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1 INTRODUCTION

In recent years, the discovery of topological quantum phases of matter has aroused

great interest in Condensed Matter. The importance of these phases of matter continues

to make them an active field of research to this day, due to their numerous applications in

quantum computing, as well as in the fields of insulators and superconductors. Topological

phases are distinguished by their topological features rather than by their symmetries,

and cannot be characterized by the usual Landau paradigm of spontaneous symmetry-

breaking. The Landau paradigm [6] is related to the symmetry breaking of ordinary

symmetries, which are characterized by local order parameters that are charged under

these symmetries. Generalized symmetries extend the Landau paradigm to include the

concept of Topological Order (TO), which can be understood as spontaneous symmetry

breaking of finite higher-form symmetries. A review of TO can be found in [7–12].

Systems with TO are characterized by the presence of quasiparticles with fractio-

nal or non-Abelian statistics and topological ground-state degeneracy, which depend on

the topology of the space. The ground-state degeneracy exhibits robustness because local

perturbations cannot remove it. The most commonly observed topological states experi-

mentally are the fractional quantum Hall (FQH) states. A review of FQH states can be

found in [2, 9, 13–21].

The U(1) Chern-Simons (CS) theory is an effective topological quantum field the-

ory that captures the behavior of certain topologically ordered phases, e.g., the FQH

states [3, 9, 11, 12, 17, 18, 20–27]. This system is described in terms of an emergent gauge

field aµ, and the pure theory does not have any dynamical degrees of freedom. The U(1)

CS theory is topological because its action does not depend on the spacetime metric, and

the invariant objects are global quantities related to the topology of the space. For exam-

ple, the ground-state degeneracy in compact manifolds depends on the topology of the

space, which is a global quantity. Furthermore, the observable quantities of this theory

are non-local operators, meaning that the quasiparticles exhibit non-local features, such

as non-trivial statistics.

The U(1) CS theory can describe the low-energy behavior of quantum Hall states

with filling fraction ν = 1/κ, where κ is the level of the theory. These phases can host

abelian quasiparticles (anyons) with fractional statistics and fractional electric charges.

The states with filling fraction ν = 1/κ, where κ is an odd integer, are the well-known

Laughlin states [28]. The article [19] from 2021 presents a review of the literature on

experimental techniques used to detect quasiparticles with fractional statistics.

The U(1) Chern-Simons theory can be analyzed from the perspective of higher-
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form symmetries within the context of generalized symmetries. Owing to the non-commutativity

of the Wilson lines, the U(1) theory has a discrete 1-form symmetry Zκ related to the

level κ of the theory [11,24].

In the U(1) Chern-Simons theory, the charged objects under the generalized sym-

metry are Wilson operators, which are non-local gauge-invariant objects that describe the

world line of quasiparticles. The non-locality of the Wilson lines is a feature stemming

from the topological aspects of the theory. When two indistinguishable quasiparticles are

exchanged, the wave-function can acquire a fractional phase that differs from that of or-

dinary particles (fermions and bosons). This is the Aharonov-Bohm effect, which can be

analyzed by studying the algebra of Wilson lines in the theory. The phase acquired in this

process does not depend on the distance between the exchanged quasiparticles, which is

another topological aspect of this theory related to long-range entanglement.

The quantum Hall effect (QHE) arises naturally in CS theory when the gauge fields

are minimally coupled to the electromagnetic field Aµ. The equation of motion considering

the coupling shows that the electric current in the xi direction induces a current in the xj

direction, which is the essence of the QHE. In contrast, the fractional electric charge of

the quasiparticles is obtained by coupling the theory with a matter current. In addition,

within the context of coupling with a matter current, it is possible to infer the flux-charge

relation, where each quasiparticle has a thin magnetic flux attached to it.

The U(1) bulk theory is defined in a manifold M and is gauge-invariant if the

theory has no boundary or if the boundary term can be neglected. However, in the presence

of a boundary ∂M, the bulk theory has a gauge anomaly that can be canceled only if

we consider the dynamical gapless excitations at the edge. In this case, the theory at the

edge is non-trivial with the presence of chiral gapless edge modes. In the case of U(1)

CS theory, there is a unique edge mode with one-way propagation that is stable against

perturbations. Therefore, it is not possible to open a gap in the edge theory, and the

edge mode remains gapless. Thus, in the presence of a boundary, the system hosts local

degrees of freedom, differently from the bulk physics, where the observables of the theory

are non-local.

The FQH states with hierarchical levels can be described by a U(1)N CS effective

topological field theory, where the system has N emergent gauge fields aI
µ, with I =

1, 2, . . . , N . Hierarchical states are a generalization of the single-component case and can

be studied using the K-matrix formulation, proposed by Wen and Zee in [29]. In fact, not

only hierarchical states but also any abelian topological phase can be studied using the

K-matrix formulation, which is a compact and elegant way of describing more general

topologically ordered phases. Due to TO, this model has quasiparticles with non-trivial

braiding and topological invariants, such as Hall conductivity and topological ground-

state degeneracy, which depend on the K-matrix. The quasiparticles in the system are
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defined modulo local particles, and the number of distinct particles in the bulk theory

is the same as the ground-state degeneracy on the torus; that is, the number of distinct

quasiparticles is obtained from the determinant of the K-matrix.

The U(1)N bulk theory can be studied as a generalization of the single-component

U(1) Chern-Simons theory with a similar construction, and both systems share physical

features. For example, the coupling of the gauge fields aI
µ with an electromagnetic field

Aµ through a charge vector t defines induced currents orthogonal to the electric field,

similar to the single-component case. In addition, the coupling with a matter current

through the quasiparticle vector l gives rise to a charge-flux relation and fractional electric

charge for the quasiparticles. However, in the multi-component CS theory, there are new

interesting properties, such as equivalence between theories [30], the concept of anyonic

symmetries [5, 30–32], and stable equivalence [5, 30,33,34].

The equivalence between topological phases is related to a basis change in the

gauge field through a transformation matrix G ∈ GL(N,Z) (which also changes the

vector charge t and the quasiparticle vector l), leading to a new theory containing the same

topological features as the original. In this case, two different K-matrices can represent

the same topological phase with the same set of quasiparticles, although they are labeled

in distinct ways.

In addition, anyonic symmetries are operations that permute anyons, preserving

the braiding exchange phase and fusion rule of the quasiparticles. Anyonic symmetries

of the system can be found using the K matrix and a matrix transformation that leaves

the Lagrangian invariant. However, in some cases, the K-matrix itself does not account

for all realizable anyonic symmetries, and we need to enlarge K through trivial sectors

to determine the remaining anyonic symmetries. This process of enlarging the K-matrix

using trivial sectors is called stable equivalence.

The edge theory of a U(1)N CS theory will also have dynamical gapless mode exci-

tations because the bulk action is gauge-invariant up to boundary terms. However, unlike

the single-component case, this system can have more than one edge mode propagating

at its edge. The edge modes are chiral and can move to the left or right. In the parti-

cular case where the theory has an equal number of modes propagating to the right and

left (no net chirality), the edge theory has the potential to be gapped by a perturbation

term [29,30,33–57].

However, the gappability of non-chiral edges is not guaranteed. There are states

without topological order and with short-range entanglement in the bulk of the system.

These phases are “trivial” in the bulk with a non-trivial edge theory. The edge modes are

gapless and protected by symmetry, and the edge can only be gapped if (spontaneous or

explicit) symmetry breaking occurs. Therefore, in the absence of symmetry breaking, the

edge is robust against perturbations, and the edge excitations cannot be localized because
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of the protection provided by the symmetry. These edge states are called Symmetry Pro-

tected Phases (SPT’s) and are widely studied [34,39,46,52,58–72]. Therefore, if symmetry

forbids perturbation Higgs terms, the system has SPT phases with non-trivial edge mode

excitations. The edges defined in two- or higher-dimensional manifolds can also be gapped

with intrinsic topological order.

The gappability of edge states without net chirality can be studied using the

concept of Lagrangian subgroups [41, 43, 47, 48, 72–75], which are subgroups containing

topological quasiparticles with particular properties that are condensed at the gapped

edge. The edge modes can be gapped when the edge theory has at least one Lagrangian

subgroup. Therefore, this process can also be understood from the perspective of anyon

condensation at the edge [41, 43, 44, 53, 55, 74–77], where the particles in the Lagrangian

subgroup are condensed. At the same time, the other quasiparticles that are not in the

Lagrangian subgroup are confined at the edge.

The interaction between edge modes at the interfaces can also be studied. This

interaction occurs when two different edges are in proximity, and the edge modes can

tunnel from one edge to the other [33,78]. The same process occurs when the bulk is thin

enough to allow interaction between the top and bottom edges in a quantum Hall state.

In addition, the U(1)N edge theory can host more exotic anyons at interfaces

that obey non-Abelian braiding statistics1 [37, 40, 42–44, 70, 79–87]. These non-Abelian

quasiparticles are of great interest because they have wide potential applications in fault-

tolerant topological quantum computing [88, 89] due to their topological ground-state

degeneracy.

The bulk-edge correspondence in the Chern-Simons approach provides a method

for identifying all edge excitations with their bulk counterparts. The bulk theory is defined

in a manifold M, and when this manifold has a boundary ∂M, chiral boson fields capture

the gapless excitations in the edge theory. When there is an equal number of left and right

propagation modes in the edge (no net chirality), the theory can be gapped out through

perturbation processes, as backscattering or superconductor terms [29, 30, 33–35, 37–54,

56,57].

This dissertation aims to analyze in detail the U(1)N Chern-Simons edge theory by

studying perturbations at the edge and the conditions for gappability using the K-matrix

formulation. A literature review of the edge theory of the U(1)N Chern-Simons theory

was conducted, and the main results are summarized in this dissertation.

This dissertation is structured as follows. First, in Chapter 2, the single-component

U(1) Chern-Simons theory is presented, along with its main characteristics, such as qua-

siparticles with electric fractional charges and fractional statistics. Then, the edge theory

1 In contrast to the case of abelian anyons, exchanging non-Abelian anyons gives more than just a phase.
For example, it can also rotate the state to a different wavefunction.
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of the U(1) CS theory is presented in Chapter 3, where there is a boson chiral field propa-

gating through the edge. The edge theory is robust against perturbations; therefore, the

modes cannot be gapped and remain gapless.

In Chapter 4, the multi-component U(1)N bulk CS theory is studied using the K-

matrix formulation. The main features of the system are analyzed, and some interesting

properties are presented, such as the equivalence between topological phases, anyonic

symmetries, and stable equivalence.

In addition, we present system examples where a topological phase in contact with

an s-wave superconductor is topologically equivalent to a bosonic state at a different filling

fraction. This bosonic state associated with a K-matrix has three anyonic symmetries,

which will be studied in detail in the following. We will show that the transformation G

associated with the K-matrix realizes only one of the three anyonic symmetries of the

system. Thus, in the last example, we will use stable equivalence to enlarge the K-matrix

by a trivial sector to realize the two remaining anyonic symmetries.

Finally, in Chapter 5, we study in detail the edge theory of multi-component U(1)N

Chern-Simons theory without symmetries. We present that the gappability condition can

be derived from the existence of at least one Lagrangian subgroup in the edge theory,

utilizing the concept of anyon condensation as an interpretation of the gapped edge.

Three examples will be addressed concerning the states with ν = 8/9, which can be

gapped; ν = 3/2, which cannot be gapped, and the edge modes remain gapless; and the

general case where K = diag(k1,−k2), which can be gapped if k1k2 is a perfect square.

In addition, in the last chapter, we also show that the edge theories studied in

this dissertation can host quasiparticles with non-Abelian statistics when we interpret

each topological phase as an interface that separates two different phases; for example,

the system with filling ν = 8/9 can be interpreted as an interface separating the phases

ν = 1 and ν = −1/9. These non-Abelian quasiparticles are bound to the endpoints of this

interface.
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2 U(1) CHERN-SIMONS THEORY

In this chapter, Abelian U(1) Chern-Simons (CS) theory will be studied in detail.

The U(1) Chern-Simons theory is a single-component topological effective field theory.

This theory possesses several interesting properties, such as the capacity to generate Abe-

lian anyons1 with fractional statistics and charge. The CS theory is defined in manifolds

of odd space-time dimensions. In this work, the focus will be on the theory defined on

a (2+1)-dimensional spatial plane. However, generalizing it to higher dimensions is not

difficult to implement.

2.1 Bulk Lagrangian

We will begin studying the bulk theory of this spatial plane, which is described by

a Chern-Simons term. The plane will be considered infinitely spaced without boundaries

in this chapter.

The bulk Chern-Simons action in (2+1) dimensions is defined as

S[a] =
∫

M

κ

4π
εµνρaµ∂νaρ, (2.1)

where κ is the level of the CS theory and aµ is an U(1)a emergent gauge field. This action

is first-order in space-time derivatives; therefore, this term dominates at long distances

(low-energy regime) compared to the Maxwell term, which is second-order in derivatives.

Further, because the Levi-Civita tensor εµνρ is completely antisymmetric in its indices,

the CS action is Lorentz invariant.

The Chern-Simons theory is topological since its action does not depend on the

metric gµν when placed in a curved space. Therefore, its invariants are global quantities

related to the topology of the space, and the CS action is invariant under smooth defor-

mations of the geometry of the space. The stress tensor, which is explicitly dependent on

the metric, vanishes. As a result, the Hamiltonian of this system is zero, which shows that

the pure Chern-Simons theory lacks local dynamical degrees of freedom.

Notice that the CS action is gauge-invariant up to boundary terms. Since we are

considering that the manifold M does not have a boundary, the CS term is indeed gauge-

invariant. In the next chapter, we will analyze the case where M has an edge and the

boundary terms cannot be neglected.

1 The name “anyon” comes from particles obeying any statistics, that is, these particles do not obey
either bosonic or fermionic statistics.
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The equations of motion (EoM) can be derived from the CS Lagrangian using

∂β
∂LCS

∂(∂β aα)
− ∂LCS

∂aα

= 0, (2.2)

as
κ

4π
εαµνfµν = 0 =⇒ fµν = 0, (2.3)

where fµν = ∂µaν − ∂νaµ is the field strength tensor. This equation of motion shows that

the system does not have local propagating degrees of freedom.

The solution to the EoM represented in equation 2.3 is a pure gauge configuration

aµ = ∂µλ,

for some arbitrary scalar field λ. This type of solution describes flat connections, since

f = da is the curvature of this connection. In other words, when f = 0, the curvature

associated with the connection is zero. It is possible to see that this system will not have

local propagating excitations, since the flat connections do not carry energy or momentum,

unlike Maxwell’s free theory, in which the solutions are propagating plane waves describing

connections with curvature (f ̸= 0).

It is possible to define a 2-form topological current associated with the CS theory

as

Jµν = εµνρaρ, (2.4)

∂µJ
µν = εµνρ∂µaρ = 0, (2.5)

which is conserved because of the EoM in equation 2.3. Therefore, the CS theory has a

1-form symmetry with charge

Q(Σ1) =
∫

Σ1

*J, (2.6)

which is defined on a one-dimensional closed submanifold Σ1 and it is a conserved quantity.

Using

*J =
1

2
Jµνεµνρdx

ρ

= aρdx
ρ, (2.7)

the charge in equation 2.6 becomes

Q(Σ1) =
∫

Σ1

a. (2.8)

The charged objects under the 1-form symmetry are extended objects with support

along a line, the Wilson line operators. These operators are the gauge-invariant observables

of the CS theory, describing the worldline of the quasiparticles in the system. They are
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non-local objects since the topological phase is robust to any local perturbation, and they

are defined as

Wn = exp
(

in
∮

C
a
)

, (2.9)

where C must be a closed curve (or infinitely long) in space to assure the gauge-invariance

of this object.

The κ level of the CS theory is quantized through large gauge transformations. To

see this, it is convenient to write the CS action in equation 2.1 as

S[a] =
∫

d3x
κ

4π
a0ε

ijfij + . . . . (2.10)

Consider the action defined in a manifold M = S1×S2, where the time component

is defined in a circle S1 of circumference L0. In addition, define a flux due to the presence

of a Dirac monopole inside S2 as
1

2π

∫

S2

f ∈ Z. (2.11)

Assuming that the large gauge transformation winds around the time direction as

a0 → a0 + ∂0λ = a0 +
2π

L0

, (2.12)

with λ = 2πx0/L0, then this transformation results in the compactness of the gauge field

a0.

The action variation under this large gauge transformation is given by

δS[a] =
∫

M
d3x

κ

4π

2π

L0

εijfij = 2πκ
∫ L0

0
dx0 1

L0

(

1

2π

∫

S2

1

2
εijfij

)

, (2.13)

where the bracket term is identified as the flux in equation 2.11, which is an integer value.

Therefore,

δS[a] = 2πκZ. (2.14)

For the CS quantum theory to be invariant under this large gauge transformation, it is

necessary that eiδS[a] = 1 so that the path integral is well-defined2. Thus, to satisfy this

condition for any integer Z, the level of the theory κ ∈ Z is quantized in integer values.

2.2 Coupling with Eletromagnetic Field

It is possible to couple the CS term with a U(1)A background electromagnetic field

Aµ through a minimal coupling as

S[a] =
∫

M

κ

4π
εµνρaµ∂νaρ − AµJ

µ, (2.15)

2 The invariance of the path integral is enough since the observables of the theory are obtained from
the path integral.
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with topological gauge-invariant current

Jµ =
1

2π
εµνρ∂νaρ, (2.16)

where the normalization constant was chosen to maintain the coupling term invariant

under large gauge transformations. Then, the action becomes

S[a] =
∫

M

κ

4π
εµνρaµ∂νaρ − 1

2π
εµνρAµ∂νaρ. (2.17)

Let us use the Euler-Lagrange equation in equation 2.2, considering the gauge field

aµ as a dynamical field, to obtain the equation of motion

1

2π
εµνρ∂νaρ =

1

κ

1

2π
εµνρ∂νAρ

=⇒ aµ =
1

κ
Aµ (locally). (2.18)

Applying this EoM in the CS action in equation 2.17 to integrate the field aµ out, one

gets

S[A] = −
∫

M

1

4πκ
εµνρAµ∂νAρ, (2.19)

which is the electromagnetic response action. Notice that this is a CS term for Aµ with

fractional level 1/κ.

The current response to the electromagnetic field is defined as

⟨Jµ
ind⟩ = −δS[A]

δAµ

=
1

2πκ
εµνρ∂νAρ, (2.20)

and, then, the spatial component of the electromagnetic current is given by

J i
ind =

1

2πκ
(εij0∂jA0 + εi0j∂0Aj)

=
1

2πκ
εij(∂jA0 − ∂0Aj)

=
1

2πκ
εijFj0 = − 1

2πκ
εijF0j

=
1

2πκ
εijEj, (2.21)

with F0j = −Ej. J
i
ind is the Hall current, which occurs when an electric field in the x1

direction induces an electric current in the x2 direction. Therefore, this equation indicates

the Quantum Hall Effect.

The temporal component of the electromagnetic current is given by

J0
ind = ρ0 =

1

2πκ
ε0ij∂iAj

=
1

2πκ
B, (2.22)
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with B = εij∂iAj. This equation is related to an excess density of electrons due to the

variation of the magnetic field as δn = 1
2π
νδB. Therefore, the filling fraction associa-

ted with this system is given by ν = 1/κ. Notice that when κ is an odd integer, this

theory describes a Laughlin state. The coefficient in equations 2.21 and 2.22 is the Hall

conductivity

σH =
1

2πκ
=

1

2π
ν. (2.23)

2.3 Coupling with a Matter Current

To specify the local particle excitations of the system, let us couple the CS theory

with a matter current jµ as

S[a] =
∫

M

κ

4π
εµνρaµ∂νaρ − aµj

µ, (2.24)

with a quasiparticle current

jµ =
q

2π
εµνρ∂νbρ, (2.25)

where bρ is a new single-component gauge field.

Using the Euler-Lagrange equation represented in equation 2.2, the EoM for aµ is

given by

κ

4π
εαµβ(∂βaµ − ∂µaβ) = −jα

κ

4π
εαβµfβµ = jα

jµ =
κ

4π
εµνρfνρ, (2.26)

and because of the Bianchi identity,

∂µj
µ = ∂µ

(

κ

4π
εµνρfνρ

)

= 0, (2.27)

implying that the matter current is conserved since fµν is antisymmetric. This guarantees

the gauge invariance of this term.

The spatial component of the matter current is

ji =
κ

4π
(εij0fj0 + εi0jf0j)

=
κ

2π
εijfj0

=
κ

2π
εijEj, (2.28)

with Fj0 = Ej. Thus, as a result of this relation, we can infer that the emergence of an

electric field is due to the presence of an electric current perpendicular to E.
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On the other hand, the temporal component of the electromagnetic current is given

by

j0 = ρ0 =
κ

4π
ε0ijfij

=
κ

4π
(ε12f12 + ε21f21)

=
κ

2π
B, (2.29)

with B = f12 and ε12 = 1. Through this equation, it is possible to realize that the physical

meaning of coupling the gauge field aµ with a matter current jµ is to tie magnetic flux

to charge. Notice that they are locally proportional to each other with the proportional

constant given by the CS level κ. Because of that, equation 2.29 is called the charge-flux

relation.

Consider N non-relativistic point particles in a 2-dimensional space with charge

density given by

ρ0(x) = q
N
∑

a=1

δ2(x⃗− x⃗a(t)), (2.30)

and a quasiparticle current

j⃗ = q
N
∑

a=1

ẋa(t) δ2(x⃗− x⃗a(t)), (2.31)

where the ath-quasiparticle is following a trajectory x⃗a(t). Due to the charge-flux relation

in equation 2.29,

B =
2πq

κ

N
∑

a=1

δ2(x⃗− x⃗a(t)), (2.32)

which implies that each point particle has a magnetic flux with intensity 2πq/κ attached

to it, as represented in Figure 1.

Notice that we can generalize equations 2.30 and 2.31 as

jµ(x0, x⃗) = q
dyµ(x0)

dx0
δ2(x⃗− y⃗(x0)). (2.33)

Using equation 2.9 for the Wilson operator, notice that

Wq[C] = eiq
∮

C
a

= exp
(

iq
∫

dyµaµ

)

= exp

(

iq
∫

dx0dy
µ(x0)

dx0
aµ

)

= exp

(

iq
∫

dx0dy
µ(x0)

dx0
aµ

)

= exp

(

iq
∫

d2xδ2(x⃗− y⃗(x0))
∫

dx0dy
µ(x0)

dx0
aµ

)

= exp
(

i
∫

d3x jµaµ

)

, (2.34)
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Figura 1 – A collection of quasiparticles with charge q with a magnetic flux of intensity
2πq/κ attached to them.

and, thus, the expectation value of the Wilson line operator

⟨Wq[C]⟩ =
∫

Da exp
(

iS[a] + i
∫

d3x jµaµ

)

(2.35)

correspond to insert a coupling term jµaµ in the action. This term is parametrized by the

current jµ written in terms of a new gauge field bµ to maintain the gauge invariance of the

action. In other words, introducing a Wilson line at the action is equivalent to introducing

an external charged particle.

The electric charge associated with this external probe particle can be calculated

by coupling the CS theory in equation 2.24 to a background electromagnetic field A as

S[a] =
∫

M

κ

4π
εµνρaµ∂νaρ − AµJ

µ − aµj
µ

=
∫

M

κ

4π
εµνρaµ∂νaρ − 1

2π
εµνρAµ∂νaρ − q

2π
εµνρaµ∂νbρ. (2.36)

The equation of motion for aµ is obtained by using the Euler-Lagrange equation repre-

sented in equation 2.2 and it is given by

aµ = −1

κ
Aµ +

q

κ
bµ. (2.37)

Substituting this EoM into the action in equation 2.36, one gets

S =
∫

d3x
(

− q

κ
Aµj

µ + . . .
)

, (2.38)
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which means that the Wilson line has an electric charge Q = −q/κ, which is, in general,

fractional.

As the Wilson lines describe the worldline of quasiparticles, the excitations with

fractional charge are quasiparticles in an FQH state. Therefore, the current matter jµ can

be interpreted as a current that describes the quasiparticles in the system. Notice that the

quasiparticle has charge q under the aµ field, but fractional electric charge −q/κ under

the electromagnetic field Aµ.

2.4 Quantization of Chern-Simons theory

To proceed to the quantization of the CS theory, let us write the Chern-Simons

action in a canonical form as

SCS = − κ

4π

∫

d3x εijai(∂0aj) + . . . (2.39)

=
κ

2π

∫

d3x ∂0a1 + . . . , (2.40)

where the terms with spatial derivatives were omitted in . . . .

The canonical momentum can be obtained from the CS Lagrangian as

Π1 =
∂L

∂(∂0a1)
=

κ

2π
a2. (2.41)

By the other hand, the commutator between the gauge field and the canonical momentum

is given by

[ai(x⃗),Πj(y⃗)] = iδijδ
2(x⃗− y⃗). (2.42)

Using equation 2.41 in the expression above, one gets

[a1(x⃗), a2(y⃗)] =
2πi

κ
δ2(x⃗− y⃗), (2.43)

showing that the gauge fields a1 and a2 form a conjugate pair.

With the commutating relation in equation 2.43, it is possible to study the algebra

of the following Wilson lines

W1 = exp
(

i
∫

dx1a1

)

W2 = exp
(

i
∫

dx2a2

)

,

as

W1W2 = e−2πi/kW2W1, (2.44)

or, more generally,

(W1)
m(W2)

n = e−2πimn/k(W2)
n(W1)

n. (2.45)
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Notice that the Wilson operators (W1)
k and (W2)

k behave like a transparent line

in the sense that both commute with (W1)
m and (W2)

n,

(W1)
k(W2)

m = exp

(

−2πikm

k

)

(W2)
m(W1)

k

= e−2πim(W2)
m(W1)

k

= (W2)
m(W1)

k, (2.46)

since k ∈ Z and e−2πiZ = 1. This means that the line

W k[C] = exp
(

ik
∮

C
a
)

= (W [C])k

does not induce a non-trivial holonomy, and it behaves as an identity by considering the

Zk algebra. Therefore, the operators associated with the 1-form symmetry belong to the

Zk group by performing a discrete symmetry Z
(1)
k .

2.5 Anyon Statistics

In this section, we aim to analyze the non-trivial statistics of the quasiparticles

that arise in our system when we adiabatically move one quasiparticle around another. We

will obtain the phase acquired in this process through the interpretation of the Aharonov-

Bohm effect and also through the algebra of the Wilson lines.

The charge-flux relation gives Aharonov-Bohm-type interactions. This interaction

occurs when a quasiparticle with aµ-charge q is adiabatically moved around a flux q/κ,

as indicated in Figure 2. By the end of this process, the wavefunction associated with the

quasiparticle q acquires a phase

eiqΦ = ei2πq2/κ. (2.47)

This adiabatic process is interpreted as a double exchange of two identical particles,

each one with a flux Φ = 2πq/κ attached to them. Therefore, the anyonic exchange phase

arises when two identical particles are exchanged, that is, when a particle goes around

another one at an angle of π, instead of 2π, as in the Aharonov-Bohm-type interaction.

This process gives the anyonic phase of the particle q as

ei 2πq2

2κ = eiπq2/κ. (2.48)

The statistics θ is obtained through the phase e±iπθ that the wavefunction acquires

under exchange. Therefore, the statistics is given by

θ =
q2

κ
mod 2, (2.49)

which is defined mod 2, since ei2π = 1. Figure 3 shows four types of windings between

two quasiparticles, where the statistics is represented in the first (counted from the left)
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Figura 2 – A quasiparticle with aµ charge q moving adiabatically around a flux Φ =
2πq/κ.

Figura 3 – Illustration of different windings between two quasiparticles, with the phase
acquired in each process. From [2].

process, where this process represents an exchange up to a translation that does not

change the acquired phase. The Aharonov-Bohm effect is represented in the last process.

Observe that when θ is an odd integer, (eiπ)θ=odd = −1 and the particles respect

fermionic statistics. By the other hand, when (eiπ)θ=even = 1, the particles obey bosonic

statistics. However, ν can assume fractional values. In this case, the particles obey any

statistics. These are the anyons; quasiparticles with fractional statistics.

The same result for the statistics can be obtained through the Wilson lines, as

they describe the world line of the quasiparticles in the system. Consider two Wilson lines

W1 and W2, each one with charge q. The first Wilson operator is extended infinitely in

the time direction, performing a path γ0, and the second Wilson line encircles the first in

a closed path γ1, as indicated in Figure 4.

Notice that the anyonic phase does not change when we perform smooth deforma-

tions on the curve γ1 that describes the trajectory of quasiparticle 2. What contributes to

the phase is how many times the quasiparticle 2 winds around the flux attached to quasi-

particle 1. Therefore, the phase is independent of the trajectory in which the quasiparticle
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Figura 4 – A double exchange between two identical quasiparticles.

winds around the flux. In addition, notice that the winding process does not depend on

the distance between quasiparticles. Therefore, the interaction between quasiparticles is

also long-ranged.

Notice we can write equation 2.45 in terms of the linking number as

Wγ0Wγ1 = exp

(

−2πiq2

k
Link(γ0, γ1)

)

Wγ1Wγ0 , (2.50)

showing that the phase acquired is exactly the Aharonov-Bohm phase already obtained.

It is also possible to write the non-commutativity of the Wilson lines as

⟨Wγ0Wγ1⟩ = exp

(

2πiq2

κ
Link(γ0, γ1)

)

= e
2πi
κ

q2 ⟨Wγ0⟩ ⟨Wγ1⟩ , (2.51)

considering that the quasiparticle makes a 2π turn around quasiparticle 1, that is, Link(γ0, γ1) =

1. In other words,

⟨Wγ0Wγ1⟩
linked

= e
2πi
κ

q2 ⟨Wγ0Wγ1⟩
unlinked

. (2.52)

The expression above shows that when the two curves are linked once (that is, when

the Wilson line Wγ1 encircles the quasiparticles that is at rest in space), the wavefunction

associated with the first particle acquires a phase e
2πi
κ

q2

, which is the Anaronov-Bohm

phase obatined previously. The anyonic phase associated with the exchange of two identi-

cal particles is given by half of the Aharonov-Bohm phase, that is e
πi
κ

q2

. This means that

the statistics is given by θ = q2/κ; the same result obtained above.
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Therefore, knowing the relation between the statistics and the phase acquired by

exchanging two quasiparticles, it is possible to further study the holonomy of the Wilson

lines Wγ0 and Wγ1 using equation 2.50. First, let us summarize our previous results as

Wγ0Wγ1 = exp

(

−2πiq2

k
Link(γ0, γ1)

)

Wγ1Wγ0 (2.53)

θq =
q2

κ
mod 2 (2.54)

sq =
θq

2
=
q2

2κ
mod 1, (2.55)

where sq is the spin related to the particle with aµ-charge q, where the relation that

s = θ/2 was used due to the spin-statistics theorem.

Consider the statistics and spin for the curves with q = n and q = n+ k as

q = n =⇒ θn =
n2

κ
mod 2; sn =

n2

2κ
mod 1 (2.56)

q = n+ κ =⇒ θn+κ =
n2

κ
+ κmod 2; sn+κ =

n2

2κ
+
κ

2
mod 1. (2.57)

Due to the statistics being defined modulo 2, if κ is even, the additional contribution to

the statistics from the curve n+κ can be absorbed into the mod 2 structure. Also, in the

case κ is even, the spins associated with the curves n and n+ κ are the same because of

the modulo function. Therefore, when κ is even, the curves n and n + κ yield the same

holonomy and are equivalent. Thus, the theory has κ independent lines.

In the case where κ = 2l + 1 is odd with l = 0, 1, . . . , notice that

θn+κ =
n2

κ
+ κmod 2; sn+κ =

n2

2κ
+
κ

2
mod 1,

and substituting κ = 2l + 1

θn+κ =
n2

κ
+ 1 mod 2; sn+κ =

n2

2κ
+

1

2
mod 1.

Through this expression, we can see that the statistics of the curve with q = n + κ

differ from the statistics of the curve n by 1mod 2, and therefore they represent different

quasiparticles. In addition, the spin of the curve n + κ differs from the spin of n by

1/2 mod 1. Thus, despite the curves n and n+ κ yielding the same holonomy for κ odd,

it is not possible to say that these curves are equivalent.

Notice that when κ is odd the curve n+ 2κ have the following spin and statistics

θn+2κ =
(n+ 2κ)2

κ
mod 2 =

n2

κ
mod 2

sn+2κ =
(n+ 2κ)2

2κ
mod 1 =

n2

2κ
mod 1,
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and, in this case, the statistics and the spin are the same for the curve n. Thus, these

lines are equivalent, and the system has 2κ independent lines when κ is odd.

In particular, a line with q = κ = 2l + 1 odd has statistics

θκ =
κ2

κ
mod 2 = κ mod 2 = 1 + 2l mod 2,

= 1 mod 2 (2.58)

and spin

sκ =
κ2

2κ
mod 1 =

κ

2
mod 2 =

1

2
+ l mod 1

=
1

2
mod 1. (2.59)

Thus, the line 2l+ 1 has fermionic statistics and spin, which means that this Wilson line

describes the world line of a fermion.

2.6 Chern-Simons in the Torus

In this section, we aim to investigate the ground-state degeneracy of a Chern-

Simons theory defined on a torus. For a Chern-Simons theory defined in a plane R × R2,

the ground-state is unique. However, the torus is a two-dimensional surface with a non-

trivial topology, and therefore the ground-state will be degenerate and dependent on the

topology. This property is called a topological degeneracy.

Consider a torus as indicated in Figure 5, where the non-contractible loops C1

and C2 are identified as opposite edges of a square. The first loop C1 winds around the

square in the x1-direction, and C2 winds around in the x2-direction. Consider two unitary

operators T1 and T2 with the following properties:

• W1 describes the process of creating a pair of particles-antiparticles, moving each

one in opposite directions around the C1 loop until they annihilate each other on

the opposite side of the torus. This process is indicated in Figure 6.

• W2 describes the process of creating a pair of particles-antiparticles, moving each

one in opposite directions around the C2 loop until they annihilate each other on

the opposite side of the torus.

The inverse operators W−1
1 and W−1

2 describe time-reversed processes. In addition,

both W1 and W2 preserve the ground-state of the system, since these processes begin and

end in the vacuum. Therefore, no net excitation is introduced into the system.

Consider the process

W−1
2 W−1

1 W2W1,
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Figura 5 – A torus with the two non-contractible loops indicated as C1 and C2. Both
non-contractible cycles can be identified as the edges of a square, as indicated
in the right drawing. From Reference [3].

Figura 6 – Illustration of the process W1 of creating a particle-antiparticle pair is repre-
sented by the red dot in the figure, and their annihilation is indicated at the
point marked ’x’. This process is happening in the loop C1 of the torus.

where the time is read from the right to the left. The process is performed in the following

steps:

1. W1 perform a loop along C1;

2. W2 perform a loop around C2;

3. W1 perform the inverse process indicated in (1);

4. W2 perform the inverse process indicated in (2),

where the operators W1 and W2 can be understood as Wilson operators along the direc-

tions C1 and C2, respectively. This process is represented in Figure 7.

The process W−1
2 W−1

1 W2W1 induces a phase e2iθ. However, notice that if we com-

mute the intermediary process W−1W2, we get the following process

W−1
2 W2W

−1
1 W1 = I
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Figura 7 – Process W−1
2 W−1

1 W2W1 in steps, where (a). a quasiparticle world line sweeps
through C1; (b). a quasiparticle world line sweeps through C2; (c). a quasipar-
ticle traverses C1 in the reverse order; (d). a quasiparticle traverses C2 in the
reverse order.

and the curves are unlinked. Therefore, to find the phase in the linked process, we must

calculate

W−1
1 W2 = e−i

∫

a1ei
∫

a2 = e−[
∫

a1,
∫

a2]W2W
−1
1 . (2.60)

Using equation 2.43, one has

W−1
1 W2 = e2πi/κW2W

−1
1 , (2.61)

and substituting this in the process W−1
2 W−1

1 W2W1, one gets

W−1
2 W−1

1 W2W1 = e2πi/κW−1
2 W2W

−1
1 W1 = e2πi/κ. (2.62)

Although the Wilson operators W1 and W2 in general do not commute3, both of

these operators commute with the Hamiltonian. Therefore, they are symmetries of the

system, and, as a result, the theory has a ground-state degeneracy in the torus.

Let us show how many degenerate ground-states a Chern-Simons with level κ has

in the torus. As W1 is a unitary operator, its eigenvalue is a phase eiα where α ∈ [0, 2π).

3 The cases where W1 and W2 commute are when θ = 0, representing the world line of bosons, and
θ = π, which represents the world line of fermions.
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The action of this operator is

W1 |α⟩ = eiα |α⟩ . (2.63)

Since W2 also commutes with the Hamiltonian, the state W2 |α⟩ is also in the ground-state

space of our system.

Then, apply W1 to this new state using

W1W2 = e−2πi/κW2W1, (2.64)

as

W1(W2 |α⟩) = e−2πi/κW2W1 |α⟩ = e−2πi/κeiαW2 |α⟩
= eiα−2πi/κW2 |α⟩ . (2.65)

Renaming W2 |α⟩ → |α− 2π/κ⟩, one has

W1 |α− 2π/κ⟩ = eiα−2πi/κ |α− 2π/κ⟩ , (2.66)

and we generated another ground-state. We can continue to generate states by iteration

as

|α⟩ , |α− 2π/κ⟩ , |α− 4π/κ⟩ , . . . , |α− 2(κ− 1)π/κ⟩ . (2.67)

The state corresponding to |α− 2π⟩, which would be the next state in the sequence

in 2.67, is equivalent to |α⟩ as they differ by e−2πi = 1. Thus, there are a number κ of

degenerate ground-states.

2.7 Hierarchical States

The theory developed so far concerns the first level of an FQH system. It is possible

to construct a second-level hierarchical FQH state that contains two kinds of quasipar-

ticles. To do that, instead of having one emergent dynamical field aµ, we will have an

additional emergent dynamical gauge field āµ coupled to a matter current j̄µ with

j̄µ =
1

2π
εµνρ∂ν āρ. (2.68)

The effective action coupled to a background electromagnetic field Aµ is given by

S[a, ā, A] =
∫

M

κ1

4π
εµνρaµ∂νaρ +

κ2

4π
εµνρāµ∂ν āρ − AµJ

µ − aµj̄
µ

=
∫

M

κ1

4π
εµνρaµ∂νaρ +

κ2

4π
εµνρāµ∂ν āρ − 1

2π
εµνρAµ∂νaρ − 1

2π
εµνρaµ∂ν āρ, (2.69)

and notice that the gauge field āµ is dynamical, meaning that it has a CS term itself with

level κ2. The topological current that couples to the electromagnetic field is given by

Jµ =
1

2π
εµνρ∂νaρ, (2.70)
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which is conserved.

The Euler-Lagrange equations for a0 and ā0 are given by

∂ν
∂LCS

∂(∂ν a0)
− ∂LCS

∂a0

= 0 (2.71)

∂ν
∂LCS

∂(∂ν ā0)
− ∂LCS

∂ā0

= 0. (2.72)

The equation of motion for a0 is obtained by using equation 2.71 and the Lagran-

gian in equation 2.69 as

κ1

4π
εµν0∂νaµ − κ1

4π
ε0νρ∂νaρ − 1

2π
εµν0∂νAµ +

1

2π
ε0νρ∂ν āρ = 0 (2.73)

− κ1

2π
ε0ij∂iaj +

1

2π
εij∂iAj +

1

2π
ε0ij∂iāj = 0 (2.74)

∂iaj =
1

κ1

∂iAj +
1

κ1

∂iāj. (2.75)

Defining the magnetic fields associated with each gauge field as

b = εij∂iaj (2.76)

b̄ = εij∂iāj (2.77)

B = εij∂iAj, (2.78)

the EoM for aµ in equation 2.74 becomes

−κ1b+B + b̄ = 0

B = κ1b− b̄. (2.79)

We can also find the EoM for the gauge field ā by following the same procedure

for ā0 through equation 2.72 as

−κ2

2π
εij∂iāj +

1

2π
εij∂iaj = 0

∂iāj =
1

κ2

∂iaj (2.80)

κ2b̄ = b. (2.81)

We aim to extract topological properties of the hierarchical CS system, such as the

Hall conductivity and the filling fraction. To do that, consider the temporal component

of the electromagnetic current as

j0 = ρ = − δL
δA0

=
1

2π
εij∂iaj =

b

2π
, (2.82)

which is related to the attribute of flux to the charges of the system. The Hall conductivity

can be found from the charge density ρ as

σxy =
ρ

B
=

b

2πB
,
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and using equations 2.79 and 2.81 to simplify this expression, the Hall conductivity is

given by

σxy =
b

2π(κ1b− b̄)
=

κ2b̄

2πb̄(κ1κ2 − 1)

=
1

2π
(

κ1 − 1
κ2

) . (2.83)

As a result of the form of the Hall conductivity in equation 2.83, the theory repre-

sented in equation 2.69 describes an effective theory of a second-level hierarchical state. It

is also possible to obtain the same result for the Hall conductivity using a more laborious

approach by integrating the field āµ out of the action, followed by integrating out the field

aµ to obtain a CS term for the electromagnetic field Aµ.

The generalization for higher hierarchies is accomplished similarly by introducing

new emergent gauge fields with a Chern-Simons term. For this case, the filling factor is

given by

ν =
1

κ1 ± 1
κ2± 1

κ3±...

(2.84)

The Chern-Simons action of these theories can be written in a more compact way

using the K-matrix formulation. For example, the second-level CS theory can be described

by the compact action

S[a] =
∫

d3x
1

4π
KIJε

µνρaI
µ∂νa

J
ρ − 1

2π
tIε

µνρAµ∂νa
I
ρ, (2.85)

with I, J = 1, 2, K-matrix

K =

⎡

⎣

κ1 −1

−1 κ2

⎤

⎦ , (2.86)

and the charge vector

t =

⎡

⎣

1

0

⎤

⎦ . (2.87)

By using this notation, it is possible to realize that this action is indeed the compact

form of equation 2.69, with (a1
µ, a

2
µ) = (aµ, āµ). The K-matrix formulation, in fact, is used

to describe any Abelian anyon theory, not just the hierarchical states. This formulation

will be covered in more detail in Chapter 4.
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3 U(1) EDGE CHERN-SIMONS THEORY

In this chapter, we develop the single-component U(1) Chern-Simons edge theory.

We will show that when the bulk, which is defined in a manifold M, has a boundary ∂M,

the theory will have gapless edge mode excitations at the edge, as a result of a gauge

anomaly. The main properties of this system will also be presented.

3.1 Edge Lagrangian

It was already seen that the bulk CS action in 2+1 dimensions is defined in a

manifold M, and it is given by

Sbulk =
∫

M
d3x

κ

4π
εµνρaµ∂νaρ. (3.1)

This bulk action is gauge-invariant up to boundary terms, which is a gauge anomaly of

the theory. Therefore, Sbulk is strictly invariant only if the manifold M has no boundary

or if the boundary terms can be neglected. In the case where M has a boundary ∂M and

the boundary terms cannot be neglected, then it is expected that there will be physical

(dynamical) modes at the edge of the theory. Thus, the dynamical edge excitations are

required to cancel the gauge anomaly in the bulk theory.

We will derive the CS edge theory using bosonization in 1+1 dimensions. For that,

consider the manifold M decomposed as

M = R × Σ,

with

Σ = (−∞, 0] × R,

where x1 ∈ (−∞, 0], so that there is a physical boundary at x1 = 0, as shown in Figure

8, where the bulk is represented in the bottom semi-plane. Also, assume the pure-gauge

configuration1 in the bulk as

aµ = ∂µφ, (3.2)

with compactness of the scalar field, that is, φ ∼ φ+ 2πn; n ∈ Z.

Consider the commutation relation already derived in the last chapter as

[ai(x⃗), aj(x⃗
′)] =

2πi

κ
εijδ

2(x⃗− x⃗′), (3.3)

and substitute the pure gauge configuration into equation 3.2 to obtain

[∂iφ(x⃗), ∂jφ(y⃗)] =
2πi

κ
εijδ(x

1 − y1)δ(x2 − y2). (3.4)

1 The pure-gauge choice was made through the equation of motion da = f in which the solutions are
the pure-gauge configuration.
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Figura 8 – Illustration of the bottom edge of a Chern-Simons theory. In the figure, the
bulk corresponds to the x1-x2 plane where x1 ∈ (−∞, 0] (represented in the
pink-shaded region) while the edge is located at x1 = 0.

In the next step, we integrate the commutator in equation 3.4 over x1 in the

interval x1 ∈ (−∞, 0] to get

[φ(x2), ∂y2φ(y2)] =
2πi

κ
δ(x2 − y2). (3.5)

Assuming x2 = x and y2 = y to simplify, we have

[φ(x), ∂yφ(y)] =
2πi

κ
δ(x− y), (3.6)

which is the Kac-Moody algebra for the edge fields φ. This expression is the commutator

relation for a chiral boson field. Therefore, φ is a one-way propagating boson field. This

result can be seen more explicitly through the equation of motion, which will be presented

below.

Let us write the commutator in terms of the fields only. To do that, integrate this

commutation relation over y to get2

[φ(x), φ(y)] =
πi

κ
sign(x− y), (3.7)

and suppose that ∂yφ(y) is a function of Π(y), that is,

∂yφ(y) = aΠ(y), (3.8)

where a is a constant coefficient to be determined. Applying this relation to the commu-

tator in equation 3.6, one has

a =
4π

κ
, (3.9)

2 The integration in y of δ(x − y) gives a step function, which in this case leads to the sign function,
since x and y are symmetric in the commutator.
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and therefore

Π(x) =
κ

4π
∂xφ(x). (3.10)

As the conjugate momentum relates to the Lagrangian as

Π =
∂L

∂(∂tφ)
, (3.11)

then the Lagrangian term that gives rise to this momentum is given by

L0
edge =

κ

4π
∂tφ∂xφ. (3.12)

However, note that this Lagrangian has no propagating degrees of freedom, as it leads to

a null Hamiltonian. Since we are assuming that there are dynamical degrees of freedom in

the edge, we must add a propagating term compatible with the symmetries of the system.

An adequate choice would be a quadratic term in momenta, that is,

Ledge = L0
edge + L1

edge

=
κ

4π
∂tφ∂xφ− κv

4π
∂xφ∂xφ

=
κ

4π

(

∂tφ∂xφ− v(∂xφ)2
)

, (3.13)

where v is a constant related to the value of the velocity of the edge mode φ.

The corresponding Hamiltonian density

H =
∫

dx
κv

4π
(∂xφ)2 (3.14)

must be bounded from below, i.e., it must also be positive-definite. For that to happen,

κv must be strictly positive. Therefore, the sign of the level κ of the theory determines

the sign of the velocity constant v of the edge modes. For κ > 0, the velocity v must be

strictly positive and the edge modes propagate to the left at the boundary.

The equation of motion associated with φ is obtained through

∂β
∂LCS

∂(∂β φ)
− ∂LCS

∂φ
= 0, (3.15)

as

(∂t − v∂x)∂xφ = 0, (3.16)

which is the EoM for a chiral boson theory where the excitations are gapless. A very

special property of a chiral edge is its robustness against backscattering perturbations.

Since the fields are chiral, assume that all modes on the top edge move to the left. Then, if

we wanted to apply a backscattering3 perturbation term to scatter these modes to right-

moving modes, these excitations would have to cross the bulk to arrive at the bottom

edge.

3 Backscattering is defined as a physical phenomenon that reflects/scatters particles back from the
direction of propagation that they originally came from.
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This robustness can be broken if we consider a system with two edges (top and

bottom) and the bulk theory between them, as illustrated in Figure 9. When the bulk is

extensive enough, this type of scattering would be highly suppressed, and both edges would

be robust against these perturbations. However, if the bulk is thin enough, the counter-

propagating modes at each edge can interact with one another, and backscattering can

occur through a tunneling effect.

Figura 9 – Illustration for a Quantum Hall system with a bulk theory and two edges, top
and bottom.

3.2 Vertex Operators

The bulk-edge correspondence associates a quasiparticle in the bulk with an ope-

rator at the edge, which is a vertex operator. These vertex operators are related to Wilson

lines at the edge, as we will see below.

Consider a Wilson line along an open line in the x2-direction coming from minus

infinity to the edge is given by

Wn(x0, x2) = exp
(

in
∫ 0

−∞
dx1a1

)

= exp
(

in
∫ 0

−∞
dx1∂1φ(x0, x1, x2)

)

= exp
(

inφ(x0, x2)
)

, (3.17)

where we have assumed that φ → 0 when x1 → −∞. This operator is known as the vertex

operator in Conformal Field Theory, or as the electron operator

Ψn(x0, x2) =: einφ :, (3.18)

which is related to the excitations at the edge. This operator has normal ordering, which

will be omitted from now on for notational simplicity. Each particle n in the bulk has a

corresponding vertex operator Ψn at the edge.

With the commutator of the field φ, we can calculate the algebra of the vertex

operators as

ΨnΨm = exp
(

−iπ

κ
nm sign(x2 − y2)

)

ΨmΨn, (3.19)
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with Ψn = einφ(x2) and Ψm = eimφ(y2). Therefore, the exchange phase of a vertex operator

Ψn is given by exp(−iπn2/κ) and the statistics is

θn =
n2

κ
. (3.20)

Notice that when n = κ is odd, the statistics of the vertex operator is fermionic.

Thus, this vertex operator is, in fact, a fermion. In the simplest case when κ = 1, it is

possible to fermionize the theory using

ψ =
1√
2πa

Ψκ=1, (3.21)

with a being the short-distance cut-off.

The richness of the edge excitations corresponds to the topologically rich properties

of the bulk theory. This is due to the bulk-edge correspondence. For example, distinct

topological orders in the bulk lead to different structures of the edge excitations.

3.3 Coupling to Electromagnetic Field

In this section, we aim to analyze the problem with gauge-invariance that arise

when we consider the usual minimal coupling with the electromagnetic field Aµ and how

to get around this problem by changing the form of the coupling.

It was already seen that the theory is coupled to an electromagnetic field Aµ

through

Scoupling =
∫

M
d3xAµJ

µ

=
1

2π

∫

M
d3xεµνρAµ∂νaρ. (3.22)

This expression is not gauge-invariant under a gauge transformation of the field Aµ in

the presence of a boundary, despite being invariant under gauge transformations of the

emergent field aµ.

We can redefine the coupling by performing an integration by parts in equation

3.22 and throwing away the boundary term that breaks gauge invariance. Then, one has

the new gauge-invariant coupling as

Scoupling = − 1

2π

∫

M
d3x εµνρaµ∂νAρ. (3.23)

This new coupling is invariant under gauge transformations of Aµ and under restricted4

gauge transformations of aµ. Therefore, in the presence of a boundary, this is the correct

coupling of an electromagnetic field [18].

4 The gauge transformation aµ → aµ+∂λ is restricted and we impose that the transformation parameter
vanishes at the boundary, that is, λ|∂M = 0).
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Recall that in the previous results, we were considering x2 = x for simplicity. We

return to the usual notation x0, x1, and x2 to avoid confusion in the next steps. Set A1 = 0

and consider the background fields A0 and A2 that are independent of the variable x1.

Also, fix the gauge a0 = 0. Then

Scoupling = − 1

2π

∫

M
d3x ε1νρa1∂νAρ

=
1

2π

∫

M
d3x a1(∂0A2 − ∂2A0)

=
1

2π

∫

M
d3x ∂1φ(∂0A2 − ∂2A0), (3.24)

and integrating over x1 followed by an integration by parts, one has

Scoupling =
1

2π

∫

∂M
dx0dx2 φ(∂0A2 − ∂2A0)

=
1

2π

(

−
∫

∂M
d2x A2∂0φ−

∫

∂M
d2x φ∂2A0)

)

=
1

2π

(

−
∫

∂M
d2x vA2∂2φ+

∫

∂M
d2x A0∂2φ)

)

=
1

2π

∫

∂M
d2x (A0 − vA2)∂2φ, (3.25)

where we used the equation of motion to fix the constraint ∂0φ = v∂2φ on the first term.

The expression in equation 3.25 indicates that the charge density ρ at the edge

x1 = 0 that couples to the temporal component of the electromagnetic field A0 is given

by

ρ =
1

2π
∂2φ =

1

2π

∂φ

∂x2
. (3.26)

By using the simplification x2 = x, we have

ρ =
1

2π
∂xφ, (3.27)

which can also be written as

ρ(x) =
1

2π
: Ψ†(x)Ψ(x) :, (3.28)

where : : indicates normal ordering, which will be omitted from now on. On the other

hand, the current density is the term that couples with the spatial component of A and

is given by j = −vρ, which is a chiral current flowing through the edge.

It is possible to calculate the quasiparticle charge through the commutation rela-

tion for the fields φ in equation 3.6 by using the relation for ρ in equation 3.27 as

[ρ(x),Ψ†
n(y)] =

n

κ
δ(x− y)Ψ†

n(y) (3.29)

with Ψn given by equation 3.18. From this expression, it follows that the quasiparticle Ψ†
n

carries charge n/κ, which is generally fractional.
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In the case n = κ, from equation 3.30, we infer that the operator Ψ†
κ has unit

charge and corresponds to creating the underlying particle (boson for κ even and fermion

for κ odd) at the edge with

[ρ(x),Ψ†
n(y)] = δ(x− y)Ψ†

n(y). (3.30)

Therefore, the vertex operator Ψκ is related to removing particles from the edge. This can

be seen more explicitly by integrating equation 3.30 over x to obtain

[N̂ ,Ψ†(y)] = Ψ†(y),

which means that

N̂Ψ†(y) |N⟩ = (N + 1)Ψ†(y) |N⟩ ,

where N̂ =
∫

dxρ(x) is the particle number operator.

In the particular case n = 1, the vertex operator is

Ψ = eiφ,

which is the simplest vertex operator in the theory. The creation operator Ψ† has a

commutation relation to the charge density given as

[ρ(x),Ψ†(y)] =
1

κ
δ(x− y)Ψ†(y), (3.31)

and corresponds to the creation of charges 1/κ, as in a quantum Hall fluid. These qua-

siparticles with fractional charge have an exchange phase e−iπ/κ, corresponding to the

statistics of anyons.

In conclusion, the edge must have non-trivial dynamical degrees of freedom to

restore gauge invariance. As a result, a current density flows through the edge. In terms

of charge density, the equation of motion becomes

∂0ρ− v∂1ρ = 0, (3.32)

which is a wave-type equation for ρ. This means that a chiral wave propagates at speed

v at the edge. Notice that this wave equation has solutions of the form ρ(x + vt), but

counter-propagating waves of type ρ(x − vt) are not allowed solutions. Because of that,

the same result previously obtained that perturbation terms, as backscattering, are not

allowed, and the edge is robust against perturbation is obtained again by analyzing the

edge currents. In other words, the equation of motion in equation 3.32 holds even in the

presence of interactions, assuring that the edge modes will remain gapless.

Classically, the rise of a current density at the edge can be understood by looking

at the movement performed by the quasiparticles in a quantum Hall liquid in a spatial

plane as represented in Figure 10, where the quasiparticles in the bulk have a cyclotron
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Figura 10 – Illustration of the skipping orbit of the particles near the edge, which gene-
rates an edge current. In the bulk, the particles describe a cyclotron orbit.
From Reference [4].

orbit, but the quasiparticles near the edge have skipping orbits, which gives rise to an

edge current.

Based on this, we conclude that the dynamical boson field living at the edge of a

U(1) CS theory has a one-way propagation and the edge is robust against perturbation.

This property is related to conformal theory data, which is the central charge of the

theory. In the case for the edge theory regarding the bulk at filling ν = 1/κ, the central

charge is c = 1, showing the chirality of the edge mode.

3.4 Thermal Conductivity and Central Charge

In this section, we will analyze how the thermal Hall conductivity at the edge

relates to the central charge of the system.

For a pure chiral system in 1 + 1 dimensions, the theory is gapless. Since the edge

modes are gapless, they can carry energy, leading to thermal transport at the boundary.

The chiral edge theory can be described by a conformal field theory. The central charge

c is a quantity related to the number of left and right propagating modes at the edge,

and, thus, it is an observable of the theory. In the case of a U(1) Chern-Simons theory

with level κ, the edge theory is chiral with c = 1 (one-way propagation). The propagation

direction of the edge modes (left or right) is defined by the sign of the level κ.

The central charge is a well-known concept in conformal theories and is related to

the heat capacity per unit length cv of the related system by

cv =
πk2

bcT

6v
, (3.33)

where v is the velocity of the edge mode, T is the temperature, kB is Boltzmann’s constant,

c is the central charge of the system, and we are assuming ℏ = 1.
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The energy density ε per unit length is the integral of the specific capacity as

ε =
∫ T

0
cv(T ′)dT ′ =

πk2
bcT

2

12v
, (3.34)

and, therefore, the energy flux in the chiral edge is given by

Jq = vε =
πk2

bcT
2

12
, (3.35)

which is the thermal Hall effect. The variation of this current is given by

δJq =
πk2

bcT

6
δT. (3.36)

The equation 3.36 indicates that the boundary of a Topological Quantum Field

Theory can have gapless modes carrying heat. The central charge of this chiral edge is

related to the heat transport along the edge. Through the Fourier heat equation

δJq = κT δT, (3.37)

we can obtain 5

κT =
πk2

bT

6
c, (3.38)

which is the thermal Hall conductivity κT .

Two different Laughlin states at distinct filling fractions ν1 = 1/κ1 and ν2 = 1/κ2

have the same thermal conductance, since this observable is independent of the level κ.

This is because both theories have the same central charge c = 1, which is independent

of κ [90].

5 Careful to not confuse the thermal Hall conductivity κT with the level κ of the theory, since the
notation is similar.
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4 U(1)N CHERN-SIMONS THEORY

In this chapter, we will develop an effective field theory for any Abelian topologi-

cally ordered state through the K-matrix formulation.

4.1 Multi-Component Action

Consider the following multi-component U(1)N Chern-Simons (CS) action in 2+1

dimensions

S[a] =
∫

d3x
1

4π
KIJε

µνρaI
µ∂νa

J
ρ , (4.1)

where we have assumed that there are a number N of U(1) emergent gauge fields aI
µ

with I, J = 1, 2, . . . , N . Thus KIJ ∈ ZN ×ZN is an N ×N symmetric matrix with integer

entries, which specifies the CS couplings. Notice that K is a symmetric matrix to maintain

the CS action invariant under the exchange of I and J , since

S[a] =
∫

d3x
1

4π
KJIε

µνρaJ
µ∂νa

I
ρ

= −
∫

d3x
1

4π
KJIε

µνρaI
ρ∂νa

J
µ

=
∫

d3x
1

4π
KIJε

ρνµaI
ρ∂νa

J
µ,

where we used integration by parts in steps 1 to 2, the antisymmetric property of the

Levi-Civita symbol in steps 2 to 3. This shows that KIJ = KJI , and therefore K is a

symmetric matrix. As in the single-component case, where the level κ was an integer

value because of large gauge transformations, KIJ has integer entries also because of the

requirement for invariance of this action under large gauge transformations.

The U(1)N Chern-Simons theory is topological just like the single-component the-

ory, since its action does not depend on the metric gµν when placed in a curved space.

Therefore, its invariants are also global quantities related to the topology of the space.

The CS action is invariant under smooth deformations of the geometry of the space. In

addition, the Hamiltonian of this system is zero as the stress tensor vanishes, indicating

that the pure Chern-Simons theory lacks local dynamical degrees of freedom.

Notice that if the K-matrix is diagonal, the theory corresponds to N decoupled

theories, with each gauge field having a CS term.

4.2 Coupling to Electromagnetic Field

In this section, we will couple the theory with an electromagnetic field to obtain the

electromagnetic induced current and the filling fraction of the state, which are associated
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with the K-matrix.

Minimally couple the theory to an electromagnetic field Aµ through

S[a,A] =
∫

d3x
1

4π
KIJε

µνρaI
µ∂νa

J
ρ − 1

2π
tIε

µνρAµ∂νa
I
ρ (4.2)

=
∫

d3x
1

4π
KIJε

µνρaI
µ∂νa

J
ρ − AµJ

µ, (4.3)

where we have assumed Aµ as an electromagnetic external field (associated with a U(1)A

global symmetry1). The charge vector t ∈ ZN describes the coupling between each internal

gauge field aI
µ with the electromagnetic field Aµ by specifying a topological current as

Jµ =
1

2π
tIε

µνρ∂νa
I
ρ. (4.4)

In other words, each component tI of the vector charge indicates the electric charge

associated with the gauge field aI
µ.

We want to integrate out the field aµ to find the induced electromagnetic current

in this system. For that, find the equation of motion for the field using the Euler-Lagrange

equation

∂α
∂L

∂(∂αaK
β )

− ∂L

∂aK
β

= 0, (4.5)

as

εµνρ∂νa
I
ρ = (K−1)IJtJε

µνρ∂νAρ

aI
ρ = (K−1)IJtJAρ (locally) (4.6)

By substituting this expression into the source term in the Lagrangian, one has

L[A] = − 1

4π
tI(K−1)IJtJε

µνρAµ∂νAρ, (4.7)

which is a CS term for the electromagnetic field Aµ.

Through equation 4.7, it is possible to obtain the electromagnetic current as

⟨Jσ
ind⟩ = −δL[A]

δAσ

=
1

2π
tI(K−1)IJtJε

σνρ∂νAρ, (4.8)

with

Jy
ind =

1

2π
σxyEx, (4.9)

1 This global U(1) symmetry associated with the external electromagnetic field is different from the
local U(1)a gauge symmetries (local redundancies) of the internal gauge fields



48

where σxy is the Hall conductance and Ex is the electric field in the x−direction. Taking

the y−direction in the electromagnetic current in equation 4.8 and using F0x = −Ex =

∂0Ax − ∂xA0, one gets

⟨Jy
ind⟩ =

1

2π
tI(K−1)IJtJE

x, (4.10)

which is the quantum Hall effect, where the electric field in the x-direction induces an

electromagnetic current in the y-direction.

We can compare equation 4.10 to the expression in equation 4.9 to obtain the Hall

conductivity as

σ = tI(K−1)IJtJ , (4.11)

and therefore the expression for the filling fraction of the system is

ν = tTK−1t. (4.12)

4.3 Coupling to Matter Current

In this section, we aim to couple the U(1)N Chern-Simons theory to a matter

current to extract the electromagnetic charge of the quasiparticles l, which in general are

fractional, and the charge-flux relation, where each quasiparticle has a flux attached to it.

For that, couple the gauge field aµ to a quasiparticle current jµ, considering a

background field Aµ, into the Lagrangian as

L =
1

4π
KIJε

µνρaI
µ∂νa

J
ρ − 1

2π
tIε

µνρAµ∂νa
I
ρ − lIa

I
µj

µ, (4.13)

with

jµ =
1

2π
εµνρ∂νcρ, (4.14)

where jµ represents the quasiparticle current, cρ is a new single-component auxiliary

gauge field. A quasiparticle is represented by a vector l in the lattice Γ = ZN . Then, the

component lI ∈ Z is an integer that represents the internal gauge charge. Therefore, lI

represents the coupling between the quasiparticle and the gauge field aI
µ. The quasiparticle

current represents the worldlines of the gapped quasiparticles [17].

From the Lagrangian with the current term, let us integrate out the field aI
µ to

obtain the charge carried by the quasiparticles. Using the Euler-Lagrange equation for

the field a, the equation of motion associated with this field is

1

2π
εµνρ∂νa

I
ρ =

(K−1)IJ

2π
tJε

µνρ∂νAρ + (K−1)IJ lJj
µ. (4.15)

Substituting this expression into the Lagrangian term

− 1

2π
tIε

µνρAµ∂νa
I
ρ, (4.16)
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we get

L[A, c] = −tI(K−1)IJ lJAµj
µ + . . . , (4.17)

where terms depending on other fields were omitted. This term is responsible for the

electric charge carried by a quasiparticle excitation l in response to the electromagnetic

field as

ql = tI(K−1)IJ lJ (4.18)

= tTK−1l. (4.19)

The charge-flux relation, analogous to the single-component case, can be obtain

from equation 4.13 by turning off the background field Aµ = 0 to obtain

L[a] =
1

4π
KIJε

µνρaI
µ∂νa

J
ρ − lIa

I
µj

µ, (4.20)

and finding the equation of motion for a by using equation 4.5 as

1

2π
KIJε

µνρ∂νa
I
ρ = lJj

µ. (4.21)

Define the current of the J-th quasiparticle as

jµ
J = lJj

µ.

Then, the equation of motion becomes

jµ
J =

1

2π
KIJε

µνρ∂νa
I
ρ, (4.22)

which is a conserved topological current.

To elucidate the underlying charge–flux correspondence, it is convenient to rewrite

the current explicitly as a function of the magnetic field. For that, define N distinct

effective magnetic fields bI associated with the I-th emergent gauge field as

bI = εij∂ia
I
j . (4.23)

Using the expression for the magnetic field in the equation of motion, the time-component

of the current is given by

j0
J = ρJ =

1

2π
KIJε

ij∂ia
I
j

=
1

2π
KIJb

I , (4.24)

or

bI = 2π(K−1)JIρJ , (4.25)

which implies that the physical meaning of coupling the gauge field with a matter current is

to tie different magnetic fluxes bI to different charges ρJ through the K-matrix. Therefore,

as in the single-component case, each quasiparticle in the multi-component system is a

flux-charge composite.
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4.4 Wilson Lines and Statistics

The gauge-invariant non-local objects of this theory are the Wilson lines. These

operators describe the world line of the quasiparticles. The Wilson line associated with

the world line of a quasiparticle lI along a closed curve (or infinitely extended) in the

xi-direction is defined as

Wl[C] = exp
(

i
∫

C
lIa

I
i dx

i
)

. (4.26)

From the Wilson lines and the commutation relations between the gauge fields,

it is possible to find the statistics of the quasiparticles in the system. To do that, first

calculate the conjugate momentum Πβ
k as

Πβ
K =

∂L

∂(∂0aK
β )
. (4.27)

From the Lagrangian in equation 4.13, the conjugate momentum in terms of the K-matrix

becomes

Πj
J = − 1

4π
KIJε

ijaI
i , (4.28)

where Aµ was treated as a background field. We can use the commutation relation

[ai
I(x⃗),Πj

J(x⃗′)] = iδIJδ
ijδ2(x⃗− x⃗′), (4.29)

where i, j = 1, 2 are spatial indices and I, J = 1, . . . , N is related to the dimension of the

K-matrix, to present the commutator between the gauge fields as

[ai
I(x⃗), aj

J(x⃗′)] = 2πi(K−1)IJε
ijδ2(x⃗− x⃗′), (4.30)

showing a non-trivial commutation relation between the gauge fields implying that they

are a pair of conjugate fields. Notice the similarity to the commutating relation for the

single-component CS theory in equation 3.3.

To proceed to find the statistics of the quasiparticles, let us define two Wilson lines

as

Wl[C] = exp
(

i
∫

C
lIa

I
i dx

i
)

(4.31)

Wm[C ′] = exp
(

i
∫

C′

mJa
J
j dx

j
)

, (4.32)

where C and C ′ are curves extended in directions xi and xj, respectively. We want to find

the phase that arises when we try to commute both operators, that is,

Wl[C]Wm[C ′] = eiθWm[C ′]Wl[C]. (4.33)

This can be solved by using the BCH theorem and calculating
[

i
∫

C
lIa

I
i dx

i, i
∫

C′

mJa
J
j dx

j
]

= −2πi
∫

C

∫

C′

lI(K−1)IJmJεijδ(x
i − xj)dxidxj. (4.34)
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Considering the indices i = 1 and j = 2, with ε12 = 1, one gets
[

i
∫

C
lIa

I
i dx

i, i
∫

C′

mJa
J
j dx

j
]

= −2πilI(K−1)IJmJLink(C,C ′), (4.35)

and substituting this result into the BCH theorem, we have

Wl[C]Wm[C ′] = exp
[

2πi lI(K−1)IJmJ Link(C,C ′)
]

Wm[C ′]Wl[C], (4.36)

where the phase acquired when trying to exchange the Wilson operators is

e2πi lI(K−1)IJ mJ Link(C,C′).

Assuming Link(C,C ′) = 1, the braiding angle on taking the quasiparticle l around

the quasiparticle m once is given by

θlm = 2πlI(K−1)IJmJ , (4.37)

while the exchange phase (mutual statistics) of a quasiparticle l is half of the braiding

angle, that is,

δl = πlI(K−1)IJmJ . (4.38)

4.5 Local Particles

We can search for local particles in the systems. These are the particles exhibiting

trivial braiding to every other quasiparticle in the system, meaning that no quantum phase

is generated when one particle encircles another. As in the single-component case, where

the Wilson lines with n = κ were transparent (trivial braiding to the other quasiparticles

in the system), a clever guess for the multi-component theory would be that a quasiparticle

excitation m with gauge charge

mJ = (K)IJm̃
I

is a local particle in the theory, where m̃ is a quasiparticle in the bulk.

We can see if this statement is true for this particular particle by using equation

4.37 for the braiding angle as

θlm = 2πlIm̃
I , (4.39)

with l, m̃ ∈ ZN . Since lIm̃
I ∈ Z, the braiding angle becomes

θlm = 2πZ,

and therefore the statistics between m and any other quasiparticle l is an integer multiple

of 2π. In other words, the quasiparticles mJ = KIJm̃
J are indeed local to any other

particle li, because the statistics is trivial. This means that these quasiparticles are “gauge-

invariant” degrees of freedom, that is, they do not depend on the gauge choice. Thus, they
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are physical observables, unlike the emergent quasiparticles with non-trivial statistics,

which are only treated effectively. The electrons in a fractional quantum Hall state, for

example, are physical local “gauge-invariant” degrees of freedom [49].

Local particles have integer multiples of the electron charge e. We can see this

explicitly using the equation 4.19 for the charge m and substituting the local form mj =

(K)kjm̃
k as

qm = tI(K−1)IJmJ

= tI(K−1)IJKKJm̃
K

= tIm̃
I ∈ Z, (4.40)

with (K−1)IJKKJ = δI
K . The charge in this equation is defined in units of e and, therefore,

the charge associated with the particle m is indeed an integer multiple of e. We can say

that m is a local composite of electrons [12].

4.6 Equivalences

With the definition of local particles in the system, it is possible to introduce the

concept of equivalence between quasiparticles in our theory. Consider l′ and l′′ quasipar-

ticles in the bulk. They are equivalent if they differ by an addition of local quasiparticles,

that is, if

l′ − l′′ = Kl ; l, l′, l′′ ∈ Z
N ,

in the sense that they share the same topological properties of braiding and exchange

statistics. They might not share the same charge, since this is not a topological characte-

ristic [30].

As already seen, a generic quasiparticle l belongs to the lattice Γ = ZN . As for the

local particles, they belong to the dual lattice Γ* = KZN . Therefore, distinct quasiparticles

are distinguished through equivalence classes of l modulo the local vectors KZN , that is,

through the quotient group

A =
Γ

Γ*
=

ZN

KZN
.

Let us analyze how the elements of the K-matrix relate to the statistics. For that,

consider l = Kl̃ a local vector. Then, the expression for the statistics is

δl = πlTK−1l

= πl̃TKl̃, (4.41)

because KK−1 = I. We can divide this expression using the index notation as

δl = πKII(l̃I)2 +
∑

I<J

2πl̃IKIJ l̃J

= πKII(l̃I)2 + 2πZ. (4.42)
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Notice that if all the diagonal elements of the K-matrix are even integers (KII =

2Z,∀I, then δl ∈ 2πZ and therefore the physical degrees of freedom have bosonic statistics

δl = 0 mod 2π,

and the Lagrangian associated with this K-matrix describes a bosonic system with |DetK|
independent Wilson lines [91]. On the other hand, if at least one diagonal element of the

K-matrix is an odd integers (KII = 2Z + 1 for some I), then δl ∈ πZ and therefore there

are one or more (depending on the number of odd diagonal elements) fermionic physical

degrees of freedom with fermionic statistic

δl = π mod 2π,

and, because of that, the system has local fermionic operators and, thus, it requires a spin

structure. In this case, there are 2|DetK| independent Wilson lines [91].

Since K is a symmetric matrix, it can be diagonalized via

K = UDUT or KIJ = UIMD
MNUNJ , (4.43)

where U is an orthogonal matrix, i.e., U ∈ O(N) and |Det(U)| = 1. The gauge fields ai
µ

also transforms under U as

aj
µ = U ij(ãµ)i. (4.44)

By acting this transformation under the CS term in the Lagrangian, one gets

LCS =
1

4π
εµνρaI

µKIJ∂νa
J
ρ

=
1

4π
εµνρãJ

µDJI∂ν ã
I
ρ, (4.45)

where DJI is the diagonal matrix of eigenvalues of K, that is,

D =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

k1 0 0

0 k2 0
...

. . .
...

0 0 kN

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

and using this procedure, it is possible to decouple the theory into N independent CS

terms.

Each term in the diagonal matrix D has ground-state degeneracy (GSD) |kI | when

the theory is placed on a torus. Thus, the whole theory has a ground-state degeneracy

given by

GSD = |k1||k2| . . . |kn|
= |Det(D)|.
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Since

|Det(K)| = |Det(UDUT )|
= |Det(U)||Det(D)||Det(UT )|
= |Det(D)|,

the ground-state degeneracy of the CS U(1)N theory on the torus is equal to the absolute

value of the K-matrix determinant |Det(K)|. Since the definition of two quasiparticles l

and l′ is the same if they accumulate the same braiding phase when moved adiabatically

around any other quasiparticle l′′, the system has |Det(K)| different quasiparticles, which

is the same number as the ground-state degeneracy on the torus. Therefore, there are

|Det(K)| elements in the set A.

Now, suppose a change of basis in the space of the gauge field by redefining

a → GTa, (4.46)

where G ∈ GL(N,Z) is a N ×N matrix with integer entries and unimodular (|Det(G)| =

1). This matrix is required to be unimodular because the transformation on the gauge

field a has to be invertible and preserve the volume of the lattice. If we had |Det(G)| ≠ 1,

or fractional entries, the quantization conditions of charges would no longer be valid, and

the fields a would no longer be compact. Under the transformation in equation 4.46, the

Lagrangian in equation 4.2 becomes

L′ =
1

4π
εµνρaT

µGKG
T∂νaρ − 1

2π
εµνρtTAµ∂ν(GTaρ)

=
1

4π
εµνρaT

µGKG
T∂νaρ − 1

2π
εµνρ(Gt)TAµ∂νaρ. (4.47)

Let us summarize some previous results as

ν = tTK−1t (4.48)

ql = tTK−1l (4.49)

θlm = 2πlTK−1m (4.50)

δl = πlTK−1l. (4.51)

Notice that these quantities and the GSD are invariant under the following transformati-

ons

K → K̃ = GKGT ; t → t̃ = Gt ; l → l̃ = Gl, (4.52)

with G ∈ GL(N,Z). These are the exact quantities in the transformed Lagrangian under

the basis change on the gauge fields in equation 4.47. That is, using the transformations

in equation 4.52, one gets

L[a,A] =
1

4π
εµνρaT

µ K̃∂νaρ − 1

2π
εµνρt̃TAµ∂νaρ, (4.53)
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which is a Chern-Simons theory associated with the transformed K̃-matrix.

That means that if two different matrices K and K̃ are related to each other

by the transformations in equation 4.52, they describe the same topological phase with

the same set of quasiparticle excitations (superselection sectors), despite being labeled

in different ways. Therefore, these matrices are equivalent. In other words, the corres-

pondence between K-matrices and topological phases is not a bijection (one-to-one),

and both Lagrangians L and L′ are equivalent, as they have the same topological cha-

racteristics [46, 49]. These equivalences of theories are known as Lagrangian or classical

symmetries [91].

The equivalence between the phases described by K and K̃ can be interpreted as

a simple basis change of the gauge fields, where aµ and GTaµ describe the same degrees

of freedom. Another interpretation is that GTaµ is constructed from aµ as its dual gauge

field that characterizes a different degree of freedom, but describes the same physical

system [64].

4.6.1 Example

Consider the Lagrangian for a Laughlin state at filling ν = 1/(2n+1) (n = 0, 1, . . . )

in contact with a topological s-wave superconductor as

L =
2n+ 1

4π
α ∧ dα− 1

2π
a ∧ dα+

1

π
a ∧ db, (4.54)

which can be written in the K-matrix formulation as

L =
1

4π
KIJβ

I ∧ dβJ , (4.55)

with β = (α, a, b)T and

K =

⎡

⎢

⎢

⎢

⎣

2n+ 1 −1 0

−1 0 2

0 2 0

⎤

⎥

⎥

⎥

⎦

. (4.56)

This K- matrix allows us to return to the expanded formulation of the theory in Equation

4.54.

We want to verify if there is another theory that is equivalent to this one. To

do that, we need to find a G-matrix with Det(G) = 1, which will allow us to find the

associated equivalent theory. Consider the following G-matrix

G =

⎡

⎢

⎢

⎢

⎣

2 2(2n+ 1) 1

1 n 0

−1 −(n+ 1) 0

⎤

⎥

⎥

⎥

⎦

, (4.57)

which has |Det(G)| = 1 and thereforeG ∈ GL(3,Z). This is aG-matrix that can transform

the fields to obtain a new, but equivalent, Chern-Simons theory.
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Using the transformation matrix in equation 4.57, one can find the corresponding

equivalent matrix K̃ as

K → K ′ = GKGT (4.58)

and calculating this product of matrices, one gets

K ′ =

⎡

⎢

⎢

⎢

⎣

8n+ 4 0 0

0 1 0

0 0 −1.

⎤

⎥

⎥

⎥

⎦

(4.59)

Since K and K ′ are equivalent, the topological features of both theories specified by

K and K ′ are the same. Notice that K ′ describes bosonic “Laughlin” states at filling

ν = 1/(8n+ 4) and a fermionic sector with two fermions. Notice that the fermionic sector

given by σz is trivial from the topological view since it does not affect the topology of

the system. Therefore, this sector can be ignored in the IR (low-energy) effective theory,

since these modes can be gapped or lifted to higher energies. Thus, we can say that K ′

describes “Laughlin” states at ν = 1/(8n+ 4) modulo two fermion modes [30].

There is another way of finding this equivalence between the theories of Laughlin

state at ν = 1/(2n+ 1) in contact with an s-wave superconductor and a “Laughlin” state

at ν = 1/(8n+ 4) by integrating the field aµ out in equation 4.54

L =
2n+ 1

4π
α ∧ dα− 1

2π
a ∧ dα+

1

π
a ∧ db. (4.60)

Finding the equation of motion for aµ,

∂L

∂a
= 0 ⇐⇒ dα = 2db =⇒ α = 2b, (4.61)

which is a constraint for the fields α and b. Substituting the constraint in equation 4.61

into the Lagrangian, one gets

L =
8n+ 4

4π
b ∧ db, (4.62)

which is the “Laughlin” state at filling ν = 1/(8n+ 4).

As a result of the constraint in equation 4.61, the Wilson lines also have a constraint

associated, which is

ei
∫

a = ei
∫

2b. (4.63)

Recall that a fermionic theory has 2k independent lines. Therefore, the theory described

by

K =

⎡

⎢

⎢

⎢

⎣

2n+ 1 −1 0

−1 0 2

0 2 0

⎤

⎥

⎥

⎥

⎦

(4.64)

has 4n + 2 independent lines while the theory with ν = 8n + 4 has 8n + 4 independent

lines, as represented in Figure 11.
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Figura 11 – Illustration of the number of independent lines in (a). the original theory with
ν = 1/2n+ 1 and (b). the system in contact with an s-wave superconductor
with ν = 1/8n+ 4.

The set of distinct quasiparticles for the “Laughlin” state at ν = 1/(8n + 4) is

given by

A = {m8n+4 ≡ 1,m,m2,m3, . . . ,m8n+3},

where was defined 1 ≡ m8n+4, ε ≡ m2 (Laughlin quasiparticle) and Ψ = m4n+2 (electron).

Defining the statistics of the mk quasiparticle as

δmk =
πk2

8n+ 4
mod 2π, (4.65)

the statistics for

δm8n+4 = δ1 = π mod 2π (4.66)

δm2 = δε =
π

2n+ 1
mod 2π (4.67)

δm4n+2 = δΨ = π(2n+ 1) mod 2π = π mod 2π (4.68)

we see that m2 = ε corresponds to a quasiparticle in a Laughlin state with ν = 2n + 1

and m4n+2 = Ψ has fermionic statistics. In addition, the fusion rule is defined as

mk ×ml = mk+l mod 8n+4 (4.69)

In the particular case with n = 1 in the example above, the filling factor is ν =

1/12, and the system has 12 different quasiparticles, represented as elements in the set

A = {m12 ≡ 1,m,m2 ≡ ε, . . .m6 ≡ Ψ, . . . ,m11}, (4.70)

with the fusion group

mk ×ml = mk+l mod 12, (4.71)
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and braiding statistics

δmk =
πk2

12
mod 2π (4.72)

This system is a Laughlin state at filling ν = 1/3 in contact with an s-wave superconduc-

tor, being equivalent to a state with filling ν = 1/12.

4.7 Anyonic Symmetries

An anyonic symmetry is a permutation of anyons that preserves the braiding

exchange and the fusion rules. These symmetries are related to G matrices that leave the

Lagrangian invariant under such transformations.

To study anyonic symmetries in our system, let us analyze the transformations

that leave the Lagrangian invariant. To do that, consider only the CS term (i.e., turning

off the background field Aµ) as in equation 4.20.

Define the subset of all G-matrices that act on K by leaving this matrix identically

unchanged as the group of automorphisms of K

Aut(K) = {G ∈ GL(N,Z);GKGT = K}, (4.73)

which means that the transformations G ∈ Aut(K) are symmetries of the Lagrangian,

since applying K → GKGT and making a change of basis a → GTa; l → Gl maintain

the Lagrangian invariant. However, notice that some G-matrices act trivially on the qua-

siparticle labels l in A , which means that they preserve this vector up to the addition of

local particles of the form KZN .

The set of these special matrices G0 that act trivially on the quasiparticle’s labels

is a normal subgroup of Aut(K) of inner isomorphisms, that is,

Inner(K) = {G0 ∈ Aut(K); [G0l] = [l] = l +KZ
N}, (4.74)

where [ . ] denotes the equivalence class of the argument, meaning that G0 preserves the

anyons’ equivalent classes.

Since the interest lies in the non-trivial anyons’ relabelings, we take off the trivial

transformations through the construction of the quotient group

Outer(K) =
Aut(K)

Inner(K)
, (4.75)

which is the group of anyonic symmetries of the topological phase characterized by the

K-matrix. Therefore, the transformation G ∈ Outer(K) is an anyonic symmetry, which

respects the invariance of braiding exchange and fusion rules, as we will see in the example

below.
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Figura 12 – Examples of automorphisms in a lattice composed of three types of particles
(1, e, e2), where the figures show examples of (a). inner automorphisms by
rotation, (b). inner automorphisms by rotation, (c). outer automorphisms by
rotation and (d). outer automorphisms by reflection. From Ref. [5].

A simple and illustrative example of inner and outer automorphisms in a lattice

composed of three different particles, 1, e, e2 ∈ Z/KZ2, is shown in Figure 12. The inner

automorphisms in (a) and (b) are related to rotations by 120o from the horizontal axis

and reflection over the horizontal axis, where the lattice remains the same under these

transformations, that is, rotation by this angle and reflection over the x-axis act trivially

in the lattice. On the other hand, the outer automorphisms in (c) and (d) are related to

rotations by 60o from the horizontal axis and reflection over the vertical axis, where these

transformations exchange/permute e and e2, implying an anyonic symmetry.

4.7.1 Example

Let us analyze the properties of anyonic symmetries with an example. Remember

the case of an FQH system at filling ν = 1/8n+4, where the set of all distinct quasiparticles
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is

A = {1 = m8n+4,m, . . . ,m8n+3}. (4.76)

We want to find all the permutation operations P such that the map A → PA preserves

the fusion algebra and the braiding statistics. For that, we need to define the action of

the permutation operator P on an element mk ∈ A ; k = 1, 2, . . . , 8n+ 4 as

Pmk = mpk; p ∈ Z
+. (4.77)

The assumption of invariance of the braiding statistics leads to a constraint on the

values of p. We can see this explicitly by considering the invariance of the braiding under

the action of the permutation operation P as

δmk = δPmk mod 2π. (4.78)

From the expression of the braiding statistics of a quasiparticle mk in equation 4.65 with

K−1 = 1/8n+ 4 and by renaming 2n+ 1 → n, the statistics become

δmk = π
k2

4n
→ δPmk = π

p2k2

4n
mod 2π = π

k2

4n
+ π

(p2 − 1)k2

4n
mod 2π. (4.79)

The braiding statistics of mk and Pmk are the same if

p2 − 1 = mod 8n (4.80)

=⇒ p2 = 1 mod 8n

=⇒ p2 = 1 mod 16n+ 8, (4.81)

where in the last line we renamed back n → 2n + 1. This is the resulting constraint in

the values of p so that the operation P is an anyonic symmetry. In other words, a trans-

formation mk → mpk performed by a permutation operator P is an anyonic symmetry if

p obeys the constraint in equation 4.81.

As all permutations are bijection functions P : A → A , the integers p satisfying

the constraint in equation 4.81 are precisely those that are coprime to 8n+ 4, that is,

gcd(p, 8n+ 4) = 1, (4.82)

where gcd denotes “greatest common divisor”. Therefore, only the odds p’s that are mu-

tually prime with 8n+ 4 are candidates for anyonic symmetries.

4.7.2 Case n = 1

Let us further analyze the state with ν = 1/8n+4 with n = 1, that is, the state at

filling fraction ν = 1/12 described by a single level K = 12. Recall that the set of distinct

quasiparticles is

A = {m12 = 1,m,m2, . . . ,m11} (4.83)
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For this case, the realizable p that are candidates to be anyonic symmetries are p = 5, 7,

and 11 since

gcd(5, 12) = gcd(7, 12) = gcd(11, 12) = 1.

The action of these anyonic symmetries is

m → m5 (4.84)

m → m7 (4.85)

m → m11. (4.86)

In addition, recall that, for this topological state, the statistics is given by

δmk =
πk2

12
mod 2π (4.87)

For example, the quasiparticle m12 = 1 has statistics

δm12 =
π

12
mod 2π

and the quasiparticle m2 has statistics

δm2 =
4π

12
mod 2π =

π

3
mod 2π,

which are fractional braiding statistics, that is, both these particles are anyons in the

system.

We want to find the G-matrices that lead to the candidates for anyonic symmetries

in our system related to p = 5, 7, and 11. For that, we want to find the G-matrices that

satisfy the automorphism

G ∈ GL(1,Z); GKGT = K; |DetK| = 1, (4.88)

with K = 12. Notice that G = ±1 satisfies this condition. However, G = +1 acts trivially

on the anyons of our system, so we can exclude it from the set of realizable matrices G.

Thus, only G11 = −1 is in the set Outer(K), which is the anyonic symmetries group.

The action of G11 = −1 on mk is defined as

Gmk = m−k mod 12 = m12−a, (4.89)

with self-statistics

δGmk = δm−k =
π(−k)2

12
mod 2π =

πk2

12
mod 2π

= δmk , (4.90)

and therefore the G-transformation does not change the exchange phase of mk.
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Recall that an anyonic symmetry is a permutation operator that preserves braiding

statistics and fusion rules of the quasiparticles in the system. We have already seen that the

permutation operation related to G11 preserves the braiding statistics. Then, we have to

prove that this transformation also preserves the quasiparticle fusion rule. Let us analyze

the fusion rule under the application of the transformation G11 = −1 as

G(mk ×ml) = Gmk+l mod 12 = m−(k+l) mod 12

= m−k ×m−l

= Gmk ×Gml, (4.91)

which shows that the fusion rule is preserved.

Since the braiding exchange and the fusion rule are preserved under the application

of G, then G11 = −1 is a realizable anyonic symmetry. This G-transformation corresponds

to p = 11, since m−1 mod 12 = m11. However, the G-transformations related to p = 5 and

p = 7 are valid candidates to be anyonic symmetries, but G11 = −1 does not represent

these additional symmetries.

4.8 Stable equivalence

However, the group of outer isomorphisms related to anyonic symmetries presented

in the last section may not account for all possible anyonic symmetries in the system.

In this case, it is necessary to consider another type of equivalence, known as stable

equivalence, which will be explored further in this chapter.

To understand the concept of stable equivalence, we must first understand certain

types of matrices that represent a topologically trivial sector. These matrices are called

“trivial” in the sense that they have a set of degrees of freedom that does not affect

statistics and GSD of the system, and also they do not carry charge. For example,

σx =

⎡

⎣

0 1

1 0

⎤

⎦ (4.92)

is a bosonic (even diagonal entries) trivial sector with |Detσx| = 1, which describes trivial

bosonic local modes. On the other hand,

σz =

⎡

⎣

1 0

0 −1

⎤

⎦ (4.93)

is a fermionic (odd diagonal entries) trivial sector with |Det σz| = 1, which describes

trivial fermionic local modes.

Given a K-matrix, it is possible to extend it by adding trivial decoupled sectors

to it. In this case, the enlarged K ′-matrix is stably equivalent to the original K-matrix,
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that is,

K ∼ K ′ = K ⊕ σx (4.94)

K ∼ K ′ = K ⊕ σx, (4.95)

where the notation ∼ denotes that the matrices are stably equivalent to each other.

In the context of anyonic symmetries, in most cases, it is possible to find all repre-

sentative elements from K corresponding to each realizable anyonic symmetry. However,

there are cases when this is not possible. Then, it becomes necessary to consider an enlar-

ged K ′-matrix stably equivalent to the original one to find all possible anyonic symmetries

related to each G-matrix transformation.

4.8.1 Example

As already seen, the system at filling ν = 1/12 has an anyonic symmetry m →
m−1 = m11 related to p = 11 with G11 = −1. However, the system signals two other

anyonic symmetries m → m5 and m → m7 that cannot be performed by G11. Therefore,

it is necessary to use the concept of stable equivalence to enlarge the K-matrix and search

for the other two additional anyonic symmetries.

Firstly, let us verify that the permutations associated with p = 5 and p = 7 are

also anyonic symmetries. To do that, let us use the braiding statistics in equation 4.65 to

calculate

δm5 =
π(5)2

12
=

25π

12
=

24π

12
+

π

12
mod 2π

=
π

12
mod 2π, (4.96)

and

δm7 =
π(7)2

12
=

49π

12
=

48π

12
+

π

12
mod 2π

=
π

12
mod 2π (4.97)

to notice that the braiding statistics are the same as δm. This signals that the system may

have two more anyonic symmetries m → m5 and m → m7 not realizable from G11 = −1.

Let us use the concept of stable equivalence to construct an enlarged K ′-matrix

from K = 12, adding a bosonic trivial sector to it, that is,

K ′ = K ⊕ σx (4.98)

=

⎡

⎢

⎢

⎢

⎣

12 0 0

0 0 1

0 1 0

⎤

⎥

⎥

⎥

⎦

; (K ′)−1 =

⎡

⎢

⎢

⎢

⎣

1/12 0 0

0 0 1

0 1 0

⎤

⎥

⎥

⎥

⎦

, (4.99)
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where σx is the x-Pauli matrix and (K ′)−1 is the inverse of K ′. As a result of the stable

equivalence between both matrices, K ∼ K ′, they describe the same topological state.

Consider the following G-matrix

G5 =

⎡

⎢

⎢

⎢

⎣

5 −12 12

1 −2 3

−1 3 −2

⎤

⎥

⎥

⎥

⎦

(4.100)

and mT = (1, 0, 0). Notice that the first line is composed of p = 5 and integers mod 2π.

The action of G5 over (mk)T = (k, 0, 0) is given by

G5m
k =

⎡

⎢

⎢

⎢

⎣

5 −12 12

1 −2 3

−1 3 −2

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

k

0

0

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

5k

k

−k

⎤

⎥

⎥

⎥

⎦

= m′, (4.101)

and the braiding statistics associated with mk is, in generalized form,

δmk = π(mk)TK−1mk, (4.102)

with (mk)T = (k, 0, 0).

Firstly, let us verify if the transformation matrix G preserves the statistics of a

quasiparicle m. The braiding statistics of the resulting quasiparticle associated with the

action of G5 over m is given by

δG5m = π(G5m)TK−1(G5m)

= π
[

5 1 −1
]

⎡

⎢

⎢

⎢

⎣

1/12 0 0

0 0 1

0 1 0

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

5

1

−1

⎤

⎥

⎥

⎥

⎦

=
25π

12
mod 2π = δm5

=
π

12
mod 2π, (4.103)

which is the same braiding statistics of mT = (1, 0, 0) and (m5)T = (5, 0, 0). Therefore,

the braiding statistics is preserved under the action of G5 since δG5m = δm. Furthermore,

it is possible to infer that the matrix G5 implements the transformation m → m5.

To prove that G5 is an anyonic symmetry, it remains to prove that this transfor-

mation also preserves the quasiparticle’s fusion rule. The action of G5 under the fusion
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rule is given by

G5[m
k ×ml] = G5m

k+l

=

⎡

⎢

⎢

⎢

⎣

5 −12 12

1 −2 3

−1 3 −2

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

k + l

0

0

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

5(k + l)

k + l

−(k + l)

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

5(k

k

−k)

⎤

⎥

⎥

⎥

⎦

+

⎡

⎢

⎢

⎢

⎣

5l

l

−l

⎤

⎥

⎥

⎥

⎦

= G5m
k ×G5m

l, (4.104)

which shows that the fusion rule is preserved and the transformation m → m5 via G5 is

an anyonic symmetry.

We can use the same arguments to show that the following G-matrix transforma-

tion

G7 =

⎡

⎢

⎢

⎢

⎣

7 12 −24

1 2 −3

−2 −3 8

⎤

⎥

⎥

⎥

⎦

(4.105)

realize the anyonic symmetry m → m7. This transformation acts on (mk)T = (k, 0, 0) as

G7m
k =

⎡

⎢

⎢

⎢

⎣

7 12 −24

1 2 −3

−2 −3 8

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

k

0

0

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

7k

k

−2k

⎤

⎥

⎥

⎥

⎦

= m′. (4.106)

It is enough to show that

δG7mk = δmk (4.107)

G7(m
k ×ml) = Gmk ×Gml (4.108)

to prove that the G7-transformation is an anyonic symmetry.

Therefore, the enlarged K ′-matrix obtained by stable equivalence enabled us to

find the two additional anyonic symmetries in our system, related to p = 5 and p = 7.
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5 U(1)N CHERN-SIMONS EDGE THEORY

In this chapter, we develop the edge theory of the U(1)N Chern-Simons theory by

assuming that the bulk M has a boundary ∂M. Further, we will analyze perturbations

on this edge and the conditions to gap the edge mode excitations.

5.1 Edge Lagrangian

The bulk CS action in 2+1 dimensions defined in a manifold M is given by

Sbulk =
∫

M
d3x

1

4π
KIJε

µνρaI
µ∂νa

J
ρ . (5.1)

This action is gauge-invariant up to boundary terms. Therefore, Sbulk is strictly

invariant only if the manifold M has no boundary. In the case where M has a boundary

∂M, boundary terms on the edge may arise from the action. These edge degrees of freedom

cannot be dismissed as gauge redundancies by fixing the gauge. Thus, it is expected that

there will be physical (dynamical) modes in the edge theory. It is possible to derive the

CS edge theory in the K-matrix formalism using bosonization in 1+1 dimensions.

Consider the manifold M decomposed as

M = R × Σ,

with

Σ = (−∞, 0] × R,

where x1 ∈ (−∞, 0], so that there is a physical boundary at x1 = 0, as shown in Figure

13, where we are considering the bulk in the bottom semi-plane. Also, assume the pure

gauge configuration in the bulk as

aI
µ = ∂µφ

I , (5.2)

with φi = φi(x1, x2) and the scalar field being compact, that is, φi ∼ φi + 2πni; ni ∈ Z.

To proceed with bosonization, we need to consider the commutation relation

between the gauge field ai
I as

[ai
I(x⃗), aj

J(x⃗′)] = 2πi(K−1)IJε
ijδ2(x⃗− x⃗′). (5.3)

By substituting the pure gauge configuration into the commutation relation, one has

[∂iφ
I(x⃗), ∂jφ

J(y⃗)] = 2πi(K−1)IJεijδ(x⃗1 − y⃗1)δ(x⃗2 − y⃗2). (5.4)

Integrating this relation over x1 in the interval x1 ∈ (−∞, 0] and fixing i = x1 = 1, one

gets

[φI(x2), ∂y2φJ(y2)] = 2πi(K−1)IJδ(x2 − y2), (5.5)
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Figura 13 – Illustration of the bottom edge of a U(1)N Chern-Simons theory. In the figure,
the bulk corresponds to the x1-x2 plane where x1 ∈ (−∞, 0] (represented in
the pink-shaded region) while the edge is located at x1 = 0.

and assuming x2 = x and y2 = y to simplify, then

[φI(x), ∂yφ
J(y)] = 2πi(K−1)IJδ(x− y), (5.6)

which is the Kac-Moody algebra for the edge fields φI . This expression resembles the

commutation relation for a chiral boson field.

Sometimes, it is convenient to write the commutator in terms of the fields only.

To do that, integrate this commutation relation over y to get

[φI(x), φJ(y)] = πi(K−1)IJsign(x− y), (5.7)

showing that the edge fields φI and φJ form a pair of conjugate variables.

To find the Lagrangian of the edge theory, we first need to find the conjugate

momentum. For that, suppose that ∂yφ
J(y) is a function of ΠJ(y), i.e.,

∂yφ
J(y) = AIJΠI(y), (5.8)

where AIJ is a coefficient to be determined. Applying this relation to the commutator in

equation 5.6, one has

AIJ = 4π(K−1)IJ , (5.9)

and therefore the conjugate momentum is

ΠI(y) =
1

4π
KIJ∂yφ

J(y). (5.10)
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The conjugate momentum relates to the Lagrangian as

ΠI =
∂L

∂(∂tφI)
. (5.11)

Then, the Lagrangian term that gives rise to this momentum is given by

L0
edge =

1

4π
KIJ∂tφ

I∂xφ
J . (5.12)

However, notice that this Lagrangian has no propagating degrees of freedom, since it

leads to a null Hamiltonian. Thus, as we are assuming that there are dynamical degrees

of freedom in the edge, we must add a propagating term compatible with the symmetries

of the system.

An adequate choice to add to the Lagrangian as a propagating term would be

Ledge = L0
edge + L1

edge

=
1

4π
KIJ∂tφ

I∂xφ
J − 1

4π
VIJ∂xφ

I∂xφ
J , (5.13)

where VIJ is a positive-definite N ×N symmetric matrix determined by the microscopic

characteristics of the system, which is related to the absolute value of the velocities of

the edge modes and interactions between the edge modes. This matrix is positive-definite

because the corresponding Hamiltonian density

H =
∫

dx
1

4π
VIJ∂xφ

I∂xφ
J (5.14)

must be bounded from below, that is, it must also be positive-definite (the corresponding

eigenvalues of VIJ are all strictly positive).

The equation of motion associated with the edge theory can be obtained from the

Euler-Lagrange equation for the field φK

∂β
∂LCS

∂(∂β φK)
− ∂LCS

∂φK
= 0, (5.15)

as

(KIJ∂t − VIJ∂x)∂xφ
J = 0, (5.16)

which resembles the equation of motion for a chiral boson theory. However, the terms KIJ

and VIJ hinder this identification.

In this case, it is possible to diagonalize KIJ and VIJ to have a more tangible

equation of motion for identification with the chiral boson theory. Since the matrix VIJ is

positive-definite, it is always possible to apply a transformation U to obtain the identity

matrix IN×N , i.e.,

V → I = UV UT ,
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which corresponds to a basis change on the fields as φ → UTφ. Since the term containing

the K-matrix also depends on the fields, the K-matrix will also feel the effect of this

transformation as

K → K1 = UKUT , (5.17)

in which the sign of the eigenvalues of K is maintained since K and K1 are congruent,

but the absolute values of it may change. Then, use an orthogonal matrix transformation

O ∈ O(N) to diagonalize K1 as

K1 → (K2)IJ = OK1O
T = σI |vI |−1δIJ , (5.18)

where σI = ±1, which corresponds to an orthogonal transformation in the fields φ → OTφ1

[36].

Under this sequence of transformations, the Lagrangian becomes

Ledge =
1

4π
σI |vI |−1δIJ∂tφ

I∂xφ
J − 1

4π
δIJ∂xφ

I∂xφ
J , (5.19)

and the corresponding equation of motion is given by

(σI |vI |−1∂t − ∂x)∂xφ
I = 0

(∂t + σI |vI |∂x)∂xφ
I = 0, (5.20)

which is the equation of motion for a chiral boson φI . The term σI |vI | corresponds to the

velocity of the edge excitation captured by the field φI . Therefore, this equation shows

that we have N gapless chiral (one-way propagation) boson fields φI in the edge theory.

The edge density of the I-th condensate is

ρI =
1

2π
∂xφ

I . (5.21)

Notice that the direction of propagation of the edge modes σI came from the in-

formation encoded in the sign of the eigenvalues of the K-matrix. Therefore, it is possible

to associate a signature (n+, n−) with the K-matrix where n+ is related to the number

of positive eigenvalues of K, which corresponds to excitations propagating in the right

direction in the edge, and n− is the number of negative eigenvalues of K, which corres-

ponds to excitations propagating in the left direction in the edge. Since the sign of the

velocity of each mode is related to the chirality of that mode, when there is an imbalance

between the number of left and right propagating excitations, n+ ̸= n−, the edge theory

has a net chirality.

The concept of chirality is associated with the observable thermal Hall conductivity

κH as

κH = (n− − n+)
π2k2

B

3ℏ
T, (5.22)

1 Notice that the action of the transformation O under the identity matrix is trivial since OOT = I and
therefore the interaction term does not change under the orthogonal transformation
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and thus if n+ ̸= n−, the system has a non-zero quantized thermal Hall conductivity at the

edge. On the other hand, when the number of excitations propagating to the right is the

same as the excitations propagating to the left, n+ = n−, the thermal Hall conductivity

vanishes at the edge and the system is non-chiral.

It has already been seen that the Wilson line in the x1-direction corresponding to

a quasiparticle l in the bulk is given by

Wl[x
0, x2] = exp

(

i
∫

lIa
I
1dx

1
)

. (5.23)

Consider that the Wilson line is coming from the bulk at −∞ to the edge at x1 = 0. The

corresponding equation for this Wilson line is

Wl[x
0, x2] = exp

(

i
∫ 0

−∞
lIa

I
1dx

1
)

. (5.24)

Using the pure gauge configuration for a1, one gets

Wl[x
0, x2] = exp

(

i
∫ 0

−∞
lI∂1φ

Idx1
)

, (5.25)

and assuming that φI → 0 when x1 → −∞, we get

Wl[x
0, x2] = exp

[

ilIφ
I(x0, x2)

]

(5.26)

Ψl = eilT φ; l ∈ Z
N , (5.27)

where Ψl is an edge operator known as a vertex operator in the CFT language. To every

quasiparticle l in the bulk, there is an associated vertex operator in the edge theory. This

is the edge-bulk correspondence in disguise.

5.2 Perturbations

We aim to incorporate the vertex operator into the CS edge Lagrangian to analyze

the stability of the edge modes under perturbations. To do that, the vertex operator must

be local. As

Ψl = eilT φ, (5.28)

locality of the vertex operator requires that lTφ to be local as well, since

Ψl(x)Ψl(y) = exp
(

−[lTφ(x), lTφ(y)]
)

Ψl(y)Ψl(x), (5.29)

in which the BCH theorem was used. Then, for the vertex operator at two different points

to commute, the commutator between the fields lTφ inserted at two different points x and

y has to be an even integer, i.e.,

[lTφ(x), lTφ(y)] = πilTK−1l sign(x− y) =⇒ lTK−1l ∈ 2Z, (5.30)
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where we used the Kac-Moody algebra to obtain this relation. To localize these fields at

classical values, it is necessary to strengthen the above condition as

lTK−1l = 0, (5.31)

which is Haldane’s null vector condition [35].

Note that the statistics of the vertex operator Ψl is

θl = e−iπlT K−1l (5.32)

If all edge modes move in the same direction (i.e., they are maximally chiral states),

then all the eigenvalues of K are strictly positive [46]. This means that K−1 is positive-

definite, i.e.,

∀l ̸= 0; lTK−1 > 0,

and, therefore, there is no vector charge l ̸= 0 that satisfies the null vector condition.

Thus, there is no local vertex operator in a maximally chiral phase, and then, no local

perturbation can gap the edge modes. In this case, the edge modes will be robust against

local perturbations and remain gapless, as the edge is protected.

When there is an imbalance between left and right edge modes (n+ ̸= n−), the

theory cannot be fully gapped. This is because a backscattering term or other local pertur-

bations always gap out left and right edge modes in equal numbers. Suppose, for example,

that n+ = 2 and n− = 1, that is, two right-mover modes and one left-mover mode at a

particular edge. After diagonalizing the associated K-matrix, it is possible to separate

this matrix into 2 sectors: one containing the non-chiral part of the K-matrix and the

other containing the remaining positive eigenvalue

K =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

λ1

−λ2

λ3

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (5.33)

with λ1, λ2, λ3 ∈ Z+. In this example, suppose that the pair of counter-propagating modes

in the non-chiral sector can be gapped. Notice that the sector with λ3 is positive-definite

and therefore there is no vector charge l ̸= 0 that satisfies the null vector condition. Thus,

this mode will remain gapless.

Thus, to fully gap out an edge, the number of left and right propagating modes

must be the same (n+ = n−), that is, the edge must be non-chiral. For that reason, the

dimension N of the K-matrix must be even with

n+ = n− =
N

2
.
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In this case, it is possible to add local hermitian terms in the edge action

C̃l

2
eilT φ +

C̃*
l

2
e−ilT φ ∼ cos(lTφ+ αl), (5.34)

where C̃l ≡ Cle
iαl is the coupling constant. This cosine term is called the Higgs pertur-

bation term.

Two Higgs terms cos(lT1 φ + αl1) and cos(lT2 φ + αl2) are independent if and only

if [46]

lT1 K
−1l1 = lT2 K

−1l2 = lT1 K
−1l2 = 0,

which means that they are independent only and only if the fields lIφ
I form a pair of

commuting variables under the K-M algebra.

Consider a set of NM mutually commuting fields where NM is not necessarily equal

to N

M = {lTnφn; s.t. lTnK
−1lm = 0,∀n,m = 1, 2, . . . , NM}.

Because of the Heisenberg Principle, all these fields can be simultaneously pinned at clas-

sical values. Therefore, the edge excitations associated with these fields can be gapped.

However, this is a necessary condition, but not a sufficient one. In the absence of symme-

tries, it is usually possible to fully gap out the edge theory. When the edge excitations

can be fully gapped out in the absence of symmetries, the corresponding phase is topo-

logically trivial. However, some symmetries can forbid some Higgs terms, and, therefore,

they cannot be added to the edge theory.

In this work, we will analyze only the case where there is no symmetry in the

Abelian topologically ordered state. It is possible to analyze the edge theory by looking

at local quasiparticle labels, as done in the bulk case.

It was already seen that a bulk quasiparticle l is local to any other quasiparticle l′

if

l ∈ Γe; Γe = {KΛ; Λ ∈ Z
N},

where Γe is the electron lattice. For each local quasiparticle l in the bulk, there is a local

excitation Ψl = ΨKΛ at the edge. Thus, it is possible to say that all local edge excitations

are composed of N independent local microscopic degrees of freedom

Ψ†
I = eiKIJ φJ

, (5.35)

which are called “electron” creation operators for the I-th edge mode. Remember that

l = KΛ may be bosonic or fermionic depending on the K-matrix. Then, ΦI will be a

boson or a fermion depending on the diagonal elements of the K-matrix.

It is possible to write a general product of electron operators as

ΨKΛ = eiΛT Kφ, (5.36)
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which is still local. Therefore, in this notation, the perturbation term is given by

C̃Λ

2
eiΛT Kφ + h.c. ∼ cos(ΛTKφ+ αΛ). (5.37)

Since l = KΛ, Haldane’s null condition becomes

ΛTKΛ = 0, (5.38)

so that {Λi} are composed of N/2 linearly independent vectors. In this case, the cosine

terms can be pinned at classical minima values

ΛT
i Kφ = 2πni; ni ∈ Z. (5.39)

The gapped boundary induced by backscattering cosine terms in 5.37 can be interpreted

as a particle condensate.

Notice that any vector la ∈ Γe can be decomposed as

la,I = camI ,

where ca is the minimal integer vector with no common factor in its components. Since

ΛT
i Kφ obtains a classical value at the gapped edge, so does the vertex operator

Ψl = eilT φ = eiΛT Kφ = eicamT φ

as

⟨eimT φ⟩ = ei2πni/ca , (5.40)

which means that the quasiparticle m is condensed at the edge.

5.3 Lagrangian Subgroups

It is possible to define particle condensation more consistently through Lagrangian

subgroups. The particles that are condensed at the edge form a subgroup M ⊂ A , where

A is a finite set containing all the distinct quasiparticles of the system.

The Lagrangian subgroup M is an abelian group with group multiplication given

by particle fusion. The properties of this group are

1. Every two particles on M are mutually bosonic

eiθmm′ = 1,∀m,m′ ∈ M ,

so that it is possible to condensate every particle in simultaneously.

2. For every quasiparticle with integer vector l ∈ A , it either satisfies
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• l =
∑

i cimi ∈ M .

• l ̸∈ M .

In this case, l has non-trivial statistics with at least one condensed particle

m ∈ M

∀l ̸∈ M , ∃m ∈ M s.t. eiθlm ̸= 1,

meaning that all quasiparticles l ̸∈ M are confined after condensation of par-

ticles in the Lagrangian subgroup.

3. M is closed under fusion rules

m×m′ = m′′ ∈ M ; ∀m,m′ ∈ M .

4. This condition only applies to bosonic states where the diagonal elements of K are

all even: All particles in M are bosonic particles

eiθm = 1,∀m ∈ M .

In a physical sense, M describes the set of particles that can be annihilated at the

edge. An important result is that it is possible to find a set of N/2 linearly independent

vectors satisfying Haldane’s null condition

ΛT
i KΛj = 0,

if and only if there exists a Lagrangian subgroup M = {mi} at the edge, with ΛT
i =

ciK
−1mT

i . A stronger argument is that the edge states of an Abelian Chern-Simons the-

ory described by a K-matrix can support a gapped edge if and only if the theory has

a vanishing thermal Hall conductance (n+ = n−) and it has at least one Lagrangian

subgroup M defined in this theory [41].

Every state that does not satisfy the condition above has a protected edge. In

other words, if the edge theory does not have a Lagrangian subgroup, no perturbation

can open a gap at the edge, and the modes will remain gapless under any perturbation.

Reference [44] shows that Lagrangian subgroups are capable of classifying edge states. If

two gapped edges have different Lagrangian subgroups, they are topologically distinct.

It is possible to separate topological phases into three categories [54]:

1. Topological phases with null thermal Hall coefficient that support a gapped boun-

dary;

2. Topological phases with null thermal Hall coefficient that do not support a gapped

boundary;
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3. Topological phases with non-zero thermal Hall coefficient that can never be fully

gapped.

In the next chapters, we will analyze examples regarding type-I and type-II topologically

ordered states.

5.4 Edge state with ν = 2/3

This state can be understood as the particle-hole conjugate of the Laughlin state

at filling ν = 1/3, since ν = 1−1/3 = 2/3. The K-matrix and the charge vector associated

with this state are

K =

⎡

⎣

1 0

0 −3

⎤

⎦ t =

⎡

⎣

1

1

⎤

⎦ , (5.41)

where, because of the form of the K-matrix, it is possible to infer that the edge is non-

chiral with two counter-propagating edge modes. The filling fraction

ν = tTK−1t

of this state is given by ν = 2/3, as expected.

Since the diagonal entries of the K-matrix are odd integers, the theory is fermionic

and has 2|Det(K)| = 6 independent lines, where the Wilson operators are

I, e−i
∮

a (5.42)

I, e−i
∮

ã, e−i2
∮

ã, e−3i
∮

ã. (5.43)

However, as |Det(K)| = 3, there are 3 distinct quasiparticles, which are defined modulo

local particles l ∼ l+Kτ ; τ ∈ Z2. Considering ΓT = (n,m) and an arbitrary quasiparticle

vector lT = (l1, l2), one has

l ∝ l +

⎡

⎣

n

−3m

⎤

⎦ . (5.44)

Therefore, the first entry of the quasiparticle vector is defined mod 1, and the second one

is defined mod 3.

Therefore, we can write the set of all quasiparticles as

A = {(0, 0)T , (0, 1)T , (0, 2)T }. (5.45)

The charge associated with quasiparticles of the form l = (0, l2) is given by

ql = tTK−1l = −1

3
l2 (5.46)
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and the charge of each quasiparticle is

q(0,0) = 0 (5.47)

q(0,1) = −1

3
(5.48)

q(0,2) = −2

3
. (5.49)

Thus, in terms of the charges, the set of distinct quasiparticles is

A = {0, e/3, 2e/3}. (5.50)

The mutual statistics between two arbitrary quasiparticles lT = (0, l2) and mT =

(0,m2) of the set in A is

θlm = −2π

3
l2m2, (5.51)

and the self-statistics is

θl = −π

3
l22. (5.52)

Thus, the self-statistics of each quasiparticle is

θ(0,0) = 0 (5.53)

θ(0,1) = −π

3
(5.54)

θ(0,2) = −4π

3
(5.55)

A natural question to ask is whether it is possible to open a gap in the edge

theory. The first condition of having the same number of counter-propagating edge modes

is satisfied, since the signature of the K-matrix is zero. The next step is to verify whether

Haldane’s null condition is satisfied. For that, let us try to find ΛT = (a, b) that satisfy

the null condition

ΛTKΛ = 0 =⇒ a2 − 3b2 = 0. (5.56)

Note that there is no integer solution for a and b. Thus, there is no Lagrangian subgroup

for the phase at filling ν = 2/3. Therefore, the edge is robust against local perturbations,

and the edge modes will remain gapless.

5.5 Edge state with ν = 8/9

The state at filling ν = 8/9 can be understood as the particle-hole conjugate of

the Laughlin state at filling ν = 1/9, since ν = 1 − 1/9 = 8/9. The K-matrix and the

charge vector associated with this state are

K =

⎡

⎣

1 0

0 −9

⎤

⎦ t =

⎡

⎣

1

1

⎤

⎦ , (5.57)
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where, because of the form of the K-matrix, it is possible to see that the edge is non-chiral

with two counter-propagating edge modes.

The filling fraction is

ν = tTK−1t = 8/9, (5.58)

as expected. Notice that det(K) = 9 and therefore we have 9 distinct quasiparticles

modulo local particles

l ∼ l +Kτ ; τT = (m,n) ∈ Z
2

l ∼ l +

⎡

⎣

n

−9m

⎤

⎦ . (5.59)

Using a general form lT = (l1, l2) for the quasiparticles, the equivalence relations modulo

local particles are

l1 ∼ l1 + n; n ∈ Z (5.60)

l2 ∼ l2 − 9m; m ∈ Z, (5.61)

and then

l1 ∈ Z

Z
= {0} (5.62)

l2 ∈ Z

9Z
= Z9. (5.63)

Thus, the set of distinct quasiparticles for this state is given by

A = {(1, 0), (1, 1), (1, 2), . . . , (1, 8)}. (5.64)

Let us calculate the charge of an arbitrary quasiparticle l = (1, l2) as

ql = tTK−1l = 1 − l2
9
. (5.65)

Therefore, the charge of each quasiparticle in A is

q(1,0) = 1

q(1,1) = 1 − 1

9
= 8/9

q(1,2) = 1 − 2

9
= 7/9

q(1,3) = 1 − 3

9
= 6/9

q(1,4) = 1 − 4

9
= 5/9

q(1,5) = 1 − 5

9
= 4/9

q(1,6) = 1 − 6

9
= 3/9

q(1,7) = 1 − 7

9
= 2/9

q(1,8) = 1 − 8

9
= 1/9.
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Then, in terms of the charges, the set of distinct quasiparticles is

A = {1/9, 2/9, . . . , 8/9, 1}. (5.66)

The mutual statistics between two quasiparticles lT = (1, l2) and mT = (1,m2) is

given by

θlm = 2πlTK−1m = 2π

(

1 − l2m2

9

)

. (5.67)

In addition, the self-statistics of a quasiparticle lT = (1, l2) is

δl = πlTK−1l = π

(

1 − l22
9

)

, (5.68)

which is defined modulo 2π. The self-statistics of each distinct quasiparticle in the bulk

is

δ(1,0) = π

(

1 − l22
9

)

= π

δ(1,1) = π
(

1 − 1

9

)

=
8π

9

δ(1,2) = π
(

1 − 4

9

)

=
5π

9

δ(1,3) = π
(

1 − 9

9

)

= 0

δ(1,4) = π
(

1 − 16

9

)

=
−7π

9
=

11π

9

δ(1,5) = π
(

1 − 25

9

)

=
−16π

9
=

2π

9

δ(1,6) = π
(

1 − 36

9

)

= −3π = π

δ(1,7) = π
(

1 − 49

9

)

=
−40π

9
=

−14π

9

δ(1,8) = π
(

1 − 64

9

)

=
−55π

9
=

17π

9

We can ask whether the edge theory related to the filling ν = 8/9 can be gapped.

The first condition of the same number of counter-propagating edge modes is satisfied.

The second condition to be able to gap the edge is to find the null vector that satisfies

ΛTKΛ = 0. (5.69)

Note that ΛT = (3,±1) are valid null vectors. The existence of a vector Λ that satisfies

Haldane’s null condition, along with the non-chirality of the edge, provides a sufficient

criterion that the edge modes can be gapped.

Notice that the set M = {1, 6/9, 3/9} = {(1, 0), (1, 3), (1, 6)} obeys the conditions

1, 2, and 3 to be a Lagrangian subgroup. Let us prove this statement as
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1. eiθmm′ = 1,∀m,m′ ∈ M .

θ03 = θ06 = 2π =⇒ eiθ03 = eiθ06 = 1

θ36 = 2π
(

1 − 18

9

)

= −2π =⇒ eiθ36 = 1.

2. ∀l ̸∈ M , ∃m ∈ M s.t. eiθlm ̸= 1.

θ1m = 2π
(

1 − m

9

)

= 2π
(

9 −m

9

)

̸= 0 mod 2π for m = 3 and m = 6

θ2m = 2π
(

9 − 2m

9

)

̸= 0 mod 2π for m = 3 and m = 6

θ4m = 2π
(

9 − 4m

9

)

̸= 0 mod 2π for m = 3 and m = 6

θ5m = 2π
(

9 − 5m

9

)

̸= 0 mod 2π for m = 3 and m = 6

θ7m = 2π
(

9 − 7m

9

)

̸= 0 mod 2π for m = 3 and m = 6

θ8m = 2π
(

9 − 2m

9

)

̸= 0 mod 2π for m = 3 and m = 6.

3. m×m′ = m′′ ∈ M ; ∀m,m′ ∈ M .

Remember that m is defined mod 1 in the first entry and mod 9 in the second one.

With m ∈ M = {(1, 0), (1, 3), (1, 6)}, one has

(1, 3).(1, 6) = (1, 18 mod 9) = (1, 0) ∈ M

(1, 0).(1, 3) = (1, 0) ∈ M

(1, 0).(1, 0) = (1, 0) ∈ M .

Thus, we proved that the elements of M form indeed a Lagrangian subgroup. As a

result of the existence of one Lagrangian subgroup, consistently with the previous result,

the edge is not protected, and cosine perturbation terms can gap the modes. Note that

the element (1, 3) ∈ A with charge q = 6/9 generates the whole Lagrangian subgroup.

Let us construct the edge theory for the ν = 8/9 state with Lagrangian

L =
1

4π
KIJ∂tφ

I∂xφ
J − 1

4π
VIJ∂xφ

I∂xφ
J . (5.70)

Suppose the K-matrix in equation 5.57 and

V =

⎡

⎣

v1 0

0 v2

⎤

⎦ , (5.71)

being the interaction matrix where v corresponds to a positive velocity.

Since KIJ is diagonal, it is possible to consider the edge modes φ1 and φ2 as being

decoupled. Then, the edge mode φ1 is related to a single-component state with ν = 1 and
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K = 1, propagating to the right with positive-definite velocity v1. The edge Lagrangian

for the first system is given by

L1 =
1

4π
∂tφ

1∂xφ
1 − v1

4π
(∂xφ

1)2. (5.72)

On the other hand, the edge mode φ2 is related to a single-component state with ν = 1/9

with opposite chirality, that is, with K = −9, propagating to the left with positive-definite

velocity v2. The edge Lagrangian for this system is given by

L2 = − 9

4π
∂tφ

2∂xφ
2 − v2

4π
(∂xφ

2)2. (5.73)

It was already seen that the electron creation operator for a multi-component

Chern-Simons edge theory is

Ψ†
I = eiKIJ φJ

. (5.74)

Therefore, the electron creation operator for the mode φ1 and for the φ2 mode in our

topological state are

Ψ†
1 = eiφ1

Ψ†
2 = e−9iφ2

. (5.75)

The cosine perturbation term in terms of the K-matrix and the null vector Λ is

given by

cos(ΛTKφ− α), (5.76)

which represents how local particles can scatter from the forward propagating mode to

the backward one. Using ΛT = (3,±1) and φT = (φ1, φ2), the argument in the cosine

perturbation term is

ΛTKφ = 3φ1 ∓ 9φ2. (5.77)

Thus, two perturbation terms can open a gap in our system

C cos(3φ1 ± 9φ2) = C cos[3(φ1 ± 3φ2)], (5.78)

for large coupling C. These cosine perturbations are called Higgs terms. The edge will

be gapped once φ1 + 3φ2 or φ1 − 3φ2 are localized at classical values by the Higgs term.

The terms φ1 + 3φ2 and φ1 − 3φ2 cannot be simultaneously localized due to the K-M

algebra [46]

[φI(x), ∂yφ
J(y)] = 2πi(K−1)IJδ(x− y) (5.79)

(K−1)IJ = 0 to I ̸= J

[∂xφ
1(x), ∂yφ

1(y)] = 2πi∂xδ(x− y) (5.80)

[∂xφ
2(x), ∂yφ

2(y)] = −2πi

9
∂xδ(x− y) (5.81)

[∂xφ
1(x), ∂yφ

2(y)] = 0. (5.82)

Let us analyze both perturbation terms separately and in detail.
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5.5.1 Superconductor process

The state at filling ν = 8/9 can be interpreted as being in proximity to a super-

conductor. The superconductivity term is related to the null vector ΛT = (3, 1) and the

cosine term

cos(3φ1 − 9φ2) ∼ ei(3φ1−9φ2) + h.c, (5.83)

where for simplicity, the phase α = 0 was fixed.

This system has the correspondence

e3iφ1

= (Ψ†
1)

3,

which corresponds to the creation of 3 electrons in mode φ1 and

e−9iφ2

= Ψ†
2,

which means that 3 electrons in mode φ1 are scatter to a hole on mode φ2. Notice that

the superconductivity term does not conserve charge. The h.c. term represents the inverse

process.

Due to ΛTKφ = cim
T
i φ, then ΛTK = (3,−9). Therefore, mT = (1,−3) is conden-

sed at the gapped edge. The particle mT = (1,−3) corresponds to a particle with braiding

exchange

δm = π
[

1 −3
]

⎡

⎣

1 0

0 −1/9

⎤

⎦

⎡

⎣

1

−3

⎤

⎦ (5.84)

= 0, (5.85)

which represents a bosonic particle. Notice that mT = (1,−3) is equivalent to (1, 6),

differing by the addition of a local particle. Therefore, mT = (1,−3) behaves as a boson,

in contrast to (1, 6) which have fermionic statistics. The particle condensed at the edge

is the particle (1, 6), belonging to the Lagrangian subgroup, with the insertion of a local

particle. The other quasiparticles in the Lagrangian subgroup condense with mT , since

they have trivial braiding with (1, 6). Additionally, the quasiparticles that are not in the

Lagrangian subgroup at the edge become confined when the particles are condensed, since

the braiding with the condensed particles is non-trivial, meaning that they cannot move

freely anymore.

5.5.2 Backscattering process

A backscattering process can gap the edge of our theory at filling ν = 8/9. This

process is associated with the particular ΛT = (3,−1) and the cosine term is

cos(3φ1 + 9φ2) ∼ ei(3φ1+9φ2) + h.c., (5.86)
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where the phase α = 0 was fixed for simplicity. Notice that

e3iφ1

= (Ψ†
1)

3

corresponds to the creation of 3 electrons in mode φ1 and

e9iφ2

= (Ψ†
2)

† = Ψ2

corresponds to the annihilation of 1 electron in mode φ2. Thus, this backscattering term

does not conserve charge as well. The h.c. term represents the inverse process.

Furthermore, since ΛTKφ = cim
T
i φ, then ΛTK = (3, 9), which implies that mT =

(1, 3) and ci = 3. Therefore, the particle mT = (1, 3) is condensed at the gapped edge

when we insert the backscattering perturbation. The particle mT = (1, 3) corresponds to

a particle with braiding exchange

δm = π
[

1 3
]

⎡

⎣

1 0

0 −1/9

⎤

⎦

⎡

⎣

1

3

⎤

⎦

= 0, (5.87)

which represents a bosonic particle. This aligns with the statement that particles con-

densed at the edges have bosonic statistics. The other quasiparticles in the Lagrangian

subgroup condense with mT , since they have trivial braiding with (1, 3). Additionally, the

quasiparticles that are not in the Lagrangian subgroup at the edge become confined when

the particles are condensed, since the braiding with the condensed particles is non-trivial,

meaning that they cannot move freely anymore.

Let us analyze the backscattering term

cos[3(φ1 + 3φ2)] ∼ (Ψ†
1)

3(Ψ2) + h.c.

for sufficiently large C. Consider a G-transformation in GL(2,Z) acting on the fields as

G =

⎡

⎣

0 1

1 3

⎤

⎦ , (5.88)

that transforms φ1 and φ2 into ϕ and θ as

⎧

⎪

⎨

⎪

⎩

φ2 = ϕ

φ1 + 3φ2 = θ,
(5.89)

that does not change the compacity of the fields, since

eiφ2

= eiϕ (5.90)

eiφ1

= ei(θ−3ϕ). (5.91)



83

Thus, using θ = φ1 + 3φ2, the cosine term becomes

cos[3(φ1 + 3φ2)] = cos(3θ), (5.92)

with θ = φ1 + 3φ2. This interaction term breaks the U(1) × U(1) structure to Z3 × Z1.

The cosine term is pinned at the minima

3θ = 2πni; ni ∈ Z

θ =
2πni

3
, (5.93)

with ni = 0, 1, 2. Thus, the cosine term can be pinned at 3 different classical values.

Define the non-local operator σ(x) = eiΘ identified with a Z3 clock variable

σ3 = 1; σ† = σ2.

Each of the minima in euqation 5.93 defines a distinct ground-state, labeled by

σ(x) |Φni
⟩ = ωni |Φni

⟩ ,

where ω = e2πi/3 and |Φni
⟩ are the symmetry broken states since the system spontaneously

breaks the Z3 symmetry by choosing a value for Θ(x). Note that, because of that, there

are 3 degenerate ground-states [1].

Figura 14 – Illustration of both phases ν = 1 and ν = −1/9, where the edges of both
form an interface/branch cut separating both phases. The Z3 parafermions
are bound to the endpoints of the branch cut (black dots in the figure).

The state at filling ν = 8/9 can be interpreted as two different phases ν = 1

and ν = −1/9, where the edges of each phase form an interface with a branch cut that

separates both phases, as shown in Figure 14. This system can host Z3 parafermions, which

are anyons with non-Abelian statistics. The Z3 parafermions’ zero modes are located at

the endpoints of the gapped interface (black dots in Figure 14), where the defects are.

Therefore, the Z3 parafermions are bound to these defects.
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5.6 Edge states with K = diag(k1,−k2)

More generally, let us study the gapability conditions for a general K-matrix

K =

⎡

⎣

k1 0

0 −k2

⎤

⎦ ; t =

⎡

⎣

1

1

⎤

⎦ . (5.94)

In the previous examples, the cases k1 = 1; k2 = −9 and k1 = 1; k2 = −3 were studied,

where in the first case it was possible to open a gap at the edge and in the second case

the edge was robust against local perturbations. This example is based on the results of

Ref. [1].

Type-1 topological phases (phases with null thermal Hall conductivity that support

a gapped edge) arise when k1.k2 is a perfect square, since the null condition requires

ΛTKΛ = 0 =⇒ a2k1 = b2k2, (5.95)

and for a and b to have integer solutions, k1.k2 must be a perfect square. Notice that this

is true by analyzing the previous examples, where k1.k2 = 9 in the first example, which

is a perfect square, and it has a gapped edge. This is not true for the second example,

where k1.k2 = 3, which is not a perfect square, so the topological phase is of type-2.

Then, it is possible to write any gappable interface with K = diag(k1,−k2) as

K =

⎡

⎣

pn2 0

0 −pm2

⎤

⎦ ; t =

⎡

⎣

1

1

⎤

⎦ , (5.96)

with p,m, n ∈ Z+, p = gcd(k1, k2) and gcd(n2,m2) = 1. The Kac-Moody algebra for the

edge modes is

[φI(x), ∂yφ
J(y)] = 2πi(K−1)IJδ(x− y) (5.97)

(K−1)IJ = 0 to I ̸= J

[∂xφ
1(x), ∂yφ

1(y)] =
2πi

pn2
∂xδ(x− y) (5.98)

[∂xφ
2(x), ∂yφ

2(y)] = − 2πi

pm2
∂xδ(x− y) (5.99)

[∂xφ
1(x), ∂yφ

2(y)] = 0. (5.100)

Additionally, the local excitations are given by

Ψ†
I = eiKIJ φJ

,

and using

Kφ =

⎡

⎣

pn2φ1

−pm2φ2,

⎤

⎦
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the electron creation operators for modes φ1 and φ2 are

Ψ†
1 = eipn2φ1

(5.101)

Ψ†
2 = e−ipm2φ2

. (5.102)

The perturbation term

C cos(ΛTKφ)

is a local interaction that can open a gap at the edge if and only if there is at least one

null vector ΛT = (a, b) satisfying

ΛTKΛ = 0 =⇒ a2n2 = b2m2.

Notice that ΛT = (m,n); a = m, b + n and ΛT = (m,−n); a = m, b = −n satisfy the

null condition above. The value of p does not interfere with the null vector Λ. Take p = 1

for simplicity. Then the K-matrix is

K =

⎡

⎣

n2 0

0 −m2

⎤

⎦ , (5.103)

and the electron creation operators are

Ψ†
1 = ein2φ1

(5.104)

Ψ†
2 = e−im2φ2

. (5.105)

As a result of the creation operators, the edge phase φ1 has n2 quasiparticles

labeled by li1 with i = 1, 2, . . . , n2 and phase φ2 has m2 quasiparticles labeled by lj2 with

j = 1, 2, . . . ,m2. The local recitations considering this label notation are given by

Ψ†
1 = lk

1

1

Ψ†
2 = lk

2

2 .

The perturbation term with ΛT = (m,n) is

C cos(ΛTKφ) = C cos(mn2φ1 − nm2φ2)] = C cos(mnθ) ∼ (Ψ†
1)

m(Ψ†
2)

n + h.c.,

with θ = nφ1 − mφ2 and correspond to a superconducting term where m electrons in

mode φ1 are scatter to n holes on mode φ2. On the other hand, the (backscattering)

perturbation term with ΛT = (m,−n) is

C cos(ΛTKφ) = C cos(mn2φ1 + nm2φ2)] = C cos(mnθ) ∼ (Ψ†
1)

m(Ψ2)
n + h.c.,

with θ = nφ1 + mφ2 which correspond to a backscattering term where m electrons are

created in mode φ1 and n electrons are annihilated in mode φ2. This perturbation term is
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charge-conserving when n = m. The G-matrix transformation used to transform (φ1, φ2)

to (ϕ, θ) was

G =

⎡

⎣

r s

n ±m

⎤

⎦ , (5.106)

with the constraint rm− sn = 1 for r, s ∈ Z. With that, we infer that the cosine term is

pinned at the minima

nmΘ = 2πni; ni ∈ Z

Θ =
2πni

nm
, (5.107)

with ni = 0, 1, . . . , nm. Thus, the cosine perturbation term can be pinned at nm different

classical values. This backscattering interaction term breaks the U(1) ×U(1) structure to

a Zn × Zm subgroup.

Define the non-local operator σ(x) = eiΘ(x) with Θ = nφ1 + mφ2 and identify it

with a Znm clock variable

σnm = 1; σ† = σnm−1.

Each of the minima in equation 5.107 defines a distinct ground-state, labeled by

σ(x) |Φni
⟩ = ωni |Φni

⟩ ,

where ω = e2πi/nm and |Φni
⟩ are the symmetry broken states since the system spontane-

ously breaks the Znm symmetry by choosing a value for Θ(x). Note that, because of that,

there are nm degenerate ground-states [1].

This system can be interpreted as two distinct phases A and B with ν = 1/n2 and

ν = −1/m2, where the edges form an interface, as shown in Figure 15. This system can

host Znm parafermions, which are located at the endpoints of the gapped interface (black

dots in Figure 15). There is a branch cut separating the two phases, A and B, and the

defects are at the endpoints of this branch cut. Thus, the Znm parafermions are bound to

these defects [1].

Since we have the Kac-Moody algebra for the fields in equation 5.97, it is possible

to gap the edge with either the backscattering term or with the superconducting term, but

not with both terms simultaneously. Considering an allowed perturbation, it will have a

particle condensation at the interface, where the particles mT related to the null vectors Λ

will be condensed at the edge. Using superconducting term with null vector ΛT = (m,n)

ΛTKφ = cim
Tφ

[

mn2 −nm2
]

= ci

[

m1 m2

]

mn
[

n −m
]

= ci

[

m1 m2

]

, (5.108)
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Figura 15 – Illustration of phases 1 and 2, where the edges of both form an interface. Edge
mode excitation from phase 1 can tunnel to the edge of phase 2, where this
process is illustrated in the curved arrow in the figure. The Zmn parafermions
are bound to the endpoints of the branch cut.

one has that ci = mn, and mT = (n,−m) will be condensed at the gapped edge. Conden-

sation of mT implies the condensation of eimT φ, since

⟨eimT φ⟩ = ei2πni/ca

⟨ei(nφ1−mφ2)⟩ = ei2πni/nm. (5.109)

The particle condensation at the edge also occurs for the backscattering term associated

with ΛT = (m− n), but the particle condensing will be mT = (n,m).

Therefore, in summary

Backscattering Superconductor

cos(mn2φ1 + nm2φ2) cos(mn2φ1 − nm2φ2)

ΛT = (m,−n) ΛT = (m,n)

mT = (n,m) mT = (n,−m)

Tabela 1 – Summary of the results concerning the backscattering term and the supercon-
ductor term that are allowed to gap the edge of the state at filling ν = 8/9.
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6 CONCLUSION

In this dissertation, the bulk U(1) Chern-Simons theory in 2+1 dimensions was

reviewed along with the edge theory, when the boundary terms cannot be neglected. In

this case, the edge theory contains a chiral boson field, which cancels the gauge anomaly

originating from the bulk when a boundary is assumed.

The multi-component U(1)N Chern-Simons theory was also carefully analyzed

using the K-matrix formulation. The equivalence between two theories with distinct K-

matrices associated with a G-transformation, such that

K → GTKG,

where the fields aI
µ and the vector charges t also transform under G, was presented. We

showed an example in which a state with a filling fraction ν = 1/2n + 1 in contact with

an s-wave superconductor is equivalent to a state at filling ν = 1/8n+ 4.

In addition, within the context of the multi-component Chern-Simons theory, we

presented the concept of anyonic symmetries, which are transformations that permute the

anyons, preserving braiding statistics and fusion rules through a G-transformation in the

quotient group Outer(K). We showed an example of anyonic symmetry presented in the

state at filling ν = 1/12 realized by a G11 = −1 transformation that acts on the anyons

as m → m11.

However, the analysis of the state at filling ν = 1/12 signaled two additional

anyonic symmetries besides the one realizable by G11. To find the additional anyonic

symmetries, we used the concept of stable equivalence, where the topological features of

the bulk theory are preserved by adding a trivial sector to the K-matrix. For the theory

with filling fraction ν = 1/12, we added a trivial bosonic sector σx to the K-matrix to

enlarge it. By performing this procedure, the other two G-matrices were found that realize

the anyonic symmetries m → m5 and m → m7.

In the following, we review the edge theory of the U(1)N CS through the K-matrix

formulation. The Lagrangian of the edge theory was obtained through bosonization in

1+1 dimensions, and the Wilson operators at the edge were formulated as the vertex

operators. The conditions for the gappability of the edge states of the U(1)N Chern-Simons

theories were presented based on a literature review. The first condition for gappability is

a non-chiral edge, that is, the same number of counter-propagating edge modes. However,

this is not a sufficient condition. In addition, local vertex operators were used to study

perturbations at the non-chiral edge, yielding Haldane’s null condition for gappability.

An edge can be fully gapped when the edge is non-chiral and there are N/2 null vectors

respecting Haldane’s condition, where N is the dimension of the K-matrix.
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A stronger argument for gappability is the existence of at least one Lagrangian

subgroup in the edge theory. Different Lagrangian subgroups yield topologically distinct

gapped edges. The gappability of the edge states at different fillings was analyzed. It was

reviewed that the edge state with ν = 2/3 is robust against perturbations, even though

the edge is non-chiral because there is no null vector in the edge that respects Haldane’s

null condition.

The state with ν = 8/9 was also reviewed, where there are two null vectors

ΛT = (3,±1) that respect Haldane’s condition. The null vector ΛT = (3, 1) corresponds to

a superconductor perturbation term, where the system is interpreted as being in contact

with a superconductor. In this case, the edge is gapped by the superconductor perturba-

tion, resulting in particle condensation at the edge. On the other hand, the null vector

ΛT = (3,−1) corresponds to a backscattering perturbation term, where electrons from one

mode are scattered to electrons in the opposite direction in the other mode. In this case,

the edge is gapped by the backscattering process, also resulting in particle condensation

at the edge. Owing to the Kac-Moody algebra, both perturbations cannot simultaneously

gap the edge.

Additionally, the gappability of the state with ν = 8/9 was also analyzed through

the existence of a Lagrangian subgroup. In this state, we showed the existence of quasipar-

ticles in the edge theory that respects the condition for forming a Lagrangian subgroup.

Therefore, the existence of at least one Lagrangian subgroup indicates that it is possible

to open a gap in the edge theory of the state with ν = 8/9.

The state with ν = 8/9 can be interpreted as having two different phases with

ν = 1 and ν = −1/9. The edges of these phases form an interface with a branch cut that

separates both phases. At the endpoints of the interface, we present the existence of Z3

parafermion modes bound to the defects, being careful with the compactness of the fields.

Furthermore, the general edge states with a K-matrix, given by K = diag(k1,−k2)

were reviewed. The edges of these states are non-chiral; however, this condition does not

guarantee that the edge can be gapped. As reviewed in the literature, the edge can only

be gapped if k1k2 is a perfect square, and in this case, there will be two perturbation

terms allowed: a superconductor term and a backscattering one. Due to the Kac-Moody

algebra, they cannot simultaneously gap the edge.

The state with K-matrix K = diag(k1,−k2) = (n2,−m2) can be interpreted as

having two different phases A with ν = 1/n2 and B with ν = −1/m2. The edges of

these phases form an interface with a branch cut that separates the two phases. At the

endpoints of the interface, we presented that there are Zmn parafermions bound to the

defects, in agreement with Ref. [1].
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