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RESUMO

SANTOS, R. T. G.. Chern-Simons: teoria de borda com formula¢ao da matriz K. 2025. 97 f.
Dissertacao (Mestrado em Fisica) — Universidade Estadual de Londrina, Londrina, 2025.

Esta dissertagao tem como objetivo estudar a gapeabilidade da teoria de borda de teorias

de Chern-Simons U ( 1)/V utilizando a formulagdo da matriz K. A formulagdo da matriz
K ¢ usada para descrever qualquer estado topologico abeliano em diferentes fragdes de
preenchimento. Neste trabalho, revisamos algumas propriedades interessantes que surgem

na teoria do bulk de uma teoria de Chern-Simons U (1)/V , como a equivaléncia topoldgica
entre teorias com K-matrizes distintas, simetrias anyonicas e equivaléncia estavel, com
exemplos para cada uma dessas propriedades. Em seguida, analisamos as condi¢des sob
as quais a borda de uma teoria de Chern-Simons multicomponente pode ser gapeada. A
primeira condi¢do € que a carga central da teoria seja nula, o que significa que a borda
tem o mesmo numero de modos contrapropagantes. Essa condi¢gdo por si s6 ndo garante
que a borda possa ser gapeada. O requisito adicional para a gapeabilidade ¢ a validade da
condi¢do nula de Haldane, que pode ser formalizada em termos de subgrupos Lagrangia-
nos. Se a teoria de borda tiver pelo menos um subgrupo Lagrangiano e a carga central for
zero, a borda pode ser gapeada por termos de perturbacdo de cosseno que condensam par-
ticulas na borda. Ademais, sdo apresentados exemplos sobre a gapeabilidade das teorias
em sistemas com preenchimentos v = 8/9, que podem ser gapeados, e v = 2/3, em que a
borda ¢ protegida, seguidos pelo caso geral em que K = diag(ki— k2), onde a teoria de
borda pode ser gapeada se kik> for um quadrado perfeito. Além disso, apresentamos que
o estado com v = 8/9 possui Z3 parafermions na extremidade da interface formada pelas
fases v = 1 e v =— 1/9 e K = diag(ki, k») = diag(n*,—m?) possui Zm» parafermions
ligados as extremidades da interface, em acordo com os resultados de Ref. [1].

Palavras-chave: Teoria de borda; U (1)* Chern-Simons; Formulacdo da matriz K; Sub-
grupo Lagrangiano; Parafermions.



ABSTRACT

SANTOS, R. T. G. Chern-Simons: Edge theory with K-matrix formulation. 2025. 97 p.
Master’s Thesis (Master in Physics) — State University of Londrina, Londrina, 2025.

This dissertation aims to study the gappability of the edge theory of U (1)/V Chern-Simons
theories using the K-matrix formulation. The K-matrix formulation is used to descTribe
any abelian topological state at different filling fractions. We review some interesting

properties that arise in the bulk of a U (1)/V Chern-Simons theory, such as the topological
equivalence between theories with distinct K-matrices, anyonic symmetries, and stable
equivalence, with examples for each of these properties. Subsequently, we analyze the con-
ditions under which the edge of a multi-component Chern-Simons theory can be gapped.
The first condition is that the central charge of the theory is null, which means that the
edge has the same number of counter-propagating modes. This condition alone does not
guarantee that the edge can be gapped. The additional requirement for gappability is
the validity of Haldane’s null condition, which can be formalized in terms of Lagrangian
subgroups. If the edge theory has at least one Lagrangian subgroup in the system and
the central charge is zero, the edge can be gapped by cosine perturbation terms that con-
dense particles at the edge. Examples of the gappability of the states at filling v = 8/9,
which can be gapped, and v = 2/3, in which the edge is protected, are presented, followed
by the general case where K = diag(k1, —k2), where the edge theory can be gapped if
kik> is a perfect square. In addition, we presented that the state with v = 8/9 has Z3
parafermions at the endpoint of the interface formed by the phases v =1 and v =1/9
and K = diag(k1, k2) = diag(n*,—m?) has Zm» parafermions bound to the endpoints of
the interface, in agreement with the results of Ref. [1].

Key-words: Edge theory; U (1) Chern-Simons; K-matrix formulation; Lagrangian sub-
group; Parafermions.
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1 INTRODUCTION

In recent years, the discovery of topological quantum phases of matter has aroused
great interest in Condensed Matter. The importance of these phases of matter continues
to make them an active field of research to this day, due to their numerous applications in
quantum computing, as well as in the fields of insulators and superconductors. Topological
phases are distinguished by their topological features rather than by their symmetries,
and cannot be characterized by the usual Landau paradigm of spontaneous symmetry-
breaking. The Landau paradigm [6] is related to the symmetry breaking of ordinary
symmetries, which are characterized by local order parameters that are charged under
these symmetries. Generalized symmetries extend the Landau paradigm to include the
concept of Topological Order (TO), which can be understood as spontaneous symmetry

breaking of finite higher-form symmetries. A review of TO can be found in [7-12].

Systems with TO are characterized by the presence of quasiparticles with fractio-
nal or non-Abelian statistics and topological ground-state degeneracy, which depend on
the topology of the space. The ground-state degeneracy exhibits robustness because local
perturbations cannot remove it. The most commonly observed topological states experi-
mentally are the fractional quantum Hall (FQH) states. A review of FQH states can be
found in [2,9,13-21].

The U(1) Chern-Simons (CS) theory is an effective topological quantum field the-
ory that captures the behavior of certain topologically ordered phases, e.g., the FQH
states [3,9,11,12,17,18,20-27]. This system is described in terms of an emergent gauge
field a,, and the pure theory does not have any dynamical degrees of freedom. The U(1)
CS theory is topological because its action does not depend on the spacetime metric, and
the invariant objects are global quantities related to the topology of the space. For exam-
ple, the ground-state degeneracy in compact manifolds depends on the topology of the
space, which is a global quantity. Furthermore, the observable quantities of this theory
are non-local operators, meaning that the quasiparticles exhibit non-local features, such

as non-trivial statistics.

The U(1) CS theory can describe the low-energy behavior of quantum Hall states
with filling fraction v = 1/k, where & is the level of the theory. These phases can host
abelian quasiparticles (anyons) with fractional statistics and fractional electric charges.
The states with filling fraction ¥ = 1/k, where  is an odd integer, are the well-known
Laughlin states [28]. The article [19] from 2021 presents a review of the literature on

experimental techniques used to detect quasiparticles with fractional statistics.

The U(1) Chern-Simons theory can be analyzed from the perspective of higher-
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form symmetries within the context of generalized symmetries. Owing to the non-commutativity
of the Wilson lines, the U(1) theory has a discrete 1-form symmetry Z, related to the
level k of the theory [11,24].

In the U(1) Chern-Simons theory, the charged objects under the generalized sym-
metry are Wilson operators, which are non-local gauge-invariant objects that describe the
world line of quasiparticles. The non-locality of the Wilson lines is a feature stemming
from the topological aspects of the theory. When two indistinguishable quasiparticles are
exchanged, the wave-function can acquire a fractional phase that differs from that of or-
dinary particles (fermions and bosons). This is the Aharonov-Bohm effect, which can be
analyzed by studying the algebra of Wilson lines in the theory. The phase acquired in this
process does not depend on the distance between the exchanged quasiparticles, which is

another topological aspect of this theory related to long-range entanglement.

The quantum Hall effect (QHE) arises naturally in CS theory when the gauge fields
are minimally coupled to the electromagnetic field A,. The equation of motion considering
the coupling shows that the electric current in the ¢ direction induces a current in the 7
direction, which is the essence of the QHE. In contrast, the fractional electric charge of
the quasiparticles is obtained by coupling the theory with a matter current. In addition,
within the context of coupling with a matter current, it is possible to infer the flux-charge

relation, where each quasiparticle has a thin magnetic flux attached to it.

The U(1) bulk theory is defined in a manifold M and is gauge-invariant if the
theory has no boundary or if the boundary term can be neglected. However, in the presence
of a boundary M, the bulk theory has a gauge anomaly that can be canceled only if
we consider the dynamical gapless excitations at the edge. In this case, the theory at the
edge is non-trivial with the presence of chiral gapless edge modes. In the case of U(1)
CS theory, there is a unique edge mode with one-way propagation that is stable against
perturbations. Therefore, it is not possible to open a gap in the edge theory, and the
edge mode remains gapless. Thus, in the presence of a boundary, the system hosts local
degrees of freedom, differently from the bulk physics, where the observables of the theory

are non-local.

The FQH states with hierarchical levels can be described by a U(1)Y CS effective
topological field theory, where the system has N emergent gauge fields afL, with I =
1,2,..., N. Hierarchical states are a generalization of the single-component case and can
be studied using the K-matrix formulation, proposed by Wen and Zee in [29]. In fact, not
only hierarchical states but also any abelian topological phase can be studied using the
K-matrix formulation, which is a compact and elegant way of describing more general
topologically ordered phases. Due to TO, this model has quasiparticles with non-trivial
braiding and topological invariants, such as Hall conductivity and topological ground-

state degeneracy, which depend on the K-matrix. The quasiparticles in the system are
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defined modulo local particles, and the number of distinct particles in the bulk theory
is the same as the ground-state degeneracy on the torus; that is, the number of distinct

quasiparticles is obtained from the determinant of the K-matrix.

The U(1)" bulk theory can be studied as a generalization of the single-component
U(1) Chern-Simons theory with a similar construction, and both systems share physical
features. For example, the coupling of the gauge fields aﬁ with an electromagnetic field
A, through a charge vector ¢ defines induced currents orthogonal to the electric field,
similar to the single-component case. In addition, the coupling with a matter current
through the quasiparticle vector [ gives rise to a charge-flux relation and fractional electric
charge for the quasiparticles. However, in the multi-component CS theory, there are new
interesting properties, such as equivalence between theories [30], the concept of anyonic
symmetries [5,30-32], and stable equivalence [5,30, 33, 34].

The equivalence between topological phases is related to a basis change in the
gauge field through a transformation matrix G € GL(N,Z) (which also changes the
vector charge t and the quasiparticle vector [), leading to a new theory containing the same
topological features as the original. In this case, two different K-matrices can represent
the same topological phase with the same set of quasiparticles, although they are labeled

in distinct ways.

In addition, anyonic symmetries are operations that permute anyons, preserving
the braiding exchange phase and fusion rule of the quasiparticles. Anyonic symmetries
of the system can be found using the K matrix and a matrix transformation that leaves
the Lagrangian invariant. However, in some cases, the K-matrix itself does not account
for all realizable anyonic symmetries, and we need to enlarge K through trivial sectors
to determine the remaining anyonic symmetries. This process of enlarging the K-matrix

using trivial sectors is called stable equivalence.

The edge theory of a U(1)Y CS theory will also have dynamical gapless mode exci-
tations because the bulk action is gauge-invariant up to boundary terms. However, unlike
the single-component case, this system can have more than one edge mode propagating
at its edge. The edge modes are chiral and can move to the left or right. In the parti-
cular case where the theory has an equal number of modes propagating to the right and
left (no net chirality), the edge theory has the potential to be gapped by a perturbation
term [29,30,33-57].

However, the gappability of non-chiral edges is not guaranteed. There are states
without topological order and with short-range entanglement in the bulk of the system.
These phases are “trivial” in the bulk with a non-trivial edge theory. The edge modes are
gapless and protected by symmetry, and the edge can only be gapped if (spontaneous or
explicit) symmetry breaking occurs. Therefore, in the absence of symmetry breaking, the

edge is robust against perturbations, and the edge excitations cannot be localized because
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of the protection provided by the symmetry. These edge states are called Symmetry Pro-
tected Phases (SPT’s) and are widely studied [34,39,46,52,58-72]. Therefore, if symmetry
forbids perturbation Higgs terms, the system has SPT phases with non-trivial edge mode
excitations. The edges defined in two- or higher-dimensional manifolds can also be gapped

with intrinsic topological order.

The gappability of edge states without net chirality can be studied using the
concept of Lagrangian subgroups [41,43, 47,48, 72-75], which are subgroups containing
topological quasiparticles with particular properties that are condensed at the gapped
edge. The edge modes can be gapped when the edge theory has at least one Lagrangian
subgroup. Therefore, this process can also be understood from the perspective of anyon
condensation at the edge [41,43,44,53,55,74-77], where the particles in the Lagrangian
subgroup are condensed. At the same time, the other quasiparticles that are not in the

Lagrangian subgroup are confined at the edge.

The interaction between edge modes at the interfaces can also be studied. This
interaction occurs when two different edges are in proximity, and the edge modes can
tunnel from one edge to the other [33,78]. The same process occurs when the bulk is thin

enough to allow interaction between the top and bottom edges in a quantum Hall state.

In addition, the U(1)" edge theory can host more exotic anyons at interfaces
that obey non-Abelian braiding statistics' [37,40,42-44, 70, 79-87]. These non-Abelian
quasiparticles are of great interest because they have wide potential applications in fault-
tolerant topological quantum computing [88,89] due to their topological ground-state

degeneracy.

The bulk-edge correspondence in the Chern-Simons approach provides a method
for identifying all edge excitations with their bulk counterparts. The bulk theory is defined
in a manifold M, and when this manifold has a boundary dM, chiral boson fields capture
the gapless excitations in the edge theory. When there is an equal number of left and right
propagation modes in the edge (no net chirality), the theory can be gapped out through
perturbation processes, as backscattering or superconductor terms [29, 30, 33-35, 37-54,
56,57].

This dissertation aims to analyze in detail the U(1)" Chern-Simons edge theory by
studying perturbations at the edge and the conditions for gappability using the K-matrix
formulation. A literature review of the edge theory of the U(1)"Y Chern-Simons theory

was conducted, and the main results are summarized in this dissertation.

This dissertation is structured as follows. First, in Chapter 2, the single-component
U(1) Chern-Simons theory is presented, along with its main characteristics, such as qua-

siparticles with electric fractional charges and fractional statistics. Then, the edge theory

1 In contrast to the case of abelian anyons, exchanging non-Abelian anyons gives more than just a phase.

For example, it can also rotate the state to a different wavefunction.
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of the U(1) CS theory is presented in Chapter 3, where there is a boson chiral field propa-
gating through the edge. The edge theory is robust against perturbations; therefore, the

modes cannot be gapped and remain gapless.

In Chapter 4, the multi-component U(1)" bulk CS theory is studied using the K-
matrix formulation. The main features of the system are analyzed, and some interesting
properties are presented, such as the equivalence between topological phases, anyonic

symmetries, and stable equivalence.

In addition, we present system examples where a topological phase in contact with
an s-wave superconductor is topologically equivalent to a bosonic state at a different filling
fraction. This bosonic state associated with a K-matrix has three anyonic symmetries,
which will be studied in detail in the following. We will show that the transformation G
associated with the K-matrix realizes only one of the three anyonic symmetries of the
system. Thus, in the last example, we will use stable equivalence to enlarge the K-matrix

by a trivial sector to realize the two remaining anyonic symmetries.

Finally, in Chapter 5, we study in detail the edge theory of multi-component U (1)¥
Chern-Simons theory without symmetries. We present that the gappability condition can
be derived from the existence of at least one Lagrangian subgroup in the edge theory,
utilizing the concept of anyon condensation as an interpretation of the gapped edge.
Three examples will be addressed concerning the states with ¥ = 8/9, which can be
gapped; v = 3/2, which cannot be gapped, and the edge modes remain gapless; and the
general case where K = diag(ky, —k2), which can be gapped if k1ks is a perfect square.

In addition, in the last chapter, we also show that the edge theories studied in
this dissertation can host quasiparticles with non-Abelian statistics when we interpret
each topological phase as an interface that separates two different phases; for example,
the system with filling v = 8/9 can be interpreted as an interface separating the phases
v =1and v = —1/9. These non-Abelian quasiparticles are bound to the endpoints of this

interface.
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2 U(1) CHERN-SIMONS THEORY

In this chapter, Abelian U(1) Chern-Simons (CS) theory will be studied in detail.
The U(1) Chern-Simons theory is a single-component topological effective field theory.
This theory possesses several interesting properties, such as the capacity to generate Abe-
lian anyons® with fractional statistics and charge. The CS theory is defined in manifolds
of odd space-time dimensions. In this work, the focus will be on the theory defined on
a (241)-dimensional spatial plane. However, generalizing it to higher dimensions is not

difficult to implement.

2.1 Bulk Lagrangian

We will begin studying the bulk theory of this spatial plane, which is described by
a Chern-Simons term. The plane will be considered infinitely spaced without boundaries

in this chapter.

The bulk Chern-Simons action in (2+1) dimensions is defined as

Sla] = //vt %e“”"auayap, (2.1)

where £ is the level of the CS theory and a, is an U(1), emergent gauge field. This action
is first-order in space-time derivatives; therefore, this term dominates at long distances
(low-energy regime) compared to the Maxwell term, which is second-order in derivatives.
Further, because the Levi-Civita tensor e#? is completely antisymmetric in its indices,

the CS action is Lorentz invariant.

The Chern-Simons theory is topological since its action does not depend on the
metric g,, when placed in a curved space. Therefore, its invariants are global quantities
related to the topology of the space, and the CS action is invariant under smooth defor-
mations of the geometry of the space. The stress tensor, which is explicitly dependent on
the metric, vanishes. As a result, the Hamiltonian of this system is zero, which shows that

the pure Chern-Simons theory lacks local dynamical degrees of freedom.

Notice that the CS action is gauge-invariant up to boundary terms. Since we are
considering that the manifold M does not have a boundary, the CS term is indeed gauge-
invariant. In the next chapter, we will analyze the case where M has an edge and the

boundary terms cannot be neglected.

1 The name “anyon” comes from particles obeying any statistics, that is, these particles do not obey

either bosonic or fermionic statistics.



20

The equations of motion (EoM) can be derived from the CS Lagrangian using

5 OLcs  OLcs
Y0(05 as)  Oaq

—0, (2.2)

as

K auw
Eeufw,:() — fuw =0, (2.3)

where f,, = 0,a, — 0,a,, is the field strength tensor. This equation of motion shows that

the system does not have local propagating degrees of freedom.

The solution to the EoM represented in equation 2.3 is a pure gauge configuration
a, = Oy,

for some arbitrary scalar field A. This type of solution describes flat connections, since
f = da is the curvature of this connection. In other words, when f = 0, the curvature
associated with the connection is zero. It is possible to see that this system will not have
local propagating excitations, since the flat connections do not carry energy or momentum,
unlike Maxwell’s free theory, in which the solutions are propagating plane waves describing

connections with curvature (f # 0).
It is possible to define a 2-form topological current associated with the CS theory
as
JH = ¢el"Pa,, (2.4)
0, J" =e"*0,a, =0, (2.5)

which is conserved because of the EoM in equation 2.3. Therefore, the CS theory has a

1-form symmetry with charge

QD)) :/E «J, (2.6)
which is defined on a one-dimensional closed submanifold ¥; and it is a conserved quantity.
Using

Lo p
xJ = §J € uwpd
= a,dz’, (2.7)

the charge in equation 2.6 becomes
Q%)) = /E a. (2.8)

The charged objects under the 1-form symmetry are extended objects with support
along a line, the Wilson line operators. These operators are the gauge-invariant observables

of the CS theory, describing the worldline of the quasiparticles in the system. They are
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non-local objects since the topological phase is robust to any local perturbation, and they

W, = exp (inﬁa) : (2.9)

where C' must be a closed curve (or infinitely long) in space to assure the gauge-invariance
of this object.

are defined as

The & level of the CS theory is quantized through large gauge transformations. To

see this, it is convenient to write the CS action in equation 2.1 as
— /d%iaoeijﬁj o (2.10)
4

Consider the action defined in a manifold M = S! x 8%, where the time component
is defined in a circle S! of circumference Ly. In addition, define a flux due to the presence

of a Dirac monopole inside S? as
1

o
Assuming that the large gauge transformatlon winds around the time direction as

[ fez. (2.11)

2
ag — Qg + 80/\ = ag + fﬁ, (212)
0

with A = 2mzo/ Lo, then this transformation results in the compactness of the gauge field
agp.

The action variation under this large gauge transformation is given by

K 2m 1
dS[al :/ d%EL—Os”fU = 27m/ da®— (27r /32 5 Ufw) (2.13)

where the bracket term is identified as the flux in equation 2.11, which is an integer value.
Therefore,
dS[a) = 2wKZ. (2.14)

For the CS quantum theory to be invariant under this large gauge transformation, it is
necessary that e?°[% = 1 so that the path integral is well-defined?. Thus, to satisfy this

condition for any integer Z, the level of the theory x € Z is quantized in integer values.

2.2 Coupling with Eletromagnetic Field

It is possible to couple the CS term with a U(1) 4 background electromagnetic field
A, through a minimal coupling as

Sla] :/M a0, — AT (2.15)

The invariance of the path integral is enough since the observables of the theory are obtained from
the path integral.

2
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with topological gauge-invariant current

1 vV
It = —e""d,a, (2.16)

where the normalization constant was chosen to maintain the coupling term invariant

under large gauge transformations. Then, the action becomes
Sla] = N g 9 ! HPALO
[a] = 1 Oy, — o A0, . (2.17)

Let us use the Euler-Lagrange equation in equation 2.2, considering the gauge field

a, as a dynamical field, to obtain the equation of motion

1 11
%8# p&yap = E%é‘# p&,AP

1
= a, = EA” (locally). (2.18)

Applying this EoM in the CS action in equation 2.17 to integrate the field a, out, one
gets
1
S[A] = — / AL, A, (2.19)
M

ATk
which is the electromagnetic response action. Notice that this is a CS term for A, with

fractional level 1/k.
The current response to the electromagnetic field is defined as

5S[4] 1
L G — _ chwp
Uhad = =54 = g 0An (2.20)

and, then, the spatial component of the electromagnetic current is given by

Jina = %(5 100, Ag + €0y A;)

1 ..
= 76” (8jA0 — 60Aj)

= —¢"Ej, (2.21)

with Fo; = —E;. J!,, is the Hall current, which occurs when an electric field in the z!
direction induces an electric current in the z? direction. Therefore, this equation indicates

the Quantum Hall Effect.
The temporal component of the electromagnetic current is given by

1 .
JO = 0 = — OZ]aiA.
ind p 27“15 J

, (2.22)
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with B = £99;A;. This equation is related to an excess density of electrons due to the

variation of the magnetic field as dn = iyéB. Therefore, the filling fraction associa-

ted with this system is given by v = 1/k. Notice that when « is an odd integer, this
theory describes a Laughlin state. The coefficient in equations 2.21 and 2.22 is the Hall
conductivity

1 1

- = _y 2.23
on 27K 27TV ( )

2.3 Coupling with a Matter Current

To specify the local particle excitations of the system, let us couple the CS theory

with a matter current j# as

K .
Sla] = //vt Ea‘" Pa,0,a, — a,g", (2.24)
with a quasiparticle current
= %eﬂ”f’a,,bp, (2.25)

where b, is a new single-component gauge field.

Using the Euler-Lagrange equation represented in equation 2.2, the EoM for a,, is

given by

K _a e
1€ "2(0pay — Duag) = —j
5aﬁ'uf,3u — joc

~

4

= evef, (2.26)
At P

and because of the Bianchi identity,

" = Oy <£rgwpfl/p> =0, (2.27)

implying that the matter current is conserved since f,, is antisymmetric. This guarantees

the gauge invariance of this term.

The spatial component of the matter current is

i R g i0j
it = E(&?]ijo +€" foy)
K; ,Z:'
= %531‘}0
=g, (2.28)
2 /

with Fjo = E;. Thus, as a result of this relation, we can infer that the emergence of an

electric field is due to the presence of an electric current perpendicular to E.
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On the other hand, the temporal component of the electromagnetic current is given
by

0_ 0_ N oiyp
J P 47T5 fij

K
= E(Eufm + 521f21)

- " p,
27

with B = fi5 and £'? = 1. Through this equation, it is possible to realize that the physical

(2.29)

meaning of coupling the gauge field a, with a matter current j* is to tie magnetic flux
to charge. Notice that they are locally proportional to each other with the proportional
constant given by the CS level k. Because of that, equation 2.29 is called the charge-flux

relation.

Consider N non-relativistic point particles in a 2-dimensional space with charge

density given by

N
Plx) =q) 0°(% = Za(t)), (2.30)
a=1
and a quasiparticle current
N
7= wa(t) (T — 7u(1)), (2.31)
a=1

where the ay,-quasiparticle is following a trajectory Z,(t). Due to the charge-flux relation

in equation 2.29,

B T]i(s?(f—fa(t)), (2.32)

which implies that each point particle has a magnetic flux with intensity 27q/k attached

to it, as represented in Figure 1.

Notice that we can generalize equations 2.30 and 2.31 as

82z — i(2")). (2.33)

= exp i/d3x j“au> , (2.34)
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Figura 1 — A collection of quasiparticles with charge ¢ with a magnetic flux of intensity
27q/k attached to them.

and, thus, the expectation value of the Wilson line operator

(W,[C)) = [ Daexp (iS[a] i [ d j"a#> (2.35)

correspond to insert a coupling term j*a, in the action. This term is parametrized by the
current j# written in terms of a new gauge field b, to maintain the gauge invariance of the
action. In other words, introducing a Wilson line at the action is equivalent to introducing

an external charged particle.

The electric charge associated with this external probe particle can be calculated

by coupling the CS theory in equation 2.24 to a background electromagnetic field A as

K )
Sla] = /M Es“ Pa,0,a, — A, J"* — a,j"

K v 1 v q v,
=/ Ee“ Pa,0ya, — %5“ PA,0,a, — %E" Pa,0,b,. (2.36)

The equation of motion for a, is obtained by using the Euler-Lagrange equation repre-

sented in equation 2.2 and it is given by

1
Q= A+ %bu. (2.37)

Substituting this EoM into the action in equation 2.36, one gets

S:/d3x <_ZAMjM+“'>7 (2.38)



26

which means that the Wilson line has an electric charge Q = —¢/k, which is, in general,

fractional.

As the Wilson lines describe the worldline of quasiparticles, the excitations with
fractional charge are quasiparticles in an FQH state. Therefore, the current matter j* can
be interpreted as a current that describes the quasiparticles in the system. Notice that the
quasiparticle has charge ¢ under the q, field, but fractional electric charge —¢/x under

the electromagnetic field A,,.

2.4 Quantization of Chern-Simons theory

To proceed to the quantization of the CS theory, let us write the Chern-Simons
action in a canonical form as
k 3, ij
Ses = —Z/d z gay(Boay) + . .. (2.39)
s

K
— %/d% Boar + . .., (2.40)

where the terms with spatial derivatives were omitted in ....

The canonical momentum can be obtained from the CS Lagrangian as

oL K
I1, = = —as. 2.41
! 8(60&1) 2w = ( )

By the other hand, the commutator between the gauge field and the canonical momentum
is given by

[ai(@), 11;(9)] = 6,;0°(7 — §). (2.42)
Using equation 2.41 in the expression above, one gets

(8, 02()] = 2677~ 7). (2.43)

showing that the gauge fields a; and ay form a conjugate pair.

With the commutating relation in equation 2.43, it is possible to study the algebra

Wi =exp (i/d:clch)
Wy = exp <2’/d:v2a2> ,

W1W2 = 672ﬂ-i/kW2W1, (244)

of the following Wilson lines

as

or, more generally,

(Wl>m(W2>n = 6—27rimn/k(W2)n(W1)n. (245)
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Notice that the Wilson operators (W;)* and (W5)* behave like a transparent line
in the sense that both commute with (W)™ and (W)™,

wi o) = e =25 e n

= e 2T (Wo)™ (W)
= (W)™ (W)F, (2.46)

since k € Z and e 2™% = 1. This means that the line
WHE = exp ik f a) = (W[C)!
c

does not induce a non-trivial holonomy, and it behaves as an identity by considering the
Zy, algebra. Therefore, the operators associated with the 1-form symmetry belong to the

Zy, group by performing a discrete symmetry Zg).

2.5 Anyon Statistics

In this section, we aim to analyze the non-trivial statistics of the quasiparticles
that arise in our system when we adiabatically move one quasiparticle around another. We
will obtain the phase acquired in this process through the interpretation of the Aharonov-

Bohm effect and also through the algebra of the Wilson lines.

The charge-flux relation gives Aharonov-Bohm-type interactions. This interaction
occurs when a quasiparticle with a,-charge ¢ is adiabatically moved around a flux ¢/,
as indicated in Figure 2. By the end of this process, the wavefunction associated with the

quasiparticle ¢ acquires a phase
e® = e/ (2.47)

This adiabatic process is interpreted as a double exchange of two identical particles,
each one with a flux ® = 2rq/k attached to them. Therefore, the anyonic exchange phase
arises when two identical particles are exchanged, that is, when a particle goes around
another one at an angle of 7, instead of 27, as in the Aharonov-Bohm-type interaction.
This process gives the anyonic phase of the particle ¢ as

. 271'q2

i (2.48)

The statistics @ is obtained through the phase e*™ that the wavefunction acquires
under exchange. Therefore, the statistics is given by

e
0 = —mod 2, (2.49)
K

2w

which is defined mod 2, since e*™ = 1. Figure 3 shows four types of windings between

two quasiparticles, where the statistics is represented in the first (counted from the left)
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Figura 2 — A quasiparticle with a, charge ¢ moving adiabatically around a flux ® =
21q/k.

O Y QL

Figura 3 — llustration of different windings between two quasiparticles, with the phase
acquired in each process. From [2].

process, where this process represents an exchange up to a translation that does not
change the acquired phase. The Aharonov-Bohm effect is represented in the last process.

Observe that when 6 is an odd integer, (¢7)?=°¥ = —1 and the particles respect

(efm)¥=even — 1 the particles obey bosonic

fermionic statistics. By the other hand, when
statistics. However, v can assume fractional values. In this case, the particles obey any

statistics. These are the anyons; quasiparticles with fractional statistics.

The same result for the statistics can be obtained through the Wilson lines, as
they describe the world line of the quasiparticles in the system. Consider two Wilson lines
Wi and Wy, each one with charge ¢q. The first Wilson operator is extended infinitely in
the time direction, performing a path 7%, and the second Wilson line encircles the first in

a closed path ¥!, as indicated in Figure 4.

Notice that the anyonic phase does not change when we perform smooth deforma-
tions on the curve y! that describes the trajectory of quasiparticle 2. What contributes to
the phase is how many times the quasiparticle 2 winds around the flux attached to quasi-

particle 1. Therefore, the phase is independent of the trajectory in which the quasiparticle
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N
time
71K Tvo

Figura 4 — A double exchange between two identical quasiparticles.

winds around the flux. In addition, notice that the winding process does not depend on
the distance between quasiparticles. Therefore, the interaction between quasiparticles is

also long-ranged.

Notice we can write equation 2.45 in terms of the linking number as

2miq>

W.oW,1 = exp (— Link(7°, 71)> W1 W, (2.50)

showing that the phase acquired is exactly the Aharonov-Bohm phase already obtained.

It is also possible to write the non-commutativity of the Wilson lines as

2miq?

K

(WooW.1) = exp ( Link(70,71)>

= 5 (W) (W) (2.51)

considering that the quasiparticle makes a 27 turn around quasiparticle 1, that is, Link(7°,7!) =
1. In other words,

27i 2

<W,YOW,71> =€~ q <W,YOW,Y1> (2.52)

linked unlinked *

The expression above shows that when the two curves are linked once (that is, when
the Wilson line W1 encircles the quasiparticles that is at rest in space), the wavefunction
associated with the first particle acquires a phase e%qz, which is the Anaronov-Bohm
phase obatined previously. The anyonic phase associated with the exchange of two identi-
cal particles is given by half of the Aharonov-Bohm phase, that is e* % This means that

the statistics is given by 6 = ¢*/k; the same result obtained above.
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Therefore, knowing the relation between the statistics and the phase acquired by
exchanging two quasiparticles, it is possible to further study the holonomy of the Wilson

lines W0 and W, using equation 2.50. First, let us summarize our previous results as

2mig* . . o
W,oW,1 =exp | — Link(7",7") | W1 W (2.53)
e
0, = Lmod 2 (2.54)
K
0, _ ¢
Sq = 5 = %m()d 1, (255)

where s, is the spin related to the particle with a,-charge ¢, where the relation that

s = 60/2 was used due to the spin-statistics theorem.

Consider the statistics and spin for the curves with ¢ =n and g =n + k as

2 2

g=n = 0, = " mod 2; Sp = " mod 1 (2.56)
K 2K
n? n® kK
g=n+k = 0. =— + Kmod2; Spax = — + —mod 1. (2.57)
K 2k 2

Due to the statistics being defined modulo 2, if x is even, the additional contribution to
the statistics from the curve n 4+ x can be absorbed into the mod 2 structure. Also, in the
case k is even, the spins associated with the curves n and n 4+ x are the same because of
the modulo function. Therefore, when k is even, the curves n and n + x yield the same

holonomy and are equivalent. Thus, the theory has x independent lines.

In the case where kK = 2] 4+ 1 is odd with [ = 0,1, ..., notice that

2 2
Onir = n + k mod 2; Spir = n + Emod 1,
K 2k 2
and substituting k = 21 + 1
2 2
1
Onin = n + 1 mod 2; Snarn = n + —mod 1.
K 2k 2

Through this expression, we can see that the statistics of the curve with ¢ = n + &
differ from the statistics of the curve n by 1mod 2, and therefore they represent different
quasiparticles. In addition, the spin of the curve n + k differs from the spin of n by
1/2 mod 1. Thus, despite the curves n and n + & yielding the same holonomy for x odd,

it is not possible to say that these curves are equivalent.

Notice that when & is odd the curve n + 2k have the following spin and statistics

2 2 2

Onion = Mmod 2= n—mod 2
K K
(n + 2k)? n?

Sniox = Tmod 1= %mod 1,
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and, in this case, the statistics and the spin are the same for the curve n. Thus, these

lines are equivalent, and the system has 2x independent lines when « is odd.

In particular, a line with ¢ = kK = 2/ 4+ 1 odd has statistics

2

HHZ"imod2:/<:mod2:1—|—21mod27
K

=1 mod 2 (2.58)

and spin
2

1
s,@:imodlzﬁmod2:f—|—lmod1
2K 2 2

1
=3 mod 1. (2.59)
Thus, the line 2/ + 1 has fermionic statistics and spin, which means that this Wilson line

describes the world line of a fermion.

2.6 Chern-Simons in the Torus

In this section, we aim to investigate the ground-state degeneracy of a Chern-
Simons theory defined on a torus. For a Chern-Simons theory defined in a plane R x R2,
the ground-state is unique. However, the torus is a two-dimensional surface with a non-
trivial topology, and therefore the ground-state will be degenerate and dependent on the

topology. This property is called a topological degeneracy.

Consider a torus as indicated in Figure 5, where the non-contractible loops C
and Cy are identified as opposite edges of a square. The first loop C; winds around the
square in the x;-direction, and C5 winds around in the x,-direction. Consider two unitary

operators T} and T, with the following properties:

o Wi describes the process of creating a pair of particles-antiparticles, moving each
one in opposite directions around the C; loop until they annihilate each other on

the opposite side of the torus. This process is indicated in Figure 6.

o W5 describes the process of creating a pair of particles-antiparticles, moving each
one in opposite directions around the C5 loop until they annihilate each other on

the opposite side of the torus.

The inverse operators W, ' and W, ' describe time-reversed processes. In addition,
both W; and W, preserve the ground-state of the system, since these processes begin and

end in the vacuum. Therefore, no net excitation is introduced into the system.

Consider the process
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Figura 5 — A torus with the two non-contractible loops indicated as C; and C5. Both
non-contractible cycles can be identified as the edges of a square, as indicated
in the right drawing. From Reference [3].

Figura 6 — lllustration of the process Wj of creating a particle-antiparticle pair is repre-
sented by the red dot in the figure, and their annihilation is indicated at the
point marked ’x’. This process is happening in the loop C of the torus.

where the time is read from the right to the left. The process is performed in the following

steps:

1. W; perform a loop along Cf;
2. Wy perform a loop around Cy;
3. Wy perform the inverse process indicated in (1);

4. Wy perform the inverse process indicated in (2),

where the operators W; and W5 can be understood as Wilson operators along the direc-

tions C and Cs, respectively. This process is represented in Figure 7.

The process Wy "W 'W,W; induces a phase e?. However, notice that if we com-

mute the intermediary process W~=1W,, we get the following process

Wy W W Wy =1
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(a) ®)
© (@D

Figura 7 — Process Wy "W "W, W, in steps, where (a). a quasiparticle world line sweeps
through C; (b). a quasiparticle world line sweeps through Cs; (¢). a quasipar-
ticle traverses C in the reverse order; (d). a quasiparticle traverses Cs in the
reverse order.

and the curves are unlinked. Therefore, to find the phase in the linked process, we must

calculate

Wi Wy = e i meif a2 = o=l o[ el 1, (2.60)
Using equation 2.43, one has
WiW, = 2™ /5 W, W, (2.61)
and substituting this in the process W, "W *W,W, one gets

W W Wy = 2/ MW W W Wy = 277, (2.62)

Although the Wilson operators W; and W in general do not commute?®, both of
these operators commute with the Hamiltonian. Therefore, they are symmetries of the

system, and, as a result, the theory has a ground-state degeneracy in the torus.

Let us show how many degenerate ground-states a Chern-Simons with level x has

in the torus. As W is a unitary operator, its eigenvalue is a phase ¢® where a € [0, 27).

3 The cases where Wi and W, commute are when # = 0, representing the world line of bosons, and

0 = 7, which represents the world line of fermions.
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The action of this operator is
Wi la) = e a). (2.63)

Since W5 also commutes with the Hamiltonian, the state W5 |a) is also in the ground-state

space of our system.

Then, apply W; to this new state using
W1W2 = G_QM/HWQWh (264)
as

Wi (W |a)) = e 25, o) = e~ 2™/ e T, |a)
= e 72MRYY, o) (2.65)

Renaming W5 |a) — |o — 27 /k), one has
Wi |o— 27 /K) = e72/% | o — 27 /K) (2.66)

and we generated another ground-state. We can continue to generate states by iteration

as

la) | —27/k) , |a — 47 /K) , ..., |a —2(k — 1) /K) . (2.67)

The state corresponding to |a — 27), which would be the next state in the sequence

21

in 2.67, is equivalent to |a) as they differ by e ™ = 1. Thus, there are a number x of

degenerate ground-states.

2.7 Hierarchical States

The theory developed so far concerns the first level of an FQH system. It is possible
to construct a second-level hierarchical FQH state that contains two kinds of quasipar-
ticles. To do that, instead of having one emergent dynamical field a,, we will have an
additional emergent dynamical gauge field a, coupled to a matter current J* with

- T a
],u - %5H pauap‘ (268)

The effective action coupled to a background electromagnetic field A, is given by

S[a,d,A]:/

M

K1 K2 — — -
pwp pvp _ (TR
e a,0ya, + 1t a,0pa, — Ay J" —a,g

R1 R2 L o— _ 1 v 1 v _
- ™ Egu pa,uayap + Ef‘:u pauaya/p - %51‘ pA,uayap - %511 pauavalh (269)
and notice that the gauge field a, is dynamical, meaning that it has a CS term itself with

level ko. The topological current that couples to the electromagnetic field is given by

1
JH = %s“”p&,am (2.70)
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which is conserved.

The Euler-Lagrange equations for ag and ag are given by

dLos — OLos
@W&aw_ého_o (2.71)
g, Okes _ OLes _ (2.72)

8(0, @)  day

The equation of motion for aq is obtained by using equation 2.71 and the Lagran-

gian in equation 2.69 as

K1 K1 oy L L ovps -
E&“ anau — 4—60 Poya, — ge“ O&,Au + %80 Po,a, =0 (2.73)
k1 _oij L 4 L oijg -
— 550 Jaiaj + %8 ]aiAj + 550 Jai(lj =0 (274)
1 1 __
&-aj = ;18214] + ;182‘&]’. (275)

Defining the magnetic fields associated with each gauge field as

b= 5”&% (276)
B =¢9,A;, (2.78)

the EoM for a, in equation 2.74 becomes

—/€16+B+B:0
B = r1b—b. (2.79)

We can also find the EoM for the gauge field a by following the same procedure
for ag through equation 2.72 as
k2 ijg - L 4
—%87&6@- + %6 Jaiaj =0

Ko = b. (2.81)

We aim to extract topological properties of the hierarchical CS system, such as the
Hall conductivity and the filling fraction. To do that, consider the temporal component

of the electromagnetic current as
0 oL 1

—p= ——— = W ).q. =
I=r 04, ons i

which is related to the attribute of flux to the charges of the system. The Hall conductivity

b

— 2.82
=, (282)

can be found from the charge density p as
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and using equations 2.79 and 2.81 to simplify this expression, the Hall conductivity is

given by
b KQB
Uzy = — = —
2n(kib—b)  27wb(kike — 1)
I (2.83)
= Y :
2 (/{1 — E)

As a result of the form of the Hall conductivity in equation 2.83, the theory repre-
sented in equation 2.69 describes an effective theory of a second-level hierarchical state. It
is also possible to obtain the same result for the Hall conductivity using a more laborious
approach by integrating the field a,, out of the action, followed by integrating out the field

a, to obtain a CS term for the electromagnetic field A,,.

The generalization for higher hierarchies is accomplished similarly by introducing
new emergent gauge fields with a Chern-Simons term. For this case, the filling factor is

given by
1
V= ——7— (2.84)
e

The Chern-Simons action of these theories can be written in a more compact way
using the K-matrix formulation. For example, the second-level CS theory can be described

by the compact action
3 1 pvp I J 1 e I
Sla] = / d's— K1 ald,a] — 5t A0, (2.85)

with I, J = 1,2, K-matrix

—1 K9

-1
K= [“1 ] , (2.86)
and the charge vector

1
[ oo

By using this notation, it is possible to realize that this action is indeed the compact
form of equation 2.69, with (a,,a”) = (a,,a,). The K-matrix formulation, in fact, is used
to describe any Abelian anyon theory, not just the hierarchical states. This formulation

will be covered in more detail in Chapter 4.
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3 U(1) EDGE CHERN-SIMONS THEORY

In this chapter, we develop the single-component U (1) Chern-Simons edge theory.
We will show that when the bulk, which is defined in a manifold M, has a boundary oM,
the theory will have gapless edge mode excitations at the edge, as a result of a gauge

anomaly. The main properties of this system will also be presented.

3.1 Edge Lagrangian

It was already seen that the bulk CS action in 2+1 dimensions is defined in a

manifold M, and it is given by
/i vV
Shulk = /Md%éms“ La,0ya,. (3.1)

This bulk action is gauge-invariant up to boundary terms, which is a gauge anomaly of
the theory. Therefore, Sy is strictly invariant only if the manifold M has no boundary
or if the boundary terms can be neglected. In the case where M has a boundary M and
the boundary terms cannot be neglected, then it is expected that there will be physical
(dynamical) modes at the edge of the theory. Thus, the dynamical edge excitations are

required to cancel the gauge anomaly in the bulk theory.

We will derive the CS edge theory using bosonization in 1+1 dimensions. For that,

consider the manifold M decomposed as
M=R x X,
with
Y =(—00,0] xR,

where 2! € (—00, 0], so that there is a physical boundary at ! = 0, as shown in Figure
8, where the bulk is represented in the bottom semi-plane. Also, assume the pure-gauge

configuration! in the bulk as
ay = Oud, (32)
with compactness of the scalar field, that is, ¢ ~ ¢ 4+ 27n; n € Z.

Consider the commutation relation already derived in the last chapter as

o
l0:(2), a;()] = e,,0%(3 — &), (3.3)
K
and substitute the pure gauge configuration into equation 3.2 to obtain
- . 271
[0:p(2), 0;0()] = 7%5(%1 —y)d(a* — y?). (3.4)

L The pure-gauge choice was made through the equation of motion da = f in which the solutions are

the pure-gauge configuration.
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Top

Bottom

Figura 8 — Illustration of the bottom edge of a Chern-Simons theory. In the figure, the
bulk corresponds to the x;-x2 plane where x; € (—o0,0] (represented in the
pink-shaded region) while the edge is located at x; = 0.

In the next step, we integrate the commutator in equation 3.4 over z!' in the

interval 2! € (—o0,0] to get

-
0(2), 0,00 (5)] = —=0(a® = ). (3.5)
Assuming 22 = x and y? = y to simplify, we have
)
[6(2). ,0(y)] = =—3(x ~ y). (3.6)

which is the Kac-Moody algebra for the edge fields ¢. This expression is the commutator
relation for a chiral boson field. Therefore, ¢ is a one-way propagating boson field. This
result can be seen more explicitly through the equation of motion, which will be presented

below.

Let us write the commutator in terms of the fields only. To do that, integrate this

commutation relation over y to get?

v

wwm¢@n=;§@Mx—w, (3.7)

and suppose that d,¢(y) is a function of II(y), that is,

9y9(y) = all(y), (3.8)

where a is a constant coefficient to be determined. Applying this relation to the commu-

tator in equation 3.6, one has
A

a=—, (3.9)

The integration in y of §(z — y) gives a step function, which in this case leads to the sign function,
since x and y are symmetric in the commutator.

2



39

and therefore
K

II(x) = E@(b(x) (3.10)

As the conjugate momentum relates to the Lagrangian as
oL
M= 3.11
709 1y

then the Lagrangian term that gives rise to this momentum is given by

K
Lgdge = Eat(ﬁax(b (312)

However, note that this Lagrangian has no propagating degrees of freedom, as it leads to
a null Hamiltonian. Since we are assuming that there are dynamical degrees of freedom in
the edge, we must add a propagating term compatible with the symmetries of the system.

An adequate choice would be a quadratic term in momenta, that is,

Ledge = Lgdge + Ll

edge
K RV
K
== (0160206 — v(0:0)?), (3.13)

where v is a constant related to the value of the velocity of the edge mode ¢.

The corresponding Hamiltonian density

H= /dx%(@mqﬁ)Z (3.14)

must be bounded from below, i.e., it must also be positive-definite. For that to happen,
kv must be strictly positive. Therefore, the sign of the level x of the theory determines
the sign of the velocity constant v of the edge modes. For x > 0, the velocity v must be

strictly positive and the edge modes propagate to the left at the boundary.

The equation of motion associated with ¢ is obtained through

5 OLcs  OLcs
"0(050) 99

=0, (3.15)

as
(0 — v0,), = 0, (3.16)

which is the EoM for a chiral boson theory where the excitations are gapless. A very
special property of a chiral edge is its robustness against backscattering perturbations.
Since the fields are chiral, assume that all modes on the top edge move to the left. Then, if
we wanted to apply a backscattering® perturbation term to scatter these modes to right-
moving modes, these excitations would have to cross the bulk to arrive at the bottom

edge.

3 Backscattering is defined as a physical phenomenon that reflects/scatters particles back from the

direction of propagation that they originally came from.
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This robustness can be broken if we consider a system with two edges (top and
bottom) and the bulk theory between them, as illustrated in Figure 9. When the bulk is
extensive enough, this type of scattering would be highly suppressed, and both edges would
be robust against these perturbations. However, if the bulk is thin enough, the counter-
propagating modes at each edge can interact with one another, and backscattering can

occur through a tunneling effect.

top edge

bulk

bottom edge

Figura 9 — Hlustration for a Quantum Hall system with a bulk theory and two edges, top
and bottom.

3.2 Vertex Operators

The bulk-edge correspondence associates a quasiparticle in the bulk with an ope-
rator at the edge, which is a vertex operator. These vertex operators are related to Wilson

lines at the edge, as we will see below.

Consider a Wilson line along an open line in the 22-direction coming from minus
infinity to the edge is given by
W, (20, 2%) = exp <m /0 dm1a1>
= exp (m /_0 da:181¢(x0,a:1,x2)>
= exp (inqb(xo, x2)> : (3.17)

where we have assumed that ¢ — 0 when ! — —oo. This operator is known as the vertex

operator in Conformal Field Theory, or as the electron operator
U, (20, 2%) =: e, (3.18)

which is related to the excitations at the edge. This operator has normal ordering, which
will be omitted from now on for notational simplicity. Each particle n in the bulk has a

corresponding vertex operator ¥,, at the edge.

With the commutator of the field ¢, we can calculate the algebra of the vertex
operators as _
U, U, =exp (—mnm sign(a? — y2)>\1fm\lln, (3.19)
K
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with ¥, = €9 and ,, = ¢mé?), Therefore, the exchange phase of a vertex operator

U, is given by exp(—imn?/k) and the statistics is
6, =" (3.20)

Notice that when n = k is odd, the statistics of the vertex operator is fermionic.
Thus, this vertex operator is, in fact, a fermion. In the simplest case when xk = 1, it is

possible to fermionize the theory using

Y= \/;T—G\Ifm, (3.21)

with a being the short-distance cut-off.

The richness of the edge excitations corresponds to the topologically rich properties
of the bulk theory. This is due to the bulk-edge correspondence. For example, distinct

topological orders in the bulk lead to different structures of the edge excitations.

3.3 Coupling to Electromagnetic Field

In this section, we aim to analyze the problem with gauge-invariance that arise
when we consider the usual minimal coupling with the electromagnetic field A, and how

to get around this problem by changing the form of the coupling.

It was already seen that the theory is coupled to an electromagnetic field A,
through

SCOupling - /M dnguJH
1 14
=5 /M d*xeP A,0,a,,. (3.22)
This expression is not gauge-invariant under a gauge transformation of the field A, in

the presence of a boundary, despite being invariant under gauge transformations of the

emergent field a,,.

We can redefine the coupling by performing an integration by parts in equation
3.22 and throwing away the boundary term that breaks gauge invariance. Then, one has

the new gauge-invariant coupling as
1 14
Scoupling = _27'(' /M dgx et pa,uayAp- (323)

This new coupling is invariant under gauge transformations of A, and under restricted?
gauge transformations of a,. Therefore, in the presence of a boundary, this is the correct

coupling of an electromagnetic field [18].

4 The gauge transformation a, — a,+0\ is restricted and we impose that the transformation parameter

vanishes at the boundary, that is, A\|OM = 0).
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Recall that in the previous results, we were considering 22 = z for simplicity. We

0

return to the usual notation 2°, 2!, and 22 to avoid confusion in the next steps. Set A; = 0

and consider the background fields Ay and A, that are independent of the variable z'.
Also, fix the gauge ag = 0. Then

1
Scoupling - _% /M d3l’ 51Vpa18VAp
1
= % /M d3SL' al(a()AQ — 82140)
1
== 27/ d3l' E)lgb((?oAg - 82140), (324)
™ JM

and integrating over z! followed by an integration by parts, one has
! dz’dz? ¢p(0p Ay — 02 A
Scoupling - E o X-ax (rb( 0412 — 02 0)

1
= % (— /BM d2$ Agaoqb — /(9M dQQf ¢82A0)>

_i o 2 2 )
_ 27( /aMd:EvAgﬁggb—{—/aMd  Apdsd)

1
-— /(9]\/] d233 (AO — UA2)82¢, (325)

B 2T
where we used the equation of motion to fix the constraint dy¢ = vdy¢ on the first term.

The expression in equation 3.25 indicates that the charge density p at the edge
2! = 0 that couples to the temporal component of the electromagnetic field A, is given
by

1 1 9¢
S S 2
P 27?82¢ 21 0x? (3.26)
By using the simplification 2? = x, we have
1
T
which can also be written as
1
p(x) = o Ul (2)¥(2) -, (3.28)
T

where : : indicates normal ordering, which will be omitted from now on. On the other
hand, the current density is the term that couples with the spatial component of A and

is given by j = —wvp, which is a chiral current flowing through the edge.

It is possible to calculate the quasiparticle charge through the commutation rela-

tion for the fields ¢ in equation 3.6 by using the relation for p in equation 3.27 as
n
(@), Wl (y)] = —0(x = y) Ui (y) (3.29)

with ¥,, given by equation 3.18. From this expression, it follows that the quasiparticle W}

carries charge n/k, which is generally fractional.
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In the case n = &, from equation 3.30, we infer that the operator ¥! has unit
charge and corresponds to creating the underlying particle (boson for k£ even and fermion
for k odd) at the edge with

[o(z), ¥l (y)] = 6(x — )V (y). (3.30)

Therefore, the vertex operator W, is related to removing particles from the edge. This can

be seen more explicitly by integrating equation 3.30 over x to obtain
[N, Wi(y)] = ¥'(y),

which means that
NUT(y) |N) = (N +1)¥i(y) |N),

where N = [ dap(z) is the particle number operator.

In the particular case n = 1, the vertex operator is
U = e,

which is the simplest vertex operator in the theory. The creation operator U' has a

commutation relation to the charge density given as

(), ¥ ()] = -0 — ) (3), (331)

and corresponds to the creation of charges 1/k, as in a quantum Hall fluid. These qua-

siparticles with fractional charge have an exchange phase e /%, corresponding to the

statistics of anyons.

In conclusion, the edge must have non-trivial dynamical degrees of freedom to
restore gauge invariance. As a result, a current density flows through the edge. In terms

of charge density, the equation of motion becomes
Opp —v01p =0, (3.32)

which is a wave-type equation for p. This means that a chiral wave propagates at speed
v at the edge. Notice that this wave equation has solutions of the form p(z + vt), but
counter-propagating waves of type p(z — vt) are not allowed solutions. Because of that,
the same result previously obtained that perturbation terms, as backscattering, are not
allowed, and the edge is robust against perturbation is obtained again by analyzing the
edge currents. In other words, the equation of motion in equation 3.32 holds even in the

presence of interactions, assuring that the edge modes will remain gapless.

Classically, the rise of a current density at the edge can be understood by looking
at the movement performed by the quasiparticles in a quantum Hall liquid in a spatial

plane as represented in Figure 10, where the quasiparticles in the bulk have a cyclotron
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O'H%O

cyclotron orbit

Figura 10 — Illustration of the skipping orbit of the particles near the edge, which gene-
rates an edge current. In the bulk, the particles describe a cyclotron orbit.
From Reference [4].

orbit, but the quasiparticles near the edge have skipping orbits, which gives rise to an

edge current.

Based on this, we conclude that the dynamical boson field living at the edge of a
U(1) CS theory has a one-way propagation and the edge is robust against perturbation.
This property is related to conformal theory data, which is the central charge of the
theory. In the case for the edge theory regarding the bulk at filling v = 1/k, the central
charge is ¢ = 1, showing the chirality of the edge mode.

3.4 Thermal Conductivity and Central Charge

In this section, we will analyze how the thermal Hall conductivity at the edge

relates to the central charge of the system.

For a pure chiral system in 1 + 1 dimensions, the theory is gapless. Since the edge
modes are gapless, they can carry energy, leading to thermal transport at the boundary.
The chiral edge theory can be described by a conformal field theory. The central charge
¢ is a quantity related to the number of left and right propagating modes at the edge,
and, thus, it is an observable of the theory. In the case of a U(1) Chern-Simons theory
with level , the edge theory is chiral with ¢ = 1 (one-way propagation). The propagation
direction of the edge modes (left or right) is defined by the sign of the level &.

The central charge is a well-known concept in conformal theories and is related to

the heat capacity per unit length ¢, of the related system by

nkicT
6v

(3.33)

Cy =

where v is the velocity of the edge mode, T is the temperature, kg is Boltzmann’s constant,

c is the central charge of the system, and we are assuming h = 1.
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The energy density € per unit length is the integral of the specific capacity as

T nk2cT?
— (THdT' = =20 3.34
= | el - (3:31)
and, therefore, the energy flux in the chiral edge is given by
wk2cT?
JI=ve=—2 3.35
ve = T (335)
which is the thermal Hall effect. The variation of this current is given by
k2cT
5J1=" ‘éc oT. (3.36)

The equation 3.36 indicates that the boundary of a Topological Quantum Field
Theory can have gapless modes carrying heat. The central charge of this chiral edge is

related to the heat transport along the edge. Through the Fourier heat equation

51 = rpdT, (3.37)
we can obtain ° -
Fop = ”61? c, (3.38)

which is the thermal Hall conductivity x.

Two different Laughlin states at distinct filling fractions vy = 1/k; and vy = 1/ky
have the same thermal conductance, since this observable is independent of the level k.
This is because both theories have the same central charge ¢ = 1, which is independent
of k [90].

5 (Careful to not confuse the thermal Hall conductivity x; with the level & of the theory, since the

notation is similar.
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4 U(1) CHERN-SIMONS THEORY

In this chapter, we will develop an effective field theory for any Abelian topologi-

cally ordered state through the K-matrix formulation.

4.1 Multi-Component Action

Consider the following multi-component U(1)" Chern-Simons (CS) action in 2+1

dimensions

1
Sla] = /d%EK”e“”pai&,ag, (4.1)

1
i

with I,J =1,2,...,N. Thus K;; € Z" x Z" is an N x N symmetric matrix with integer

entries, which specifies the CS couplings. Notice that K is a symmetric matrix to maintain

where we have assumed that there are a number N of U(1) emergent gauge fields a

the CS action invariant under the exchange of I and J, since
Sla] = /dgx;TKﬂs“”pai&,ag

= —/d?’x;wKJ[aW'”af)@,,ai
= /d?’x;rK]Jgpl’”ai@yai,

where we used integration by parts in steps 1 to 2, the antisymmetric property of the
Levi-Civita symbol in steps 2 to 3. This shows that K;; = K, and therefore K is a
symmetric matrix. As in the single-component case, where the level k was an integer
value because of large gauge transformations, K;; has integer entries also because of the

requirement for invariance of this action under large gauge transformations.

The U(1)" Chern-Simons theory is topological just like the single-component the-
ory, since its action does not depend on the metric g,, when placed in a curved space.
Therefore, its invariants are also global quantities related to the topology of the space.
The CS action is invariant under smooth deformations of the geometry of the space. In
addition, the Hamiltonian of this system is zero as the stress tensor vanishes, indicating

that the pure Chern-Simons theory lacks local dynamical degrees of freedom.

Notice that if the K-matrix is diagonal, the theory corresponds to N decoupled
theories, with each gauge field having a CS term.

4.2 Coupling to Electromagnetic Field

In this section, we will couple the theory with an electromagnetic field to obtain the

electromagnetic induced current and the filling fraction of the state, which are associated
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with the K-matrix.

Minimally couple the theory to an electromagnetic field A, through

1 1
Sla, A] = /d?’xEKua’“‘”’)ai&,az — %tla“”pAu&,ag (4.2)
1
= /d%EKUsW’)aL@,,aZ —A,J", (4.3)

where we have assumed A, as an electromagnetic external field (associated with a U(1)4
global symmetry!). The charge vector t € Z" describes the coupling between each internal

gauge field afL with the electromagnetic field A, by specifying a topological current as

1 0y I
It = i d,a), (4.4)

In other words, each component t; of the vector charge indicates the electric charge

associated with the gauge field ai.

We want to integrate out the field a, to find the induced electromagnetic current
in this system. For that, find the equation of motion for the field using the Euler-Lagrange

equation

oL oL
O(Oaak)  Oalf

Do 0, (4.5)

as

5‘“’”8,,@,1) = (K_l)”tjs“”"OVAp

ag = (K H"t;4, (locally) (4.6)

By substituting this expression into the source term in the Lagrangian, one has

1
L[A] = —EtI(K et A,0,A,, (4.7)

which is a CS term for the electromagnetic field A,,.

Through equation 4.7, it is possible to obtain the electromagnetic current as

7y = _OL[A]
ind/ — (SAO-
1 — ov
= %t1<K 1)IJtJ€ pa,,Ap, (48)
with .
Y = -—0"E, 4,
Jlnd 27_‘_(7 ) ( 9)

1 This global U(1) symmetry associated with the external electromagnetic field is different from the

local U(1), gauge symmetries (local redundancies) of the internal gauge fields
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where ¢®¥ is the Hall conductance and E” is the electric field in the z—direction. Taking

the y—direction in the electromagnetic current in equation 4.8 and using Fy, = —FE, =
0 A, — 0, Ag, one gets
1 - X
(Jina) = %tI(K BT (4.10)

which is the quantum Hall effect, where the electric field in the x-direction induces an

electromagnetic current in the y-direction.

We can compare equation 4.10 to the expression in equation 4.9 to obtain the Hall

conductivity as
O':t[(KilthJ, (411)

and therefore the expression for the filling fraction of the system is

v=t"K 't (4.12)

4.3 Coupling to Matter Current

In this section, we aim to couple the U(1)Y Chern-Simons theory to a matter
current to extract the electromagnetic charge of the quasiparticles 1, which in general are

fractional, and the charge-flux relation, where each quasiparticle has a flux attached to it.

For that, couple the gauge field a, to a quasiparticle current j*, considering a

background field A, into the Lagrangian as

1 1
L= EK]J&‘MVPCLLaVCLZ — %tﬁ““”AM&,aé — llaij“, (413)
with ,
= gs“”p&,cp, (4.14)

where j* represents the quasiparticle current, ¢, is a new single-component auxiliary
gauge field. A quasiparticle is represented by a vector 1in the lattice I' = Z". Then, the
component [; € 7Z is an integer that represents the internal gauge charge. Therefore, I;
. . . I . .
represents the coupling between the quasiparticle and the gauge field a,,. The quasiparticle

current represents the worldlines of the gapped quasiparticles [17].

From the Lagrangian with the current term, let us integrate out the field afl to
obtain the charge carried by the quasiparticles. Using the Euler-Lagrange equation for

the field a, the equation of motion associated with this field is

—1\IJ
igul/pa al = (K )
v¥p

27 Ty oA+ (K™ 5". (4.15)

Substituting this expression into the Lagrangian term

1
—%tfs“”pAu&,af), (4.16)
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we get
L[A, ¢ = =t (K Y1, A" + ..., (4.17)
where terms depending on other fields were omitted. This term is responsible for the

electric charge carried by a quasiparticle excitation [ in response to the electromagnetic
field as

qr = t[(K_l)IJZJ (418)
=tTK. (4.19)

The charge-flux relation, analogous to the single-component case, can be obtain

from equation 4.13 by turning off the background field A, = 0 to obtain
1 .

Lla] = EKU&?“””@/{@Z,(LZ — llaij“, (4.20)

and finding the equation of motion for a by using equation 4.5 as
1

— K e"P0,al = 15" 4.21
o 1J€ a, JJ ( )
Define the current of the J-th quasiparticle as

75 ="

J v P

which is a conserved topological current.

To elucidate the underlying charge—flux correspondence, it is convenient to rewrite
the current explicitly as a function of the magnetic field. For that, define N distinct

effective magnetic fields b’ associated with the I-th emergent gauge field as
bI = 5”81-(1][-. (423)

Using the expression for the magnetic field in the equation of motion, the time-component

of the current is given by

1 -
0 _ ) I
Jg=pPs= %KIJgjaiaj
1
= %Kubf, (4.24)
or
bl =21 (K1) py, (4.25)

which implies that the physical meaning of coupling the gauge field with a matter current is
to tie different magnetic fluxes b’ to different charges p; through the K-matrix. Therefore,
as in the single-component case, each quasiparticle in the multi-component system is a

flux-charge composite.
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4.4 Wilson Lines and Statistics

The gauge-invariant non-local objects of this theory are the Wilson lines. These
operators describe the world line of the quasiparticles. The Wilson line associated with
the world line of a quasiparticle [; along a closed curve (or infinitely extended) in the

x'-direction is defined as
Wi[C] = exp (Z/ llafdxi) ) (4.26)
c

From the Wilson lines and the commutation relations between the gauge fields,
it is possible to find the statistics of the quasiparticles in the system. To do that, first

calculate the conjugate momentum Hf as

oL
My = . 4.27
K 8(80aé() ( )
From the Lagrangian in equation 4.13, the conjugate momentum in terms of the K-matrix
becomes )

I, = ——K;c7al 4.28
7 1 Mgt (4.28)

where A, was treated as a background field. We can use the commutation relation
[a}(Z), ()] = 07,0 6%(& — &), (4.29)
where 7, 7 = 1, 2 are spatial indices and I,J =1,..., N is related to the dimension of the

K-matrix, to present the commutator between the gauge fields as
[a}(Z), a’y(7)] = 2mi(K 1) 1,7 6%(F — &), (4.30)

showing a non-trivial commutation relation between the gauge fields implying that they
are a pair of conjugate fields. Notice the similarity to the commutating relation for the

single-component CS theory in equation 3.3.

To proceed to find the statistics of the quasiparticles, let us define two Wilson lines

as
W,[C] = exp (Z / lial da:i) (4.31)
c
Wn[C'] = exp (z /C” mJa}-]dxj> : (4.32)

where C' and C” are curves extended in directions #* and 27, respectively. We want to find

the phase that arises when we try to commute both operators, that is,

Wi [CIW,,[C] = €W, [CTW[C). (4.33)

This can be solved by using the BCH theorem and calculating

[2/ llai[d:vi,z'/ mJa;-]d:cj} = —2m'/ / (K Y mye;0(a" — a9)da'dr?.  (4.34)
c cr cJer
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Considering the indices + = 1 and j = 2, with €15 = 1, one gets
{i /C Lalde i /C | m,]ajdxj] — 2l (K~ m,Link(C, C"), (4.35)
and substituting this result into the BCH theorem, we have
Wi[CTW,[C'] = exp [2mi 11 (K1) m, Link(C, C")| W, [CTWi[C], (4.36)

where the phase acquired when trying to exchange the Wilson operators is

o2mi I1(K~Y)Im ; Link(C,C")

Assuming Link(C, C") = 1, the braiding angle on taking the quasiparticle 1 around

the quasiparticle m once is given by
O = 21l (K1) my, (4.37)

while the exchange phase (mutual statistics) of a quasiparticle 1 is half of the braiding
angle, that is,
(Sl = Wl[(Kﬁl)IJm]. (438)

4.5 Local Particles

We can search for local particles in the systems. These are the particles exhibiting
trivial braiding to every other quasiparticle in the system, meaning that no quantum phase
is generated when one particle encircles another. As in the single-component case, where
the Wilson lines with n = x were transparent (trivial braiding to the other quasiparticles
in the system), a clever guess for the multi-component theory would be that a quasiparticle
excitation m with gauge charge

my = (K)Uﬁz[
is a local particle in the theory, where m is a quasiparticle in the bulk.

We can see if this statement is true for this particular particle by using equation
4.37 for the braiding angle as
O = 27l 10" (4.39)

with 1,7 € Z". Since ;! € Z, the braiding angle becomes
le = 27TZ,

and therefore the statistics between m and any other quasiparticle 1 is an integer multiple
of 2m. In other words, the quasiparticles m; = K;;m’ are indeed local to any other
particle I, because the statistics is trivial. This means that these quasiparticles are “gauge-

invariant” degrees of freedom, that is, they do not depend on the gauge choice. Thus, they
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are physical observables, unlike the emergent quasiparticles with non-trivial statistics,
which are only treated effectively. The electrons in a fractional quantum Hall state, for

example, are physical local “gauge-invariant” degrees of freedom [49].

Local particles have integer multiples of the electron charge e. We can see this
explicitly using the equation 4.19 for the charge m and substituting the local form m; =

(K)p;m" as
G = t[(K_1>IJmJ
=t (K~ K™
=tym! € Z, (4.40)

with (K1) K ; = 6%. The charge in this equation is defined in units of e and, therefore,
the charge associated with the particle m is indeed an integer multiple of e. We can say

that m is a local composite of electrons [12].

4.6 Equivalences

With the definition of local particles in the system, it is possible to introduce the
concept of equivalence between quasiparticles in our theory. Consider 1" and 1” quasipar-
ticles in the bulk. They are equivalent if they differ by an addition of local quasiparticles,
that is, if

'-1"=K1 L1, 1"eZ",
in the sense that they share the same topological properties of braiding and exchange

statistics. They might not share the same charge, since this is not a topological characte-
ristic [30].

As already seen, a generic quasiparticle 1 belongs to the lattice I' = Z. As for the
local particles, they belong to the dual lattice I'* = KZ" . Therefore, distinct quasiparticles
are distinguished through equivalence classes of 1 modulo the local vectors KZ~ that is,

through the quotient group
r N

T K
Let us analyze how the elements of the K-matrix relate to the statistics. For that,

consider | = K1 a local vector. Then, the expression for the statistics is
& =ml" K1
= 7' K, (4.41)
because K K~! = 1. We can divide this expression using the index notation as

(Sl = WK]I(ZI)2 + Z QWZ[K]JZNJ
I<J

= 1K (1")? 4 2. (4.42)
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Notice that if all the diagonal elements of the K-matrix are even integers (K =

27.,V1, then 0; € 2wZ and therefore the physical degrees of freedom have bosonic statistics
0; = 0 mod 2,

and the Lagrangian associated with this K-matrix describes a bosonic system with |Det K|
independent Wilson lines [91]. On the other hand, if at least one diagonal element of the
K-matrix is an odd integers (K;; = 2Z + 1 for some I), then 6, € 7Z and therefore there
are one or more (depending on the number of odd diagonal elements) fermionic physical

degrees of freedom with fermionic statistic
0; = ™ mod 27,

and, because of that, the system has local fermionic operators and, thus, it requires a spin

structure. In this case, there are 2|Det K| independent Wilson lines [91].

Since K is a symmetric matrix, it can be diagonalized via
K=UDU" or  Kp;=UnD" Uyy, (4.43)

where U is an orthogonal matrix, i.e., U € O(N) and [Det(U)| = 1. The gauge fields a;,
also transforms under U as
al, = U (a,);. (4.44)
By acting this transformation under the CS term in the Lagrangian, one gets
1
LCS = Ee“”paiKU&,az
1 N N
= Ee“"paiDﬂ&,ag, (4.45)

where Dy is the diagonal matrix of eigenvalues of K, that is,

B, 0 0
0 k O
0 0 ky

and using this procedure, it is possible to decouple the theory into N independent CS

terms.

Each term in the diagonal matrix D has ground-state degeneracy (GSD) |k;| when
the theory is placed on a torus. Thus, the whole theory has a ground-state degeneracy

given by

GSD = |ki||ks| . . . |kn|
— [Det(D)|.
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Since

|Det(K)| = |Det(UDUT)|
= |Det(U)||Det(D)||Det(UT)|
= [Det(D)],

the ground-state degeneracy of the CS U(1)" theory on the torus is equal to the absolute
value of the K-matrix determinant |Det(K)|. Since the definition of two quasiparticles [
and [’ is the same if they accumulate the same braiding phase when moved adiabatically
around any other quasiparticle [, the system has |Det(K)| different quasiparticles, which
is the same number as the ground-state degeneracy on the torus. Therefore, there are
|Det(K)| elements in the set A.

Now, suppose a change of basis in the space of the gauge field by redefining
a—Gra, (4.46)

where G € GL(N,Z) is a N x N matrix with integer entries and unimodular (|Det(G)| =
1). This matrix is required to be unimodular because the transformation on the gauge
field a has to be invertible and preserve the volume of the lattice. If we had |Det(G)| # 1,
or fractional entries, the quantization conditions of charges would no longer be valid, and
the fields a would no longer be compact. Under the transformation in equation 4.46, the
Lagrangian in equation 4.2 becomes

1 14 1 174
L = Ee“ paZGKGT&,ap - %5“ 71" A,0,(G"a,)

1 17 1 14
= Es“ paZGKGT&,ap - %5“ P(GH)T ALD,a,. (4.47)

Let us summarize some previous results as

v=t"K 't (4.48)
q=t"K (4.49)
O = 201" K 'm (4.50)
& =nml" K. (4.51)

Notice that these quantities and the GSD are invariant under the following transformati-

ons

K — K=GKGT t—>t=Gt | —1=0Gl, (4.52)
with G € GL(N,Z). These are the exact quantities in the transformed Lagrangian under
the basis change on the gauge fields in equation 4.47. That is, using the transformations
in equation 4.52, one gets

1 ~ 1
Lla, A] = Ee‘””ai[(&,a,} - gs“”prAu@Vap, (4.53)
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which is a Chern-Simons theory associated with the transformed K-matrix.

That means that if two different matrices K and K are related to each other
by the transformations in equation 4.52, they describe the same topological phase with
the same set of quasiparticle excitations (superselection sectors), despite being labeled
in different ways. Therefore, these matrices are equivalent. In other words, the corres-
pondence between K-matrices and topological phases is not a bijection (one-to-one),
and both Lagrangians L and L' are equivalent, as they have the same topological cha-
racteristics [46,49]. These equivalences of theories are known as Lagrangian or classical

symmetries [91].

The equivalence between the phases described by K and K can be interpreted as
a simple basis change of the gauge fields, where a, and G'a, describe the same degrees
of freedom. Another interpretation is that G’ a,, is constructed from a,, as its dual gauge
field that characterizes a different degree of freedom, but describes the same physical

system [64].

4.6.1 Example

Consider the Lagrangian for a Laughlin state at filling v = 1/(2n+1) (n = 0,1,...)

in contact with a topological s-wave superconductor as

2n +1
47

1 1
L= aNdo— —aANda+ —a A db, (4.54)
2m s

which can be written in the K-matrix formulation as

L= iKIJﬁf Adp7, (4.55)
47
with 8 = (o, a,b)’ and
2n+1 -1 0
K=| -1 0 2/. (4.56)
0 2 0

This K- matrix allows us to return to the expanded formulation of the theory in Equation
4.54.

We want to verify if there is another theory that is equivalent to this one. To
do that, we need to find a G-matrix with Det(G) = 1, which will allow us to find the

associated equivalent theory. Consider the following G-matrix

2 22n+1) 1
G=|1 no 0], (4.57)
-1 —(n+1) 0

which has |Det(G)| = 1 and therefore G € GL(3,Z). This is a G-matrix that can transform

the fields to obtain a new, but equivalent, Chern-Simons theory.
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Using the transformation matrix in equation 4.57, one can find the corresponding

equivalent matrix K as

K — K =GKG" (4.58)

and calculating this product of matrices, one gets

Sn+4 0 0
K= 0 1 0 (4.59)
0 0 -1

Since K and K’ are equivalent, the topological features of both theories specified by
K and K’ are the same. Notice that K’ describes bosonic “Laughlin” states at filling
v =1/(8n+4) and a fermionic sector with two fermions. Notice that the fermionic sector
given by o, is trivial from the topological view since it does not affect the topology of
the system. Therefore, this sector can be ignored in the IR (low-energy) effective theory,
since these modes can be gapped or lifted to higher energies. Thus, we can say that K’

describes “Laughlin” states at v = 1/(8n + 4) modulo two fermion modes [30].

There is another way of finding this equivalence between the theories of Laughlin
state at v = 1/(2n + 1) in contact with an s-wave superconductor and a “Laughlin” state
at v =1/(8n +4) by integrating the field a, out in equation 4.54

2 1
L=
47

1 1
aNdo— —aANdo+ —aAdb. (4.60)
2m T

Finding the equation of motion for a,,

L
a

which is a constraint for the fields a and b. Substituting the constraint in equation 4.61

into the Lagrangian, one gets
8n +4

T
which is the “Laughlin” state at filling v = 1/(8n + 4).

L=

b A db, (4.62)

As a result of the constraint in equation 4.61, the Wilson lines also have a constraint

associated, which is
eifo=el? (4.63)

Recall that a fermionic theory has 2k independent lines. Therefore, the theory described
by

2n+1 -1 0
K= -1 0 2 (4.64)
0 2 0

has 4n + 2 independent lines while the theory with v = 8n + 4 has 8n 4+ 4 independent

lines, as represented in Figure 11.
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Figura 11 — [lustration of the number of independent lines in (a). the original theory with
v =1/2n+ 1 and (b). the system in contact with an s-wave superconductor
with v = 1/8n + 4.

The set of distinct quasiparticles for the “Laughlin” state at v = 1/(8n + 4) is

given by
o = {m¥ ™ =1, m,m?* m?, ... m¥"3),
where was defined 1 = m®" ™ ¢ = m? (Laughlin quasiparticle) and ¥ = m1" 2 (electron).
Defining the statistics of the m* quasiparticle as
/{72
S = 8§+ ; mod 2, (4.65)

the statistics for

Omsn+a = 0y =1 mod 27 (4.66)

Oz = 0 = 1 mod 27 (4.67)

Opan+2 = 0y = m(2n+1) mod 2r =7 mod 27 (4.68)

we see that m? = € corresponds to a quasiparticle in a Laughlin state with v = 2n + 1

and m**? = ¥ has fermionic statistics. In addition, the fusion rule is defined as

mk: % ml — mk—‘rl mod 8n-+4 (469)

In the particular case with n = 1 in the example above, the filling factor is v =
1/12, and the system has 12 different quasiparticles, represented as elements in the set

g ={mP=1mm?*=c,..m =V, . m"} (4.70)

with the fusion group

mk % ml — mk+l mod 12, (471)
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and braiding statistics

kQ
St = % mod 27 (4.72)

This system is a Laughlin state at filling v = 1/3 in contact with an s-wave superconduc-

tor, being equivalent to a state with filling v = 1/12.

4.7 Anyonic Symmetries

An anyonic symmetry is a permutation of anyons that preserves the braiding
exchange and the fusion rules. These symmetries are related to G matrices that leave the

Lagrangian invariant under such transformations.

To study anyonic symmetries in our system, let us analyze the transformations
that leave the Lagrangian invariant. To do that, consider only the CS term (i.e., turning
off the background field A,) as in equation 4.20.

Define the subset of all G-matrices that act on K by leaving this matrix identically

unchanged as the group of automorphisms of K
Aut(K) = {G € GL(N,7); GKG" = K}, (4.73)

which means that the transformations G € Aut(K') are symmetries of the Lagrangian,
since applying K — GKG? and making a change of basis a — GTa; | — Gl maintain
the Lagrangian invariant. However, notice that some G-matrices act trivially on the qua-
siparticle labels 1 in .o/, which means that they preserve this vector up to the addition of

local particles of the form KZN.

The set of these special matrices GGy that act trivially on the quasiparticle’s labels

is a normal subgroup of Aut(K) of inner isomorphisms, that is,
Inner(K) = {Go € Aut(K); [Gol] = [I] = 1 + KZ}, (4.74)

where | .] denotes the equivalence class of the argument, meaning that G preserves the

anyons’ equivalent classes.

Since the interest lies in the non-trivial anyons’ relabelings, we take off the trivial

transformations through the construction of the quotient group

Aut(K)
Outer(K) = ———=, 4.75
uter(K) Inner(K) (4.75)
which is the group of anyonic symmetries of the topological phase characterized by the
K-matrix. Therefore, the transformation G' € Outer(K) is an anyonic symmetry, which
respects the invariance of braiding exchange and fusion rules, as we will see in the example

below.



® O @

{a) Inner Automorphism
where the lattice is
rotated through 120"

(¢} Quter Automorphism
where the lattice is
rotated through 607

99

® O o
o
-9--@-10

O

O
_'I___.._ 2
o

o<« >0"

<0

® O @&

{b) Inner antomorphism
corresponding to
reflection about the
horizontal dotted grey
line

e O @
o nﬂ- o
® &8 @

C e '@ 0O

® C e
(d) Outer automorphism

corresponding to
reflection about the

vertical dotted grey line

Figura 12 — Examples of automorphisms in a lattice composed of three types of particles
(1,e,€?), where the figures show examples of (a). inner automorphisms by
rotation, (b). inner automorphisms by rotation, (c¢). outer automorphisms by
rotation and (d). outer automorphisms by reflection. From Ref. [5].

A simple and illustrative example of inner and outer automorphisms in a lattice
composed of three different particles, 1,e,e? € Z/KZ?, is shown in Figure 12. The inner
automorphisms in (a) and (b) are related to rotations by 120° from the horizontal axis
and reflection over the horizontal axis, where the lattice remains the same under these
transformations, that is, rotation by this angle and reflection over the x-axis act trivially
in the lattice. On the other hand, the outer automorphisms in (c¢) and (d) are related to
rotations by 60° from the horizontal axis and reflection over the vertical axis, where these

transformations exchange/permute e and e?, implying an anyonic symmetry.

4.7.1 Example

Let us analyze the properties of anyonic symmetries with an example. Remember

the case of an FQH system at filling v = 1/8n+4, where the set of all distinct quasiparticles
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1s
= {1=m"" m,. .. m*"3} (4.76)

We want to find all the permutation operations P such that the map & — P.o/ preserves
the fusion algebra and the braiding statistics. For that, we need to define the action of

the permutation operator P on an element m* € &7;k =1,2,...,8n +4 as
PmF = mP¥, peZ". (4.77)
The assumption of invariance of the braiding statistics leads to a constraint on the

values of p. We can see this explicitly by considering the invariance of the braiding under

the action of the permutation operation P as
Ok = Oppr mod 277 (4.78)

From the expression of the braiding statistics of a quasiparticle m* in equation 4.65 with

K~'=1/8n + 4 and by renaming 2n + 1 — n, the statistics become

kQ 2k‘2 k’2 2 1 k’2
Ok = T— —> Oppk = 2 mod 2m = i+ Wu mod 27. (4.79)
4dn n 4dn 4dn
The braiding statistics of m* and PmP* are the same if
p* — 1= mod 8n (4.80)
— p° = 1mod 8n
= p* = 1 mod 16n + 8, (4.81)

where in the last line we renamed back n — 2n 4 1. This is the resulting constraint in
the values of p so that the operation P is an anyonic symmetry. In other words, a trans-
formation m* — mP* performed by a permutation operator P is an anyonic symmetry if

p obeys the constraint in equation 4.81.
As all permutations are bijection functions P : o/ — &7, the integers p satisfying
the constraint in equation 4.81 are precisely those that are coprime to 8n + 4, that is,

ged(p, 8n +4) =1, (4.82)

where ged denotes “greatest common divisor”. Therefore, only the odds p’s that are mu-

tually prime with 8n + 4 are candidates for anyonic symmetries.

4.7.2 Casen=1

Let us further analyze the state with v = 1/8n+4 with n = 1, that is, the state at
filling fraction v = 1/12 described by a single level K = 12. Recall that the set of distinct

quasiparticles is
A={m?=1,m,m? ... m'"} (4.83)
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For this case, the realizable p that are candidates to be anyonic symmetries are p = 5,7,

and 11 since

ged(5,12) = ged(7,12) = ged(11,12) = 1.

The action of these anyonic symmetries is

m — m’ (4.84)
m—m’ (4.85)
m — m't. (4.86)

In addition, recall that, for this topological state, the statistics is given by

kQ
Ok = 7;—2 mod 27 (4.87)

For example, the quasiparticle m!? = 1 has statistics
T
5m12 = E mod 27

and the quasiparticle m? has statistics

4
Om2 = % mod 27 = g mod 27,

which are fractional braiding statistics, that is, both these particles are anyons in the

system.

We want to find the G-matrices that lead to the candidates for anyonic symmetries
in our system related to p = 5,7, and 11. For that, we want to find the G-matrices that

satisfy the automorphism
G e GL(1,2); GKG" =K; |DetK|=1, (4.88)

with K = 12. Notice that G = %1 satisfies this condition. However, G = +1 acts trivially
on the anyons of our system, so we can exclude it from the set of realizable matrices G.

Thus, only Gy; = —1 is in the set Outer(K), which is the anyonic symmetries group.

The action of Gi; = —1 on mF is defined as
Gmk — mfk mod 12 — m127a’ (489)

with self-statistics

)2 2

(= mod 27 = — mod 27
12

12
= Sk, (4.90)

5Gmk — 5m*k -

and therefore the G-transformation does not change the exchange phase of m*.
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Recall that an anyonic symmetry is a permutation operator that preserves braiding
statistics and fusion rules of the quasiparticles in the system. We have already seen that the
permutation operation related to G1; preserves the braiding statistics. Then, we have to
prove that this transformation also preserves the quasiparticle fusion rule. Let us analyze

the fusion rule under the application of the transformation G;; = —1 as

G(mk > ml) _ Gkarl mod 12 _ m*(k‘i’l) mod 12

=m* xm™

= Gm* x Gm!, (4.91)

which shows that the fusion rule is preserved.

Since the braiding exchange and the fusion rule are preserved under the application
of GG, then G;; = —1 is a realizable anyonic symmetry. This G-transformation corresponds

1 mod 12 — 4l However, the G-transformations related to p = 5 and

to p = 11, since m™
p = 7 are valid candidates to be anyonic symmetries, but Gy;; = —1 does not represent

these additional symmetries.

4.8 Stable equivalence

However, the group of outer isomorphisms related to anyonic symmetries presented
in the last section may not account for all possible anyonic symmetries in the system.
In this case, it is necessary to consider another type of equivalence, known as stable

equivalence, which will be explored further in this chapter.

To understand the concept of stable equivalence, we must first understand certain
types of matrices that represent a topologically trivial sector. These matrices are called
“trivial” in the sense that they have a set of degrees of freedom that does not affect

statistics and GSD of the system, and also they do not carry charge. For example,

01
Oy = [1 0] (4.92)

is a bosonic (even diagonal entries) trivial sector with |Deto,| = 1, which describes trivial

bosonic local modes. On the other hand,

1 0
o, = [O _1] (4.93)

is a fermionic (odd diagonal entries) trivial sector with |Det o,| = 1, which describes
trivial fermionic local modes.

Given a K-matrix, it is possible to extend it by adding trivial decoupled sectors

to it. In this case, the enlarged K’-matrix is stably equivalent to the original K-matrix,
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that is,

K~K =K®o, (4.94)
K~K =K®o,, (4.95)

where the notation ~ denotes that the matrices are stably equivalent to each other.

In the context of anyonic symmetries, in most cases, it is possible to find all repre-
sentative elements from K corresponding to each realizable anyonic symmetry. However,
there are cases when this is not possible. Then, it becomes necessary to consider an enlar-
ged K’'-matrix stably equivalent to the original one to find all possible anyonic symmetries

related to each G-matrix transformation.

4.8.1 Example

As already seen, the system at filling v = 1/12 has an anyonic symmetry m —
m~t = m! related to p = 11 with G;; = —1. However, the system signals two other
anyonic symmetries m — m® and m — m” that cannot be performed by G;;. Therefore,
it is necessary to use the concept of stable equivalence to enlarge the K-matrix and search

for the other two additional anyonic symmetries.

Firstly, let us verify that the permutations associated with p = 5 and p = 7 are

also anyonic symmetries. To do that, let us use the braiding statistics in equation 4.65 to

calculate
22 24
Opps = () = om _ o7 + i mod 27
12 12 12 12
- 112 mod 27, (4.96)
and
2 4 4
Op7 = m(7) = om = Sl + T mod 27
12 12 12 12
- 112 mod 27 (4.97)

to notice that the braiding statistics are the same as 9,,. This signals that the system may

have two more anyonic symmetries m — m® and m — m” not realizable from G, = —1.

Let us use the concept of stable equivalence to construct an enlarged K’-matrix

from K = 12, adding a bosonic trivial sector to it, that is,

K'=K®o, (4.98)
12 0 0 1/12 0 0
=10 0 1[; (KY*=1]0 o0 1}, (4.99)

0 10 0 10
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where o, is the z-Pauli matrix and (K’)~! is the inverse of K’. As a result of the stable

equivalence between both matrices, K ~ K’, they describe the same topological state.

Consider the following G-matrix

Gs=|1 -2 3 (4.100)

and mT = (1,0,0). Notice that the first line is composed of p = 5 and integers mod 2.
The action of G5 over (m*)T = (k,0,0) is given by

5 —12 12| |k
Gsm*F =11 -2 3110

= | k| =m, (4.101)

and the braiding statistics associated with mF is, in generalized form,
St = m(mF)T K m*, (4.102)

with (m*)? = (k,0,0).

Firstly, let us verify if the transformation matrix G preserves the statistics of a
quasiparicle m. The braiding statistics of the resulting quasiparticle associated with the

action of G5 over m is given by

5G5m = 7T(G5m)TK_1(G5m)

1/12 0 0] [5
=75 1 -1][ 0 o0 1f|1
0 1 0] |—1
2
= on mod 27 = 0,5
12
T
=13 mod 2, (4.103)

which is the same braiding statistics of m” = (1,0,0) and (m®)” = (5,0,0). Therefore,
the braiding statistics is preserved under the action of G5 since dg;,, = 0,,. Furthermore,

it is possible to infer that the matrix G5 implements the transformation m — m?.

To prove that (G5 is an anyonic symmetry, it remains to prove that this transfor-

mation also preserves the quasiparticle’s fusion rule. The action of G5 under the fusion
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rule is given by

Gs[m"® x m'] = Gsm* !

5 —12 12| [k+1
=1 -2 3 0
-1 3 =2/|0
[5(k +1)
=| k+1
—(k+1)
[ 5(k 51
=k |+]|1
k) —l
= Gsm" x Gsm', (4.104)

which shows that the fusion rule is preserved and the transformation m — m® via G is

an anyonic symmetry.

We can use the same arguments to show that the following G-matrix transforma-

tion
7T 12 =24
Gr=11 2 -3 (4.105)
-2 -3 8

realize the anyonic symmetry m — m”. This transformation acts on (m*)? = (k,0,0) as

7 12 —24| |k
GmF=11 2 —3|1|o0
-2 -3 81|10

7k
= k| =m. (4.106)
|—2k
It is enough to show that
OGmk = Ok (4.107)
G7(mF x mb) = Gm* x Gm/ (4.108)

to prove that the Gr-transformation is an anyonic symmetry.

Therefore, the enlarged K’-matrix obtained by stable equivalence enabled us to

find the two additional anyonic symmetries in our system, related to p =5 and p = 7.
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5 U(1)¥ CHERN-SIMONS EDGE THEORY

In this chapter, we develop the edge theory of the U(1)" Chern-Simons theory by
assuming that the bulk M has a boundary d,,. Further, we will analyze perturbations

on this edge and the conditions to gap the edge mode excitations.

5.1 Edge Lagrangian

The bulk CS action in 2+1 dimensions defined in a manifold M is given by

1
Sbulk = /M d3$EK[J€MVpCL£aVCLZ. (51)

This action is gauge-invariant up to boundary terms. Therefore, Sy is strictly
invariant only if the manifold M has no boundary. In the case where M has a boundary
OM, boundary terms on the edge may arise from the action. These edge degrees of freedom
cannot be dismissed as gauge redundancies by fixing the gauge. Thus, it is expected that
there will be physical (dynamical) modes in the edge theory. It is possible to derive the

CS edge theory in the K-matrix formalism using bosonization in 141 dimensions.
Consider the manifold M decomposed as
M=Rx X,
with
Y =(—00,0] xR,
where ! € (—00, 0], so that there is a physical boundary at z' = 0, as shown in Figure

13, where we are considering the bulk in the bottom semi-plane. Also, assume the pure

gauge configuration in the bulk as

ai = 0,0, (5.2)
with ¢' = ¢(z!, 2?) and the scalar field being compact, that is, ¢' ~ ¢ + 27n’; n' € Z.

To proceed with bosonization, we need to consider the commutation relation

between the gauge field a} as
[a} (%), a?}(:i”)] = 2mi (K1) 6983 (2 — 2. (5.3)
By substituting the pure gauge configuration into the commutation relation, one has
(0:0"(2), 030 (@) = 2mi(K ™) eyo(a! — §)o(a® - 7). (5.4)

Integrating this relation over x! in the interval ' € (—o0,0] and fixing i = 2! = 1, one
gets
(0" (2%), 0,207 (y*)] = 2mi(K~1)""6(2® — y?), (5.5)
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Top

Bottom

Figura 13 — Illustration of the bottom edge of a U(1)" Chern-Simons theory. In the figure,
the bulk corresponds to the xq-z5 plane where z; € (—o0, 0] (represented in
the pink-shaded region) while the edge is located at z; = 0.

and assuming 22 = z and y? = y to simplify, then

(6" (2),0,0” ()] = 2mi(K~H)"é(z —y), (5.6)
which is the Kac-Moody algebra for the edge fields ¢!. This expression resembles the
commutation relation for a chiral boson field.

Sometimes, it is convenient to write the commutator in terms of the fields only.

To do that, integrate this commutation relation over y to get

(¢ (2), ¢ (y)] = mi(K~)sign(z — y), (5.7)
showing that the edge fields ¢! and ¢’ form a pair of conjugate variables.

To find the Lagrangian of the edge theory, we first need to find the conjugate

momentum. For that, suppose that 9,¢”(y) is a function of I1”(y), i.e.,

8,07 (y) = A”Li(y), (5.8)

where A’/ is a coefficient to be determined. Applying this relation to the commutator in

equation 5.6, one has
AIJ — 47T<K71)IJ’ (59)

and therefore the conjugate momentum is

1

;(y) = EKIJayQSJ(y)- (5.10)
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The conjugate momentum relates to the Lagrangian as

oL
I, = o) (5.11)

Then, the Lagrangian term that gives rise to this momentum is given by

L. = iKUatgbfamJ. (5.12)

edge A

However, notice that this Lagrangian has no propagating degrees of freedom, since it
leads to a null Hamiltonian. Thus, as we are assuming that there are dynamical degrees
of freedom in the edge, we must add a propagating term compatible with the symmetries

of the system.

An adequate choice to add to the Lagrangian as a propagating term would be

_ 70 1
Ledge - Ledge + Ledge

= L K000.07 — Vig0.00,6 (5.13)
T 47

where V7, is a positive-definite N x N symmetric matrix determined by the microscopic
characteristics of the system, which is related to the absolute value of the velocities of
the edge modes and interactions between the edge modes. This matrix is positive-definite

because the corresponding Hamiltonian density

1
H= / Ao V110,00, (5.14)

must be bounded from below, that is, it must also be positive-definite (the corresponding

eigenvalues of V7 are all strictly positive).

The equation of motion associated with the edge theory can be obtained from the

Euler-Lagrange equation for the field ¢

5 OLcs  OLcs
70(05 6%) 06K

=0, (5.15)

as
(KIJat - %Jam)aquj = 07 (516)

which resembles the equation of motion for a chiral boson theory. However, the terms K7

and V7 hinder this identification.

In this case, it is possible to diagonalize K;; and V;; to have a more tangible
equation of motion for identification with the chiral boson theory. Since the matrix V;; is
positive-definite, it is always possible to apply a transformation U to obtain the identity
matrix Iy, i.e.,

V -1=UVUT,
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which corresponds to a basis change on the fields as ¢ — UT¢. Since the term containing
the K-matrix also depends on the fields, the K-matrix will also feel the effect of this
transformation as

K— K, =UKU", (5.17)

in which the sign of the eigenvalues of K is maintained since K and K; are congruent,
but the absolute values of it may change. Then, use an orthogonal matrix transformation
O € O(N) to diagonalize K; as

K1 — (KQ)[J:OKIOT:O-[|(U[‘715]J, (518)

where o; = +1, which corresponds to an orthogonal transformation in the fields ¢ — OT ¢*
[36].

Under this sequence of transformations, the Lagrangian becomes

1 1
Ledge - Eo'llvlrlél(]atgb[amgbt] - EélJawgblaxqua (519)

and the corresponding equation of motion is given by

(01\01|’18t — 833)89@1 =0
0y + o7|v1|0,)0.0" = 0, (5.20)

which is the equation of motion for a chiral boson ¢!. The term o;|v;| corresponds to the
velocity of the edge excitation captured by the field ¢!. Therefore, this equation shows
that we have N gapless chiral (one-way propagation) boson fields ¢’ in the edge theory.
The edge density of the I-th condensate is

1
ol = o Lo (5.21)
e

Notice that the direction of propagation of the edge modes o; came from the in-
formation encoded in the sign of the eigenvalues of the K-matrix. Therefore, it is possible
to associate a signature (ny,n_) with the K-matrix where n, is related to the number
of positive eigenvalues of K, which corresponds to excitations propagating in the right
direction in the edge, and n_ is the number of negative eigenvalues of K, which corres-
ponds to excitations propagating in the left direction in the edge. Since the sign of the
velocity of each mode is related to the chirality of that mode, when there is an imbalance
between the number of left and right propagating excitations, n, # n_, the edge theory

has a net chirality.

The concept of chirality is associated with the observable thermal Hall conductivity

KRy as
T2k
Rg = (n_ - n+)37hBT, (522)

Notice that the action of the transformation O under the identity matrix is trivial since OOT =1 and
therefore the interaction term does not change under the orthogonal transformation

1



70

and thus if n, # n_, the system has a non-zero quantized thermal Hall conductivity at the
edge. On the other hand, when the number of excitations propagating to the right is the
same as the excitations propagating to the left, n, = n_, the thermal Hall conductivity

vanishes at the edge and the system is non-chiral.

It has already been seen that the Wilson line in the z'-direction corresponding to

a quasiparticle 1 in the bulk is given by
Wi[z°, 2%] = exp (i/lla{dx1> . (5.23)

Consider that the Wilson line is coming from the bulk at —oo to the edge at 2! = 0. The

corresponding equation for this Wilson line is

Wi[z°, 2%] = exp (z/

—00

0
l]a{dx1> . (5.24)

Using the pure gauge configuration for a;, one gets

0
Wi[z°, %] = exp (2/ ljf)l(ﬁjdxl) , (5.25)

and assuming that ¢! — 0 when 2! — —o0, we get

Wi[z°, 2% = exp {il@l(mo,mﬂ)} (5.26)
U, =" ez, (5.27)
where ¥, is an edge operator known as a vertex operator in the CF'T language. To every

quasiparticle 1 in the bulk, there is an associated vertex operator in the edge theory. This

is the edge-bulk correspondence in disguise.

5.2 Perturbations

We aim to incorporate the vertex operator into the CS edge Lagrangian to analyze
the stability of the edge modes under perturbations. To do that, the vertex operator must
be local. As

v, =l (5.28)

locality of the vertex operator requires that [7'¢ to be local as well, since
Uy (2)i(y) = exp (—[I7 (), "6 (y)]) Wi(y) W (2), (5.29)

in which the BCH theorem was used. Then, for the vertex operator at two different points
to commute, the commutator between the fields {7 ¢ inserted at two different points x and

y has to be an even integer, i.e.,

[T p(x), 1T p(y)] = mil' K sign(x —y) = "K'l € 27, (5.30)
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where we used the Kac-Moody algebra to obtain this relation. To localize these fields at

classical values, it is necessary to strengthen the above condition as
"K' =0, (5.31)

which is Haldane’s null vector condition [35].

Note that the statistics of the vertex operator W, is

g = e~ KT (5.32)

If all edge modes move in the same direction (i.e., they are maximally chiral states),
then all the eigenvalues of K are strictly positive [46]. This means that K~! is positive-
definite, i.e.,

VI#0; ITK™' >0,

and, therefore, there is no vector charge [ # 0 that satisfies the null vector condition.
Thus, there is no local vertex operator in a maximally chiral phase, and then, no local
perturbation can gap the edge modes. In this case, the edge modes will be robust against

local perturbations and remain gapless, as the edge is protected.

When there is an imbalance between left and right edge modes (ny # n_), the
theory cannot be fully gapped. This is because a backscattering term or other local pertur-
bations always gap out left and right edge modes in equal numbers. Suppose, for example,
that n, = 2 and n_ = 1, that is, two right-mover modes and one left-mover mode at a
particular edge. After diagonalizing the associated K-matrix, it is possible to separate
this matrix into 2 sectors: one containing the non-chiral part of the K-matrix and the

other containing the remaining positive eigenvalue

A
. (5.33)

with A\, Ao, \3 € Z™. In this example, suppose that the pair of counter-propagating modes
in the non-chiral sector can be gapped. Notice that the sector with A3 is positive-definite
and therefore there is no vector charge [ # 0 that satisfies the null vector condition. Thus,

this mode will remain gapless.

Thus, to fully gap out an edge, the number of left and right propagating modes
must be the same (n, = n_), that is, the edge must be non-chiral. For that reason, the

dimension N of the K-matrix must be even with

B N
ny=n_= 2
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In this case, it is possible to add local hermitian terms in the edge action

Gy, C

5 5 e~ cos(ITg + ay), (5.34)

where C; = Cje is the coupling constant. This cosine term is called the Higgs pertur-

bation term.

Two Higgs terms cos(l{ ¢ + ay,) and cos(l3¢ + ay,) are independent if and only
if [46]
HK ' =Ky =1TK ', =0,

which means that they are independent only and only if the fields [;¢! form a pair of

commuting variables under the K-M algebra.

Consider a set of Ny, mutually commuting fields where N, is not necessarily equal
to N
M ={1'¢"; st I' K, =0,Yn,m =1,2,..., Ny}

Because of the Heisenberg Principle, all these fields can be simultaneously pinned at clas-
sical values. Therefore, the edge excitations associated with these fields can be gapped.
However, this is a necessary condition, but not a sufficient one. In the absence of symme-
tries, it is usually possible to fully gap out the edge theory. When the edge excitations
can be fully gapped out in the absence of symmetries, the corresponding phase is topo-
logically trivial. However, some symmetries can forbid some Higgs terms, and, therefore,

they cannot be added to the edge theory.

In this work, we will analyze only the case where there is no symmetry in the
Abelian topologically ordered state. It is possible to analyze the edge theory by looking

at local quasiparticle labels, as done in the bulk case.

It was already seen that a bulk quasiparticle [ is local to any other quasiparticle !’
if
leT,; I, ={KA; A cZN},
where I', is the electron lattice. For each local quasiparticle [ in the bulk, there is a local
excitation W; = Wi, at the edge. Thus, it is possible to say that all local edge excitations

are composed of N independent local microscopic degrees of freedom
L (5.35)

which are called “electron” creation operators for the /-th edge mode. Remember that
Il = KA may be bosonic or fermionic depending on the K-matrix. Then, ®; will be a

boson or a fermion depending on the diagonal elements of the K-matrix.

It is possible to write a general product of electron operators as

Uy = eMES (5.36)
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which is still local. Therefore, in this notation, the perturbation term is given by
Ca

5 e NS 4 he o cos(ATK ¢ + ay). (5.37)

Since [ = KA, Haldane’s null condition becomes
ATKA =0, (5.38)

so that {A;} are composed of N/2 linearly independent vectors. In this case, the cosine

terms can be pinned at classical minima values
ATK¢ =2mn;; n; € 7. (5.39)

The gapped boundary induced by backscattering cosine terms in 5.37 can be interpreted

as a particle condensate.

Notice that any vector [, € ', can be decomposed as
la,] = CqyMny,

where ¢, is the minimal integer vector with no common factor in its components. Since

ATK ¢ obtains a classical value at the gapped edge, so does the vertex operator
U, = eiquS _ eiATqu _ eicamT(b
as
<€imT¢> _ ei2ﬂ'ni/0a’ (540)

which means that the quasiparticle m is condensed at the edge.

5.3 Lagrangian Subgroups

It is possible to define particle condensation more consistently through Lagrangian
subgroups. The particles that are condensed at the edge form a subgroup .# C <, where

&/ is a finite set containing all the distinct quasiparticles of the system.

The Lagrangian subgroup .# is an abelian group with group multiplication given

by particle fusion. The properties of this group are
1. Every two particles on .# are mutually bosonic
eOmm' = 1.Ym,m' € M,

so that it is possible to condensate every particle in simultaneously.

2. For every quasiparticle with integer vector | € of, it either satisfies
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o l=%,cm; € M.
o & M.
In this case, [ has non-trivial statistics with at least one condensed particle

me M
Vig . #,Ime st el +£1,

meaning that all quasiparticles [ € .# are confined after condensation of par-

ticles in the Lagrangian subgroup.

3. . is closed under fusion rules

mxm'=m"e.#;,Ym,m' € «.

4. This condition only applies to bosonic states where the diagonal elements of K are

all even: All particles in .# are bosonic particles

e =1.Vm e A .

In a physical sense, .# describes the set of particles that can be annihilated at the
edge. An important result is that it is possible to find a set of N/2 linearly independent

vectors satisfying Haldane’s null condition
ATKA; =0,

if and only if there exists a Lagrangian subgroup .# = {m;} at the edge, with AT =
c; K~'m!. A stronger argument is that the edge states of an Abelian Chern-Simons the-
ory described by a K-matrix can support a gapped edge if and only if the theory has
a vanishing thermal Hall conductance (n, = n_) and it has at least one Lagrangian
subgroup . defined in this theory [41].

Every state that does not satisfy the condition above has a protected edge. In
other words, if the edge theory does not have a Lagrangian subgroup, no perturbation
can open a gap at the edge, and the modes will remain gapless under any perturbation.
Reference [44] shows that Lagrangian subgroups are capable of classifying edge states. If

two gapped edges have different Lagrangian subgroups, they are topologically distinct.

It is possible to separate topological phases into three categories [54]:

1. Topological phases with null thermal Hall coefficient that support a gapped boun-
dary;

2. Topological phases with null thermal Hall coefficient that do not support a gapped

boundary;
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3. Topological phases with non-zero thermal Hall coefficient that can never be fully

gapped.

In the next chapters, we will analyze examples regarding type-I and type-II topologically

ordered states.

5.4 Edge state with v =2/3

This state can be understood as the particle-hole conjugate of the Laughlin state

at filling v = 1/3, since v = 1—1/3 = 2/3. The K-matrix and the charge vector associated

1 0 1
e o] oef] o

where, because of the form of the K-matrix, it is possible to infer that the edge is non-

with this state are

chiral with two counter-propagating edge modes. The filling fraction
v=t"K't

of this state is given by v = 2/3, as expected.
Since the diagonal entries of the K-matrix are odd integers, the theory is fermionic
and has 2|Det(K')| = 6 independent lines, where the Wilson operators are
Ieife (5.42)
e $a 20 ¢3iga (5.43)
However, as |Det(K)| = 3, there are 3 distinct quasiparticles, which are defined modulo

local particles | ~ [+ K7; 7 € Z2. Considering I'"' = (n, m) and an arbitrary quasiparticle

vector IT = (I, 1), one has

o]+

_3m] . (5.44)

Therefore, the first entry of the quasiparticle vector is defined mod 1, and the second one
is defined mod 3.

Therefore, we can write the set of all quasiparticles as
o ={(0,0)7,(0,1)",(0,2)"}, (5.45)
The charge associated with quasiparticles of the form | = (0,[y) is given by

1
q=t"K = —3h (5.46)
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and the charge of each quasiparticle is

Q(070) = 0 (547)

don) = —3 (5.48)
2

qo,2) = 3 (5.49)

Thus, in terms of the charges, the set of distinct quasiparticles is

o =1{0,¢/3,2¢/3}. (5.50)

The mutual statistics between two arbitrary quasiparticles 7 = (0,1y) and m? =
(0,my) of the set in &7 is

2
O, = —?ﬂlzmm (5.51)
and the self-statistics is
0, = —gzg. (5.52)

0(0,0) =0 (5.53)
s
4r

Do) =~ (5.55)

A natural question to ask is whether it is possible to open a gap in the edge
theory. The first condition of having the same number of counter-propagating edge modes
is satisfied, since the signature of the K-matrix is zero. The next step is to verify whether
Haldane’s null condition is satisfied. For that, let us try to find AT = (a,b) that satisfy
the null condition

AMTKA=0 = a* -3V =0. (5.56)

Note that there is no integer solution for a and b. Thus, there is no Lagrangian subgroup
for the phase at filling v = 2/3. Therefore, the edge is robust against local perturbations,

and the edge modes will remain gapless.

5.5 Edge state with v =8/9

The state at filling v = 8/9 can be understood as the particle-hole conjugate of
the Laughlin state at filling v = 1/9, since v = 1 — 1/9 = 8/9. The K-matrix and the

charge vector associated with this state are

1 0 1
o] oef] -
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where, because of the form of the K-matrix, it is possible to see that the edge is non-chiral

with two counter-propagating edge modes.

The filling fraction is
v=t"K 't =89, (5.58)

as expected. Notice that det(K) = 9 and therefore we have 9 distinct quasiparticles

modulo local particles

I ~1+ KrT; 7 = (m,n) € Z*

—9m] . (5.59)

Using a general form [T = (I1,1,) for the quasiparticles, the equivalence relations modulo

[~ 1+

local particles are

Lh~lLh+n nez (5.60)
lg ~ lQ - 9m, m € Z, (561)
and then
Z
I, € - ={0} (5.62)
7
7
ly € - Zg. (5.63)
Thus, the set of distinct quasiparticles for this state is given by
o ={(1,0),(1,1),(1,2),...,(1,8)}. (5.64)

Let us calculate the charge of an arbitrary quasiparticle [ = (1,[3) as

b

g=t"K =1~ 5 (5.65)

Therefore, the charge of each quasiparticle in o is

qao =1
1

Q(l,l) =1- § = 8/9
2

Q(Lg) =1- § = 7/9
3

Q(Lg) = 1 — § = 6/9
4

qag =1— 9= 5/9
5)

qas =1-— 9= 4/9
6

Q(LG) =1- § = 3/9
7

Q(1,7) =1- § = 2/9
8

Q(l,g) =1- § = 1/9
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Then, in terms of the charges, the set of distinct quasiparticles is

o ={1/9,2/9,...,8/9,1}. (5.66)

The mutual statistics between two quasiparticles [T = (1,1y) and m? = (1,my) is

given by

[
O = 201" K~ 'm = 27 (1 — 279’”) . (5.67)
In addition, the self-statistics of a quasiparticle [T = (1,1y) is
l2
S=ml"Kl=nrx (1 — 92> , (5.68)

which is defined modulo 27. The self-statistics of each distinct quasiparticle in the bulk

is

5
5(1,0)=7T< _9> —
(5(11)=7r(1_;>_897r
5(1,2)=7r(1_3> _597T
5(13)=7r(1_3> —
5(1,4)=7T<1_196):_977T:1g1;?
0(1,5) =7r<1_295) _ _1967'[' :2977
5(1»6):7T<1—396) = -3r=m
O(1,7) =7r<1_499) _ —4;07r _ _gm
5(18)—7T(1_694) _ —5957T:1;71—

We can ask whether the edge theory related to the filling v = 8/9 can be gapped.
The first condition of the same number of counter-propagating edge modes is satisfied.

The second condition to be able to gap the edge is to find the null vector that satisfies
ATKA =0. (5.69)

Note that AT = (3,+1) are valid null vectors. The existence of a vector A that satisfies
Haldane’s null condition, along with the non-chirality of the edge, provides a sufficient
criterion that the edge modes can be gapped.

Notice that the set .# = {1,6/9,3/9} = {(1,0),(1,3),(1,6)} obeys the conditions

1, 2, and 3 to be a Lagrangian subgroup. Let us prove this statement as
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1. €nm' =1,Ym,m' € 4.

0oz = bpg = 21 — '3 — gifos — 1

18 .
936 =27 (1 — 9) =21 —= 61936 =1.

2.Vl g M, Im € M st.e%m £ 1.

Hlm:QW(l—m>—2ﬂ<9_9m>7é0 mod 27 for m =3 and m =6

0oy, = 2 ( )7&0 mod 27 for m =3 and m =6
4
94m—27r(9 m) mod 27 for m =3 and m =6
Os,, = 27 (9 5m) mod 27 for m =3 and m = 6
07y, = ( ) mod 27 for m =3 and m = 6
9—2m
98m227r( 5 )7&0 mod 27 for m = 3 and m = 6.

3. mxm'=m"ée.H;VNm,m' € .

Remember that m is defined mod 1 in the first entry and mod 9 in the second one.
With m € .# = {(1,0),(1,3),(1,6)}, one has

1,6) = (1,18 mod 9) = (1,0) € #
(1,0).(1,3) = (1,0) € A«
(1,0).(1,0) = (1,0) € &

Thus, we proved that the elements of .Z form indeed a Lagrangian subgroup. As a
result of the existence of one Lagrangian subgroup, consistently with the previous result,
the edge is not protected, and cosine perturbation terms can gap the modes. Note that

the element (1,3) € o/ with charge ¢ = 6/9 generates the whole Lagrangian subgroup.
Let us construct the edge theory for the v = 8/9 state with Lagrangian

L— jKuatwamJ _ Ly a.60.67. (5.70)
T 47

Suppose the K-matrix in equation 5.57 and

0
v ] , (5.71)
0 (%)

V:

being the interaction matrix where v corresponds to a positive velocity.

Since K is diagonal, it is possible to consider the edge modes ¢! and ¢? as being

decoupled. Then, the edge mode ¢ is related to a single-component state with v = 1 and
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K =1, propagating to the right with positive-definite velocity v;. The edge Lagrangian
for the first system is given by

L= Z;T@tqblaxezﬁ - f( 0,0")°. (5.72)

On the other hand, the edge mode ¢? is related to a single-component state with v = 1/9
with opposite chirality, that is, with K = —9, propagating to the left with positive-definite

velocity vo. The edge Lagrangian for this system is given by
L, = —*3@23&2 ( 0:0°)°. (5.73)

It was already seen that the electron creation operator for a multi-component
Chern-Simons edge theory is

Ul = ¢ihse7, (5.74)

Therefore, the electron creation operator for the mode ¢! and for the ¢? mode in our

topological state are
Ul = ul =% (5.75)

The cosine perturbation term in terms of the K-matrix and the null vector A is

given by
cos(ATK¢ — a), (5.76)
which represents how local particles can scatter from the forward propagating mode to
the backward one. Using AT = (3,£1) and ¢ = (¢!, $?), the argument in the cosine

perturbation term is

ATK¢ = 3¢ 7 99 (5.77)

Thus, two perturbation terms can open a gap in our system
C cos(3¢" + 9¢%) = C cos[3(¢" + 3¢?)], (5.78)

for large coupling C'. These cosine perturbations are called Higgs terms. The edge will
be gapped once ¢! + 3¢? or ¢! — 3¢? are localized at classical values by the Higgs term.
The terms ¢! + 3¢* and ¢' — 3¢* cannot be simultaneously localized due to the K-M
algebra [46]

[0 (2),0,0” ()] = 2mi(K~")"é(x — y) (5.79)
(K™Y =0tol #J

[0.0" (), 0,0 (y)] = 27mi0,.6(x — y) (5.80)
0. 2<x> )] = 2005 — ) (581)
0.0 (x),0,¢*(y)] = 0. (5.82)

Let us analyze both perturbation terms separately and in detail.



81

5.5.1 Superconductor process

The state at filling v = 8/9 can be interpreted as being in proximity to a super-
conductor. The superconductivity term is related to the null vector AT = (3,1) and the
cosine term

cos(3¢! — 9¢?) ~ G 99" L p ¢, (5.83)

where for simplicity, the phase a = 0 was fixed.

This system has the correspondence
O = (Wi,
which corresponds to the creation of 3 electrons in mode ¢! and
e = W,
which means that 3 electrons in mode ¢! are scatter to a hole on mode ¢?. Notice that

the superconductivity term does not conserve charge. The h.c. term represents the inverse

process.

Due to ATK¢ = ¢;m! ¢, then ATK = (3, —9). Therefore, m* = (1, —3) is conden-
sed at the gapped edge. The particle m” = (1, —3) corresponds to a particle with braiding

b= r[1 3] [é _10/9] [_13] (5.84)

=0, (5.85)

exchange

which represents a bosonic particle. Notice that m? = (1,—3) is equivalent to (1,6),
differing by the addition of a local particle. Therefore, m? = (1, —3) behaves as a boson,
in contrast to (1,6) which have fermionic statistics. The particle condensed at the edge
is the particle (1,6), belonging to the Lagrangian subgroup, with the insertion of a local
particle. The other quasiparticles in the Lagrangian subgroup condense with m?, since
they have trivial braiding with (1,6). Additionally, the quasiparticles that are not in the
Lagrangian subgroup at the edge become confined when the particles are condensed, since
the braiding with the condensed particles is non-trivial, meaning that they cannot move

freely anymore.

5.5.2 Backscattering process

A backscattering process can gap the edge of our theory at filling v = 8/9. This

process is associated with the particular AT = (3, —1) and the cosine term is

cos(3¢" + 9¢%) ~ BP9 L p ¢ (5.86)
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where the phase @ = 0 was fixed for simplicity. Notice that
' = (w)?
corresponds to the creation of 3 electrons in mode ¢! and
= (u) =,
corresponds to the annihilation of 1 electron in mode ¢?. Thus, this backscattering term

does not conserve charge as well. The h.c. term represents the inverse process.

Furthermore, since AT K¢ = ¢;m? ¢, then ATK = (3,9), which implies that m? =
(1,3) and ¢; = 3. Therefore, the particle m? = (1,3) is condensed at the gapped edge
when we insert the backscattering perturbation. The particle m” = (1, 3) corresponds to

a particle with braiding exchange

=1 3 [g) _10/9] H

=0, (5.87)

which represents a bosonic particle. This aligns with the statement that particles con-
densed at the edges have bosonic statistics. The other quasiparticles in the Lagrangian
subgroup condense with m?, since they have trivial braiding with (1, 3). Additionally, the
quasiparticles that are not in the Lagrangian subgroup at the edge become confined when
the particles are condensed, since the braiding with the condensed particles is non-trivial,

meaning that they cannot move freely anymore.

Let us analyze the backscattering term
cos[3(¢! + 3¢°)] ~ (U3 (W) + h.c.

for sufficiently large C. Consider a G-transformation in GL(2,7Z) acting on the fields as

01
G = L 3] : (5.88)

that transforms ¢! and ¢? into ¢ and 6 as

2 _
=v (5.89)
o' +3¢% =0,
that does not change the compacity of the fields, since
¢’ = ¢t (5.90)
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Thus, using § = ¢' + 3¢?2, the cosine term becomes
cos[3(¢ + 3¢%)] = cos(36), (5.92)

with 6 = ¢! + 3¢*. This interaction term breaks the U(1) x U(1) structure to Zz x Z.

The cosine term is pinned at the minima

30 = 27TTLZ, n; € 7
2mn;
0= 7;” , (5.93)

with n; = 0,1, 2. Thus, the cosine term can be pinned at 3 different classical values.

Define the non-local operator o(x) = ¢'© identified with a Zs clock variable

Each of the minima in euqation 5.93 defines a distinct ground-state, labeled by
o(z) @) = W |@y,),

where w = €*™/3 and |®,,,) are the symmetry broken states since the system spontaneously
breaks the Zs symmetry by choosing a value for ©(x). Note that, because of that, there

are 3 degenerate ground-states [1].

v=1
® — ®
1
V= ——
9

Figura 14 — Ilustration of both phases v = 1 and v = —1/9, where the edges of both
form an interface/branch cut separating both phases. The Zs3 parafermions
are bound to the endpoints of the branch cut (black dots in the figure).

The state at filling v = 8/9 can be interpreted as two different phases v = 1
and v = —1/9, where the edges of each phase form an interface with a branch cut that
separates both phases, as shown in Figure 14. This system can host Zs parafermions, which
are anyons with non-Abelian statistics. The Z3 parafermions’ zero modes are located at
the endpoints of the gapped interface (black dots in Figure 14), where the defects are.

Therefore, the Z3 parafermions are bound to these defects.
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5.6 Edge states with K = diag(k;, —ks)

More generally, let us study the gapability conditions for a general K-matrix

K = [kl 0 ]; t= H . (5.94)
0 —k’g 1

In the previous examples, the cases k1 = 1; ks = —9 and k; = 1; ky = —3 were studied,
where in the first case it was possible to open a gap at the edge and in the second case
the edge was robust against local perturbations. This example is based on the results of
Ref. [1].

Type-1 topological phases (phases with null thermal Hall conductivity that support

a gapped edge) arise when k;.ks is a perfect square, since the null condition requires
ATKA =0 = d*k; = bk, (5.95)

and for a and b to have integer solutions, k;.ks must be a perfect square. Notice that this
is true by analyzing the previous examples, where ki.ks = 9 in the first example, which
is a perfect square, and it has a gapped edge. This is not true for the second example,

where ki.ky = 3, which is not a perfect square, so the topological phase is of type-2.
Then, it is possible to write any gappable interface with K = diag(k;, —ko) as

2 0

0 —pm? 1

1} , (5.96)

with p,m,n € Z*, p = ged(ky, ke) and ged(n?,m?) = 1. The Kac-Moody algebra for the

edge modes is

16 (2),0,6" ()] = 2mi( K™Y 5(x — ) (5.97)
(KYHYY =0tol #J

0.6/ (2).0,0' ()] = ~50:6(a ~ ) (5.98)
0.6%(2), 0,6 ()] = — 508z ) (5.99)
10,6 (2), 0,6°(y)] = 0. (5.100)

Additionally, the local excitations are given by

\I;J} — eiKu(i)J7
and using

pn’e!
_pm2¢27

|
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the electron creation operators for modes ¢! and ¢? are

1

Ul = e (5.101)
Ul = e, (5.102)
The perturbation term
C cos(ATK¢)

is a local interaction that can open a gap at the edge if and only if there is at least one

null vector AT = (a, ) satisfying
ATKA =0 = a*n® = b*m>.

Notice that AT = (m,n); a = m, b+n and AT = (m, —n); a = m, b = —n satisfy the
null condition above. The value of p does not interfere with the null vector A. Take p = 1

for simplicity. Then the K-matrix is

K = an 0 2] , (5.103)

Ul = ! (5.104)
Ul = e, (5.105)

As a result of the creation operators, the edge phase ¢! has n? quasiparticles

labeled by [¢ with i = 1,2,...,n% and phase ¢* has m? quasiparticles labeled by l;’ with

j=1,2,...,m? The local recitations considering this label notation are given by
ol =
ol =15

The perturbation term with AT = (m,n) is
C cos(ATK¢) = C cos(mn?¢* — nm?¢?)] = C cos(mnh) ~ (T (TH" + h.c.,

with 0 = n¢! — me¢? and correspond to a superconducting term where m electrons in
mode ¢! are scatter to n holes on mode ¢*. On the other hand, the (backscattering)

perturbation term with AT = (m, —n) is
C cos(ATK¢) = C cos(mn?¢' +nm?¢?)] = C cos(mnb) ~ (U])™(U,)" + h.c.,

with § = n¢! + m@? which correspond to a backscattering term where m electrons are

created in mode ¢! and n electrons are annihilated in mode ¢2. This perturbation term is
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charge-conserving when n = m. The G-matrix transformation used to transform (¢!, ¢?)
to (¢, 0) was
r s

G= , (5.106)

n +m

with the constraint rm — sn = 1 for r, s € Z. With that, we infer that the cosine term is

pinned at the minima

nm® = 2mn;; n; € Z

2mn;
0= , (5.107)
nm
with n; = 0,1,...,nm. Thus, the cosine perturbation term can be pinned at nm different

classical values. This backscattering interaction term breaks the U(1) x U(1) structure to

a Ly, X Ly, subgroup.

Define the non-local operator o(z) = ¢©@ with © = n¢' + m¢? and identify it

with a Z,,, clock variable

Each of the minima in equation 5.107 defines a distinct ground-state, labeled by

o(x)|®y,;) = w™

P,) s

where w = €2™/™" and |®,,,) are the symmetry broken states since the system spontane-
ously breaks the Z,,, symmetry by choosing a value for ©(x). Note that, because of that,

there are nm degenerate ground-states [1].

This system can be interpreted as two distinct phases A and B with v = 1/n? and
v = —1/m?, where the edges form an interface, as shown in Figure 15. This system can
host Z,,, parafermions, which are located at the endpoints of the gapped interface (black
dots in Figure 15). There is a branch cut separating the two phases, A and B, and the
defects are at the endpoints of this branch cut. Thus, the Z,,, parafermions are bound to
these defects [1].

Since we have the Kac-Moody algebra for the fields in equation 5.97, it is possible
to gap the edge with either the backscattering term or with the superconducting term, but
not with both terms simultaneously. Considering an allowed perturbation, it will have a
particle condensation at the interface, where the particles m” related to the null vectors A

will be condensed at the edge. Using superconducting term with null vector AT = (m,n)
ANTK¢=cemTo
[an —nmﬂ =¢ {ml mQ}

mn [n —m} = [ml mg} ; (5.108)
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A A

> b1

(/ < o)
Ay A

Figura 15 — Illustration of phases 1 and 2, where the edges of both form an interface. Edge
mode excitation from phase 1 can tunnel to the edge of phase 2, where this
process is illustrated in the curved arrow in the figure. The Z,,, parafermions
are bound to the endpoints of the branch cut.

one has that ¢; = mn, and m” = (n, —m) will be condensed at the gapped edge. Conden-

sation of m? implies the condensation of ¢/ ¢, since

<€imT¢> _ ei27rni/ca

<€i(n¢1_m¢2)> _ 6i27rni/nm‘ (5109)
The particle condensation at the edge also occurs for the backscattering term associated
with AT = (m — n), but the particle condensing will be m” = (n,m).

Therefore, in summary

Backscattering Superconductor

cos(mn?¢t + nm?¢?) | cos(mn?¢' — nm?¢?)
AT = (m,—n) AT = (m,n)

m? = (n,m) m? = (n, —m)

Tabela 1 — Summary of the results concerning the backscattering term and the supercon-
ductor term that are allowed to gap the edge of the state at filling v = 8/9.
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6 CONCLUSION

In this dissertation, the bulk U(1) Chern-Simons theory in 2+1 dimensions was
reviewed along with the edge theory, when the boundary terms cannot be neglected. In
this case, the edge theory contains a chiral boson field, which cancels the gauge anomaly

originating from the bulk when a boundary is assumed.

The multi-component U(1)" Chern-Simons theory was also carefully analyzed
using the K-matrix formulation. The equivalence between two theories with distinct K-

matrices associated with a G-transformation, such that
K — GTKG,

where the fields a,ﬂ and the vector charges t also transform under G, was presented. We
showed an example in which a state with a filling fraction v = 1/2n + 1 in contact with

an s-wave superconductor is equivalent to a state at filling v = 1/8n + 4.

In addition, within the context of the multi-component Chern-Simons theory, we
presented the concept of anyonic symmetries, which are transformations that permute the
anyons, preserving braiding statistics and fusion rules through a G-transformation in the
quotient group Outer(K). We showed an example of anyonic symmetry presented in the
state at filling v = 1/12 realized by a G1; = —1 transformation that acts on the anyons

as m — m!l.

However, the analysis of the state at filling v = 1/12 signaled two additional
anyonic symmetries besides the one realizable by Gi;. To find the additional anyonic
symmetries, we used the concept of stable equivalence, where the topological features of
the bulk theory are preserved by adding a trivial sector to the K-matrix. For the theory
with filling fraction v = 1/12, we added a trivial bosonic sector o, to the K-matrix to
enlarge it. By performing this procedure, the other two G-matrices were found that realize

the anyonic symmetries m — m® and m — m”.

In the following, we review the edge theory of the U(1)Y CS through the K-matrix
formulation. The Lagrangian of the edge theory was obtained through bosonization in
141 dimensions, and the Wilson operators at the edge were formulated as the vertex
operators. The conditions for the gappability of the edge states of the U(1)" Chern-Simons
theories were presented based on a literature review. The first condition for gappability is
a non-chiral edge, that is, the same number of counter-propagating edge modes. However,
this is not a sufficient condition. In addition, local vertex operators were used to study
perturbations at the non-chiral edge, yielding Haldane’s null condition for gappability.
An edge can be fully gapped when the edge is non-chiral and there are N/2 null vectors

respecting Haldane’s condition, where N is the dimension of the K-matrix.
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A stronger argument for gappability is the existence of at least one Lagrangian
subgroup in the edge theory. Different Lagrangian subgroups yield topologically distinct
gapped edges. The gappability of the edge states at different fillings was analyzed. It was
reviewed that the edge state with ¥ = 2/3 is robust against perturbations, even though
the edge is non-chiral because there is no null vector in the edge that respects Haldane’s

null condition.

The state with v = 8/9 was also reviewed, where there are two null vectors
AT = (3, £1) that respect Haldane’s condition. The null vector AT = (3, 1) corresponds to
a superconductor perturbation term, where the system is interpreted as being in contact
with a superconductor. In this case, the edge is gapped by the superconductor perturba-
tion, resulting in particle condensation at the edge. On the other hand, the null vector
AT = (3, —1) corresponds to a backscattering perturbation term, where electrons from one
mode are scattered to electrons in the opposite direction in the other mode. In this case,
the edge is gapped by the backscattering process, also resulting in particle condensation
at the edge. Owing to the Kac-Moody algebra, both perturbations cannot simultaneously
gap the edge.

Additionally, the gappability of the state with v = 8/9 was also analyzed through
the existence of a Lagrangian subgroup. In this state, we showed the existence of quasipar-
ticles in the edge theory that respects the condition for forming a Lagrangian subgroup.
Therefore, the existence of at least one Lagrangian subgroup indicates that it is possible

to open a gap in the edge theory of the state with v = 8/9.

The state with v = 8/9 can be interpreted as having two different phases with
v =1and v = —1/9. The edges of these phases form an interface with a branch cut that
separates both phases. At the endpoints of the interface, we present the existence of Zs

parafermion modes bound to the defects, being careful with the compactness of the fields.

Furthermore, the general edge states with a K-matrix, given by K = diag(k;, —k»)
were reviewed. The edges of these states are non-chiral; however, this condition does not
guarantee that the edge can be gapped. As reviewed in the literature, the edge can only
be gapped if kiks is a perfect square, and in this case, there will be two perturbation
terms allowed: a superconductor term and a backscattering one. Due to the Kac-Moody

algebra, they cannot simultaneously gap the edge.

The state with K-matrix K = diag(ki, —ks) = (n?, —m?) can be interpreted as
having two different phases A with v = 1/n? and B with v = —1/m?. The edges of
these phases form an interface with a branch cut that separates the two phases. At the
endpoints of the interface, we presented that there are Z,,, parafermions bound to the

defects, in agreement with Ref. [1].
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