kz. In fact, it is possible to check that the two CFTs
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are indeed fixed points by calculating the  function for the model [59]
s — N 2020 A7)
 2vkik (1-A2)2
N2 A =20) (A= Ag1) ((Ro+A5") (145A%) — 81 —4a%)
41k (1—A2)°

+ O(kl—j).
(4.76)

Then, by taking the limit A) — 1 we return to our original model. In doing so,
the IR fixed point is abruptly described by a Gy algebra, instead of the G, X Gy,_,
algebra for Ay # 1. Furthermore, at this fixed point the model acquires a new gauge
invariance, the A transformations of equations (4.33) and (4.34). Lastly, from the beta
function in this limit,

i ﬁ(A):_& A? NZ  A%(1-217)

Ap—1 2k (14 A)2 2k (1—=A)(14A)
we infer that the sudden change of algebra and emergence of a gauge invariance re-
move the IR fixed point from the RG flow [56].

+0(k73), (4.77)

This idea is made stronger by considering the Zamolodchikov metric associated
with the current-current perturbation (4.12) [54]. For such case, the Abelian part of the
metric, its k independent part, was first calculated in [60], but a more recent discussion
can also be found in the Appendix of [61]. The resulting metric reads

1 N?2-1
AN = 2(1- A2

With this in mind, we look at the geodesic distance induced in the parameter space,

As = /,/—gA,A dA = /2(N2 — 1) log 1 J_ri (4.79)

and find that the distance between any point and the IR fixed point is infinite. In this

(4.78)

way, the parameter space of the theory is separate in three parts, 0 < A <1, A =1
and A > 1. The A > 1and A < 1 sectors are related by the T-duality. Furthermore, the
self-dual A = 1 fixed point is physical. Although it is not reachable by the RG flow, it
is possible to construct it by fine tuning of parameters.

This discontinuity in the RG flow is reflected in the one loop C-function (4.53),
where the discontinuity at A = 1 represents the abrupt loss of one the boson fields in
the first order in the loop expansion, see action (4.47). In turn, this is a consequence
of the sudden change of integration fields, as in taking the limit A — 1 the action
dependence jumps from the independent pair M' and M to the product M M.

This connection between the C-function and the separation of the RG flow is
made clearer when we consider that at the fixed points the C-function equals the cen-

tral charge of the corresponding CFT. Furthermore, it is known that the central charge
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is associated with the number of conformal degrees of freedom of the CFT [62]. Thus,
it is not surprising that the abrupt change of degrees of freedom would result in a dis-
continuous C-function. In fact, the divergences in the metric, the C-function and the
B-function and the discontinuity in the C-function are all tied up as these quantities

are related by

d\C(A) = 243 B (4.80)

Although the IR fixed point is not accessible to the RG flow, we can study points
arbitrarily close to it by performing a zoom in limit [59], which ties the A — 1 and the
large k limits together

). (4.81)
In this limit the SU(N;) action looks like the PCM model [63],
2
Shem = 1 / Extr M- lamMMHTamt + % / &x trdudu, (4.82)

where the first term is the PCM model. The second term consists of N2> — 1 gapless
free bosons, which is consistent with the first term in a large k expansion of the WZW
central charge in (4.32). A more in depth analysis can be found in [58, 56, 60, 63, 59, 61].

As a last comment, we highlight that even though the limit A — 1 leads to
problems in the C-function, the B-function and the metric, the IR fixed point is nothing
but a WZW theory. In this way, we are able to take A = 1 in the actions (4.63) and
(4.64) and then follow the same procedure for computing the C-function. We obtain
the expected result for the large k expansion of the WZW central charge

cAA=1) at (4.83)
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5 SPIN LIQUID

5.1 Introduction

A quantum spin liquid (QSL) is a proposed theoretical system where the spins
are highly correlated, yet they do not order even at very low-energies [64]. In contrast
to magnetically ordered phases, where the wavefunction is a product state, QSL wave
functions have long range entanglement between local degrees of freedom. In this way,

these QSL wave functions cannot be smoothly deformed into a product state.

Here, we are interested in the class of gapped spin liquids, where the long range
entanglement of the ground state wave function produces some distinctive pheno-
mena. Contrary to magnetic orders, we are not able to discern different QSL phases
by their symmetry structure. Instead, we are forced to differentiate them by the to-
pological data of the ground state wave function. In this way, they are said to have a
topological order, similar to fractional quantum Hall states. Loosely speaking, different

spin liquids differ by their patterns of long range entanglement.

The non-perturbative nature of the QSL produces a series of remarkable phe-
nomena. Firstly, we call attention to the presence of gapped quasiparticles. As these
are topologically charges, they can only be crated in topologically neutral multiplets.
Thus, a single quasiparticle represents a non-local perturbation of the ground state. In
this way, quasiparticles interact non-locally to produce non-trivial statistics. More spe-
cifically, in two space dimensions the quasiparticles are anyons that pick up a phase as
they circle around each other. This phase is associated with the braiding group as the

world lines of these quasiparticles cross [65].

Another hallmark feature of 2+1 dimensional topological phases is the presence
of gapless edge excitations. This leads us to expect that the low-energy limit is descri-
bed by a conformal field theory (CFT) on the edge of the manifold. Then, by showing
the equivalence between the current algebra and the Hilbert spaces, we are able to
demonstrate the equivalence between the edge Wess-Zumino-Witten model (WZW)
and a bulk Chern-Simons theory (CS) [66, 45]. In summary, this scheme provides us
a method of obtaining low-energy effective actions for gapped topological phases of
matter [67, 68, 69, 70, 71].

In parallel to this discussion, progress was also made in the description of to-
pological phases of matter using a framework called quantum wires. This consists of
dividing the 2+1 dimensional theory in a series of (1+1)-dimensional systems, called

quantum wires, where electrons can move freely. Then, by introducing interactions



50

between wires we effectively realize a (2+1) dimensional phase. The wire construction
was shown to successfully reproduce the Fractional quantum Hall effect [72, 48, 73, 74]
among other phases of matter [19, 75].

¢ w o W T w8 w

K2 K_2 & 2 K =

Figura 7 — Dimensional deconstruction of a two dimensional surface.

Concerning the QSL at hand, one such interaction must open a gap in the group
structure representing the wires degrees of freedom. In this way, we guarantee that the
electrons can tunnel between different wires reproducing a gapped (2+1)-dimensional
phase, instead of a collection of self interacting (1+1)dimensional theories. Further-
more, the QSL has no charge carriers in its spectrum. Then, in order to reproduce this
behavior we must introduce interactions that gap the U(1) sector for all the wires.
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Figura 8 — Process of closing the manifold.

Following this approach, the study of the reference [19] proposed a construc-
tion of quantum wires to a class of non-Abelian spin liquids. To this end, the set of
wires is divided into a series of interacting bundles as show in left side of the Figure 8.
Here, as we are interested in the RG flow from the free fermion theory to a topological
fixed point, we only need for the correct interactions to be defined on each wire. For
this reason, we simplify the formalism presented in [19] to look at only of the bundles,
thus effectively considering a closed manifold. Notice that we neglected the interacti-
ons defined between wires of the same bundle in the picture fr illustrative purposes.

Nonetheless, they are present in the open and closed manifolds.
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In this way, we start with a series of non interacting (1+1)-dimensional CFTs
with a starting central charge co. Then, by turning the tunneling interactions £;,; we
may produce a new, nontrivial and interacting CFT, with central charge c. This process
can be seen as an RG flow starting from the a free fermion fixed point and ending in
a still unknown CFT. Then, by Zamolodchikov C-theorem there must exist a mono-
tonically decreasing C-function that interpolates between the two central charges. In
this way the central charge must decrease along this process. In fact we find that the

remaining central charge is associated with the coset

(LB g (M2 Ee) G1)
R L

SU(2) 4k SU(2) 4k

The indexes R and L indicate the propagation direction of the nonmassive states in the
tirst and last blocks. These are represented by a conformal field theory with central
charge

(5.2)

/ /

. S
k12 T vr2) Ckik iz

such that, for K’ = 1, this reproduces the minimum model series. For k' = 2 this cen-
tral charge corresponds to the superconformal minimal model series, which besides
conformal invariance, exhibit supersymmetry [76].

In fact, this remaining central charge belongs to the wires which are left un-
coupled at the edges by the wires formalism. These are immediately identified with
the gapless edge states of the spin liquid, which are then described by the edge CFT.
Further achievements were obtained by considering the strong coupling limit of the
tunneling interactions [17, 18]. This allows us to use a constrained fermion approach to
determine the chiral actions of the gapless fermions on the edge and the gap opening
in the bulk. Then, by using the bulk-edge correspondence we are able to determine the
corresponding bulk action. This is given in terms of a non-Abelian CS theory, which is
know to be topologically sensitive.

The wires description has some attractive features. Firstly, it allows us to des-
cribe the topological properties of the system in terms of the original fermionic degrees
of freedom. In this way, it can be seen as a more microscopic approach to the problem.
Besides, from a more technical point of view, it transforms the (2+1) dimensional sys-
tem into a set of coupled (1+1) dimensional systems. Thus, we are able to use a series
of powerful non-perturbative methods developed for two dimensional theories, like

conformal invariance [62, 76] and bosonization [52, 77].

An important question that was raised since the initial formulation in [19] is
about the stability of the spin liquid phases constructed from quantum wires. The deli-

cate point arises from the fact that not all the terms involved in the interactions between
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the blocks of wires

> AiLig, (5.3)

commute with each other, that is [£! L{:n ;) # 0, which prohibits the simultaneous

int’
localization of the currents due to quantum uncertainty. This means that the respec-
tive coupling constants, A;, will compete among themselves and the topological phase
may be destabilized. Although perturbative calculations of the renormalization group
indicate that the interactions are relevant in the low-energy limit. To demonstrate the
existence of the phase is a difficult problem, as it is necessary to determine an effective

action that is valid along the entire RG flow.

5.2 The Model

Our starting point is the free fermion action

it A it a7 it oA it 57
S0 = /de [IPR,anlI)RiU + ¢L,iaalpLiU + ll)%,ia/alp;{ia’ + lpi,ia/alplLia’] ’ (5.4)
where we are assuming that repeated indexes are summed. Latin ones run from one to
N¢, non primed greek indexes run from one to Ny and the primed ones run from one

toN j’f The action is invariant under transformations of the symmetry groups Ur(N) X
UL(N) x UR(N’) x UL(N'), where N = N:Ny and N" = NCN}.

The starting action has central charge ¢ = N 4+ N'. Our strategy is quite similar
to our previous discussion. We want to introduce low-energy relevant operators that
gap certain sectors of the theory, thus reducing its total central charge. In this section
we will gap the U(1), SU(Ny) and SU(N}) internal degrees of freedom. To this end,
we start by adding the interactions that gap the abelian sectors of the theory

EUmklapp + £lllmklapp + £Thirring + E/Thirring (5.5)

where Thirring and Umklapp interactions are given by the equations (4.11) and (4.10),
the primed versions are trivially generalized by priming everything.

The Thirring interaction by itself does not open a gap, it is exactly marginal.
Nonetheless, as we saw in our previous discussion, it is necessary to introduce the U(1)
vector fields. The Abelian bosonization closely follows our discussion in the previous
section. In doing so, we change the fermions from g/ 1;s t0 Pr/1i, and find that the

partition function can be rewritten as

Z = Zu(l)Z{,[(l)Znoanbelianr (5.6)

where the Abelian parts are given by the partition function (4.19) and its primed gene-

ralization. Concerning the central charge, the Abelian sectors give no contribution at

high energies and in the infrared C?R(l) + cyR(l)/ = -2.
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Now we proceed to the non-Abelian sector. To gap the SU(Ny) and SU(N J’() we
introduce the interactions

Lsu(ny) =28rJf, Ly Ny =28 TRTE, (5.7)

where the SU(N f) currents are given by ]I‘g L= 1,1]}2 / L;iatép’PR /L;ip- The matrices t4 are
the SU(Ny) generators, with A running from one to the group dimension, N J% —1. We
will follow the same conventions established in the previous section for SU(N,) in
equation (4.14).

To gap the SU(N,) sectors we introduce the interactions
Lsun,) = 2ATRIT, ‘C/SU( =2)'J8J" and L4 = 2A4K%KT, (5.8)

with the same conventions as before. The diagonal current is given by K% ,; = Jz | +
JR,1- Asitis argued in [19], this interaction is conjectured to stabilize a strongly interac-
ting fixed point by completely gapping the SU(N,) sectors. In that work, the authors
used the quantum wires construction in such a away that the bulk is completely gap-
ped, leaving massless degrees of freedom only at the edges of the theory. Here, we
study whether the gap persists in the bulk in the presence of the competing interacti-
ons.

The first step to investigate the stability of the phase is to produce a bosonized
version of the fermion action. This is achieved by introducing auxiliary fields, such that

the current-current interactions become quadratic in the fermions,
_ .t A+B+C ) 1 A+B+C 1t A+B'+C’ A+B'+C 1
L= IPR,iaDz lPR]p + l/]L,iaDZ 17b Ljp + IIJR 1(7’D IPR]p’ + IPL io’ DZ lPLjp’

1 1 1 1 1
+ 3 tr B;B, + = tr BB, + — Y tr AzA, + = : tr C:C, + 7 tr CLC., (5.9)

where we introduces the covariant derivative D;:HBJFC = 0;j0pOy + zA‘; tf](S + zBth]égp +

CAt§p51] The fields A, B and B’ are SU(N,) non-Abelian vector fields, meanwhile C
and C’ are SU(Ny) are SU(N f) non-Abelian vector fields respectively.

Now we are in a position to start the non-Abelian bosonization procedure. The
two non-competing sectors can be integrated by making the field redefinition
C: = —iu"tou, C, = iduu~! (5.10)
CL=—w/tut, C,=iou'. (5.11)
The remaining SU (N, ) sector presents a more challenging problem, which will be dis-

cussed later. Nonetheless, we are able to easily integrate the non-competing sectors
and separate them from the non-Abelian partition function

Znon—Abelian = ZSU(Nf)ZSU(N})Zr . (5-12)
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Let us start with the first and second terms. As there is no competition in the
SU(Ny) and SU(N }) sectors, the calculations proceed quite similar to the case where
there is no competition, as in equations (4.20) to (4.27). The resulting partition functions
reads

ZSU(Nf) = /DuDu+ exp — [—KW(M) — kW (u") + gxP(ut, u) + Sghost] ; (5.13)

ZSU(N}) = /Du’Du’Jr exp — [—K'W(u’) —K'W(u'") + ¢’ P(u't,u) + Sghost] , (5.14)
where P(u', u) is the last term in the Polyakov-Wiegmann identity, equation (4.30). We
defined the renormalized coupling constants according to our previous discussion

_4n , 4
g:K—g—l—l B and g =

A B, (5.15)

we also have defined x = 2Ny + N, and K = ZNJ’C + N..

The partition function (5.13) has three fixed points, one for ¢ = 0, where we
have two decoupled WZW actions and another fixed point is found at ¢ = 1, where we
can use the Polyakov-Wiegmann identity to produce one WZW action for u'u. Lastly,
there is a fixed point when we turn the interactions off, by setting § = 0, this leads to
a null central charge for the sector. Using the same reasoning for the second partition

function, equation (5.14), we find the combined central charge of these sectors

(

~2(N2—1) —2(NP - 1) - ) (V) g=¢' =0,

f —K+Nf —x'+N/
= k(N2-1 K (N?-1 )
CSUNy) T ESUN) = ) —2(N2-1) —2(N2 - 1) — EKiNf) - _<K,iN;> if g=g'=-1,
0 if ¢,¢ — +oo.

We will assume that all the coupling constants flow together from the UV fixed points
to the IR fixed points. This way, a situation where ¢ is in the UV limit and the ¢’ is in the
IR limit is forbidden. Just like in the noncompeting case, we set the regularization to
produce the RG flow from the free fermion fixed point to the IR fixed point, p = g’ = 0.
In turn, this eliminates the UV fixed points ¢ = ¢’ = 0.

The loop expansion and the process of constructing the C-function of the SU (Ny)
and SU(N J/‘) sectors is analogous to the case without competition. To obtain the correct
expressions one should make the exchange k — x, N. = Nfand A — g in the expres-
sions of the previous section for the SU(Ny) sector and similarly for the SU(N J’,) We
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add the ghost and the WZW contribution to find the non-competing sectors C-function

Csuny) = (N —1) [%gz (Ka(1/V/3)? + 2K (1//3)* — 3Ko(1//3)? ) — 1}
Courngy = (N7 ~1) [ 3 (Kal/ VP + 200/ VDR - 3al1/ VER) ~1]
(5.17)

where we defined § = —(1-¢), 5 =—-(1-¢').

5.3 The SU(N.) Competing Sector

Now we discuss the remaining SU(N,) sector. After the integration of the non-
competing sectors we are left with the action

5 2 t A+B t A+B 1t A+B' 1 "t A+B' ./
5= / d*x [IPR,iaDz Prjp +¥Lie Dz " WLjp + YR Dz YRjg T YLD YLy

1 1 1
+ X tr BzBZ + W tr B;—B; —+ )L_d tr AzAZ , (518)

which is associated with the partition function Z. The vector fields in the covariant
derivatives do not commute with each other. This makes the fermion integration more
complicated than the non-competing cases. Nonetheless, we can simplify the problem
by making the field redefinitions

This simplifies the action to
§= / d*x [leJrz,ian YRip + Y1ieDEPLjo + ¥R o DY Yripr + W1 it DE 91

1, = 1 = " 1
+tr (B:— Az) (B.— Az) + ot (B — As) (B. — A) + At AzAz|.  (5.20)
In this form we are able to integrate the fermions. We first set the vector fields

to

B: = —iH""'9H', B,=ioHH™ ', B! iH'"""'9H"", B! =ioH'H'™!

z = =

A; = —ig'7log"  and A, =idgg L. (5.21)

The field redefinitions allows us to separate the SU(N,) sector from the fermions, lea-

ding us to the partition function

Z = ZoZsu(n,) (5.22)
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where 7 is the free fermion partition function, associated with the action (5.4). Further-

more, the SU(N,) sector partition function is given by

7 =79 [ DuHY, HIJIH', H)J[g", 8] x exp — [~ NyW(H'H) = NjW(H"'H')
1 t—15pt _ =151 “1_ 550-1 i/ t=15,1 3001
+ 1 /tr <H oH" —g¢' dg ) (aHH 088 ) + py trg' dg'0gg

+ % / tr (H’* dH't — g+9g+> (aH’H’:1 - agg—1>] , (5.23)
where the result of the fermion integration is given by the first line of the partition

function above and the integration measure is given by
Du = DgD¢'DHDH'DH'DH" (5.24)

To obtain the form we presented here, we added counterterms to ensure that the resul-
ting action remains gauge invariant in the strong coupling limit. This process is equi-
valent to setting « = 0 for the non-competing action (4.24). Furthermore, we consider

similar requirements to obtain the Jacobians for the field redefinitions (5.21)
JIH', H] = [det(3,9-)] 4p; exp [2NCW(H*H)} , (5.25)

where the determinant in the adjoint representation can be rewritten as reparametriza-

tion ghosts resulting in

7 =2, / Dyexp — [~ (2Ne + Np)W(H'H) — (2N, + Nj)W(H"H') — 2N.W(g7g)
1 _ ] 1 ]
+ 1 /tr (H+_18H+ — g*_lag‘L) <8HH_1 — agg_l) + A /trg+_18g+8gg_1

1 5 5 - - (3)
+ 5 / tr (H/+aH'+ _ g+ag+) (aH’H’_ L dge 1) + sghost] . (5.26)

As a last step to the fermion integration, it is convenient to rewrite the partition
function in terms of the complex SU(N,) valued fields for the original vector fields B
and B'. To this end, we perform one last field redefinition by setting

H=g¢h, H'=n'g", H =g and H"'=n'"q, (5.27)
while we keep the integration measure (5.24) in terms of the upper case fields. In terms
of these new variables the SU(N,) partition function reads

Z= Zo/Dy exp — [—NfW(h+g+gh) — N}W(h’Jrnggh')

_ 2N, [W(iﬁg*gh) +W(H" g eh') + W(g+g)] + S

-|—%/trh+_1g+_13h+g+gahh—lg—l _|_%/trh/'l‘—lg'l'—léh/'l'g'l'gah/h/—lg—l

Ui / tr g+1ég+agg1} , (5.28)
d

g;)ost is the action for n copies of SU(N,) reparametrization ghosts, each with
central charge c = —2(N? — 1).

where S
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5.4 Fixed Points

Now we are in a position to discuss the fixed points structure of the theory.
Firstly we look at the free fermion limit, A, N, Az — 0, we call this the fixed point 1. At
tirst glance, this introduces divergences in the action. However, these can be resolved
by imposing that, by turning off an interaction, its associated SU(N;) field goes to the
identity. In doing so, we invert the Jacobian and return its path integral to the original
vector field. For example, in taking the limit A; — 0 we should also take ¢ = ¢" = T.
Likewise, in the free fermion limit we take all the SU(N,) fields to the identity. This
procedure eliminates all the terms dependent on the SU(N;) fields from the action
(56.28). The remaining ghosts are then eliminated by undoing the variable change (5.21).
This process completely removes the gapping of the SU(N,) sector and reproduces the
correct free fermion central charge. Note that this fixed point is independent of the
choice of our regularization parameter a. This matches our expectation that the free
fermions fixed point should be independent of the regularization choice.

There are three more IR fixed points we will discuss, for these we will assume
that the U(1), SU(Ny) and SU(N }) sectors are fully gapped. Our first non-trivial fixed
point is found at A = A = 0 and A; — oo, we will call this the fixed point 2. In this
limit we take i = h' = I’ = I'* = I and return the path integral to the vector fields
/ D(h*g")D(gh)D(H'"g")D(gh') exp (2N: [W(ig"gh) + W (K g gh')] + 55 ) = / DB, DB,
(5.29)

Thus, at the fixed point 2 the SU(N,) action reads
1
SZ,SU(NC) = _kdw(g+g) + Séh)ost’ (530)

where we defined k; = 2N¢ + Ny + N]’f.

Adding the contribution from non-competing sectors we obtain the complete
central charge for the IR fixed point 2

kg(NZ2—1)

N T 2 4y . 2
cp=N+N —-2-2(NZ—-1) N.— K, 2(Nf 1)
k(N2 -1 ' (N? -1
_2_2(1\]}2_1)_#
Nf—K Nf—K/

kaNfN3(NZ —1)
- f , (5.31)
(Ne + Ny)(Ne + N)(Ne + Ny + Np)

where in the first line the first two terms correspond to the free fermion, the next to
the U(1) sector, the next two terms to the SU(N,) sector, and the remaining ones to the
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SU(Ny) and SU(N J’() sectors. This central charge is supported by the coset group

SU(NC)Nf-FN}

(5.32)

As there is a remaining central charge, the diagonal interaction does not fully gap the
theory. In fact it leaves some degress of freedom gapless preserving a smaller confor-
mal invariance.

A third fixed point can be found at A; = 0 and A,A’ — co. In this limit, we
take ¢ = ¢* = I and return its path integral to its original vector field A, alongside its
respective ghost field. This leads us to the fixed point 3 action

Sysu(ny = —KW (') —KW(HH) + S5, (5.33)

where we defined k = 2N, + Ny and kK’ = 2N. + N J'; Its total central charge is given by

k(NZ—-1) K(NZ-1)

c3 = NeNf + NeNp —2 — 4(NZ = 1) —

N —k N, — k'
k(N2 —1) k' (N? —1)
f f
_2(N%_1)_W_2(N}2_1)_W
f
= 0. (5.34)

As expected this is the fully gapped fixed point.

Lastly, there is the fixed point 4 found at the competing strong coupling limit,
A, A, Ay — oo. A naive analysis might consider that, as the fixed point 3 is fully gapped,
one cannot turn on a relevant interaction, as this would lead to an overgapping or a
negative central charge. In fact, in this limit

Sysu(n,) = —kW(H'H) —K'W(H"H') —2NW(g'g) + S5 (5.35)

and its total central charge

k(N2—1) K(N2-1) 2N (NZ-1)

c4s=N+N —-2-6(N>—1)—

N; —k N, — k' N — 2N,
k(N? —1) k' (N2 —1)
f f
f
= 0. (5.36)

Thus the strong coupling competing limit is a fully gapped conformal field theory.

Note that this is not the complete fixed point structure of our theory. There are
additional UV fixed points similar to the A = 0 fixed point in the non competing case.
As we are interested in building the C-function from the free fermion to the IR fixed
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points, we will not discuss these any further. At last, we summarize the fixed point
structure of our theory and its central in the table

central charge ‘ A=A =0 A A — o
Ay =0 N+ N 0 (5.37)
Ag — o0 su(Ne)n, X su(NC)N}/su(NC)Nf+N} 0

5.5 Loop Expansion and C-function

Just like in the non-competing case in the last section, we must build the C-
function to check that the IR fixed point structure we discussed is indeed realized.
Our strategy closely follows our previous discussion. We take the background field
expansion to find the up to one loop effective action. Afterwards, we calculate the up
to one loop C-function by taking correlation functions of the energy-momentum tensor.

Here we will make an important simplification. As we noticed in our previous
discussion, the SU(N;) IR fixed point occurs for « = 0 and the free fermion fixed
point is independent of the choice of the regulator parameter. Because of this peculiar
characteristic of our theory, we will consider & = 0. Note that, if we were interested in
other RG flows this may not be valid.

We expand the SU(N,) fields as
H = Hoe—i(¢1+¢z)/\/§, H — H(’)e—i(¢3+¢4)/\@, g = goe—i(¢5+¢6)/\/§, (5.38)
H+ — H(-I)-ei(‘Pl_(PZ)/\/E/ H/+ — H6+el(¢3_¢4)/\/§ and g+ — ggei((PS_(Pé)/\/il (539)
where Hy, H(’) and go are constant matrices. The fields ¢, forn = 1,---,6, are back-

ground hermitian matrix fields. We collect the quadratic terms in this expansion to
tind the two fields action

1
S2= 5 [ & VI3, Omdr (5.40)

where we are implying sums in the indexes. The index a runs from 1 to N> — 1 and O

is given by
[ 0 0 0 —1 0
0 —2k—-1 0 0 0
1 0 0 I 0 —I 0
0O=_— , (541
87t 0 0 0 -2k~ 0 I (G41)
—1 0 —r 0 I+1+ 1, 0
0 l 0 I 0 —4N. —1-1'—1;
where
_4n , 4r _4r
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Figura 9 — 3D plot for C(m?r3l, m?r3l;)

Adding sources to the fields and integrating the action we find the corresponding two
point functions

(91(x)95 1)) = 8 OmiG(x,y), (5.43)

where G(x, y) is the Green function to the Laplace-Beltrami operator V = %ay (7" \/70).

Notice that, up to one loop, the competing problem can be separated into two
non-interacting problems, one for the even and one for odd ¢,,. The sector for even n
remains gapless along the RG flow. On the other hand, the odd ¢, generates the one
loop RG flow. Our strategy for doing so closely follows the non competing case. As
the action (5.40) is quadratic, we simply find its energy-momentum tensor and take
the desired expected values in the quadratic theory. We find that the up to one loop
SU(N¢) C-function reads

CS&(NC)(Z' la) = —6(NZ —1) + (N7 — 1) [C(S)(l) +CE (1) +C (l,)] . (5.44)

where the first term is the contribution from the ghosts. We also have defined

1y =211,/ (31 1ld+ \/912 Lol + l§> (5.45)

and C) is the resulting one loop C-function for the non-competing case

4.4
mwr,

(5) (1) =
cO) =1+

[Kz(mi’olil/z)z + 2K1(mrol*1/2)2 - 3K0(m1’0171/2)2] . (546)

At this point we can take the regulator mass to zero. The resulting one loop C-function

can be summarized in the formula

1
CéL)I(NC) = —(NZ = 1) [2610 + 81,0] , (5.47)

where J;  is the continuum version of the Kronecker delta function given by (4.54).

As expected, the one loop C-function at its fixed points matches the first order
expansion of the SU(N;) sector central charge for small 7.
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C-function central charge expansion
free fermion CélL)I(NC) =0 0
Ag— 00, A =0 CSiny = ~(N2=1) —2(N2=1)+ (N2 =1) [1+ ]
Ag=0,A = oo Clllny = —2(N2 = 1) —4(NZ = 1)+ (N2 = 1) [24 3 + 3]
A Ag = o0 il = —3(N2—1) —6(NZ—1)+ (N2 1) [3+ 3 + 3 + 2]

Concerning the free fermion fixed point, the one loop C-function matches to SU(N;)
sector’s central charge at this fixed point. Thus, further order corrections to the C-
function must vanish at this point. On the other hand, we expect higher order cor-
rections to the C-function at the IR fixed points. For a plot of the one loop C-function

before the renormalization limit see Fig. 9.

In Chapter 4, we discussed how by fully gapping a sector of our theory we
introduce divergences in the partition function originated in the sudden change in the
number of independent fields. These properties lead a discontinuity and divergences
in the C-function and divergences in the p-function and the Zamolodchikov metric.
Along these lines, we concluded that the IR fixed point is infinitely far away, and is

thus not accessible from the rest of the RG flow.

Here in the competing case something similar happens. By fully gapping some
sector (taking A and/or A; to strong coupling) the number of independent fields in the
action of (5.26) suddenly changes. This can be easily seen by the sudden disappearance
of some of the odd ¢, in (5.40) as we take | — 0 and/or l; — 0, which in turn is

manifested in the C-function (5.47) as discontinuities in these limits.

Motivated by our discussion in the non-competing case we propose that, with
the exception of the free fermion, the fixed points shown in Table 5.37 are not reachable
by a RG flow starting at the free fermion fixed point. In turn, if we create the system at
one of the fixed points by fine tuning it is also not connected to the rest of the RG flow,
in this way these fixed points are stable against perturbations. Nonetheless, generaliza-
tions of the zoom in limit (4.81) allows us to study the theory arbitrarily close to the IR
fixed point. As we consider the gap opening to be continuous along the RG flow, the

zoom in limit allows us to study a theory which is also close to the IR fixed point.

The methods developed in [58, 56, 60, 63, 59, 61] can be applied to the competing
case. The fixed points 3 and 4 can be expanded in a zoom in limit similar to the non-

competing case. For the fixed point 3, we can expand the action (5.26) in a zoom in
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limit
1 cioam, L-oeioumw), Lo
P N S PR
-1 Ugt” / -1 gt t

for € and €’ close to zero we obtain the IR limit of the fixed point 3
= 1
Sz ~ e/de tr H 'oHToHTHT 1 — . /dzx tr d,uotu
+ €’ / d®xtr H'19OHToHTH'T1 — % / d?x tra,u'otu. (5.49)

Indeed, in the zoom in expansion we obtain a pair of decoupled free bosons, one for
each sector, corresponding to the large k and k’ expansion of the central charge for the
tixed point c. Furthermore, we obtain a pair of PCM actions, which are not conformally
invariant.

Likewise, we can expand the action in (5.26) around the fixed point 4

1 1 , 1
X:€+ ., F:6 +, A__>€d_{_...’
d
e ul t? v, 18
H=H"1|1+ % 1 H = H't1 {H+i”—}, — ot []I+i 4 }
{ NG N M V2N,
(5.50)

for €, € and ¢, close to zero we obtain
- 1
Sy = €/d2x tr H1oHTOHTHT ! — e /dzx tr o, uotu
- 1
e [ @xwHIBHOH T - [ @xira o

+ ed/dzx trg'~1agtagte™1 — %/dzx tr 9, 09" v.

Unfortunately, we are unable to compare the resulting beta functions as we do
not have a method for determining the generalization of the T-duality (4.75) in the
competing case, which is necessary to correctly relate our model to the ones discussed
in the literature.

As we discussed previously, the fixed point 4 has a zero central charge and thus
it is gapped. Even tough we are not able to access the fixed point by the RG flow, the
zoom in limit (5.50) allows us to study the theory arbitrarily close to it. Furthermore, as
the RG flow (and the gap opening) are continuous, the theory close to the competing
tixed point is essentially gapped, and the QSL phase is stable.
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6 FINAL REMARKS

Along this work we have studied three topological phases of matter. In the first
part, we studied low-energy effective theories associated with the QAH phase and
with a topological superconducting phase arising from the QAH system in proximity
to a pairing potential. We first derive the edge theory of the corresponding phases by
transforming the 2+1 dimensional systems into a set of 1+1 dimensional quantum wi-
res, where the edge states appear in a quite transparent way. Next, the EFT for the
QAH phase was derived directly from the microscopic model by computing the fermi-
onic determinant at the leading order in the large gap limit. A new aspect involved in
this computation is that the fermions are of nonrelativistic nature, so that the leading
term in the effective action comes from several Feynman diagrams with nonrelativistic
pieces that together conspire to produce a usual relativistic CS term. Of course, higher-
order corrections (nontopological) are nonrelativistic. It is quite remarkable that the CS
term arising from this computation does not suffer from the gauge anomaly, in contrast

to the relativistic case that is plagued with a half-integer CS contribution.

Our computation of the fermionic determinant can be used even in the presence
of the superconductor pairing potential that breaks the U(1) charge conservation sym-
metry. To this, we follow the standard treatment of superconductors where we turn
to the BdG formalism and work with unconstrained spinors. In effect, this leads to a
duplication of the degrees of freedom and also introduces fictitious U(1) symmetries,
which can be coupled with background gauge fields. This enables us to compute the
local effective action for the gauge fields in a similar way to the QAH case. The physi-
cal Hilbert space is recovered by considering the gauge fields as O(2), instead of U(1).
In this way, the bulk-edge correspondence implies that the corresponding edge theory
is the orbifold U(1)/Z;. The level of the CS, which is related to the compactification
radius of the edge theory, is fixed under physical requirements of the superconducting
phase. This leads to the O(2),4 CS theory whose edge states are described by the N = 2
orbifold theory, which in turn corresponds to two copies of the Ising CFT. The dou-
bling of the degrees of freedom is a direct consequence of the way the effective theory
was constructed, i.e., employing the BAG formalism and working with unconstrained

spinors.

A natural extension of this work is to consider the case of Laughlin states of the
fractional quantum Hall phase. While this is not described in terms of free fermions,
and consequently it is very difficult to integrate out the massive fermions to produce a
fermionic determinant, it can be analyzed in the framework of quantum wires [48]. Re-

cent works have shown how the effective theory containing a CS with level m, with m
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being an integer odd, emerges directly from the quantum wires system through expli-
cit identifications between quantum wires variables and gauge fields in the continuum
[74, 78, 79]. In this way, we see this as a promising setting to study the proximity effect
in the fractional case, which in principle drive the system to a fractional topological

superconducting phase.

Furthermore, we also discussed the realization of topological phases of non-
Abelian spin liquids. To do so, we used a quantum wires approach to discuss how we
can introduce operators in the action that effectively realize a (2+1)-dimensional phase
in the deep infrared. Then, we used non-Abelian bosonization to obtain a bosonic ver-

sion of the action, from which we were able to extract the fixed point structure.

In our simplified, non-competing, model we obtained three fixed points. Firstly,
we found that, in order for the free fermion fixed point to be realized, it was necessary
to introduce consistency conditions to the gauge fields. This also led to nontrivial im-
plications on the competing case. Furthermore, we found two more fixed points. One
is an UV fixed point, which was discarded on physical grounds and the other is the
strong coupling IR fixed point with the expected partially gapped central charge.

With the fixed point structure at hand we proceeded to study the RG flow in a
loop expansion. In our first analysis we studied the C-function, where in taking the IR
limit, we found a discontinuity at first order and a divergence at second order. Inspired
by the connection between the central charge and the number of conformal degrees
of freedom, we were able to trace these properties back to the sudden change of the
number of independent fields in the action as we take the IR limit and realize the
Polyakov-Wiegmann identity.

Some discussions in the literature corroborate the idea that the discontinuity
and divergence in the C-function are a result of a separation of the RG flow into th-
ree regions. The first two are A < 1 and A > 1, which are equivalent by a T-duality.
Furthermore, the IR fixed point, A = 1, remains inaccessible from the rest of the RG
flow [58, 56, 63, 59, 61, 60]. In turn, if we create the system at one of the fixed points by
fine tuning it is also not connected to the rest of the RG flow, in this way these fixed

points are stable against perturbations.

With our simplified model analysis finished, we proceed to the competing case,
which realizes the QSL phase. We follow the discussions of the non-competing case
with slight modifications to accommodate for the competing nature of the spin li-
quid. Such competition leads us perform the variable changes (5.19), (5.21) and (5.27),
otherwise we would have found that some fixed points would be overgapped in the

strong coupling limit, with a negative central charge.

With the bosonization process finished, we were able to derive the fixed point
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structure of the model. Firstly, by turning off the interactions we find the free fermion
tixed point. Then by taking the strong coupling limit of each interaction selectively we
found three more fixed points. One is realized by taking only the diagonal interaction
to the strong coupling limit, this is the partially gapped, cosset fixed point associated
with the boundary bundles of [17, 19]. Furthermore, we found a fully gapped fixed
point by taking only the non-diagonal interaction to the strong coupling limit. At last,
we found another fully gapped fixed point when all the interactions flow to strong
coupling. This is the fixed point associated with the bulk bundles which is thought to
realize the QSL phase [17, 19].

Finally, we follow our non-competing discussion to compute the first order con-
tribution to the C-function in a loop expansion, the general picture is the same in both
models. The competing C-function is discontinuous as we take each anyone of the cou-
pling constants to strong coupling. This is nothing but a reflection of the reduction of
the effective number of degrees of freedom in the action.

By comparing the competing C-function with our simplified model’s discussion
we propose that the strong coupling fixed points we discussed are isolated, and thus
inaccessible, from the free fermion fixed point. Moreover, as the process of gapping the
conformal degrees of freedom is thought to be continuous, the physics near the strong
coupling fixed point should essentially the same. In this way, the theory near the fixed
point 4 is essentially gapped, and the QSL phase is stable against fluctuations.

Furthermore, developing a generalization of the T-duality (4.75) to our model
would allow us to use the methods of [58, 56, 60, 63, 59, 61] to compare the p-functions
with our model, even though the strong coupling fixed point is not apparent in the
B-function. As a last comment, we highlight that the methods we used throughout our
discussions are generally not dependent on the specific interaction we chose or the
group structure of the theory. By this reasoning, generalizations to different phases of

matter should be achievable.
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APENDICE A - COLEMAN-HILL THEOREM

One important question on the one-loop generation of the CS term we descri-
bed in Sec. 3.1 concerns its stability. We discuss now that the topological CS term so
obtained is protected against higher-order radiative corrections when the gauge field
is dynamical. Actually, this result extends the Coleman-Hill theorem which asserts that
in a Lorentz-invariant setting and in the absence of infrared singularities the CS term
does not have corrections beyond the one-loop contribution [80]. To establish this result
for our case, we consider the U(1) conserved current following from (3.2). Its compo-

nents are given in (3.20), which we repeat here for convenience,
°= 7% and [ =bigy'y +iba (P V05 — 3prv'y) +2bapAl. (A)

The corresponding Ward identities following from its conservation can be derived with

the help of the algebraic relation

poY° + bipiy' + ba(pip' + 2kip' +2p;AY) = (po+ko)y® + bi(pi +ki)y' — ba(p +k)* — mg
— (ko’)’o + blki’)/i + bzkiki — Tno) + 2b2piAi
= S Yk +p) —iST (k) +2bop; AL, (A.2)

which appears in the current vertex whenever it is contracted with the external mo-
mentum p,, entering at that vertex. Indeed, by applying this identity to the set of closed
fermionic loop graphs with N > 2 amputated external gauge field lines, denoted by

Ty (p1p2,-- ., pPN-1), We get
P T (p1p2, - pn—1) = 0. (A.3)

Taking a derivative of this expression with respect to p|" and then setting p|* = 0leads
toTy,..(0,p2,...) = 0. This, in turn, implies that ', .. (p1, p2, ..., pn—1) = O(p1p2. .. pN-1)-

We then proceed as in [80] by considering the case N = 2. If the two trilinear
gauge vertices belong to different loops then the result is O(p?) and no CS term is
generated. The remaining possibility is that the two external vertices belong to the
same closed fermionic loop with some internal gauge field lines. Here, by cutting the
internal lines, we can put this graph in correspondence with another graph without
internal lines and with independent external momenta (up to the global momentum
conservation). The original graph is obtained as a limit process by identifying gauge
tield lines and multiplying its analytical expression by the corresponding propagators.
As before, we conclude that the sum of the graphs of this type is O(p?) so that no CS
term is generated. Therefore, beyond the one-loop graphs with two external lines and

without internal lines, there is no contribution to the CS term.
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APENDICE B - COMPACT BOSON, CHIRAL ALGEBRA
EXTENSION, AND ORBIFOLD

This appendix is meant to be a supplementary material to the text, covering to-
pics that are well discussed in the CFT literature in a concise and unified way [76, 46,
62] (we follow mainly the conventions of [76]). We start by discussing the compact bo-
son and its action. Then, by summing over all inequivalent topological configurations
we obtain the compact boson partition function, from which we read the characters
of the representations. Furthermore, we extend the algebra introducing a Z,y struc-
ture. This process reorganizes the infinite families of the Virasoro algebra into a finite
number of families in the extended algebra.

B.1 Chiral Algebra Extension

On the torus there are two winding directions, such that we consider the fol-
lowing compactification condition,

@(z+nwy +n'wy) = ¢(z) +2nR (nm +n'm'), nn',mm €Z, (B.1)

where R and w; are the compactification radius and directions of the torus in complex
coordinates. The indices m and m’ specify inequivalent topological classes of confi-
gurations. The boson integration may be done by separating the boson field into a
topologically nontrivial part ¢,, ,» and a periodic part ¢, i.e., ¢ = @, v + ¢, where
= / = /

P = 2R wil% - wil% (B2)
is compatible with (B.1) and T = w;/wy is the modular parameter. Since 9,0z ¢,, ,,» = 0,
the action decomposes into S[¢] = S[@y, ] + S[¢] and we can write the partition

function for each topological class as
Zm,m’(T) = Zpereis[(p'"’m/}, (B.3)
where Z, is the result of the periodic boson integration and the remaining action is

given by

1 _
Sl@mm]| = - / AdzdZ0; @y 1Oz Py
o |mT —m’ |2
— Rt

B.4
2ImTt (B4)

Under the action of the generators of modular invariance,

T:t—>1+1 and S:T—>—%, (B.5)
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the partition functions (B.3) transform among themselves:

Zm (TH+1) = Zy - (T), (B.6)
Zm,m’(_l/T) = Z—m’,m' (B7)

As this only amounts to a redefinition of the indices, the complete partition function,

_R2 '
Z=2Zpy Y, e ™ mme, (B.8)

is modular invariant.

In order to identify the Virasoro characters from the partition function, it is use-
ful to recast it in a manner that better reflects its holomorphic separation. To this end,
we apply the Poisson resummation formula, which states that for two sums over the

integers

Z f(m') = Z o (B.9)

m'eZ nez

where f; is the Fourier transform of f(x),
7= / dx f(x)e= 2, (B.10)

Applied to the compact boson partition function, the resummation formula yi-

elds the familiar expression for the compact boson partition function

Z="Y xnom(@)Xnm(), (B.11)

nmez

where the Virasoro characters

1 2 1 2
_ (n/R+mR/272/2 qnd # (7)) — =(n/R—mR/2)%/2
Xn, = and Xy, = — , (B.12)
O TON ) =)
with g = 27 and § = e~2""7, are associated with the conformal families of the theory.

Each family contains an infinite number of conformal fields, which are generated by
successive application of the positive modes of the energy-momentum tensor on the
primary field of the family. As expected for a free scalar CFT, the primary fields are the

vertex operators
Viim = ei(n/R—i—mR/Z)(p and Vn,m — ei(n/R—mR/Z)(Pl (B.13)
with conformal dimension

Mpm = %(n/R +mR/2)*>  and .= %(n/R — mR/2)% (B.14)



76

At this point we can also infer the invariance of the partition function under R — 2/R,
as it amounts to the exchange n <> m.

So far the partition function in Eq. (B.11) embodies only the Virasoro algebra. In
order to add the Z,y algebra, we need to perform an extension of the Virasoro algebra.
To do so, we restrict the compactification radius according to

RZ p
R B.1
> = (B.15)
with p, p’ natural coprimes and introduce the new indices
=2pn’ +7, 0<r<2p-1, n eZ;
n p;j 4/—1* <r< p/ rnl (B.16)
m=2pm +s, 0<s<2p -1, sm €Z
such that now we sum over the integers
— / /’ c Z,
u ri +m u (B.17)
l=pr+ps, 1leZ.
In terms of the new indices the partition function reads
Z= le )Xi(), (B.18)

where the limits of the sum over [ are yet to be specified and the extended algebra

characters are given by
— 1 Z M+l/2N (819)
1) ez
where N = pp’. This is the maximal extension of the algebra.

From the definition of the extended character (B.19) it is easy to derive that
X! = Xi+2N- As we associate each character to a primary field, there are 2N primary
vertex fields, given by

Vv, = ello/ V2N, (B.20)

Consequently, two vertex fields, V; and Vj,,y, must necessarily belong to the same
Verma module and there must exist operators which connects them. This is analogous
to the role played by the L_, in the Virasoro algebra. We find the ladder operators to
be

I, = tiV2Ne, (B.21)

with conformal dimensions hr, = N.
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It might be useful to extend the notion of a primary field of the extended algebra
A by requiring that it must be annihilated by all the positive modes of the currents that
generate the corresponding algebra. In terms of OPE, this is equivalent to defining a
primary field of A to have the OPE

J (z)®(0) = z7"7®(0) + less singular, (B.22)

where J is an algebra generating current. This equation should be understood in the
sense that the OPE of 7 with a primary field has a maximum allowed singularity; i.e.,
less singular OPEs are allowed. This is nothing else than the Virasoro primary field con-
dition generalized to an extended algebra. In this more familiar case, the generators of
the algebra are the holomorphic and antiholomorphic parts of the energy momentum
tensor, T(z) = T;.(z) and T(z) = Tz:(2), with conformal dimensions h = 2 and h = 2,

respectively.

The maximal extension is equivalent to choosing the U(1) current j, the ladder
operators I'y, and the energy-momentum tensor T = T ,(z) to be the set of algebra
generating currents 7. Applying the primary field condition (B.22) to the ladder ope-
rators, it follows that

I (2)V5(0) = o EiV2N@(2) ,ilg(0)/ V2N _ ,i(1£2N)9(0)/ V2N ,F1($(2)(0))
= z7'Vion(0). (B.23)

Comparing with the primary field OPE, we see that the spectrum of primary fields is
given by the V; with —(N —1) < < N and the U(1) partition function reads

N
Zumy = X x@xi(): (B.24)
[I=—(N-1)
It is standard in the literature to choose the range of / in the definition of the primaries,
Eq. (B.20),tobel =0,1,2,--- ,2N — 1. We use this convention in the main body of this

paper.

B.2 Orbifold

Now that we have considered the extension of the chiral algebra we are in a
position to study the U(1)/Z; orbifold. Such a theory is obtained by considering only
field configurations of U(1) that are invariant under the Z; group action, ¢ — —¢. To
do so, we extend the scalar field compactification condition such that it admits twists

when going around the torus

9 (2 + nwy + n'wy) = FHIRFIN p(2), (B.25)
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where v,u = 0,1 for periodic and antiperiodic boundary conditions, respectively. At
this point it is convenient to identify the windings to be oriented along one of the
Cartesian directions. We choose w; to represent winding around the space direction
and w» around time.

To each pair v, u, we associate a partition function Z, ;. The complete orbifold
partition function is given by the sum of the Z;,. The untwisted sector, Zj, corres-
ponds to the Z;;(1) of the previous discussion, so that we are left to calculate the parti-
tion function for the twisted sectors. For the antiperiodic condition along at least one

of the torus directions, we separate the partition function into its holomorphic blocks
2
Zou = |fvu| ’ (B.26)
where the conformal blocks are given by the character

(v)
fou = Trgho ~1/24, (B.27)

The superscript on L(()v) means that Ly should be taken with the corresponding boun-

dary conditions along the space direction, specified by v.

The computation of the trace in (B.26) requires some care in the case of antiperi-
odic boundary conditions along the time, i.e., when u = % To understand this, let us

examine a correlation function with the time antiperiodic boundary condition

(Te(z)X({zi})), (B.28)

where T is the time ordering and X({z;}) stands for the insertion of any number of
boson operators at the positions z;. Now, consider that we take ¢ along a continuous
path from z to z 4+ w». Because of the time ordering ¢ will pass over all the insertions
on X in succession and return to the starting place. As we are dealing with bosons
this operation does not pick a sign. On the other hand, under this process ¢ picks up
a sign when u = 1/2. To reconcile this discrepancy, we can introduce an operator §
on every correlation function of ¢ in the case of the antiperiodic boundary condition
along time, where G is the operator that implements the Z, symmetry, GpG ™! = —¢
I In particular, the traces with u = % in the partition function (B.26) must also include
the operator G.

To illustrate the procedure, we consider the specific case of fj1,,. The above
prescription leads us to write the holomorphic blocks of the partition function as

(0)
f0,1/2 — Tr quo —1/24 _ 17—1/241111>O () gnqa,nan’ (B.29)

1" This discussion is similar to what happens on compact fermions, where in the time periodic case we

introduce G = (—1)f, with F being the fermion number operator.
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where the trace on the right-hand side is defined to be taken over states with fixed .
That is,

" Gug - = kz (k| Gug" |K) = kz (0] (an)* Gug™ ™ (a—n)*|0)
=0 =0
:ki (2mr) (k| Gn (a—nan)"™ (“fn)k|0>
,m=0
= L T G k) (@) 0
,m=0 :
— i ng gn‘k> i(_l)kqlm
k,m=0 k=0
1
=T (B.30)

k

where we have used the commutation relation [a_nan, (a_n) ] = nk (a_n)k to get from

the second to the third line. Returning to the conformal block, we obtain

fOl/Z — q—1/24 H

where 0; are the Jacobi theta functions, as defined in [76].

030,
1+q 7

; (1—2q+2q4—2q9+2q16+---), (B.31)

We calculate the next two conformal blocks in a similar way,

fipo=q"% T Teg"rn=4"% T] Zq 7% T 1_1

neN+1/2 neN+1/2 N=0 nelN-+1/2 q"
N
— 2173/ %qﬂ (1+q1/2+q3/2+q +q° + g%+ ) (B.32)

and for the next one,

> 1
finap=4"% TI TG =q"* TT Y )NV =4"% T]

neN+1/2 neN+1/2 N=0 neN+1/2 LTI
0,0,/2 1/16
_V 774 %417 <1_q1/2_q3/2+q3+q5_q15/2+.”>. (B.33)

The orbifold partition function then reads

1

Zorp = > [Zu + for2l> + fisa0l> + | fij21/2 ] (B.34)

It is important to note that these conformal blocks individually are not invariant under
the modular transformations (B.5). Under 7 the conformal blocks f , transform as

for2(T+1) = e ™26 1 n(7)
fiyo0(T+1) = ™2 1510
fiyz12(t+1) = e™2f 5 0(7)

7)

(B.35)
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and under S, f,,(—1/7) = fu(7). In this way, even though the conformal blocks
themselves are not modular invariant, the total partition function is.

Notice that f1,,0 and f1,21/2 mix under 7 and a similar thing happens with
fo1/2 and xo of the U(1) partition function as given in (B.19). Furthermore, these are
the only terms that can be written in the form |f |2. Let us check their contribution to
the partition function:

1 _
Zorp O 5 (Xo)(o +fors2l” + [ fr/20)> + |f1/2,1/2|2>

= }1 [(x0 + for/2) (Ro+ foas2) + (xo = fo/2) (o — foas2) +

+ (f1720 + fi21/2) (Fiy20 + fijz1s2) + (fiy20 — fiszns2) (Ffiya0 — fijzn2)] -
(B.36)

This motivates us to define the orbifold characters and their associated primary fields

as
1 xy? = (xo+ for2) /2= 1 (1 q+q2+q4+ ), hy = 0;
i X = (o forn) /20" ‘1(1+‘1 P+t hj =1,
o XY= (fijp0+ fij20) /277! ‘116 I+@P+e+9"+-), ho =15
T Orb = (fiyo0— fij20) /270t (14 g+ +q°0+ ), he=1y
(B.37)

where the expansions are given for N = 2 and the antiholomorphic sector characters
are defined similarly. With the new characters, this contribution to the partition func-
tion can be rewritten as

orb

Xt

orb

Xo

orb

Xj

orb

ZOI’b D X]l + + +

(B.38)

The remaining terms in the orbifold partition function are the U(1) characters,
Xk+£0- Let us consider

1 N-1 N—1 N-1 Nl
Zorb 2 5 Y. ! Yo ke =2 ), xkki=2 Y, x7xY (B.39)
k=—(N-1) F=—(N-1) ki1 kh—1

where the primes on the sums mean that the k, k = 0 are excluded. We associate with
these characters the N — 1 primary fields

2
¢ = cos (\/%q)) , h, = :—N for k=1,2,---,N—1. (B.40)

For the remaining k = N character, we define

: 1
Py X%b = EXN ~ n’lql/z (1 + q4 + qlz + q24 + .- > , hd’lN = —, (B.41)
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where the expansion is given for N = 2. Its contribution to the partition function reads
Zorp O 2)(%17 X%b . (No index sum). (B.42)

Thus, the U(1)/Z, orbifold partition function reads

2
+

2
+

2
+

orb

Xt

orb

Xo

orb

Xj

orb

Zorb = X1

2 N
+2 Y vyt (B.43)
kk=1

Our final task is to determine the fusion rules of the model. One way to do so is
from the Verlinde formula

Si nS ] nSk n
NE =y 2R B.44
y ; S1n (B.44)
where N}f]- is the fusion coefficients 2
k

and Sl-,j determines how the characters behave under the modular transformation S,

namely,

Xi = Xi(_%) =25 (7)- (B.46)
j

We will consider the case of even N, which is relevant for the discussion of
the Sec. 3.2 (the case of odd N can be similarly constructed [46]). Let us discuss the
transformation of some characters starting with the identity

N-1
X1 \/% x1+xj+2 k:Zl Xk + Xn +2VNxs +2VNxe | - (B.47)
The factor of two for the ¢ and 7 representations should be understood as a reflection
of the fact that there are two representations for ¢ and 7. Therefore, when building the
S matrix, the contribution for the twists should read v/N [),1 + X,2 + X1 + X42), Where
the symmetry of the splitting between ¢! and ¢? is a consequence of the unitarity of
the S matrix.

Let us proceed to the next one. A naive analysis of the modular transformation
leads us to

) 1 N-1 . N
A= — [x+x+2 ), (D% + (D) x|, (B.48)
V8N k=1

2 In general the fusion matrices as defined in (B.44) and (B.45) are not precisely the same, but are

related by a raising and lowering matrix, which in the present case is diagonal [76].
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but this is still not correct. This modular transformation, as is presented, hides the twist
characters. In fact, it only tells us that the sum of the contributions for the characters
should cancel out, similarly to the last calculation. In this manner, the contributions for
Xo, should cancel out the contribution for x.,, and similarly for . We implement this
by adding to the brackets above the term xc; (X‘Tj + XT,)/ where x is determined by
demanding that the S matrix must be unitary and 0; ; = 26; ; — 1. Similar considerations

are needed for the transformation of xi, x, and X+, after which we obtain the S matrix
for even N 3

2(—1)¥ 4cos<%k/) 0 0

1 ] P Pk gi T
1| 1 1 1 2 VN VN
i1 1 1 2 —V/N —V/N
o 11 1 2(-1¢ o, VN o VN
2 2
oi | VN —VN 0;j¥/N 0 V2Ns;;  —V2N§;)

T]' \/N —\/N O'i,]'\/N 0 -V 2N51,] A% 2N511]

where we have factored out (8N) /2.

With the S matrix at hand, we only need to run the Verlinde formula to find the

fusion rules:

ixi=1 ¢hxdN=1 ¢ X P = Prrr + Prr,
JXppr=¢r, jxo=1 and ¢ X Py =14+ P (B.49)

3 We call attention to a typo in the ¢, ¢ entry of this table in Ref. [46]. Nonetheless, the fusion rules
are correct.
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APENDICE C - EFFECTIVE ACTION REGULARIZATION

Here we want to discuss the procedure to regularize the effective action (4.67).
This section is intended to familiarize the reader with the methods we used in a conve-
nient way, and is largely based in previous works, namely [55, 76]. Before we do that,
it is convenient to find an alternative expression for the free boson effective action

I'= %tr In-V, (C.1)

where V = %BV (v/77"'9y) is the Laplace-Beltrami operator. We start by giving an
integral representation to the logarithm,

Tdt .,
lnx:—/T[e F—e ], (C.2)

€

where the limit ¢ — 0 must be taken in the end of the calculations. Under an infinite-
simal scale transformation of the metric, ’)/W = e’ 1y,,, the Laplace-Beltrami operator
transforms as V/ = ¢ %“V and we can write the variation of the boson effective action
as

ST — — A / v _ 1 eV
2tr/dt(5wVe 2tr dt&wdte 2tr(5we

1
= ~3 /dzx Vrow(x)K(x, x,€), (C.3)
where K(x, x, €) is the heat kernel of the Laplace-Beltrami operator

K(x,y,t) = (x|e/V]y), for t>0. (C4)
In the limit € — 0, we can expand the heat kernel in powers of the infinitesimal

time
== [ @A) (e +52), 5

where R(x) is the scalar curvature. The divergent term inside the bracket can be traced
back to our assumption that the manifold is finite, it has nothing to do with curva-
ture. We can eliminate this divergence with the addition of a local, field independent,
counterterm to the effective action. Now we integrate the effective action, as the metric
changes 7}, = €“yuv 50 does the Ricci scalar R' = ¢™* (R — Vw)

= 2 K
r 967r/d X /7 (9ywotw 4+ 2Rw) . (C.6)
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Our previous expression for the boson effective action can be made compatible
if we consider a conformal change that takes a general metric to the plane metric 7, =
e‘f’iyw, that is, we choose w = @ and 7,y = 77,y in the expression above. Now we insert

an identity with the propagator equation

[ &\ VGxy) =1 (C7)

After some partial derivatives and noting that in flat spacetime R’ = —e~%9,0/®, we

find
M= oo [ @y 1001 RE G 1R ). )

Now that we have a more useful expression for the effective action of a free
boson in curved spacetime, we can start to relate the integrals of the effective action
(4.67) to the free boson effective action. We start with the first integral

I — / d2x /77" [93GOLG — GaRdlG| - (C.9)

Firstly we write te propagator as

- 1
=——1 ;
G(x,y) = —5 - Ins(x,y) + G(x,y);
G(x) = G(x,x), (C.10)
where s(x, y) is the geodesic distance between the points x and y. The logarithm term
completely accounts for the divergence that is present in the propagator, such that

G(x,y) has no divergence. In the limit x = y we regularize the divergence, in doing so
G(x,y) — G(x,y).

With the symmetry of the propagator G(x,y) = G(y, x) it is possible to show
that

1., -
0,G(x,y) = G(x,y) = Ea;c(x), (C.11)
this simplifies the first term in I;. From a similar argument it is possible to show that

VG(x) =2 [vc(x,y) +259"G(x, y)] . (C.12)
x=y
To simplify the second term in I; we note that, under a conformal transforma-
tion, the finite part of the propagator changes as
- w(x)

G'(x) = G(x) = =~ +20(x) — O, (C.13)
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such that

_ 1 rp w(y) .
x) = v/d y VeV G(xy);
_ 1 [ w(x)
= / &x /7O (x)e ), (C.14)

Choosing w = @ and acting with V on the equation (C.13) we obtain

- R’ 2 1
(A — or oY = —R. 1
VG = -+ and 99"G(x, y)‘x:y — (C.15)
This simplifies the second term such that
2
= 1
16n/dx\/_GR (C.16)
under a transformation of the metric we find
9
h=_s / dx /79wl + 2wR = — - T. (C.17)

The last integral in the effective action (4.67) can be related to the individual
terms of the integral I; through partial integrations and the propagator equation. We
start by considering

I = / P dy /7 (x) /()" ()77 (y) 5 G GG
/ d2x a2y \/1(x)y/1(y) 7" ()77 (y) [V*GOYGaLG + 03GaralGalG

(C.18)

where we discarded a total derivative term. Then we notice that the second term can
be brought to the same form as I3, by the exchange ¢ <+ p. The remaining calculation
follows the discussions for I, in the end we obtain

I = / &2y [ () [ r () (0777 (y) | GasalGasalG — oy GatGasaG] ——%

(C.19)

The remaining term involves a much more complicated and lengthy calculation,

which is beyond the scope of this work [55]. The result of this calculation yields

I = /dzx d?y e””e”PG(x,y)aﬁagG(x,y)affa%G(x,y) = f—nl“. (C.20)
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